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2. (a) x = 3 - í, y = 2t - 3, -1 < t < 4 
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(b) x = 3 — t =$> t = 3 — x => y = 2t — 3 = 2 (3 — x)—3 
y = 3 — 2x 



3. (a) x = 1 - 2t, y = í 2 + 4, 0 < t < 3 
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(b) x = 1 — 2t => 2t = 1 - x => t = => 

y = +4 = 2~^ +4 = ¿ (a; - l) 2 +4or 

y = \x 2 -\x+ & 
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4 . (a) x = t 2 , y = 6 — 3 t 
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x = t 2 = = i (y ~ 6 ) 2 



5 . (a) x = y/t, y = 1 — t 
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(b) x = y/i => t = x 2 . y = 1 — t = 1 — x 2 . Since t > 0, x > 0. 


6. (a) x = t 2 ,y = t z 
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(b) y = t 3 => t = tyy. x = t 2 = (^) 2 = y 2,z . t e R,y € R, 
x > 0. 



7 . (a) x = sin 0, y = cos 0, 0 < 0 < tt. 

x 2 +y 2 = sin 2 0 + cos 2 0 = 1, 0 < x < 1. 



8. (a) x = 2 cos 0, y = \ sin 0, 0 < 0 < 2n. 


1 = cos 2 0 + sin 2 0 = 

(fr+(é)’ 

2 2 
* + y =i 

2 2 + (1/2) 2 ' 

(b) > 


(° 4 ) 

0= 7t/2 

(“2, 0) 

"" > \(2* 0) 


^ 5 


0 = 0,2tt 
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9 . (a) x = sin 2 0, y = cos 2 6. 

x + y = sin 2 6 -f cos 2 6 = 1, 0 < x < 1. 
Note that the curve is at (0,1) whenever 
0 = 7m and is at (1,0) whenever 6 = |n 
for every integer n. 



11. (a) x = é, y = e *, y = 1/x, x > 0 



10. (a) x = 2 cos 0, y = sin 2 0. 

1 = cos 2 0 + sin 2 0 = j so 
x' 2 

y = 1-—, -2 < x < 2. The curve is at 

4 — 

(2,0) whenever 0 = 

(b) y\ 



12. (a) x = lnt, y = y/t , t > 1. x = \nt => 
t = e x => y = y/t = e x / 2 , x > 0. 
(b) 



13 . (a) x = tan 6 + sec 0, y = tan 6 — sec 6. 
—f <6 < xy = tan 2 6 — sec 2 0 
=> y = —1/x, x > 0. 


= -1 



14 . (a) x = cos £, y = cos 2 1. 


y = cos 2t = 2 cos t — 1 = 2x — 1, so 
y + 1 = 2z 2 , -1 < x < 1. 


(b) 



15 . (a) x = cosh t,y = sinh t, x 2 — y 2 = cosh 2 1 — sinh 2 1 = 1, x > 1 
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16 . x = 4 — 4t, y = 2t + 5, 0 < t < 2. x = 4 - 2 (2¿) = 4 — 2 (y - 5) = -2y + 14, so the particle moves along the 
line y = -\x + 7 from (4,5) to (-4,9). 

17 . x 2 + y 2 = cos 2 7 rt + sin 2 7vt = 1,1 < t < 2, so the particle moves counterclockwise along the circle x 2 + y 2 = 1 
from (-1,0) to (1,0), along the lower half of the circle. 

18 . (x - 2) 2 + (y - 3) 2 = cos 2 1 + sin 2 1 = 1, so the motion takes place on a unit circle centered at (2,3). As t goes 
from 0 to 27 r, the particle makes one complete counterclockwise rotation around the circle, starting and ending at 
(3,3). 

19 . ( \x ) 2 + (|y) 2 = sin 2 1 + cos 2 1 = 1, so the particle moves once clockwise along the elhpse \x 2 + \y 2 = 1, 
starting and ending at (0,3). 

20 . x = cos 2 1 = y 2 , so the particle moves along the parabola x = y 2 . As t goes from 0 to 47r, the particle moves from 
(1,1) down to (1, -1) (at f = 7 r), back up to (1,1) again (at t = 27r), and then repeats this entire cycle between 

t = 27t and t = 4n. 

21 . x = tant, y = cot t, f < t < f. y = 1/x for < x < \/3- The particle moves along the first quadrant branch 

of the hyperbola y = 1/x from %/3^ to (\/3, . 

22 . (a) Note that as t —► — oo, we have x —> — oo and y —► oo, whereas when t —> oo, both x and y —► oo. This 

description fits only IV. [But also note that a; (f) increases, then decreases, then increases again.] 

(b) Note that as t —> ±oo, y —► -oo. This is only the case with VI. 

(c) If t = 0, then (x, y) = (sinO, sinO) = (0,0). Also, |x| = |sin3t| < 1 for all f, and \y\ = |sin4t| < 1 for all t. 

The only graph which includes the point (0,0) and which has \x\ < 1 and |y| < 1, is V. 

(d) Note that as t —► —oo, both x and y —> —oo, and as t —► oo, both x and y —* oo. This description fits only III. 
(Also note that, since sin 2 1 and sin 3 1 lie between —1 and 1, the curve never strays very far from the line 

y = x.) 

(e) Note that both x (t ) and y (t) are periodic with period 2n and satisfy |x| < 1 and |y| < 1. Now the only 
y-intercepts occur when x = sin (t + sin t) = 0 t = 0 or n. So there should be two y-intercepts: 
y (0) = cos 1 « 0.54 and y ( 7 r) = cos (ir - 1) « -0.54. Similarly, there should be two x-intercepts: 

x (|) = sin (f + 1) « 0.54 and x (^) = sin (^ - l) « -0.54. The only curve with these x- and 
y-intercepts is I. 

(f) Note that x ( t) is periodic with period 27T, so the only y-intercepts occur when 

x = cosí = 0 t = f or ^. Also, the graph is symmetric about the x-axis, since 
y (— t) = sin (—t + sin 5 (— t)) = sin (—t — sin 5 1) = — sin (t + sin 5 1) = —y (t ), and 
x (—t) = cos (— t) = cos t = x (t). The only graph which has only two y-intercepts % and is symmetric about 

the x-axis, is II. 
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23 . From the graphs, it seems that as t —► — oo, x —► oo and y —> — oo. So the point ( x (t ), y (t)) will move from far 
out in the fourth quadrant as t increases. At t = — \/3, both x and y are 0, so the graph passes through the origin. 
After that the graph passes through the second quadrant (x is negative, y is positive), then intersects the x-axis at 
x = — 9 when t = 0. After this, the graph passes through the third quadrant, going through the origin again at 
t = \/3, and then as t —> oo, x —► oo and y —> oo. Note that for every point 
(x ( t) , y (t)) = (3 ( 't 2 — 3) , t 3 — 3¿), we can substitute — t to get the corresponding point 
(x (- 1) , y (-t)) = (3 [(- 1 ) 2 - 3] , (- 1 ) 3 - 3 (—í)) = (x ( t) , -y (í)), and so the graph is symmetric about the 
x-axis. The first figure was obtained using x\ = t, yi = 3 (t 2 - 3); x? = U 2/2 = £ 3 - 3 1; and -27 t < t < 2ir. 



-7.5 


10 



-10 


24 . As t —> —oo, y — f and x oscillates between 1 and —1. Then, as t increases through 0, y increases while x 
contínues to oscillate, and the graph passes through the origin. Then, as t —* oo, y —► \ as x oscillates. 




25 . As t — > — oo, x — > oo and y — ► — oo. The 
graph passes through the origin at t = — 1, 
and then goes through the second quadrant (x 
negative, y positive), passing through the point 
(—1,1) at t = 0. As t increases, the graph 
passes through the point (0,2) at t = 1, and 
then as t —> oo, both x and y approach oo. 

The first figure was obtained using x\ = t, 
yi = t A - 1; x 2 =t,y 2 =t 3 + 1; and 
— 2n < t < 27t. 


5 




-3 
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26 . We use x\ =t,y\ = t 5 and X 2 = t(t — l) 2 , —t with 
— 2ir <t< 27t. 



-3 


There are 3 points of intersection; (0,0) is fairly obvious. 
The point in quadrant III is approximately (—0.8, —0.4) 
and the point in quadrant I is approximately (1.1,1.8). 


27 . As in Example 4, we let y = t and 
x = t — 3t 3 -f 1 5 and use a f-interval of 
[—27T, 27t]. 



28. (a) Clearly the curve passes through (x\,y\) when t = 0 and through (x 2 , 2 / 2 ) when t = 1. For 0 < t < 1, x is 

strictly between x\ and X 2 and y is strictly between y\ and 7 / 2 . For every value of t, x and y satisfy the relation 

y — y\ = ——— (x — x\), which is the equation of the line through (xi, y\) and (x 2 , 2 / 2 ). 

X 2 — X\ 

'fi _j 

Finally, any point (x, y) on that line satisfies —-=-; if we call that common value t, then the 

2/2 — yi X 2 — X\ 

given parametric equations yield the point (x, y); and any ( x , y) on the line between (x\,y\) and ( X 2 , 2 / 2 ) yields 
a value of t in [0,1]. So the given parametric equations exactly specify the line segment from (x\,y\) to 
( 22 , 2 / 2 ). 

(b) x = -2 -f [3 - (-2)] t = -2 + 5¿ and y = 7 + (-1 - 7) t = 7 - St for 0 < t < 1 . 


29. The circle x 2 + y 2 = 4 can be represented parametrically by x = 2 cos t, y = 2 sinf; 0 < t < 27t. The circle 

x 2 + (y — l) 2 = 4 can be represented by x = 2 cos f, y = 1 -f 2 sin f; 0 < f < 27T. This representation gives us the 

circle with a counterclockwise orientation starting at (2,1). 

(a) To get a clockwise orientation, we could change the equations to x = 2 cos t, y = 1 — 2 sin t . 

(b) To get three times around in the counterclockwise direction, we use the original equations x = 2 cos t, 
y = 1 -f 2 sin t with the domain expanded to 0 < t < 6n. 

(c) To start at (0,3) using the original equations, we must have x\ = 0; that is, 2 cos t = 0. Hence, t = \. So we 
use x = 2 cos t, y = l-f2siní;f<f<3f. 

Altematively, if we want t to start at 0, we could change the equations of the curve. For example, we could use 
x = — 2 sin í, y = 1 -f 2 cos t, 0 < t < 7r. 

30. 4 



-2 
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31. (a) Let x 2 /a 2 = sin 2 1 and y 2 /b 2 = cos 2 1 to obtain 

x = a sin t and y = b cos t with 0 < t < 2n as possible 
parametric equations for the ellipse 
x 2 /a 2 + y 2 /b 2 = 1. 

(c) As b increases, the ellipse is stretched vertically. 


(b) The equations are x = 3 sin t and 
y = bcostforb e {1, 2,4,8}. 


8 


/ 

Tá 

3 

6 = 8 
.6 = 4 
1.6 = 2 
- 6=1 



í 
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32. The possible parametrizations of the curve y = x 3 include 

(1) x = t, y = t 3 , t e R 

(2) x = —t, y = —t 3 , t eR 

(3) x = t + 1, y = (t + l) 3 , t e R 


33. The case \ < 0 < 7r is illustrated. C has coordinates (r0, r) as before, and Q 
has coordinates ( rO , r + r cos (tv — ^)) = (r^, r (1 — cos 6)) [since 
cos (7r — a) = cos 7r cos a + sin 7T sin a- = — cos a], so P has coordinates 
(rO — r sin (tv — 0 ), r (1 — cos 0)) = (r (0 — sin 0 ), r (1 — cos 0)) [since 
sin ( 7 r — a) = sin 7r cos a — cos 7r sin a = sin a]. Again we have the 
parametric equations x = r (0 — sinO), y = r (1 — cos 0). 



34 . The first two diagrams depict the case tc <0 < d < r. As in Exercise 33, C has coordinates (rO , r). Now Q (in 
the second diagram) has coordinates (rO, r + d cos (0 — 7r)) = ( rO , r — dcos ^), so a typical point P of the 
trochoid has coordinates (rO + d sin (0 — tv) , r — d cos 0). That is, P has coordinates (x, y), where 
x = rO — d sin 0 and y = r — d cos 0 . When d = r, these equations agree with those of the cycloid. 
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35 . It is apparent that x = \OQ\ and y = \QP\ = |ST|. From the 
diagram, x = \OQ\ = acosO and y = |ST| = bsinO. Thus, the 
parametric equations are x = a cos 0 and y = b sin 0. To eliminate 0 
we rearrange: sin 0 = y/b =» sin 2 0 = ( y/b ) 2 and cos 0 = x/a 
=> cos 2 0 = (x/a) 2 . Adding the two equations: 
sin 2 0 «f cos 2 0 = 1 = x 2 /o? -f- y 2 /b 2 . Thus, we have an ellipse. 



36 . A has coordinates (a cos 0 , a sin 0). Since OA is perpendicular to AB , A OAB is a right triangle and B has 
coordinates (asec0, 0). It follows that P has coordinates (asec#, bsin 0). Thus, the parametric equations are 
x = asecO, y = b sin 0. 


37 . C = (2 a cot 0 , 2a), so the x-coordinate of P is x = 2a cot 0. Let 
B = (0,2a). Then ÁOAB is a right angle and ZOBA = 0 , so 
| OA\ = 2a sin 0 and A = (2 a sin 0 cos 0 , 2 a sin 2 0). Thus, the 
y-coordinate of P is y = 2a sin 2 0. 



38 . Let 0 be the angle of inclination of segment OP. Then 

2 a 

\OB\ = ~ q ~q • L e t O = (2a, 0). Then by use of right triangle 
OAC we see that \OA\ = 2acos 0. Now 


\OP\ = \AB\ = \OB\ - \OA\ 


= 2a( —L _ 

\COS0 


cos0 


_ 1 — cos 2 0 sin 2 0 _ . . _ 

- 2 a --— = 2a-— = 2a sm 0 tan 6 


cos 0 


cos 0 


So P has coordinates x = 2a sin 0 tan 0 • cos 0 = 2a sin 2 0 and 
y = 2a sin 0 tan 0 • sin 0 = 2a sin 2 0 tan 0. 



39 . (a) 



-4 


There are 2 points of intersection: 

(—3,0) and approximately (—2.1,1.4). 


(b) As an aid in finding collision points, set your graphing utility 
to graph both curves simultaneously and closely observe the 
drawing of the graphs. In this case, we have one collision 
point: both particles are at (—3,0) when t = [Notice that 
the first curve passes through (—2.1,1.4) when t « 5.5, but 
the second curve passes through (—2.1,1.4) when t « 0.4.] 

(c) The circle is centered at (3,1) instead of (—3,1). There are 
still 2 intersection points: (3,0) and (2.1,1.4), but there are 
no collision points. 



















SECTION 11.1 CURVES DEFINED BY PARAMETRIC EQUATIONS ET SECTION 10.1 □ 9 


40. (a) If a = 30° and vo = 500 m/s, then the equations become x = (500 cos 30°) t = 250\/3 1 and 

y = (500 sin 30°) t — \ (9.8) t 2 = 250t — 4.9f 2 . y = 0 when t = 0 (when the gun is fired) and again when 

¿ = 4?9 ^ 51 s. Tlien x = (250\/3) (x§) « 22,092 m, so the bullet hits the ground about 22 km from the 
gun. 

The formula for y is quadratic in t . To find the maximum y-value, we will complete the square: 


- = -4.9 (>- 



= -4.9 t 2 


250 

4.9 


t + 




125 2 
- 4.9 


with equality when t = s, so the maximum height attained is «s 3189 m. 


(b) 14,000 



y = (t;o sin a) - 

vo cos a 

parabola (quadratic in rr). 


9 

2 



As q (0° < a < 90°) increases up to 45°, the projectile 
attains a greater height and a greater range. As a increases 
past 45°, the projectile attains a greater height, but its range 
decreases. 


(tan a)x — 



x 2 , which is the equation of a 


41. x = t 2 ,y = t 3 — ct. We use a graphing device to produce the graphs for various values of c with — 7 r < t < n. 
Note that all the members of the family are symmetric about the x-axis. For c < 0, the graph does not cross itself, 
but for c = 0 it has a cusp at (0,0) and for c > 0 the graph crosses itself at x = c, so the loop grows Iarger as c 
increases. 




42. x = 2 ct — 41 3 , y = —ct 2 + 3 1 4 . We use a graphing device to 
produce the graphs for various values of c with —n <t< tz. 
Note that all the members of the family are symmetric about 
the y-axis. When c < 0, the graph resembles that of a 
polynomial of even degree, but when c = 0 there is a comer 
at the origin, and when c > 0, the graph crosses itself at the 
origin, and has two cusps below the x-axis. The size of the 
“swallowtail” increases as c increases. 


5 c = 2 
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43 . Note that all the Lissajous figures are symmetric about the x-axis. The parameters a and b simply stretch the graph 
in the x- and 7/-directions respectively. For a = 6 = n = lthe graph is simply a circle with radius 1. For n = 2 the 
graph crosses itself at the origin and there are loops above and below the x-axis. In general, the figures have n — 1 
points of intersection, all of which are on the y- axis, and a total of n closed loops. 


1.1 



2.1 



a = b = 1 


n = 2 


3.1 



n = 3 

44. We use —7r < t < n in the viewing rectangle [—4, 2] x [—3,3]. We first observe that for c = 0, we obtain a circle 
with center (— \ , 0) and radius As the value of c increases, there is a larger outer loop and a smaller inner loop 
until c = 1, when we obtain a curve with a dent (called a cardioid). As c increases, we get curve with a dimple 
(called a lima^on) until c = 2. For c > 2, we have convex lima^ons. For negative values of c, we obtain the same 
graphs as for positive c, but wlth different values of t corresponding to the points on the curve. 



-3 
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Laboratory Project □ Families of Hypocycloids 


1. The center Q of the smaller circle has coordinates 

((a — 6) cos 0, (a — 6) sin 0). Arc PS on circle C has length aO since it is 
equal in length to arc AS (the smaller circle rolls without slipping against the 

larger.) Thus, ZPQS = ^0 and APQT = %0 - 0, so P has coordinates 
b b 

v*) 

and 

y = (a — b) sin0 — bsm(APQT) = (a — b) sin0 — hsin 


x = (a — b) cos 0 + 6 cos (Z.PQT) = (a — b) cos 0 + 6 cos i 



2. With 6=1 and a a positive integer greater than 2, we obtain a hypocycloid of a 
cusps. Shown in the figure is the graph for a = 4. Let a = 4 and 6=1. Using 
the sum identities to expand cos 30 and sin 30, we obtain 

x = 3 cos 0 + cos 30 = 3 cos 0 + (4 cos 3 0 — 3 cos 0) = 4 cos 3 0 
and 

y = 3 sin 0 — sin 30 = 3 sin 0 — (3 sin 0 — 4 sin 3 0) = 4 sin 3 0 



3. The following graphs are obtained with 6=1 and a = and ^ with —27r < 0 < 2tt. We conclude that as 

the denominator d increases, the graph gets smaller, but maintains the basic shape shown. 



Letting d = 2 and n = 3,5, and 7 with —2n <0 <2n gives us the following: 





[continued] 
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So if d is held constant and n varies, we get a graph with n cusps (assuming n/d is in lowest form). 

When n = d + 1, we obtain a hypocycloid of n cusps. As n increases, we must expand the range of 9 in order to get 
a closed curve. The following graphs have a = §, §, and 





If b = 1, the equations for the hypocycloid are 

x = (a — 1) cos 9 H- cos ((a — 1) 9 ), y = (a — 1) sin 0 — sin ((a — 1) 9) 

which is a hypocycloid of a cusps (from Problem 2). If n = d + 1, then a = (d + 1) /d, and the equations become 

1 0 1 0 

x = - cos 6 -b cos -, y = - sin 6 - sin -. Now letting <p = -6/d and multiplying by d (from the hint) gives us 

d d d d 

X = cos (~d<p) -{- d cos (—<p)> Y = sin (- d<p) - d sin (- <p) or, equivalently, X = d cos <p + cos d<p , 

Y = dsin <p — sin d<p. We recognize these equations as those of a hypocycloid with (d + 1) cusps. 


4 . In general, if a > 1, we get a figure with cusps on the 
“outside ring” and if a < 1, the cusps are on the “inside 
ring”. In any case, as the values of 6 get larger, we get a 
figure that looks more and more like a washer. If we were 
to graph the hypocycloid for all values of 9 , every point 
on the washer would eventually be arbitrarily close to a 
point on the curve. 



-IOtt < 9 < IOtt 



a = e — 2 
0 < 9 < 446 


5 . The center Q of the smaller circle has coordinates ((a -h b) cos (a + b) sin 9). Arc 
PS has length a9 (as in Problem 1), so that Z.PQS = ZPQR = n — and 

/.PQT = 7 r-y-é> = 7r - 0 since Z RQT = 9. 

Thus, the coordinates of P are 


x = (a + b) cos 9 + b cos ^7r — = (a + b) cos 9 — b cos ^ 

d 

y = (a + b)sm9 - fcsin - ~^~^j = (a + b)sin9 — bsin (^~~^~^j • 
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6. Let 6=1 and the equations become 


x = (a +1) cos 6 — cos ((a H-1) 6) y = (a + 1) sin0 — sin ((a + 1) 6) 


If a = 1, we have a cardioid. If a is a positive 
integer greater than 1, we get the graph of an 
“a-leafed clover”, with cusps that are a units 
from the origin. (Some of the pairs of figures are 
not to scale.) 

If a = n/d with n = 1, we obtain a figure that 
does not increase in size and requires 
—dn < 9 < dn to be a closed curve traced 
exactly once. 


Next, we keep d constant and let n vary. As n 
increases, so does the size of the figure. There is 
an n-pointed star in the middle. 


Now if n = d + 1 we obtain figures similar to the 
previous ones, but the size of the figure does not 
increase. 


If a is irrational, we get washers that increase in 
size as a increases. 



a = 3, — 27t < 6 < 2tt 






a = y/2, 0 < 6 < 200 



a = 10, —2tt < 0 < 2tt 





a = |, —6tt < 6 < 6it 



a = e - 2, 0 < 6 < 446 
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7 . The equations for the epicycloid are 

x = (a + b) cos 9 — b cos 9^j y = (a + b) sin0 — 6sin 

For the first part of the problem, we set a = n and b = 1, so these equations become 

x = (n + 1) cos 9 — cos ((n + 1) 9) y = (n + 1) sin 9 — sin ((n + 1) 6) 

If we substitute p = (n + 1) 9 and rearrange the terms, these become 


: = — cos ip + (n + 1) cos 


<P 


n + 1 


so 


1 cos (p p 

X = - -x = --+ + cos 


n + r 


n + 1 


n + 1 


y = - sin tp + (n + 1) sin — j- 
n + 1 


1 sm <p . tp 

Y = - -y = -- + sm — 

n + i n + 1 n + 1 


+ cos 


n + 1 


n 

whereas the equations of a hypocycloid with á =-- and b = 1 are 

n + 1 

x =(^-l)cose + cos((-^--l) o)=-^ 

\n +1 ) \\n+l ) ) n+1 

f n . a . (( n ^ sin 9 . 9 

\n +1 ) \ \n +1 ) ) n + 1 n + 1 

For the second part of the problem, we set a = — in the equations for the epicycloid: 

n 


n + 1 a 

x = -cos 9 

n 


f n + 1 a\ 

— cos - 9 

\ n ) 


n + 1 

y = -sin 9 — sm 




n n + 1 

Multiplying by-, substituting <p = - 9 and rearranging the terms, we get 

n + 1 n 


X = 


n 


-- cos <p + cos 

n + 1 


(=^) 


Y = 


n + 1 


sin p + sin 




But these are exactly the equations of a hypocycloid {(X, y)} with a = 


n —I— 1 



Tangents and Areas 


ET10.2 

' i'i . . . - 


1. x = t — t 3 ,y = 2 — ht 

2. x = Vt- t,y = t 3 — t 


dy 

dt 



= 1 — 3¿ 2 , and = 
dx 


dy/dt —5 5 

dxjdt - 1 - 3í 2 0r 3í 2 — T 


dy _ o+2 _ -| ^ i 
dt " ó ’ dt 2 Vi 


1, and 


dy _ dy/dt _ 3 1 2 — 1 _ (3¿ 2 — l) (2\/í) 

dx dx/dt 1/ (2y/t) - 1 1 - 2 y/t 

3. x = t ln t , y = sin 2 t => j- = 2 sin t cos = t ( j j + (ln í) • 1 = 1 + ln t, and 


dy _ dy/dt _ 2sin¿cos£ 
dx dx/dt 1 + lnf 










































SECTION 11.2 TANGENTS AND AREAS ET SECTION 10.2 □ 15 


4. * = < + «• => f “ 1 +‘'.3- <e ‘+' , ' and s = á = 

and ^r- = — 1. An equation of the tangent is y - 0 = (-1) (x — 0) or y = —x. 
dx 

6. * = »’ + !,i, = i t »- t ; t = 3.f- t 2 -l.|-4 t -”<‘S-^S = !! ¿ Í Wl»n t = 3, 

(x, y) = (19,6) and dy/dx = ^ = |, so an equation of the tangent line is y — 6 = | (x — 19) or y = |x — 


1. x — é^, y — t lní 2 ; t — 1. — 1 2 “ 1 ^ o /x» anci 




2í 


2 dx 


Q v/t 


dt 


t 2 


t’ dt 2\ft 


dy dy/dt 1 2/t 2t _ 2í_4 _ j ( ) = ( c l) and ^ so an equation of the 

dx (te/dí e^/(2v/í) 2t v/tev'í V ’ y; V ^ da; e 

tangent line isy — 1 = — f (x — e) ory = — + 3. 

dx , dy dy/dt cosí —tsinf 

8. a: = tsiní, u = tcost; t = tc. ~rr = cost - f sin¿, — = sin¿ + tcost, and — = - --:• 

u dt dt dx dx/dt smt + fcosf 

When t = 7 r, (x, 2 /) = (0, - 7 r) and ^ = — = -, so an equation of the tangent is y + 7r = ¿ (a: - 0) or 

dX — 7T 7T 

V = i x “ 7r * 

M«) . = e", , = (* - .* (M). * = . (. - 1), f = e*. -4 = 4^ = 

At (1,1), t = 0 and ^ = -2, so an equation of the tangent is y - 1 = — 2 (x — 1) or y = —2x + 3. 
dx 

(b) x = e l => t = lncc, so y = (t — l) 2 = (lnx — l) 2 and ^ = 2 (lnx — 1) ^ —^. When x = 1, 

^ = 2 (—1) (1) = —2, so an equation of the tangent is y = —2x + 3, as in part (a). 

10. (a) x = 5cos t, y = 5sin’£; (3,4). = 5cosí, ^ = — 5siní, ^ = ~ cott. At (3,4), 

t = tan -1 - = tan -1 |, so ^ = —t, and an equation of the tangent is y — 4 = — | (x - 3), or 
x d ax 4 


’ = -}* + ¥• 




dy 


dy 


(b) x 2 + y 2 = 25, so 2a: + 2y^ = 0, or -— = --. At (3,4), -^ = --, and as in part (a), an equation of the 


dx y 


dx 


• Q Oc; 

tangent isy = -fx+ 


1T. x = 2sin2¿, y = 2sint; (\/3, l). 

— = ■ = 2c ° S l - - = cost Thepoint (>/3, l) corresponds 

dx dx/dt 2-2cos2 1 2cos2 1 v y 

to t = f, so the slope of the tangent at that point is 

cos 2L -/3 

-= —. An equation of the tangent is therefore 

2 cos g' 2 • ^ 2 

(y - 1) = ^ (x - V3) or y = &x-\. 



-2.5 
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12. x = sin £, y = sin (£ + sin t); (0,0). 


dy dy/dt cos (t + sint) (1 + cos t) , 

E-^75--73 Tt - (sec í +1) cos (í + s,n t) 

Note that there are two tangents at the point (0,0), since both t = 0 and 
t = 7r correspond to the origin. The tangent corresponding to t = 0 has 
slope (sec 0 + 1) cos (0 + sin 0) = 2 cos 0 = 2, and its equation is 
y = 2x. The tangent corresponding to t = 7r has slope 
(sec 7r + 1) cos ( 7 r + sin n) = 0, so it is the x-axis. 


1.1 



- 1.1 


13 . x = t 4 — 1, y # t — t 2 


dy _ , _ 9 . d£ _ 3 dy _ dy/dt _ 1-21 _ ¿ 3 _ ¿ 2 . 

dí “ ’ dt~ ' dx~ dx/dt ~ 4t 3 ~ 4 2 ’ 


A f = _3,-4 , — 3 = djdy/dx) /dt = -ft ~ 4 +¿~ 3 4 1^_ _ -3 + 4 1 

dt \dx) 4 ’ dx 2 dx/dt 4 1 3 At 4 16t 7 


14. x = £ 3 + £ 2 + 1, y — 1 — t 2 . 


^ - _9í - q+2 , 9 .. ¿2/ _ _ ~ 2t 

dt ~ ’ ’ dx dx/dt 3 1 2 + 2t 


d ídy\ _ 6 # d 2 y _ d(dy/dx) /dt _ 6 

dt \dx) (3 1 + 2) 2 * áx 2 t (3 1 + 2) 3 ’ 


2 

3¿ + 2’ 


15 . x = sin7r£, 7/ = cos7rt. 


dy _ dy/dt _ —7rsin7r¿ 
dx dx/dt 7TCOS7TÍ 


— tan7rt; 


d 2 y _ d í dy\ _ d(dy/dx) /dt _ —7r sec 2 ixt 
dx 2 dx \dxJ dx/dt ncosnt 


16 . x = 1 + tant, y = cos2£ => 


dy 

dt 


= — 2sin2¿, 


dx 

dt 


= sec 2 1, 


dy _ dy/dt _ —2sin2 1 
dx dx/dt sec 2 1 

~T ( ”r0 = —4 sin ¿ (3 cos 
dt \dx J v 


: —4 sin t cos t • cos 2 1 = — 4 sin £ cos 3 £; 

£) (—sin£) — 4cos 4 1 = 12sin 2 £cos 2 £ — 4cos 4 £, 


d?y_ 

dx 2 


d (dy/dx) /dt _ 4 cos 2 £ (3 sin 2 £ - cos 2 t) 
dx/dt sec 2 £ 


4 cos 4 £ (3 sin 2 £ — cos 2 £). 
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17. x = e-‘, y = ie 2t . f = & + 1 )f = - (2t + 1) e 3t ; 

ax ax/dtt —e -t 

Jt (^x) = -3 ^ 2t + ^ g3t ~ 2 ® 3t = - ( 6í + 5 ) e3t ; 

_ d_ í dy\ _ d ( dy/dx ) / dt - (6 1 + 5 ) e 3t _ . . 4í 

dx* ~ dx \dxj ~ dx/dt -e-‘ lot + o;e 


18 . x = 1 + í 2 , y = í lní. ^ = 
ax 


d 2 y 
dx 2 


d ( dy/dx ) 
dx/dt 


dy/dt 
dx/dt 

hít 


1+lní d í dy\ _ 2 1 (1/t) — (1 + lnt) 2 _ _ lní # 
2í * dt \da:/ ( 2t ) 2 2í 2 * 


19. x = t (í 2 - 3) = í 3 - 3t, y = 3 (í 2 - 3). ^ = 3í 2 - 3 = 3 (t - 1) (í + 1); ^| = 6í. ^ = 0 t = 0 
dx 

<4- (x,y) = (0,-9). — =0 t = ±1 (x, 3 /) = (-2,-6) or (2, —6). So there is a horizontal 



20. x = í 3 - 3i 2 , y = t 3 — 3i,- — = 3i 2 - 6í = 3í (í - 2), 

dt 

^ =3í 2 -3 = 3(i-l)(i + l). ^ =0 i = +1 or — 1 
aí dt 

dx 

(x, y ) = (-2,-2) or (-4,2). ^ = 0 <=> t = 0 or 2 <í=> 

(x, y) = (0,0) or (—4,2). So the tangent is horizontal at (—2, —2) and 
vertical at (0,0). At (—4,2) the curve crosses itself and there are two 
tangents, one horizontal and one vertical. 



t < -1 

-1 < í < 0 

0 < i < 1 

1 < t < 2 

i > 2 

dx/dt 

+ 

+ 

- 

- 

+ 

dy/dt 

+ 

- 

- 

+ 

+ 

X 

-> 

-> 


i — 

-> 

y 

T 

1 

i 

T 

T 

curve 


\ 

/ 

\ 

/ 
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3í 3 t 2 dx (1 + í 3 ) 3 - 3í (3í 2 ) 3 — 6í 3 

X ~ l+t 3 ' y ~ 1+í 3 ' dt ~ (1+í 3 ) 2 “(1+í 3 ) 2 ’ 

dy (1 + 1 3 ) (6t) - 3í 2 (3í 2 ) _ 6í - 3í 4 _ 3í (2 - t 3 ) dy _ 
dt ~ (1+í 3 ) 2 "(1 + í 3 ) 2- (1+i 3 ) 2 • dt ~ 

(x,y) = ( 0,0)or(^2,-^4). ^ =0 í 3 = | 4» i = 2" 1 / 3 

(x, ?/) = (v^i, v^2). There are horizontal tangents at (0,0) and 
(^i), and there are vertical tangents at (v^4, v^2) and (0,0). [The 
vertical tangent at (0,0) is undetectable by the methods of this section 
because that tangent corresponds to the limiting position of the point (x, y) 
as t —y =boo.] In the following table, a = v^2. 




t < -1 

-1 < t < 0 

0 < t < 1/a 

1 /a <t < a 

t > a 

dx/dt 

+ 

+ 

+ 

- 

- 

dy/dt 

- 

- 

+ 

+ 

- 

X 

—► 

—> 

—> 

<— 

<— 

y 

i 

i 

T 

T 

l 

curve 

\ 

\ 

/ 

\ 

/ 


22. x = a (cos 0 — cos 2 0),y = a (sin0 — sin0cos0). — = a (— sin0 + 2cos0sin0), 

^|=o (cos 6 + sin 2 0 — cos 2 6) = a (cos 0 + 1 — 2 cos 2 9 ), = 0 

dO au 

0 = 2cos 2 6 — cosO — 1 = (2cos0 + 1) (cos0 — 1) +>■ cos 0 = — -| or 1 <+ (x, y) = |a, db^-^a^ or 


dx i 

(0,0). — = 0 <=> (2cos0 — 1) sin0 = 0 <=> cos0 = ^orsin0 

dO 

(|a,±ffl) or (—2a, 0). The curve has horizontal tangents at 

|a, ±^^a^j and vertical tangents at (—2a,0) and ^a, ±^a^. 

Since = dy/df) = ( 2 cos ^ + 1) (1 — cos 0) ^ 
dx dx/dO (2cos0 — 1) sin0 

.. dy .. 2cos0 + l .. 1 —cos0 _ _ t . 

o—*o dx o->o2cos0 — 1 smO 

l’Hospital’s Rule). Thus, the curve has a horizontal tangent at (0,0), 
where both dx/dO and dy/dO are 0. 


0 <{=> (x, y) = (0,0) or 




0<í < f 

f <*< ¥ 

f <Í<7T 

<t < f 

f <t<¥ 

^ <t< 2tt 

dx/dt 

+ 

- 

- 

+ 

+ 

- 

dy/dt 

+ 

+ 

- 

- 

+ 

+ 

X 

— V 

4- 

4- 

—► 


«“ 

y 

T 

T 

i 

i 

T 

T 

curve 

/ 

\ 

/ 

\ 

/ 

\ 
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23. From the graph, it appears that the leftmost point on the curve x = t 4 — t 2 , 
y = t + ln t is about (—0.25,0.36). To find the exact coordinates, we find 
the value of t for which the graph has a vertical tangent, that is, 

0 = dx/dt = 4 1 3 — 2 1 <=> 2 1 ( 2 1 2 — l) = 0 <=> 

2 1 (y/2t + l) (y/2t — l) = 0 <=> f = 0 or ±^=. The negative and 



-2.5 


0 roots are inadmissible since y (t) is only defined for t > 0 , so the leftmost point must be 


( X (^) ^(72)) - ((72) (js) ’ V2 +ln 7 ¡) - ( 4 ’V 2 2 ^ 2 ) 

24. The curve is symmetric about the line 
y = —Xy so if we can find the highest 
point (xh, Vh), then the leftmost point is 
(x h yi) = (- 3 ih, -x h ). After carefully 
zooming in, we estimate that the highest 
point on the curve x = fe É , y = té~ l is 
about (2.7,0.37). 

To find the exact coordinates of the highest point, we find the value of t for which the curve has a horizontal tangent, 
that is, dy/dt = 0 <=> t (-e _t ) + e _t = 0 <=> (l-f)e _t = 0 <=> t = 1. This corresponds to the point 

(x (1), y (1)) = (e, 1/e). To find the leftmost point, we find the value of t for which 0 = dx/dt = té + e* 

(1 + íJe^O <=> t = —1. This corresponds to the point (x (-1) , y (—1)) = (—1/e, -e). As t —♦ -00, 
x (t) = te l —► 0“ by l’Hospital’s Rule and y (t) = te“* —> -00, so the y-axis is an asymptote. As t -+ 00, 
x (t) — ► 00 and ?/ (f) —► 0 + , so the x-axis is the other asymptote. The asymptotes can also be determined from the 
graph, if we use a larger f-interval. 




25. We graph the curve x — t 4 — 2t 3 — 21 2 , 
y = t 3 — t in the viewing rectangle 
[-2,1.1] by [-0.5,0.5]. This rectangle 
corresponds approximately to 
t € [— 1,0.8]. We estimate that the curve 
has horizontal tangents at about 


0.5 


7.5 



1.1 



-. The horizontal tangents occur when dy/dt = 3t 2 — 1 = 0 <=> 


1 = ±71' so 


(— 1 , —0.4) and (—0.17,0.39) and vertical tangents at about (0,0) and (—0.19,0.37).We calculate 
dy _ dy/dt _ 3 ¿ 2 — 1 

dx dx/dt 4 1 3 — 6t 2 — 4 1‘ 
both horizontal tangents are shown in our graph. The vertical tangents occur when dx/dt = 2 1 (21 2 — 3t — 2) =0 
<=> 2t (2t -f-1) (t — 2) = 0 <=> t = 0, — \ or 2. It seems that we have missed one vertical tangent, and indeed 
if we plot the curve on the t-interval [— 1 . 2 , 2 . 2 ] we see that there is another vertical tangent at (— 8 , 6 ). 
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1.4 


55 




130 


so there is a horizontal tangent where dy/dt = At — 1 = 0 4=> 


26 . We graph the curve x = t 4 -f 4t 3 - 8 t 2 , 

y = 2t 2 — rin the viewing rectangle 

[—3.7,0.2] by [—0.2,1.4]. It appears 

that there is a horizontal tangent at about 

(—0.4, —0.1), and vertical tangents at 

about (—3,1) and (0,0). 

__ _ , , dy dy/dt At — 1 

We calculate - = ^ ^ + 12 , 2 _ 16í - 

t = \. This point (the lowest point) is shown in the first graph. There are vertical tangents where 
dx/dt = 4 1 3 + 12í 2 - 16t = 0 4=> 4t (t 2 -b 3¿ - 4) = 0 4=> 4í (t + 4) (t - 1) = 0. We have missed one 
vertical tangent corresponding to t = —4, and if we plot the graph for t E [—5,3], we see that the curve has another 
vertical tangent line at approximately (—128,36). 

27 . x = cos t , y = sin t cos t . = — sin f, 

^ = — sin 2 f + cos 2 f = cos 2t. (x, y) = (0,0) <=> cos t = 0 4=> 

t is an odd multiple of f. When t = f, = — 1 and = —1, so 
£=1- Whení=f,f = landf =-1. So & =-1. Thus, 
r/ = x and y = — x are both tangent to the curve at (0,0). 

28 . x = 1 - 2 cos 2 t = —c os 2t, i/ = (tan f) (1 - 2 cos 2 t) = — (tan t) cos 2t. To find a point where the curve 
crosses itself, we look for two values of t that give the same point (x, y). Call these values t\ and t 2 . Then 

cos 2 1\ = cos 2 ¿2 (from the equation for x) and either tan t\ = tan t 2 or cos 2 íi = cos 2 Í 2 = f (frorn the equation 
for y). We can satisfy cos 2 ti = cos 2 t 2 and tan t\ = tan tz by choosing t\ arbitrarily and taking t 2 = t\ + 7r, so 
evidently the whole curve is retraced every time t traverses an interval of length 7r. Thus, we can restrict our 
attention to the interval (—f, f). If t 2 = —ti, then cos 2 1 2 = cos 2 ti, but tant 2 = - tanti. This suggests that 
we try to satisfy the condition cos 2 t\ = cos 2 1 2 = \. Taking t\ = f and 
t 2 = — f gives (x, y) = (0,0) for both values of t. = 2 sin 2t,and 
^ = 2 sin 2t tan t — cos 2 1 sec 2 1. When t = f, = 2 and = 2, so 

£ = 1. Whení = -f,f = -2andf =2,so^=-l. Thus, the 
equations of the two tangents at (0,0) are y = x and y = — x. 




dy 


dsinO 


dx dv u 

29 . (a) x = rO — d sin 0, y = r — d cos 0; — = r — d cos 0, — = d sin 0. So — = , „. 

dO dO dx r — d cos 0 

(b) If 0 < d < r, then |dcos0| < d < r, sor — dcos0 > r — d > 0. This shows that dx/dO never vanishes, so 
the trochoid can have no vertical tangent if d < r. 


30 . x = a cos 3 0, y = a sin 3 0. 

(a) ^ = —3a cos 2 0 sin 0, ^ = 3a sin 2 0 cos 0, so ^ = — S * n ^ = — tan 0. 

d0 dO dx cos 0 

(b) The tangent is horizontal dy/dx = 0 tan0 = 0 4=> 0 = nn <3> (x, y) = (±a, 0). The 

tangent is vertical cos 0 = 0 4=> 0 is an odd multipie of f (x, y) = (0, ±a). 

(c) dy/dx = ±1 4=> tan0 = ±l 4=> 0 is an odd multiple of f 4=> (z, y) = (±^a, ±^a^ (All sign 

choices are valid.) 
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31. The line with parametric equations x = —7 1, y = 12t — 5 is y = 12 (— ^x) — 5, which has slope — The curve 

x = t 3 + 4í >y = 6í 2 hasslope^ = ^| = ¿^_. Thisequals-^ ^ 3í 2 +4 = -7í 

(3í + 4) (t + 1) = 0 <+ t = —lorí = —| (x,y) = (-5,6) or (—^, ^). 

32. x = 3í 2 + 1, y = 2t 3 +1, = 6 t,^j- = 61 2 , so = t (even where t = 0). 

at dt dx 6 1 

So at the point corresponding to parameter value t , an equation of the tangent line is 
y — (21 3 H- l) = t[x — (31 2 + l)]. If this line is to pass through (4,3), we must have 

3- (2í 3 + 1) =t [4- (3í 2 + 1)] <=> 2í 3 — 2 = 3í 3 — 3í í 3 -3í + 2 = 0 <S- (í - l) 2 (t + 2) = 0 

t = 1 or — 2. Hence, the desired equations are y — 3 = x — 4, or y = x — 1, tangent to the curve at (4,3), and 

y — (—15) = — 2 (x — 13), or y = —2x + 11, tangent to the curve at (13, —15). 


33 . A = fo (y — 1 )dx = /° /2 (e l — l) (— sinf) dt = ff /2 (e* sin t — sinf) dt = [|e É (sinf — cost) + cos/Jq 
= ¿(e^ 2 -l) 


34 . t + 1/t = 2.5 «=> t = \ or 2, and for \ < t < 2, we have t + 1/t < 2.5. x = — § when t = \ and x = § when 
t = 2. 


A = /- 3/2 ( 2 - 5 -V)dx = fl /2 (f - t - 1/f) (1 + 1/t 2 ) dt [x = t- 1/f, dx = (1 + 1 /t 2 ) dt] 


J 1/2 


= /i / 2 H + f - 2í * + §* 2 - ¿ 3 )^ = 


-r 


5f 


— + — -21n|t| - — + 2t2 


J 1/2 


= (-2 + 5 —21n2 —f + ¿) — (—¿ + |+21n2 —5 + 2) = ^-41n2 


35. By symmetry of the ellipse about the x - and y-axes, 

A = 4 f* ydx = 4 /° /2 6 sin 0 (—a sin 0) d6 = 4a6 /J^ 2 sin 2 QdQ = Aab /J^ 2 \ (1 — cos 20) dQ 
= 2 ab [6 — | sin20]Q /2 = 2ab (f) = nab 

36. By symmetry, A = 4 f* ydx = 4 /° /2 a sin 3 0 (—3a cos 2 0 sin 0) dQ = 12a 2 /J 1 ^ 2 sin 4 0 cos 2 0 dQ. Now 

/ sin 4 0 cos 2 QdQ = f sin 2 0 (^ sin 2 20) dO = | / (1 — cos 20) sin 2 20 dQ 

= | / [|(1 — cos 40) - sin 2 20 cos 20] dQ = ^ 0 - ^ sin 40 — ^ sin 3 20 + C 

so // /2 sin 4 0cos 2 0d0 = [~0 — ~ sin40 — ^ sin 3 20] J /2 = Thus, A = 12 a 2 (~) = §7ra 2 . 


37 . A = f 2irr ydx = f 2rr (r — d cos Q)(r — d cos 0) dQ = f' 2n (r 2 — 2dr cos 0 + d 2 cos 2 0) dQ 
= [r 2 0 — 2dr sin 0 + \d 2 (0 + \ sin 20)] 2ir = 27rr 2 + 7rd 2 
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38. (a) By symmetry, the area of 91 is twice the area inside 91 above the x-axis. The top half of the loop is described by 
x = t 2 , y = t 3 — 3t, —y/3 < t < 0, so, using the Substitution Rule with y = t 3 — 3t and dx = 2 tdt, we find 
that 


area = 2 / Q 3 y dx = 2 / Q ' /5 (í 3 - 3í) 2tdt = 2 /“ n/3 (2 1 4 - 6 í 2 ) dt = 2 [f t 5 - 2í 3 ] 0 v5 
= 2 |§ (-3 1/2 ) 5 -2 (-3 1/2 ) 3 | = 2 [f (-9%/3) - 2 (-3V5)] = 

(b) Here we use the formula for disks and use the Substitution Rule as in part (a): 

volume = 7r / 0 y 2 dx = 7r / 0 _v ^ (¿ 3 - 3¿) 2 2tdt = 27t / 0 _v ^ (¿ 6 — 6f 4 + 9 t 2 )tdt 

= 2* (¿.* -1« + = 2. [j (—3 1/2 ) 8 - (-3 1 ' 2 )* + | (-3 1 ' 2 )*] 

= 2»[a_27+f = ?» 

(c) By symmetry, the y-coordinate of the centroid is 0. To find the x-coordinate, we note that it is the same as the 

x-coordinate of the centroid of the top half of 91, the area of which is \ = ^y/3. So, using 

Formula 9.3.8 [ET 8.3.8] with A = -y \/3, we get 

*- I*s /.’*»* = I*f JT '' 5 ' 1 ('• - 3 ') - * I *' 7 - !'*]ó' /! 

-s5» [* (- 3 ‘ ,8 ) ? - f (- 3 ‘ /I )'] = * [-¥^3 + SV5] = | 

So the coordinates of the centroid of 91 are (x, y) = (f, 0). 


39. The graph of x = sin t — 2 cos £, y = 1 + sin t cos t is symmetric 
about the y-axis. The graph intersects the y-axis when x = 0 => 

sin t — 2 cos t = 0 => sin t = 2 cos t => tan ¿ = 2 => 

t = tan -1 2 + 7i7r. The left loop is traced in a clockwise direction 
from t = tan -1 2 — 7r to í = tan -1 2, so the area of the loop is given 
(as in Example 4) by 



A = ft *™-1 ydx « /^2 Q344 (1 + sin ícos¿) (cos t + 2sint )dt « 0.8944 

This integral can be evaluated exactly; its value is f y/E. 

40. If /' is continuous and f' (t) / 0 for a < t < 6, then either f' ( t ) > 0 for all t in [a, 6] or f' ( t ) < 0 for all t in 
[a, b]. Thus, / is monotonic (in fact, strictly increasing or strictly decreasing) on [a, b]. It follows that / has an 
inverse. Set F = g o / _1 , that is, define F by F (x) = p (/ _1 (x)). Then x = f (t) => / _1 (x) = í, so 

y = g(t)=g (/ _1 (*)) = f (x). 
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41 . The coordinates of T are (r cos 0, r sin 0). Since TP was unwound from 
arc TA, TP has length rd. Also ZPTQ = ¿.PTR - ZQTR =\n-6, 
so P has coordinates 

x = r cos 9 + rO cos (^7r — 9) = r (cos 9 -f 9 sin 9 ), 
y = r sin 0 — rO sin (^7r — 9) = r (sin 9 — 9 cos 9). 



42 . If the cow walks with the rope taut, it traces out the portion of the 
involute in Exercise 41 corresponding to the range 0 < 9 < 7r, 
arriving at the point (—r, 7rr) when 9 = n. With the rope now 
fully extended, the cow walks in a semicircle of radius n r, 
arriving at (—r, —7rr). Finally, the cow traces out another portion 
of the involute, namely the reflection about the x-axis of the initial 
involute path. (This corresponds to the range — 7r < 9 < 0.) 
Referring to the figure, we see that the total grazing area is 
2 ( A\ H- A 3 ). A 3 is one-quarter of the area of a circle of radius 


y 



9— 7T 


(— r— 7rr. 


(-r, -Ttr) 


7 rr, so A 3 = \tt (7t r) 2 = ^7r 3 r 2 . We will compute A\ + A 2 and 
then subtract A 2 = \rcr 2 to obtain A\. 

To find A\ + A 2 , first note that the rightmost point of the involute is (f r, r). [To see this, note that 
dx/dO = 0 when 0 = 0 01^.0 = 0 corresponds to the cusp at (r, 0) and 9 = \ corresponds to (f r,r).] The 
leftmost point of the involute is (—r, 7rr). Thus, A\ + A 2 = ff¿l ydx — f£f* ydx = / 0 ° =7r y dx. Now 
ydx = r (sin 9 — 9 cos 9) rO cos 0 dO = r 2 (0 sin 9 cos 0 — 0 2 cos 2 0) dO. Integrate: 

(l/r 2 ) f ydx = -9 cos 2 9 - \ (0 2 - l) sin 0 cos 0 — ^0 3 + \0 + C. This enables us to compute 

A\ + A 2 = r 2 [—0cos 2 0 — \ (0 2 ~ l) sin0cos0 — |0 3 + ^0]° = r 2 |o — ^— 7 r — ^- + f)] 


Therefore, Ai = (Ai + A 2 ) — A 2 = \^ 3 r 2 , so the grazing area is 
2 (A\ + A 3 ) = 2 (¿7r 3 r 2 + ^7r 3 r 2 ) = f 7r 3 r 2 . 
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Laboratory Project □ Bézier Curves 


50 


1. We are given the points Po (xo, yo) = (4,1), Pi (xi,yi) = (28,48), P 2 ( 12 , 2 / 2 ) = (50,42), and 
P 3 (X 3 , 2 / 3 ) = (40,5). The curve is then given by 

x (t) = 4 (1 - t ) 3 + 3 • 28í (1 - i) 2 + 3 • 50í 2 (1 - t) + 40t 3 

y (t) = 1 (1 - t ) 3 + 3 • 48í (1 - í ) 2 + 3 • 42í 2 (1 - i) + 5í 3 

where 0 < t < 1. The line segments are of the form 
x = x 0 + (xi - xq) t, y = y 0 + (yi - y 0 ) t: 


PoPl 

x = 4 24 1, 

y = 1 +47í 

P 1 P 2 

x = 28 + 22 1 , 

y = 48 — 6í 

P 2 P 3 

x = 50 — lOí, 

co 

1 

CM 

II 



50 


2 . It suffices to show that the slope of the tangent at P 0 is the same as that of line segment P 0 Pi, namely 
We calculate the slope of the tangent to the Bézier curve: 

dy/dt = -3yo (1 - i) 2 + 3yi [~2i (1 - i) + (1 - i) 2 ] + 3y 2 [-i 2 + (2t) (1 — í)] + 32/ai 2 
dx/dt -3x 0 (1 - í) 2 + 3a;i [—2t (1 - í) + (1 - i) 2 ] + 3x 2 [-í 2 + (2i) (1 - t)] + 3x 3 í 2 


2/i ~ 2/o 

Xl — x 0 


At point P 0 , t = 0, so the slope of the tangent is 


-3t/ 0 + 3yi = yi - y 0 
—3xq 4* 3íCi Xi x 0 


. So the tangent to the curve at P 0 passes 


through Pi . Similarly, the slope of the tangent at point P3 (where t = 1) is 
the slope of line P 2 P 3 . 

3 . It seems that if Pi were to the right of P 2 , a loop would appear. We try 
setting Pi = (110,30), and the resulting curve does indeed have a loop. 


-3y 2 + 3 y 3 y 3 - 1/2 
— 3X2 H- 3X3 X3 — x 2 


, which is also 


30 


4 . Based on the behavior of the Bézier curve in Problems 1-3, we suspect 
that the four control points should be in an exaggerated C shape. We try 
Po ( 10 , 12 ), Pi (4,15), P 2 (4,5), and P 3 ( 10 , 8 ), and these produce a 
decent C. If you are using a CAS, it may be necessary to instruct it to 
make the x- and y-scales the same so as not to distort the figure (this is 
called a “constrained projection” in Maple.) 

5 . We use the same Po and Pi as in part (a), and use part of our C as the top 
of an S. To prevent the center line from slanting up too much, we move P 2 
up to (4,6) and P 3 down and to the left, to (8,7). In order to have a 
smooth joint between the top and bottom halves of the S (and a symmetric 
S), we determine points P 4 , P 5 , and P 6 by rotating points P 2 , Pi, and Po 
about the center of the letter (point P 3 ). The points are therefore 

P 4 ( 12 , 8 ), P 5 ( 12 , - 1 ), and P 6 ( 6 , 2 ). 



75 


16 



18 
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Arc Length and Surface Area 


ET 10.3 


1. x = t — t 2 , y = |£ 3 / 2 , 1 < t < 2. dx/dt = 1 — 2 1 and dy/dt = 2Í 1 / 2 , so 

( dx/dt ) 2 H- (dy/dt) 2 = (1 — 2t) 2 -f- = 1 — 4£ 2 4- 4¿ = 1 -f- 4 1 2 and 

L = f£ \J(dx/dt) 2 + ( dy/dt ) 2 = / 2 \/l + 4í 2 

2. x = 1 -f e É , y = í 2 , -3 < t < 3. dx/dt = e É and dy/dt = 21, so (dx/dt) 2 -h (dy/dt) 2 = e 2í -f 4t 2 and 
L = J*® 3 \/e 2t -f 4í 2 dt. 


3. a: = t sint, y = t cost, 0 < ¿ < f . dx/dt = ícost 4- sint and dy/dt = t (— sint) -f cost, so 

(dx/dt) 2 f (dy/dt) 2 = (¿ cost -f sint) 2 f (cosí — ¿sin¿) 2 

= ¿ 2 cos 2 1 f 2t sin t cos t -f sin 2 t -f cos 2 t — 2t sin ¿ cos t f í 2 sin 2 t 
= í 2 (cos 2 t f sin 2 t) f sin 2 t f cos 2 t = t 2 f 1 

and L = /J 1 ^ 2 \/¿ 2 -f-1 


x = ln¿, y = VTTl, 1 < t < 


dt 


1 

— , so 

2\/¿ f 1 


/<¿x\ 2 /dy\ 2 _ 1 1 

\dt ) \ dt) t 2 + 4 (t -f 1) 


¿ 2 -f 4¿ + 4 
4 1 2 (t f 1) 


and L = 



¿ 2 f 4¿ -f 4 
4í 2 (¿f 1) 


dt 


-i: 


t f 2 

2¿\/¿f 1 


dt. 


5. a; = í 3 , y = t 2 , 0 < f < 4. ( dx/dt) 2 + (dy/dt) 2 = (3í 2 ) 2 + (2í) 2 = 9í 4 + 4f 2 . 

L = / 4 sj{dx/dt) 2 + (dy/dt) 2 dt = // V9f 4 + 4t 2 df = / Q 4 t v / 9t 2 + 4dt = + / 4 148 
(where u = 9t 2 + 4). So L = ¿ (|) [u 3/2 j / = £ (l48 3/2 - 4 3/2 ) = £ (37 3/2 - l). 

6. x = a (cos 0 f 0 sin Q),y = a (sin 0 — 0 cos 0), 0 < 0 < 7r. 

(dx/dQ) 2 f (dy/dO) 2 = a 2 [(— sin0 f sin0 f 0cos0) 2 f (cos0 — cos0 f 0sin0) 2 ] 
= a 2 0 2 (cos 2 0 f sin 2 0) = (aQ) 2 


L = aOdQ = ^7r 2 a 

_ t _ ^ ^ ^ o dx (lf í) • 1 - ¿ • 1 1 .dy 1 

1 + t' y v h - - dt (lf¿) 2 (lfí) 2 dt lfí 


, so 


|V+fé) -TT^ + TTÍs.-Tr^P + O + ^-^TS 2 


-JÍ 


dt 


2 x /t 2 + 2t + 2 

(1 + í) 2 


(1+t) 4 (1 + t) 2 (1+t) 

r 3 n/Ü^TT 


(i+*r 

Vw 2 + 1 


and 


dt = í — U - du [u = ¿ f 1, du = <¿¿] =- U — 1 f ln f \/i¿ 2 f l") 

u* u \ / 


T 3 
1 


vTO 

“ 3 


+ ln ^3 + vTü) + V'S - ln (l + 


8. x = e É f e £ , y = 5 — 2¿, 0 < t < 3. dx/dt = e* — e * and dy/dt = —2, so 
(dx/dt) 2 f (dy/dt) 2 = e 2t - 2 f e -2 * f 4 = e 2í f 2f e -2t = (e ¿ f e -t ) 2 and 
L = / 0 3 (e É f e -t ) dt = [e É - e -É ] 0 = e 3 - e -3 t- (1 - 1) = e 3 - e -3 . 
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9. x = e* cos t, y = e* sin t, 0 < t < n. 



[e* (cos t — sin ()] 2 + [e* (sin t + cos í)] 2 


= e 2t (2 cos 2 1 + 2 sin 2 í) = 2e 2t 


=> L = /* V^e‘ dt =s/2 (e* - 1) 


10. x = 3t — t 3 ,y = 31 2 , 0 < í < 2. 

(dx/dí) 2 + (dy/dt) 2 = (3 - 3í 2 ) 2 + (6í) 2 

= 9 (l + 2í 2 + í 4 ) = [3(l+t 2 )] 2 
L =/ 0 2 3 (1 + í 2 ) dí = [3í + í 3 ] 2 = 14 


8 



-2 


11. x — e l — t, y = 4e t/2 , —8<t<3. 

(dx/dt ) 2 + (dy/dt ) 2 = (e É - l) 2 + ( 2 e t/2 ) 2 = e 2t - 2e ¿ + 1 + 4e* 
= e 2t + 2e e + 1 = (e* + l) 2 

L = /-8 \/( e¿ + ^) 2 dt = f-8 ( et + l)d t= [e ¿ +1] !_g 
= (e 3 + 3) - (e -8 - 8) = e 3 - e" 8 + 11 


21 



12. x = t cos t + sin í, y = t sin t — cos t, —7r < t < 7r. dx/dt — — t sin ¿ + 2 cos t and dy/dt = t cos t + 2 sin í, so 
(dx/dt) 2 + (dy/dt ) 2 = ¿ 2 sin 2 ¿ — 4t sin t cos t + 4 cos 2 1 +1 2 cos 2 1 + 4¿ sin t cos t + 4 sin 2 t = t 2 + 4 and 
L = = 2/ 0 T VT+Idí 

= 2 [^t\/t 2 + 4 + 2 ln (t + \/t 2 + 4)] Q 
= 2 [f Vtt 2 + 4 + 2 ln (tt + Vtt 2 + 4) -21n2] 

= ttVtt 2 + 4 + 4 ln (tt + Vtt 2 + 4) - 4 ln 2 » 16.633506 



13 . x = lnt and y ~ e 1 => ^ = i and — —e 1 => L = f. 2 \/¿~ 2 + e _2t dt. Using Simpson’s 

dt t dt J1 

Rule with n = 10, Ax = (2 - 1) /10 = 0.1 and / (t) = \/t -2 + e -2t we get 

L » ^ [/ (1.0) + 4/ (1.1) + 2/ (1.2) + • • • + 2/ (1.8) + 4/ (1.9) + / (2.0)] « 0.7314. 


14 . x = 2 a cot 0 =$> dx/dt = —2a csc 2 0 and y = 2a sin 2 0 =>• dy/dt = 4a sin 0 cos 0 = 2a sin 20. So 
L = /J 1 ^ 2 \J 4a 2 csc 4 6 + 4a 2 sin 2 29 d 6 = 2a JJ/jf \J csc 4 9 + sin 2 20 d 6 . Using 

Simpson’s Rule with n = 4, Ax = ^ = — and / (0) = \J csc 4 0 + sin 2 20, we get 
L » 2a • 5 4 = (2a) * [/ (?) + 4/ (ff ) + 2/ (f) + 4/ (§) + / (f )] « 2.2605a. 
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15. x = sin 2 6, y = cos 2 0, 0 < 6 < 37r. 

( dx/dO ) 2 -h ( dy/dO ) 2 = (2sin0cos0) 2 + (—2cos0sin0) 2 = 8sin 2 0cos 2 6 = 2sin 2 26 => 

Distance = / Q 37r \/2 |sin20| d6 = 6\/2 /J 1 ^ 2 sin20<¿0 (by symmetry) = [—3\/2cos20] 

= -3V5(-l-l) = 6\/2 


tt/2 

0 


The full curve is traversed as 6 goes from 0 to because the curve is the segment of x + y = 1 that lies in the first 
quadrant (since x, y > 0), and this segment is completely traversed as 6 goes from 0 to f. 

Thus L = ff /2 sin 26 d 6 = \/2, as above. 

16. x = cos 2 1, y = cost, 0 < í < 47 t. ^ = (-2costsint) 2 -f (-sinf) 2 = sin 2 t (4cos 2 t + l) 

Distance = / 0 47r |sin¿| \/4cos 2 1 + lcfó = 4 // sinf\/4cos 2 ¿ -f láf 

= —4 /j -1 \/4u 2 -f 1 [t¿ = cos t, du = — sin ¿ =4 ff^ yj4u 2 -f ldu = 8 / 0 \/4i¿ 2 -f ldi¿ 

= 8 / Q tan 2 sec 0^ sec 2 6 d 6 = 4 / Q tan 2 sec 3 6 d 6 = [2 sec 6 tan 6 -f 2 ln |sec 6 + tan 0|] o an 2 
= 4\/5 + 21n (>/5 + 2) 

L = // |sin t| \/4cos 2 t + 1 dt = >/5 + | ln (\/5 + 2) 

17. a: = a sin 0, 7 / = b cos 0, 0 < 6 < 2n. 

(4f ) 2 + (d|) 2 = (acos0) 2 + (—5sin0) 2 = a 2 cos 2 6 + b 2 sin 2 6 = a 2 (l - sin 2 6 ) + b 2 sin 2 6 

= a 2 — (a 2 — 6 2 ) sin 2 6 = a 2 — c 2 sin 2 6 = a 2 (l — ^¡ sin 2 6 ^j = a 2 (l — e 2 sin 2 6 ) 


So L = 4 // /2 yja 2 (\ - e 2 sin 2 0) d6 (by symmetry) = 4a /* /2 \fl - e 2 sin 2 0 d6 

18. x = a cos 3 6, y = asin 3 0. 

(dx/d6) 2 + ( dy/d6 ) 2 = (—3acos 2 0sin0) 2 + (3asin 2 0cos0) 2 = 9a 2 sin 2 0cos 2 6. 
L = 4 ff /2 3 a sin 6 cos 6d6 = [12a^ sin 2 0] 0 /2 = 6a. 

19. (a) Notice that 0 <t <2n does not give the complete curve 

because x (0) x (2n). In fact, we must take t G [0, 4ir\ in 
order to obtain the complete curve, since the first term in each 
of the parametric equations has period 2 tz and the second has 
period ^y, and the least common integer multiple of these 
two numbers is 4nx. 



-15 


versions of Maple express the integral f^ >J(dx/dt) 2 + ( dy/dt ) 2 dt as 88 E (2\/2z), where E (x) is the 
\/l — x 2 t 2 

elliptic integral / — - dt and i is the imaginary number v —1. Some earlier versions of Maple (as 

J 0 v 1 — t 2 

well as Mathematica) cannot do the integral exactly, so we use the command 

evalf (Int (sqrt (dif f (x, t) ^2+dif f (y, t) ^2) , t=0 . .4*Pi) ) ; to estimate the length, andfind 
that the arc Iength is approximately 294.03. 
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20 . (a) It appears that as t —► oo, (x, y) —► (^, |), and 
ast-*-oo, (x,y) -» (- 5 ,- 5 ). 

(b) By the Fundamental Theorem of Calculus, 
dx/dt = cos (f t 2 ) and dy/dt = sin (f £ 2 ), so 
by Theorem 4, the length of the curve from the 
origin to the point with parameter value t is 



L = / 0 ¿ yj(dx/du ) 2 + ( dy/du ) 2 du = f¿ yjcos 2 (f u 2 ) + sin 2 (fu 2 ) = f* Idu = t (or — t if t < 0) 

We have used as the dummy variable so as not to confuse it with the upper limit of integration. 


21 . x = t 3 and y = t 4 => dx/dt = 3 1 2 and dy/dt = 4 1 3 . So 
S = ff 27vt 4 y/9t 4 -}- 16f 6 dt = fj 2nt 6 y/9 + 16¿ 2 dt. 


22. x = sin 2 f, y = sin3t, 0 < t < f. dx/dt = 2sintcost = sin2t and dy/dt = 3cos3¿, so 

( dx/dt ) 2 + ( dy/dt ) 2 = sin 2 2t + 9 cos 2 3 1 and S = f 2iry ds = ff^ 3 2 tt sin 3 t\J sin 2 2t + 9 cos 2 3 1 dt. 

23. x = t 3 ,y = t 2 ,0<t < 1. (jjfj + (jdt) = ( 3í2 ) 2 + ( 2í ) 2 = 9í4 + 4 * 2 - 

s= L 27ríV9í4+4í2dí 

= 2n J — -^—Vü(jádu) (where u = 9t 2 + 4) = gr [§^ 5/2 - §^ 3/2 ] 4 = 1115(247^/13 + 64^ 

24. x = 3t — t 3 ,y = 3í 2 , 0 < í < 1. + (^) = (3 - 3f 2 ) 2 + (6f) 2 = 9 (l + 2f 2 + 1 4 ) = [3 (l +1 2 )] 2 . 

S = f* 27r3t 2 3 (l + t 2 ) dt = 187t ff (t 2 +1 4 ) dt = 187T [|f 3 + §¿ 5 ] J = ^7r 


25. x = a cos 3 9, y = a sin 3 9, 0 < 6 < f. 

~*~ ( c¿0 ) =(—3a cos 2 9 sin 9) 2 + (3a sin 2 0 cos 9) 2 = 9a 2 sin 2 0 cos 2 0. 

S 1 = ff /2 2na sin 3 0 3a sin 0 cos 9 d9 = 6 tv a 2 ff /2 sin 4 0 cos 9 d9 = § 7 ra 2 [sin 5 0] ^ /2 = § 7 ra 2 
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26 


i. (^) + (/[/) = (- 2 sin 6 > + 2 sin 20) 2 + (2 cos 6 > - 2 cos 2 é ») 2 

= 4 [(sin 2 0 — 2 sin 0 sin 20 + sin 2 20 ) + (cos 2 0 — 2 cos 0 cos 20 + cos 2 20 )] 

= 4 [1 + 1 — 2 (cos 20 cos 0 + sin 20 sin 0)] = 8 [1 — cos (20 — 0)] = 8(1 — cos 0) 
We plot the graph with parameter interval [0,27r], and see that we should 
only integrate between 0 and 7 r. (If the interval [0, 27 t] were taken, the 
surface of revolution would be generated twice.) Also note that 
y = 2sin0 — sin20 = 2sin0 (1 — cos0). So 

S = /; 2tt2 sin 0 (1 — cos 0) 2 \[2yJ\ — cos0 dO 

ri r r2 

= 8\/27r / (1 — cos0 ) 3//2 sin0d0 = 8\/27r / y/v? du 

J o J o 

[where u = 1 — cos 0 , du = sin 0 d0] = |^8\/27r (|) tx 5/2 j = ^ 7 r 
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2.5 



28. S = /J ^ 2 27 t • 2a sin 2 0\/c sc 4 0 + sin 2 20 dt = 47 ra /J ^ 2 sin 2 0\/csc 4 0 + sin 2 20 dO. Using 
Simpson’s Rule with n = 4, Ax = yg and / (0) = sin 2 0\J csc 4 0 + sin 2 20, we get 

5 « ( 47 ra) ^ [/ (f) + 4/ (ff) + 2/ (f) + 4/ (ff ) + / (f)] « 11-0888«. 

29. (^) + (fr) = ( 6t ) 2 + ( 6í2 ) 2 = 36í2 ( X + í2 ) =► 

5 = / 5 2itx\J (dx/dtf + (dy/dí) 2 dt = / Q 5 2tt (3í 2 ) 6ÍV/T+1 2 dí = 18tt / q 5 «Vl+t 3 2 tdt 

= 187 r /j 26 (u — 1 ) y/ñdu (where u = 1 + í 2 ) = 187 t /j 26 (u 3 / 2 — u 1 / 2 ) du = 187 r [§u 5/2 — f u 3/2 j ^ 

= 187 r [(§ • 676\/26 - f • 26^26) - (f - f)] = f tt (949\/26 + l) 

30. x = e* — í, 2 / = 4e‘/ 2 ,0 < t < 1. (^) + (^) = (e* - l) 2 + (2e t/2 ) 2 = e 2t + 2e‘ + 1 = (e* + l) 2 . 


S = /j 2 tt (e* - i) ^/(e*-l) 2 + (2e*/a) 2 dt = / 0 2 tt (e* - t) (e* + l) dt 
= 2 tt [le 2t + e 4 - (í - 1) e* - fi 2 ] j = tt (e 2 + 2e - 6) 
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31 . x = acosfl, y = bsinO , 0 < 0 < 2tv. 


(dx/dO) 2 -f ( dy/dO) 2 = (—asin#) 2 + (bcosO) 2 = a 2 sin 2 0 + b 2 cos 2 0 = a (l — cos 2 0) + b 2 cos 2 0 

= a 2 — (a 2 — b 2 ) cos 2 0 = a 2 — c 2 cos 2 0 = a 2 ^ cos2 üj = a 2 (l — e 2 cos 2 0 ) 


(a) S = /; 27r6sin0a\/l — e 2 cos 2 = 27ra6 /® e y/l — iz 2 (^) du (where t¿ = —ecos du = esin OdO) 

= / 0 e (l — w 2 ) 1/2 du = / Q sin e cos 2 vdv (where u = sinv) = ^sk / Q 8in c (1 + cos2v) dv 

= [u + \ sin 2 v] 0 n 6 = [v + sin v cos v] 0 in 1 c = Zzsk (sin -1 e + ey/1 — e 2 ) 

ti . -« /] c 2 ” /a 2 — c 2 /fe 2 " 6 „ 27ra6 . f2 

But vl — e 2 = \/1- ñ = \ - 5 — = \/ -r = so 5 =-sin 1 e + 27 t6 2 . 

V a 2 V a 2 \ a 2 a e 


(b) S = // /2 2 27racos0a\/l — e 2 cos 2 OdO = 4na 2 // /2 cos Oy/ (1 — e 2 ) + e 2 sin 2 0 dO 


rr/2 ' 

47ra 2 (l — e 2 ) / 7r / 2 e 

J o 


v / T=‘¡ 


: COS 0\ 1 + 


( esiné 

Tr^ 


d(9 


( where ” ■ tS) 

47ra 2 (l — e 2 ) / ‘ sin ~ 1< 


f 

e J o 

27ra 2 (l — e 2 ) 


sec v dv (where t¿ = tan v, du = sec 2 1 ; du) 


e 

27ra 2 (l — e 2 ) 


sec t; tan v + ln |sec v + tan v\] B / 1 


= 27ra 2 + 


Vl^é 2 Vl^e 2 
2 t 2 -na 2 (1 - e 2 ) , ÍT+ 


+ ln 


1 | _ 1 _ 


in v^ =2 ™ 2+ ^M^0 ( sincei - e2= S) 


= 27T 


a + —— ln 


6 2 _ 1 + e 


2e 1 — e 


32 . By Formula 11.3.5 [ET 10.3.5], S = f* 2nF ( x ) y/l + F' (xf dx. Now 
/ dy/dt \ 

\ dx/dt) ( dx/dt ) 

rP 

' = / 27T1/ 

7 QC 


1 + F' (x) 2 = 1 + ( JJJ + j = • Using the Substitution Rule with x = x (t) 


dx 

dt 


dx = ZZ dt, we have S = 9+r„. / (^A**) 2 + ( d 2/M) 2 jg ^ - /* ■ 


(dx/dí) 2 


S‘“=/. +(S) + (S) <i ‘' 
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33 . 


(a) 0 — tan 1 f ^ ~ tan 1 f ¿ 

\Gto/ dt dt \dx) 1 + (dy/dx) 2 

d_ (dy\ _ d_ (y\ _ yx - xy dx¡> 1 

dt \ dx) dt\x) x 2 

Using the Chain Rule, and the fact that s = / 

J o 


d(f> _ 

^ dt ~ 1 + (y/±) 2 




ds _ ídx\ 

dt ~ y\dt) 


= (± 2 + y 2 ) 1/2 , we have that 


d4 

ds 

k = 


dcj)/dt 

ds/dt 


_ ( xy-xy \ _ 1 _ 

~ V i 2 + y 2 ) (x 2 + y 


xy - xy 


(x 2 + y 2 ) 1/2 (x 2 +y 2 ) 3/2 ' 


dt) 


So 


\-( 

'dy\ 

. But ^ = 

dt \ 

dxj 

dx 

yx - 

xy\ 

xy- xy 

X 2 

) 

~ i 2 +y 2 ' 

> 

dt 

=> 



dx/dt 


d(j) 


xy-xy 

•Pi 

1 

ü 

1 

ds 


(x 2 +y 2 ) 3 ' 2 

(± 2 + y 2 ) 3/2 


dy d 2 y 

(b) x = x and y = / (x) => x = 1 , x = 0 and y = —, y = 

^ |l • ( d 2 y/dx 2 ) — 0 • (dy/dx)| |d 2 y/áx 2 | 

[l + (dy/dx ) 2 ] 3/2 [l + (dy/dx ) 2 ] 3/2 


34 . (a) y = x 2 


5 3 / 2 

dx, 


?=2x 

dx 

2 

5a/5 


=2. S««=— 
dx 2 


[l + ídy/dx) 2 ] 372 (1 + 4 x 2 ) 3//2 


, and at ( 1 , 1 ), 


(b) k/ = ^ = — 3 (l + 4x 2 ) 5/2 ( 8 rr) = 0 <=> x = 0 => y = 0. This is a maximum since /c' > 0 for 

dx v 7 

íe < 0 and «' < 0 for x > 0. So the parabola y = x 2 has maximum curvature at the origin. 

35. x = 6 — sin 6 => ± = 1 — cos 0 => x = sin 0, and t/ = 1 — cos 6 => y = sin 0 => y = cos 0 . 

|cos 0 — (cos 2 0 + sin 2 0) | |cos 6 — 1 


lcos 6 — cos 2 6 — sin 2 9\ 
Therefore, k = — -— = 


Tji- The l °P 


[(1 — cos #) 2 +sin 2 0 ] 3/2 (l — 2cos0 + cos 2 9 + sin 2 0) 3/2 (2 — 2cosd) J 

of the arch is characterized by a horizontal tangent, and from Example 1 in Section 11.2 [ ET 10.2], the tangent is 
horizontal when 6 = (2n — 1) 7r, so take n = 1 and substitute 6 = tv into the expression for k: 

_ |cOS 7T — 1 1 _ | — 1 — 11 _ 1 

K ~ (2-2cost r) 3/2 ~ [2 — 2 (—1)] 3/2 ~~ 4' 

36. (a) Every straight line has parametrizations of the form x = a + vt, i/ = 6 + wt , where a, b are arbitrary and v , 

?r/ 0. For example, a straight line passing through distinct points (a, b) and (c, d) can be described as the 

parametrized curve x = a + (c — a) t, y = b + (d — b) t. Starting with x = a-\-vt,y = b + wt , we compute 


x = v, y = w, x = y = 0 , and k = 


\v • 0 — w • 0 | 


= 0 . 


(v 2 + w 2 ) 3/2 

(b) Parametric equations for a circle of radius r are x = r cos 9 and y = r sin 6. We can take the center to be the 

origin. So x = — r sin 6 => x = —r cos 6 and y = r cos 6 => y = —r sin 6. Therefore, 

I r 2 sin 2 6 + r 2 cos 2 01 r 2 1 1 

k = — ! -“ 77 T = — = -. And so for any 6 (and thus any point), k = 

(r 2 sin 2 6 + r 2 cos 2 9) 3 2 ** r r 
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SsM'4 Polar Coordinates 


ET10.4 

!■! ! h I II I 


1. (a) By adding 2n to f, we obtain the (b) (-2, f) 
point (l, ^). The direction 
opposite f is so (-1, is a 
point that satisfies the r < 0 
requirement. 



■M) 

(2,¥).(-2.^) 

0 





(c) (3,2) 



(3,2 + 27r),(-3,2 + 7r) 


2 . (a) (3,0) 




(0 H.-f) 


(3, 2tt) , (—3,7r) 



ir 1 

7 

■K-f) 

(3,0) 

0 

^ 2 


(2.+). (-2,^) (l.f ).(-!.¥) 


3 . (a) 


(’■!) 

^ - 


x = 3 cos ^ = 3 (0) = 0 and 
y = 3 sin f = 3 (1) = 3 give us 
(0,3). 


(b) 



a: = 2%/2 cos ^ 

= 2 v^(-^)=-2and 

y = 2\/2sin = 2\/2 = 2 

give us (—2,2). 


(C) 

Á’. 

/ 

0 


x = — 1 cos f = —| and 
y = —1 sin f = —give 

us (“5>—^)- 
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4 . (a) 

(2-f) 


x = 2 cos = —1, 
y = 2 sin ^ = \/3 



(b) 


(4. 3tt) 



i = 4cos37r = —4, 
y = 4 sin 37r = 0 



(-*■-¥) 


—^ 5n 

6 


x = —2cos (—x) =\/3, 
2 / = —2sin(-^) = 1 


5 . (a) x = 1 and y = 1 => r = \/l 2 + l 2 = \/2 and 9 = tan *" 1 (y) = f. Since (1,1) is in the first quadrant, the 

polar coordinates are (i) (a/2, f) and (ii) (—\/ 2 , ^f). 

(b) x = 2\/3 and y = —2 => r = (2\/3) -I- (— 2) 2 = 4 and 6 = tan -1 2 ^ 5 ) = • Since (2\/3, — 2 ) 

is in the fourth quadrant and 0 < 0 < 27t, the polar coordinates are (i) (4, ^ 21 ) and (ii) (—4, ^). 


6. (a) (x, 2 /) = (-1, ->/3), r = /1 + 3 = 2, tan0 = y/x = /3 and (x,y) is in the third quadrant, so 9 = The 
polar coordinates are (i) ( 2 , ^l) and (ii) (- 2 , f). 

(b) (z, 2 /) = (- 2 , 3 ), r = /4 + 9 = \/l 3 , tan 0 = y/x = -§ and (x, y) is in the second quadrant, so 
0 = tan -1 (— |) + 7T. The polar coordinates are (i) (/T3, 6 ) and (ii) (—/Í3,0 + 7r). 


7 . r > 1 



8. 0 < 0 < f 


9 . 0<r<2, f < 0 < tt 



10 . 1 < r < 3, -f < 0 < f 


11 . 2 < r < 3, 0 ^ 


12 . -1 < r < 1, 5 < 0 < 
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13 . (lj f) is Cartesian and (3, ^f) is Cartesian. The square of the distance between them is 

(é — = \ (40 + 6\/6 — 6^/2), so the distance is \ \/40 + 6\/6 — 6\/2. 

14 . The points in Cartesian coordinates are (ri cos 0i, n sin 0i) and 

(r 2 cos O 2 , r 2 sin # 2 ) respectively. So the square of the distance between them is 

(r 2 cos O 2 — ri cos^i) 2 + (r 2 sin 02 — ri sin0i) 2 = r? — 2 ri ^2 cos (0i — # 2 ) + r 2 , and the distance is 
yjr\ — 2nr 2 cos (0i - 0 2 ) 4- r\. 


15 . r = 2 a/x 2 -h y 2 =2 <í=> x 2 -f i/ 2 = 4, a circle of radius 2 centered at the origin. 

16 . r cos0 =± 1 <=> x = 1, a vertical line. 

17 . r = 3sin0 => r 2 = 3rsin0 <í=> x 2 + y 2 = 3y <í=> x 2 + (y — §) 2 = (f) 2 , acircle of radius § centered 
at (0, |). The first two equations are actually equivalent since r 2 = 3r sin 0 =4> r (r — 3 sin 0) = 0 =í> 

r = 0 or r = 3 sin 0. But r = 3 sin 0 gives the point r = 0 (the pole) when 0 = 0. Thus, the single equation 

r = 3 sin 0 is equivalent to the compound condition (r = 0 or r = 3 sin 0). 


18 . r = 


1 + 2 sin 0 
2 , 2 


r -f 2r sin 0 = 1 <=> r = 1 — 2r sin 0 <=> y/x 2 + y 2 = 1 — 2?/ 


x 2 + 2 / 2 = l-4?/ + 4y 2 <=> 3y 2 - 4y - x 2 = -1 <í=> 3 (?/ 2 - |y + |) - x 2 = | - 1 


3 (V- I) 2 ~ x2 = 5 ^ 9(y-|) 2 -3a; 2 = 1 


2^2 


2\2 


(g-lí) 

n\2 


<» (*) 


2=1. This is a hyperbola opening 


up and down and centered at (0, |). 

19 . r 2 = sin20 = 2sin0cos0 <=> r 4 = 2r sin0r cos0 <=> (x 2 + y 2 ) 2 = 2yx 

20 . r 2 = 0 => tan(r 2 )=tan0 => tan (x 2 + y 2 ) = y/x 

21 . y = 5 <=> r sin0 = 5 


22 . ?/ = 2x — 1 <=> rsin# = 2rcos0 — 1 r (2cos0 - sin0) = 1 o r = --- ; —-. (We can 

2 cos 0 — sinO 

divide by 2 cos 0 — sin 0 because it must be nonzero in order that its product with r equal 1.) 

23 . x 2 + y 2 = 25 <<=> r 2 = 25 => r = 5 

24 . x 2 = 4 y <=> r 2 cos 2 0 = 4r sin 0 <=> r cos 2 0 = 4 sin 0 <=> r = 4 tan 0 sec 0 

25 . 2xt/ = 1 <=> 2r cos 0 r sin 0 = 1 <=> r 2 sin 20 = 1 r 2 = csc 20 

26 . x 2 — y 2 = 1 <=> r 2 (cos 2 0 — sin 2 0) = 1 <¿> r 2 cos 20 = 1 =$► r 2 = sec 20 

27 . (a) The description leads immediately to the polar equation 0 = and the Cartesian equation 

y = tan (^) x = ^=x is slightly more difficult to derive. 

(b) The easier description here is the Cartesian equation x = 3. 


28 . (a) Because its center is not at the origin, it is more easily described by its Cartesian equation, 

(* - 2) 2 + (y- 3) 2 = 5 2 . 

(b) This circle is more easily given in polar coordinates: r = 4. The Cartesian equation is also simple: 
x 2 + y 2 = 16. 
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29 . r = —2sin0 <=> r 2 — — 2r sin0 (since the 
possibility r = 0 is covered by the equation 
r = — 2sin$) <=> x 2 + y 2 = —2y 
x 2 +y 2 + 2y + l = l x 2 + (y + l) 2 = l. 



30 . r = 2 sin 0 + 2 cos 6 <=$■ 

r 2 = 2r sin 0 + 2r cos 0 , x 2 +y 2 = 2y + 2x 
<*> (x — l) 2 + (y - l) 2 = 2 



31 . r = csc 0 = -T— •$=>• rsin0 = l. (The 

sm 6 

right-hand equation implies that sin 0 =/= 0, so we 
can divide by sin 0 to get the left-hand equation) 

& y = 1. 


y■ 

y = l 



0 

1 * 



33 . As in Example 4, r = 5 represents the circle with 
center O and radius 5. 



34 . 0 = is a line through the origin. 
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35 . r = sin 6 «=> r 2 = r sin 6 <=> x 2 + y 2 = y 

x 2 + [y — |) 2 = (^) 2 . The reasoning here 
is the same as in Exercise 29. This is a circle of 
radius ~ centered at (0, ^). 



37 . r = 2 (1 — sin 0). This curve is a cardioid. 



39 . r = 0, 0 > 0 



41 . r = 1/0 



36 . r = —3 cos 0 <=> r 2 = — 3r cos 6 <í=> 

x 2 +2/ 2 = -3x <í=> (^ + f) 2 +2/ 2 = (f) 2 . 
This curve is a circle of radius §. 



38 . r = 1 — 3 cos 6. This is a lima^on. 



40 . r = 0/2 , —47t < 0 < 47t 



42 . r = Vfr This curve is a spiral. 
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43 . r = sin 26 


44 . r = 2 cos 36 



49 . r = 2cos(§0) 




50 . r 2 6 = 1 r = ±1/V5 for 0 > 0 











































38 □ CHAPTER11 PARAMETRIC EQUATIONS AND POLAR COORDINATES ETCHAPTER 10 


51 . x = (r) cos 0 = (4 + 2 sec 0) cos 0 = 4 cos 0 + 2. Now, í —► oo => 

(4 + 2 sec0) —► oo => 0 —+ (y) or 6 —► (^f) + (since we need only 
consider 0 < 6 < 2n), so lim x = lim (4cos0 -f 2) = 2. Also, 

r-*oo 6-+tt/2- 

r —► — oo => (4 + 2sec(9) —> — oo => 0 —► (f) + or 6 —► (^ 1 -) - , so 
lim x = lim (4cos0 + 2) = 2. Therefore, lim x = 2 => x = 2 

1 —► — OO 9—ht/2+ r—»±oo 

is a vertical asymptote. 



52 . y = r sin 0 = 2 sin 6 — csc 6 sin 0 = 2 sin 0 — 1. 
r —► oo => (2 — csc 6) —► oo => 

csc 6 —► — oo => 0—>7r + (since we need 

only consider 0 < 0 < 27 t) and so 
lim y = lim 2sin0 — 1 = —1. Also 

r-*oo 6-+n+ 

r —► — oo => (2 — csc 0) —► —oo =4> 
csc 0 —► oo => 

0 —► 7T _ and so lim x = lim 2 sin 0 — 1 = — 1. 
r—-oo 

asymptote. 



Therefore lim y = —1 => y = — 1 is a horizontal 

r—+±oo 


53. To show that x = 1 is an asymptote we must prove lim x = 1. 

r—>±oo 

x = (r) cos 0 = (sin 0 tan 0) cos 0 = sin 2 0. Now, r —► oo 

sin0tan0 —► oo => 0 —► (f) - , so lim x = lim sin 2 0 = 1. Also, o 

r—oo 0-.Tr/2- 

r —► — oo => sin0tan0 —► — oo => 0 —> (f) + , so 
lim x = lim sin 2 0 = 1. 

r-*-oo 6—► 7 r /2+ 

Therefore, lim x = 1 => x = lisa vertical asymptote. Also notice that x = sin 2 0 > 0 for all 0, and 

r—»±oo 

x = sin 2 0 < 1 for all 0. And x ^ 1, since the curve is not defined at odd multiples of f. Therefore, the curve lies 
entirely within the vertical strip 0 < x < 1. 



54 . The equation is (x 2 + y 2 ) 3 = 4 x 2 y 2 , but using polar coordinates we know that 
x 2 + y 2 = r 2 and x = r cos 0 and y = r sin 0. Substituting into the given 
equation: r 6 = 4r 2 cos 2 0 r 2 sin 2 0 => r 2 = 4 cos 2 0 sin 2 0 => r = 

±2 cos 0 sin 0 = + sin 20. r = ± sin 20 is sketched at right. 



55. (a) We see that the curve crosses itself at the origin, where r = 0 (in fact the inner loop corresponds to negative 

r-values,) so we solve the equation of the lima?on for r = 0 c sin 0 = — 1 sin 0 = —1/c. Now if 
|c| < 1, then this equation has no solution and hence there is no inner loop. But if c < —1, then on the interval 
(0, 27 t) the equation has the two solutions 0 = sin -1 (—1/c) and 0 = 7r — sin -1 (—1/c), and if c > 1, the 
solutions are 0 = 7r + sin -1 (1/c) and 0 = 27T — sin -1 (1/c). In each case, r < 0 for 0 between the two 
solutions, indicating a loop. 




















SECTION 11.4 POLAR COORDINATES ETSECTION 10.4 
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(b) For 0 < c < 1, the dimple (if it exists) is characterized by the fact that y has a local maximum at 0 = So 

d 2 y . 
dJ9 2 


we determine for what c-values is negative at 0 = , since by the Second Derivative Test this indicates a 


maximum: y = r sin 6 = sin 6 + c sin 2 0 =>• ^7 = cos 6 + 2c sin 6 cos 0 = cos 0 + c sin 20 

dO 


d 2 


= — sin0 -h 2ccos 20. At 0 = ^:, this is equal to - (-1) + 2c (—1) = 1 — 2c, which is negative only for 


dO 


c > \. A similar argument shows that for — 1 < c < 0, y only has a local minimum at 0 = f (indicating a 
dimple) for c < 


56. (a) r = sin (0/2). This equation must correspond to one of II, III or VI, since these are the only graphs which are 
bounded. In fact it must be VI, since this is the only graph which is completed after a rotation of exactly 47 t. 

(b) r = sin (0/4). This equation must correspond to III, since this is the only graph which is completed after a 
rotation of exactly 8n. 

(c) r = sec (30). This must correspond to IV, since the graph is unbounded at 0 = and so on. 

(d) r = 0 sin 0. This must correspond to V. Note that r = 0 whenever 0 is a multiple of n. This graph is 
unbounded, and each time 0 moves through an interval of 27 t, the same basic shape is repeated (because of the 
periodic sin 0 factor) but it gets larger each time (since 0 increases each time we go around.) 

(e) r = 1 + 4 cos 50. This corresponds to II, since it is bounded, has fivefold rotational symmetry, and takes only 
one takes only one rotation through 27r to be complete. 


(f) r = 1 j VÓ. This corresponds to I, since it is unbounded at 0 = 0, and r decreases as 0 increases; in fact r —► 0 
as 0 —► oo. 


57. Using Equation 3 with r = 3 cos 0, we have 


dy _ dy/dO _ ( dr/dO ) (sin0) +rcos0 _ —3 sin 0 sin 0 + 3 cos 0 cos 0 _ 3 (cos 2 0 — sin 2 0) 
dx dx/dO (dr/dO) (cos0) — rsin0 —3sin0cos0 — 3cos0sin0 —3 (2sin0cos0) 


cos 20 
sin 20 


= - cot 20 = -^= when 0 = j 
x/3 3 


Another Solution: r = 3 cos 0 => x = r cos 0 = 3 cos 2 0, y = r sin 0 = 3 sin 0 cos 0 =>• 

dy dy/dO —3 sin 2 0 + 3 cos 2 0 cos20 n 1 Q n 

dx dx/dO —6cos0sin0 — sm20 y/3 3 


58. Using Equation 3 with r = cos 0 + sin 0, we have 

dy _ ( dr/dO) sin 0 + r cos 0 _ (— sin 0 + cos 0) sin 0 + (cos 0 + sin 0) cos 0 _ ^ w h en Q — — 

dx (dr/dO) cos 0 — r sin 0 (— sin 0 + cos 0) cos 0 — (cos 0 + sin 0) sin 0 4 

Another Solution: r = cos 0 + sin 0 => x = r cos 0 = (cos 0 + sin 0) cos 0, 
y = r sin 0 = (cos 0 + sin 0) sin 0 => 

dy _ dy/dO _ sin 0 (— sin0 + cos 0) + (cos 0 + sin0) cos 0 _ ^ w h e n 0 — — 

dx dx/dO cos 0 (— sin 0 + cos 0) — (cos 0 + sin 0) sin 0 4 


59. r = 1/0 => x = r cos 0 = (cos 0) /0, y = r sin 0 = (sin 0) /0 => 

dy dy/dO sin0 (—1/0 2 ) + (1/0) cos0 0 2 _ — sin0 + 0cos0 
dx dx/dO cos0 (—1/0 2 ) — (1/0)sin0 0 2 —cos0 —0sin0 
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60. r = ln 0 


x = r cos 0 = ln 0 cos 0, y = r sin 0 = ln 0 sin 0 => 

dy _ dy/dO _ s\n0(l/0) + In0cos0 _ sine + ecose ^ en q _ 
dx dx/dO cosO (1/0) — \r\0sm0 cose — esine 


61. r = l + cos 0 => x = r cos 0 = cos 0 + cos 2 0,y = r sin 0 = sin 0 + sin 0 cos 0 => 

dy _ dy/dO _ cos 0 + cos 2 0 — sin 2 0 _ cos 0 + cos 20 _ ^ ^ en q — n 

dx dx/dO — sin0 — 2cosé?siné? — sin0 —sin20 6 

62. r = sin 30 => x = r cos 0 = sin 30 cos 0,y = r sin 0 = sin 30 sin 0 => 

dy _ dy/dO _ 3 cos 30 sin 0 + sin 30 cos 0 _ _ n 

dx dx/dO 3 cos 30 cos 0 — sin 30 sin 0 W en 6 

63. r = 3cos0 => x = r cos0 = 3cos0cos 0,y = r sin0 = 3cos0sin0 => 

dy/dO = —3 sin 2 0 + 3 cos 2 0 = 3 cos 20 = 0 => 20 = or <(=> 0 = -| or ^ 1 . So the tangent is 

horizontal at (-^=, and (—^» -f) [same as (^=, — f )] • <¿x/d0 = —6sin0cos0 =-3sin20 = 0 => 

20 = 0 or 7 r 0 = 0 or So the tangent is vertical at (3,0) and (0, f). 

64. y = r smO = cos0sin0 + sin 2 0 = \ sin20 + sin 2 0 => dy/dO = cos20 + sin20 = 0 => tan 20 = —1 

=> 20 = ^- or ^ 0 = ^ or ^ => horizontal tangents at (cos — + sin ^l) and 

(cos^ + sin ^ 1 ). rr = r cos0 = cos 2 0 + cos0sin0 => dx/dO = — sin20 + cos 20 = 0 => 
tan 20 = 1 => 20 = for^ <=> 0 = | or ^ => vertical tangents at (cos | + sin |, f) and 

(c°s x s in X 1 X ) • 

Afote: These expressions can be simplified using trigonometric identities. For example, 
cos | + sin f = \ \/4 + 2y/2. 

65. r = l + cos0 => x = r cos 0 = cos 0(1 + cos 0), y = r sin 0 = sin 0 (1 + cos 0) =» 

dy/dO = (1 + cos 0) cos 0 — sin 2 0 = 2 cos 2 0 + cos 0 — 1 = (2 cos 0 — 1) (cos 0 + 1) = 0 => cos 0 = \ or 

— 1 => ^ = z í7rí0r ^: horizontal tangent at (§, f), (0,7r), and (§, A^). 

dx/dO = — (1 + cos0) sin0 — cos0sin0 = — sin0 (1 + 2 cos0) = 0 =*► sin0 = 0 or cos0 = — \ => 

0 = 0, 7 r, or 4^ => vertical tangent at (2,0), ( 5 , ), and (§, ^ 1 ). Note that the tangent is horizontal, not 

vertical when 0 = 7 r, since lim = 0. 

7 T dx/dO 


66 . = e 6 sin0 + e 6 cosO = e 6 (sin0 + cos0) = 0 => sin0 = — cos0 => tan 0 = — 1 => 

du 


0 = — + n 7 r (n any integer) =*► horizontal tangents at (e 7 ^ 71 1/4) , 7 r (n — ^)). 

-JZ = e 9 cos 0 — e 9 sin 0 = e* (cos 0 — sin 0) = 0 => .sin 0 = cos 0 => tan 0 = 

dO 

(n any integer) =» vertical tangents at (e ir ^ n+1 / 4 ), 7 r (n + ^)j. 


0 = ^7T + n7r 


67. r = cos 20 => x = r cos 0 = cos 20 cos 0, y = r sin 0 = cos 20 sin 0 =>- 

dy /dO = —2 sin 20 sin 0 + cos 20 cos 0 = —4 sin 2 0 cos 0 + (cos 3 0 — sin 2 0 cos 0) 
= cos 0 (cos 2 0 — 5 sin 2 0) = cos 0(1 — 6 sin 2 0) = 0 => 
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cos 0 = 0 or sin 0 = ±-^= =+ 0 = f , , a, n — a, n -f a, or 2n — a (where a = sin 1 ^=). 

So the tangent is horizontal at (-1,^), (|,a), (|, 7 r-a), (|, n + a), and (|,27r-a). 

dx/dO = —2 sin 20 cos 0 — cos 20 sin 0 = — 4 sin 0 cos 2 0 — (2 cos 2 0 — l) sin 0 
= sin 0 (l — 6 cos 2 0) = 0 => 

sin 0 = 0 or cos 0 = => 0 = 0 , 7 r, f — a, f + a, - a, or + a (where a = cos -1 ^=). 

So the tangent is vertical at (1,0), (1 ,tt), (§, ^ - a), (§, 2 zl ±a),(§, f - a), and (§, f +a). 

68 . dr/dO = (l/r)cos20 (by differentiating implicitly), so 

37 = - cos 20 sin 0 + r cos 0 = i (cos 20 sin 0 + r 2 cos 0) = - (cos 20 sin 0 -f- sin 20 cos 0) = - sin 30. This 

dO r r v J r r 

is 0 when sin 30 = 0 => 0 = 0, f or (restricting 0 to the domain of the lemniscate), so there are horizontal 
tangents at ^ ^/§, f ^^ ^§, ^ and (0,0). Similarly, dx/dO = (1/r) cos30 = 0 when 0 = f or , so there 

are vertical tangents at ( ^§, f j and ( ^§, [and (0,0)]. See the sketch in Exercise 48. 

69. r = a sin 0 + b cos 0 => r 2 = ar sin 0 + br cos 0 => x 2 + y 2 = ay + bx => 

(x — §b ) 2 + (y — §a ) 2 = § (a 2 + 6 2 ), and this is a circle with center (f b, §a) and radius \\Jo? + b 2 . 

70. These curves are circles which intersect at the origin and at ^^=a, f At the origin, the first circle has a 

horizontal tangent and the second a vertical one, so the tangents are perpendicular here. For the first circle 
(r = a sin 0), dy/dO = a cos 0 sin 0 + a sin 0 cos 0 = a sin 20 = a at 0 = f and 

dx/dO = a cos 2 0 — asin 2 0 = acos 20 = 0 at 0 = f, so the tangent here is vertical. Similarly, for the second 
circle (r = a cos 0), dy/dO = a cos 20 = 0 and dx/dO = —a sin 20 = — a at 0 = f, so the tangent is horizontal, 
and again the tangents are perpendicular. 


Note for Exercises 71-76: Maple is able to plot polar curves using the polarplot command, or using the coords=polar option 
inaregularplot command. In Mathematica, use PolarPlot. InDerive.changetoPolar underoptions state. Ifyour 
graphing device cannot plot polar equations, you must convert to parametric equations. For example, in Exercise 71, 
x = r cos 0 = [1 + 2 sin ( 0 / 2 )] cos 0 , y = r sin 0 = [ 1+2 sin ( 0 / 2 )] sin 0 . 

71 . r = 1 + 2 sin (0/2). The parameter interval is 72 . r = y/l — 0.8 sin 2 0. The parameter interval is 

[0,44 [0,24 



- 2.6 
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73 . r = e sin 9 — 2 cos (40). The parameter interval is 74 . r = sin 2 (40) + cos (40). The parameter interval is 

[0,2tt]. [0,2t r]. 




75 . r = sin (90/4). The parameter interval is [0, 87 t]. 76 . r = 1 + 4 cos (0/3). The parameter interval is 

ii [0,6 tt]. 



-0.9 

It appears that the graph of r = 1 + sin (0 — -|) is the same shape as the graph of r = 1 + sin 0, but rotated 
counterclockwise about the origin by f. Similarly, the graph of r = 1 + sin (0 - §) is rotated by In general, 
the graph of r = / (0 — a) is the same shape as that of r = / (0), but rotated counterclockwise through a about the 
origin. That is, for any point (r 0 ,0 O ) on the curve r = / (0), the point (r 0 ,0 O + a) is on the curve r = / (0 — a), 
since r 0 = / (0 O ) = / ((0 O + a) - a). 
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78. From the graph, the highest points seem to have y « 0.77. 
To find the exact value, we solve dy/d6 = 0. 
y = r sin 0 = sin 0 sin 2 0 => 

dy/dO = 2 sin 0 cos 20 + cos 0 sin 20 

= 2 sin 0 (2 cos 2 0 — l) + cos 0 (2 sin 0 cos 0) 

= 2 sin 0 (3 cos 2 0 — l) 



- 0.8 


In the first quadrant, this is 0 when cos 0 = -^ sin 0 = y § <+ 

y = 2 sin 2 0 cos 0 = 2 • ^ ~ 0.77. 


79. (a) r = sin n0. From the graphs, it seems that when n is even, the number of loops in the curve (called a rose) is 
2n, and when n is odd, the number of loops is simply n. 

This is because in the case of n odd, every point on the graph is traversed twice, due to the fact that 


r (0 + 7r) = sin [n (0 + 7r)] = sin nO cos mi + cos nO sin rnr 


( sim 


nO 

sin nO 

./ 


if n is even 
if n is odd 



(b) The graph of r = |sin n0\ 





has 2n loops whether n is odd or even, since r (0 + 7r) = r (0). 



n = 2 


n = 3 


n = 4 


n = 5 
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80. r = 1 + csin nO. We vary n while keeping c constant at 2. As n changes, the curves change in the same way as 
those in Exercise 79: the number of loops increases. Note that if n is even, the smaller loops are outside the larger 
ones; if n is odd, they are inside. 


n = 2 n = 3 n = 4 

Now we vary c while keeping n = 3. As c increases toward 0, the entire graph gets smaller (the graphs below are 
not to scale) and the smaller loops shrink in relation to the large ones. At c = — 1, the small loops disappear 
entirely, and for — 1 < c < 1, the graph is a simple, closed curve (at c = 0 it is a circle). As c continues to increase, 
the same changes are seen, but in reverse order, since 1 -f (—c) sin nO = 1 + csinn (0 -f 7 r), so the graph for 
c = co is the same as that for c = — co, with a rotation through 7r. As c —► oo, the smaller loops get relatively closer 
in size to the large ones. Note that the distance between the outermost points of corresponding inner and outer loops 
is always 2. Maple’s animate command (or Mathematica’s Animate) is very useful for seeing the changes that 
occur as c varies. 



n = 3 
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81 . r = ^— Q CQS ^ . We start with a = 0, since in this case the curve is simply the circle r = 1. 

1 + a cos 6 

As a increases, the graph moves to the left, and its right side becomes flattened. As a increases through about 0.4, 
the right side seems to grow a dimple, which upon closer investigation (with narrower 0-ranges) seems to appear at 
a « 0.42 (the actual value is y/2 — 1). As a —► 1, this dimple becomes more pronounced, and the curve begins to 
stretch out horizontally, until at a = 1 the denominator vanishes at 6 = 7r, and the dimple becomes an actual cusp. 
For a > 1 we must choose our parameter interval carefully, since r —» oo as 1 + a cos 6 —► 0 <=> 

6 —> ± cos -1 (—1/a). As a increases from 1, the curve splits into two parts. The left part has a loop, which grows 
larger as a increases, and the right part grows broader vertically, and its left tip develops a dimple when a « 2.42 
(actually, a/ 2 -f 1). As a increases, the dimple grows more and more pronounced. 

If a < 0, we get the same graph as we do for the corresponding positive a-value, but with a rotation through tv about 
the pole, as happened when c was replaced with — c in Exercise 80. 



u 


-í.i 
a = 0 



a = 0.3 


0.25 



0.419 


a = 0.41, |0| <0.5 



0.405 



0.409 


a = 0.42, \6\ < 0.5 



0.00025 


-0.05 



0.0025 


a = 0.9, |0| < 0.5 


a = l,|0| <0.1 



a = 2.42, \0 — 7r| <0.2 
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82. Most graphing devices cannot plot implicit polar equations, so we must first find an explicit expression (or 
expressions) for r in terms of 0 , o, and c. We note that the given equation is a quadratic in r 2 , so we use the 
quadratic formula and find that 


r 


2 


2c 2 cos 20 ± y/A c 4 cos 2 20 — 4 (c 4 — o 4 ) 
2 


= c 2 cos 20 ± Ja 4 — c 4 sin 2 20 


so r = ± y c 2 cos 20 ± \/o 4 — c 4 sin 2 20. So for each graph, we must plot four curves to be sure of plotting all the 
points which satisfy the given equation. Note that all four functions have period ir. 

We start with the case a = c = 1, and the resulting curve resembles the symbol for infinity. If we let o decrease, the 
curve splits into two symmetric parts, and as o decreases further, the parts become smaller, further apart, and 
rounder. If instead we let o increase from 1, the two lobes of the curve join together, and as o increases further they 
continue to merge, until at a « 1.4, the graph no longer has dimples, and has an oval shape. As a —> oo, the oval 
becomes larger and rounder, since the c 2 and c 4 terms lose their significance. Note that the shape of the graph seems 
to depend only on the ratio c/a, while the size of the graph varies as c and o jointly increase. 



3 




3 5 
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83. tan ip = tan (cp — 0) = 


dy 

tan (f> — tan 6 _ fa ~ tan<9 


dy/dO 

dx/dO 


— taxiO 


1 + tan <¡> tan 0 1 + %¿ tan9 1 + ^M tan0 

dx dx/dO 


(^smé> + rcosg)-taag(^coBg-rsing) 
^^ cos0 — rsin0^ + tan0 ^^ sin0 + rcos6 ^ 


dx 4. a 

M + dO Un(> 


sin 2 0 


rC ° sg + r '^ rcos 2 fl + rsin 2 fl r 


84. (a) r = e e => dr/dO = e e , so by Exercise 83, 
tan-0 = r/e 0 = 1 => 'ip = arctan 1 = f. 

(c) Let a be the tangent of the angle between the 
tangent and radial lines, that is, a = tan ip. 

Then, by Exercise 83, a = 


dr/dO 


%, = - r =+ r = Ce e/a (by Theorem 10.4.2 
dO a 

[ET 9.4.2]). 


(b) The Cartesian equation of the tangent line at 
(1,0) is y = x — 1, and that of the tangent line at 

^O, e 7r/2 ^ is y = e n/2 — x. 





ET10.5 


Zlá1 -5 Areas and Lengths in Polar Coordinates 

1. r = Ve, 0 < 0 < 5. a = /; /4 ¿r 2 d9 = /; /4 1 (v^) 2 = /; /4 \edo = [i*X /4 = 

2. r = e e '\ * <9 <2*. A = /f ¿ (e e/2 ) 2 dO = /f ¿e* = ¿ [e*] 2 " = ¿ (e 2 - - e') 

3. r = siníl, f <0<%. 

¿ = f% 3 5 sin 2 *d0 = ¿ L 2 ;/ 3 (1 - cos20) d0 = ¿ [0 - ¿ sin20] 2 j/ 3 

4. r = \/ sin 0, 0 < 0 < 7T. + = /; f (\/sin o'j dO = /; | sin OdO = [—5 cos #]; = 2 + 2 = l 

5. r = 0, 0 < 0 < 7T. A = / 0 " ¿0 2 dO = [¿0 3 ]; = ¿7T 3 

6. r = 1 + sin 0, f < 0 < 7r. 

A = /; /2 | (1 + sin 0) 2 d0 = ¿ /; /2 (1 + 2 sin 0 + sin 2 0) dO = ¿ [l + 2 sin 0 + ¿ (1 - cos 20)] d0 

= ¿ [0-2cos0+¿0-¿sin20 ]; /2 = ¿[ 7 r + 2 + f-0-(f-0 + f-0)] =¿(^+2) = f + l 
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7. r = 4 + 3sin0,-f <0< f. 

A = f-í% f ( 4 + 3sin 0) 2 dO = \ fZ? /2 (16 + 24sin 0 + 9 sin 2 0) dO 
= § JZÍ 3 /3 (16 + 9 sin 2 0) dO (by Theorem 5.5.6(b) [ ET 5.5.7(b)]) 

= 2 • 2 /J r/2 [!6 + 9 • I (i - cos 20)] dO (by Theorem 5.5.6(a) [ET 5.5.7(a)]j 

= fo /2 (t ~ § c ° s20 ) de =[t 6 ~\ s ^2 0]Z' 2 = (^ - 0) - (0 - 0) = 


8 . r = sin 40,0<0<f.A = ff /4 ¿ sin 2 4 OdO = ff' 4 \ (1 - cos80) dO = [\0 - ^ sin80] J /4 = 


9. A = ff f (5sin#) 2 dO 
= ^ f* (1 — cos 20) dO 
-¥[«-* sin20]l = fn 



10. A = /f ¿r 2 dO = C ¿[3(1 + cos^)] 2 dO 
= f f£ w (1 + 2 cos 0 + cos 2 0 ) dO 
= f / 0 2,r [1 + 2cos 0 + ¿ (1 + cos2#)] dO 
= f [f e + 2sin0 + ¿ sin 20] 2 f = ^7r 



11. A = 4 fj /4 \r 2 d0 = 2 ff /4 (4 cos 20) dO 
= 8 /J r/4 cos 20 d 0 = 4 [sin 20 ] J /4 = 4 

QO - 


12 . A = 4 // /4 ¿r 2 dO = 2 /J r/4 sin 26» dfl 
= [-cos26»]J /4 = l 



13. /1 = 2/f /2 2 f (4 — sin^) 2 d0 = /f /2 2 (16 — 8sin0 + sin 2 0) dO 
= ff /2 /2 (16 + sin 2 6 ») dO (by Theorem 5.5.6(b) [ ET 5.5.7(b)]) 
= 2 ff /2 (16 + sin 2 0) dO (by Theorem 5.5.6(a) [ ET 5.5.7(a)]) 
= 2 /J r/2 [16 + ¿ (1 - cos 20)\ dO = 2 [f 0 - ¿ sin26i] J /2 

_ 33tt 
— 2 
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14. A = 6 /J r/6 ¿ sin 2 3 0<W = 3 /J r/6 ¿ (1 - cos 6 é») dO 
= f [ 0 - Ísin66i]J /6 

_ 7T 

~ 4 



15. By symmetry, the total area is twice the area enclosed above the polar axis, so 
A = 2 fg \r 2 d0 = f* [2 + cos 60] 2 dO = ff (4 + 4 cos 60 + cos 2 60) dO 
= [40 + 4(¿sin60) + (¿sin!20+¿0)]J =4:r+f = 



- 3.1 


16. Note that the entire curve r = 2 sin 0 cos 2 0 is generated by 0 € [0, ir]. The radius is positive on this interval, so the 
area encloséd is 

A = J' \r 2 d0 = ff ¿ (2 sin 0 cos 2 0) :2 dO = 2 // sin 2 0 cos 4 OdO = 2 J' (sin0 cos 0 ) 2 cos 2 0d0 
= 2fg(\ sin 20 ) 2 cos 2 OdO = ¿ /„* sin 2 20 (cos 20 + 1) d0 = ¿ [// sin 2 20 cos 20d0 + // sin 2 20d0] 

= 4 “ 4 sin4 ^] o ^ the first vanishes) = f 


0.5 



17. A = /; /2 ¿ sin 2 2 OdO = /; /2 ¿ (1 - cos40) d0 = ¿ [0 - ¿ sin40] J /2 = f 

18. A = /; /3 ¿ (4sin30) 2 dO = 8 /; /3 sin 2 30 d0 = 4 /; /3 (1 - cos60) d0 = 4 [0 - ¿ sin60] J /3 = ^ 

19. r = 0 => 3 cos 50 = 0 50 = f => 0 = ff. 

A = f:i)° 10 ¿ (3 cos 50) 2 dO = /; /10 9 cos 2 50 dO = f // /1£ ! (1 + cos 100) d0 = f [0 + ^ sin 100] J /10 = |f 

20. >1 = 2 /; /8 ¿ (2 cos40) 2 dO = 2 ff /s (1 + cos 80}d0 = 2 [0 + ¿ sin80] J /8 = f 
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21 . 




This is a limagon, with inner loop traced out between 9 = ~ and ^ [found by solving r = 0]. 

A = 2/££ ¿ (1 + 2sin0) 2 d9 = fil'l (1 + 4sin 9 + 4 sin 2 6) dO = [6» -4cos6» + 20 - sin20]^^ 

22. 2 + 3cos0 = O =$> cos6 = — f => 9 = cos -1 (—|) (= q) or 2n — cos -1 (—|) => 

A = 2 J2 \ (2 + 3 cos 6)~ d9 = f* (4 + 12 cos 6 + 9 cos 2 0) dO = (-y + 12 cos 0 + f cos 20 ) <¿0 

= [^^ + 12 sin ^ + f sin 20 ] * = ( 7 r — a) — 12 sina — f sinacos a 

(-?)! - 12(#) -1 (í) (-?) =¥«*-§-3V5 
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24. 1 — sin 0 = 1 =*► sin 0 = 0 => 0 = 0 or 7 r = 4 > 


A = f** \ [(1 — sin0 ) 2 — 1 ] dO = \ f 2n (sin 2 0 — 2 sin 0) dO 
= \ fl* (1 — cos 20 — 4 sin 0) dO = \ [0 — \ sin 20-1-4 cos 0] 2 J 
= \* + 2 



25. 4 sin 0 = 2 sin 0 = \ ^ 0 = ^ ox~ 44 > 

¿ = 2 /;/ 6 2 § [(4 sin 0 ) 2 - 2 2 ] dd = £j¡ (16 sin 2 0 - 4) d9 
= r/e [ 8 ( 1 - c °s 20 ) - 4 ] dO = [40 - 4 sin 20]^ 2 

= |7T -h 2\/3 

26. 3 cos 0 = 2 — cos 0 => cos 0 = | => 0 = => 

A = 2 /J 1 " 73 § [(3 cos 0) 2 - (2 - cos 0 ) 2 ] dO 
= ff /3 (8 cos 2 0-1-4 cos 0 — 4) dO 

= /J 73 (4 cos 20-1-4 cos 0) dO = [2 sin 20 + 4 sin 0] o = Sy/3 


27. 3 cos 0 = 1 + cos 0 cos 0 = | => 0 = ^ or — j. 

A = 2ff /3 \ [(3 cos 0 ) 2 - (l + cos0) 2 ] dO 

= / 0 - /3 (8 cos 2 0 — 2 cos 0 — l) dO = /; /3 [4 (1 + cos 20) — 2 cos 0 — 1 ] c?0 
= [30 + 2sin20 - 2sin0 ] o /3 = ir + y/S - V3 = tt 




28. A = 2 /; /3 i (1 + cos 0 ) 2 de - 2 /;/ 3 2 A (3 cos 0 ) 2 dO 

= [0 + 2 sin 0 + i (0 + isin 20 )]^ /3 -f [0 + isin 20]^ 2 

«(*-*VS)-|(f-JVS)-f 


29. A = 2 /J /4 | sin 2 0d0 = ff /4 \ (1 — cos 20) dO 
= — 5 sin 20] 3 /4 
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30. sin 9 = ± sin 29 = ±2 sin 9 cos 9 =4 sin 9 (1 ± 2 cos 9) = 0. From 
the figure we can see that the intersections occur where cos 9 = ±|, or 

9 = f and 

A = 2 [r* \ sin 2 dd$ + ¡1)1 1 sin 2 

= i [« - + i [* - i sta4<C " 



31. sin 26 = cos 26 => tan 26 = 1 => 2(9 = f => 0 = |- => 


A = 16 ff /8 \ sin 2 2 6d6 = 4 ff /8 (1 - cos40) d6 
= 4[0-¿sin40]; /8 = Í7r-l 


32. 2sin 29 = l 2 =4 sin20 = ¿ =4- 20 = f or =4 9 = ^ or 

57T 
12 * 


A = 4 [/; /12 ¿ • 2 sin 2 9d9 + /;/¿ ¿ (l 2 ) dd\ 

= [—2cos20]g /12 + 2 (irr - ^tt) = 2 - + f 


33. 4 = 2 [/_7/ 2 6 i (3 + 2sin0 ) 2 d6 + // /2 6 f2 2 dff] 

= r ;/ 2 6 ( 9 + 12sin<9 + 4 sin 2 9) d9 + [40] e 

= [96- 12cos0 + 20-sin20]:f /8 + = i|= - 


34. Let a = tan 1 ( b/a ). Then 

A = (asin6) 2 d6 + /J /2 ^ ( 6 cos 0) 2 d 0 
= \a 2 [6 - \ sin 26] 0 " + \b 2 [6 + \ sin 20 ] ¡ /2 
= \a ( a 2 — 6 2 ) + § 7 r 6 2 — ^ (o 2 + 6 2 ) (sinacosa) 
= ^ (a 2 — 6 2 ) tan -1 ( b/a ) + | 7 r 6 2 — \ab 
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35- A = 2 [j^ /3 | (¿ + cos 6>) 2 d.0 - /¿ /3 ¿ (± + cos 0) 2 <»] 

= / 0 27r/3 (J + COS 0 + cos 2 0 ) d0 — / 2 ^ 3 (¿4* cos 0 4 cos 2 0) dO 


■[! 


, . 0 sin 20] 2ir//3 

+ sm 0 + - + —— | 


J 0 


-[l +si 


. . 0 sin 20 


J 2ir/3 


- (í + ¥) - (x) + (? + ¥) - 3 (* + 3v^) 



36. The points of intersection occur where \/l - 0.8 sin 2 0 = sin 0 <=> 

1.8 sin 2 0 = 1 <=> 0 = arcsin yj § (= a, so cos a = |). So the area is 

A = 2 / 0 a \ sin 2 OdO 4 2 /J /2 ¿ ^\/l _ 0.8 sin 2 dO 

= [\0 - \ sin26l]“ + [6> - 0.8 {\0 - \ sin 20)][[ /2 
= ^a — ^ (2 sin a cos a) 4 0.6 • f — [ 0 . 6 a 4 0.2 (2 sin a cos a)] 
= f arcsin ^ ~ + 0 . 37 T — 0.6arcsin — 0.4 • ^§ 

= ^ 7 r — ^ arcsin ^ \ ~ 0.411 


l.l 



37. The two circles intersect at the pole since (0,0) satisfies the first equation 
and (0, f ) the second. The other intersection point f ) occurs 
where sin 0 = cos 0. 


38. 2 cos 20 = ±2 => cos 20 = ±1 0 = 0, f, 7 r, or so the 

points are (2,0), (2, f), ( 2 , 7 t), and (2, ^). 



39. The curves intersect at the pole since (0, f) satisfies r = cos 0 and 
( 0 , 0 ) satisfies r = 1 — cos 0. cos 0 = 1 — cos 0 => cos 0 = \ =) 
0 = f or => the other intersection points are (|, f) and 

(1 5tt\ 


r = cosO 
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40. Clearly the pole lies on both curves. sin 30 = cos 30 => 

tan 30 = 1 => 30 = + n7r (n any integer) => 0 = yf, 

ff, or , so the three remaining intersection points are 
(-75>!f)’ and (t5>¥)- 



41. The pole is a point of intersection. sin 0 = sin 20 = 2 sin 0 cos 0 4=> 

sin0 (1 — 2cos0) = 0 4=> sin0 = 0 or cos0 = ^ =» 0 = 0, 

*> f» “f =* (^T'f) a "d (^,if) (by symmetry) are the 

other intersection points. 

42. Clearly the pole is a point of intersection. sin 20 = cos 20 => 

tan 20 = 1 => 20 = -f + 2n7r (since sin 20 and cos 20 must be 

positive in the equations) => 0 = f+n7r => 0=for—.So 

the curves also intersect at (-^=, f ) and (“jf > x) • 



43. 


3.4 



3 y = 2x 



From the first graph, we see that the pole is one point of intersection. By zooming in or using the cursor, we 
estimate the 0-values of the intersection points to be about 0.89 and n - 0.89 « 2.25. (The first of these values 
may be more easily estimated by plotting y = 1 + sin x and y = 2x in rectangular coordinates; see the second 
graph.) 

By symmetry, the total area contained is twice the area contained in the first quadrant, that is. 


.4 --- 2 ** 1 IWf M + 2 J’" i (1 + sin Of M 

= [j»T 9 + [*-2«»«+(é«-5sin2»)];S 


3.46 
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From the first graph, it appears that the 0-values of the points of intersection are about 0.58 and 2.57. (These values 
may be more easily estimated by plotting y = 3 4- sin 5x and y = 6 sin x in rectangular coordinates; see the second 
graph.) By symmetry, the total area enclosed in both curves is 


A&2 /°' 58 \ (6 sin 0) 2 dd + 2 ff/J \ (3 + sin 5 0) 2 dO = / 0 °' 58 36 sin 2 OdO + (9 + 6 sin 50 + sin 2 50) dO 

= [36 (\0 - { sin20 )]°' 58 + [90 - f cos50 + ¿ (\0 - ¿ sin 100)]^ « 10.41 


45. L = f/ \J r 2 + (dr/dO) 2 d6 = f* n/4 \J (5 cos 0 ) 2 + (-5 sin 0) 2 d0 = 5 f/ K/4 V'cos 2 0 + sin 2 0dO 

= 5 C /4 d0 = %* 


46. L = f a b \J r 2 + (dr/dO) 2 dO = / 2 ’ J(e™) 2 + (2e™) 2 d0 = f/” Ve 49 + 4e«« dO = / 2t dO 
= VEC e 26 d0 = 4 [e 28 ] 2 * = # (e 4 * - l) 


47. L = f a •Jr 2 + (dr/dO) 2 dO = f¿* <Jw >) 2 + [(ln2) 2 «] 2 dO = f¿* 2 e \/l + ln 2 2 dO 


y'l + ln 2 2 ( 2 2lr - 1 ) 
to2 


48. L = f b \J r 2 + (dr/dO) 2 dO = / 0 2lr a/0 2 + 1 dO = [|v / 0 2 Tl + \ ln (o + V^ + l)]*’ 

= 7I*\/47T 2 + 1 + \ ln (27T + yj 47T 2 + l) 

49. L = C \J (® 2 ) 2 + (20) 2 d0 = / 2ir O^TldO = \ • | [(0 2 + 4) 3/2 ] '* = § [(tt 2 + l ) 3/2 - l] 


50. L = 2 // ^/(1 + cos 0 ) 2 + (— sin 0 ) 2 dO = 2\¡2 ff Ví+cosOdO = 2\¡2 ff ^/2cos 2 (0/2) dO 

= [8 sin ( 0 / 2 )] o = 8 

51. From Figure 4 in Example 1, 


L = ff /4 /4 ^r 2 + (r') 2 dO = 2 ff' 4 \/cos 2 20 + 4sin 2 20 dO « 2 (1.211056) « 2.4221 
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52. 4 + 2sec0 = O => secd = — 2 => cosd = — A => 

/) _ 2tt 4ít 

“ — 3 9 3 ‘ 

L = J£/s \/( 4 + 2 sec e ) 2 + ( 2 sec 6 tan e ^ de « 5 ‘ 8128 


53. L = 2 / 0 2,r ^/cos 8 (0/4) + cos 6 (0/4) sin ¿ (0/4) dO 
= 2 / Q 27r |cos 3 (0/4) | \/cos 2 (0/4) 4- sin 2 (0/4) dO 
= 2 / Q 27r |cos 3 (0/4) | dO = 8 // /2 cos 3 udu (where u = ^0) 
= 8 [sinu-|sin 3 u]Q /2 = ^ 

Note that the curve is retraced after every interval of length 4n. 

L = 2 /o' \J [ cos2 (é 0 )] 2 + [— cos ( 5 $) sin(¿ 6 i )] 2 dd 
= 2 fg cos (±0) dO = 4 [sin (±0)]* = 4 


12 





-0.67 


55. (a) From (11.3.5 [ET 10.3.5]), 


5 = / a 2ny\J(dx/dO) 2 + (dy/dO) 2 dO 


= / a 2ny\Jr 2 + ( dr/dO) 2 dO (see the derivation of Equation 5) 

(b) r 2 = cos 20 => 2r^=-2sin20 => = Sm - ^ = 

a0 \ d0 ) r 2 


= / a 27rr sin 0\Jr 2 + ( dr/dO ) 2 á0 

sin 2 20 
cos 20 ’ 


5 = 2 /J r/4 27r\/ cos 20 sin 0^/cos 20 + (sin 2 20) / cos 20 <¿0 = 47T /J^ 4 sin 0 e¿0 
= [—47tcos 0] o /4 = — 4 n = 27r ^2 — y / 2 j 


56. (a) Rotation around 0 = f is the same as rotation around the i/-axis, that is, 5 = / a 2nx ds where 

ds = yj ( dx/dt ) 2 + (dy/dt) 2 dt for a parametric equation, and for the special case of a polar equation, 
x = rcos0 and ds = \J ( dx/dO ) 2 + ( dy/dO ) 2 dO = \Jr 2 + (dr/dO) 2 dO (see the derivation of Equation 5.) 
Therefore, for a polar equation, rotated around 0 = f, 5 = / a 2nr cos 0\Jr 2 + ( dr/dO ) 2 e¿0. 

(b) In the case of the lemniscate we are concemed with —j < 0 < £ and r 2 = cos 20 => 

2 rdr/dO = —2sin20 => ( dr/dO ) 2 = (sin 2 20) /r 2 = (sin 2 20) / cos20. Therefore 


5 = // /4 4 27t\/cos 20 cos 0y^cos 20 + (sin 2 20) / cos 20 d0 
= 47t /J r/4 cos 0\/cos 20 y/l/ cos 20 dO = 47t /J r/4 cos OdO = 2\/2n 

































11 -6 Conic Sections 
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ET10.6 




1. x = 2 y 2 => y 2 = \x. 4p = sop = The 

vertex is ( 0 , 0 ), the focus is (|, 0 ), and the 
directrix is x = — \. 



2. 4t/ + x 2 = 0 => x 2 = —Ay. 4 p = —4, so 
p = — 1. The vertex is (0,0), the focus is (0, — 1), 
and the directrix is y = 1 . 



3. 4x 2 = -y => x 2 = - \y. 4 p = so 
p = — yq. The vertex is (0,0), the focus is 
( 0 ,-^), and the directrix is y = jq. 



5. (x + 2 ) 2 = 8 (y - 3). 4p = 8 , so p = 2. The 
vertex is (— 2 , 3 ), the focus is (- 2 ,5), and the 
directrix is y = 1 . 



4. y 2 = 12x. 4 p = 12, so p = 3. The vertex is (0,0), 
the focus is (3,0), and the directrix is x = —3. 



6 . x - 1 = (y + 5) 2 . 4p = 1, so p = \. The vertex is 
(1, -5), the focus is (|, -5), and the directrix is 
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7. 2x -h y 2 — 8 y 4-12 = 0 =$> 

(y 4) 2 = —2 (a: — 2) p = =* 

vertex (2,4), focus (|, 4), directrix x = § 


8 . x 2 -h 12x — y -h 39 = 0 4=> (x -h 6) 2 = y — 3 
=> p = \ => vertex (-6,3), focus (-6, ^), 

directrix 2/ = x 








3 


x 


0 


a: 


-6 


9. The equation has the form y 2 = 4px, where p < 0. Since the parabola passes through (-1,1), we have 
l 2 = 4 p (—1), so Ap = —1 and an equation is y 2 = — x or x = —y 2 . 4p = — 1, so p = — £ and the focus is 
(—^, 0) while the directrix is x = 


10. The vertex is (2, —2), so the equation is of the form (x — 2) 2 = 4p (y -h 2), where p > 0. The point (0,0) is on the 
parabola, so 4 = 4p (2) and 4p = 2. Thus, an equation is (x — 2) 2 = 2 (y -h 2). 4p = 2, so p = \ and the focus is 
(2, — |) while the directrix is y = — §. 


11. x 2 /16-h 2/ 2 /4 = 1 => a = 4, b = 2, 



c = \/16 - 4 = 2\/3 =» center (0,0), vertices 

(±4,0),foci (±2\/3,0) 





foci 


-2 


c = \/a 2 — b 2 = 6. The ellipse is centered at 
(0,0), with vertices at (0, ±10). The foci are 
( 0 .± 6 ). 















13. 25x 2 + 9y 2 = 225 <¡=> \x 2 + ±y 2 = 1 =¡> 

a = 5, b = 3, c = 4 =¡> center (0,0), vertices 

(0, ±5), foci (0, ±4) 



15. 9x 2 - 18x + 4 y 2 =27 « 

^ ~ + ^-=\ =¡> a = 3,b = 2,c=y/5 

4 9 

=> center ( 1 , 0 ), vertices ( 1 , ±3), foci (l, ±V&) 
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2 2 

14. 4z 2 + 25 y 2 =25 =¡> ^/4 + \ ~ 1 =* 

a = §, b = 1 , c = = y[*t = + ■ The 

ellipse is centered at ( 0 , 0 ), with vertices at 
(±|, 0). The foci are (±^,o). 



16. x 2 — 6x + 2 y 2 ± Ay = — 7 O 

( g ~ 3)2 + (y = 1 =► a = 2, 

4 2 

b = y/2 = c => center (3, —1), vertices 
(1, —1) and (5, —1), foci (3 ± y/2 , — l) 



17. The center is ( 0 , 0 ), a = 3, and b = 2 , so an equation is = 1 . c = \Ja 2 - b 2 = \/5, so the foci are 

( 0 , ±\/ 5 ). 


18. The ellipse is centered at (2,1), with a = 3 and b = 2. An equation is 


( s-2) 2 (y — i) 2 _ 


= 1 . 


c = \/a 2 — b 2 = >/ 5 * so the foci are (2 ± \/5, l). 
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19. 


144 



a = 12, b = 5, 


c = \/144 ± 25 = 13 =£► center (0,0), vertices 
(± 12 , 0 ), foci (±13,0), asymptotes y = ±^x 



20 - TS ~ É = 1 =► a = 4,b = 6, 

16 36 

c = x/a 2 + b 2 = ,/16 + 36 = V52 = 2VT3. The 
center is (0,0), the vertices are (0, ±4), the foci 
are (0, ±2\/T3), and the asymptotes are the lines 
y = ±fx = ±§X. 



21. 9 y 2 — x 2 = 9 => y 2 — \x 2 = 1 => a = 1, 

6 = 3, c = \/l0 => center (0,0), vertices 

( 0 , ± 1 ), foci ( 0 , ±VÍ 6 ), asymptotes y = ±|x 

y- 

VTÓ 



—Vio 


22 . x 2 — y 2 = 1 =£► o = 6 = 1 , c = \/2 => 

center ( 0 , 0 ), vertices (± 1 , 0 ), foci (±\/ 2 , 0 ), 
asymptotes y = ±x 



23. 2y 2 —4 y — 3x 2 ± 12x = —8 

(x — 2) 2 (y-1) 2 

6 9 


a = \/ 6 , 6 = 3, 


c = \/l5 =>■ center ( 2 , 1 ), vertices 

(2 ± \/ 6 , l), foci (2 ± vT 5, l), asymptotes 



24. 16rr 2 ± 64x - 9 y 2 - 90 y = 305 
(x ± 2 ) 2 (y ± 5 ) 2 


16 


= 1 


3, 6 = 4, 


9 

c = 5 => center (—2, —5), vertices (—5, —5) 
and ( 1 , —5), foci (—7, —5) and (3, —5), 
asymptotes y ±5 = ±|(x± 2 ) 
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25. The parabola with vertex (0,0) and focus (0, —2) opens downward and has p = —2, so its equation is 
x 2 = Apy = -8 y. 


26. The parabola with vertex (1,0) and directrix x = -5 opens to the right and has p = 6, so its equation is 
y 2 = Ap (x — 1) = 24 (x — 1). 

27. Vertex at (2,0), p= 1, opens to right => y 2 = 4p (x - 2) = 4 (x - 2) 

28. Vertex (1,2), parabola opens down => p = -3 => (x — l) 2 = 4p(y — 2) = —12 (y — 2) <=> 

x 2 — 2x + 12 y — 23 = 0 

29. The parabola must have equation 7/ 2 = 4px, so (-4) 2 = 4p(l) =4- p = 4 => y 2 = 16x. 


30. Vertical axis (x - h) 2 = 4p(y-k). Substituting (-2,3) and (0,3) gives (-2 - h) 2 = 4p (3 - k) and 
(-h) 2 = 4p(3 - k) (—2 — h) 2 = (—h) 2 =4> 4 + 4h + h 2 = h 2 =4> h =-1 l=4p(3-k). 

Substituting (1,9) gives [1 - (-l)] 2 = 4p (9 - k) =¡> 4 = 4p (9 - k). Solving for p from these equations 

gives p = 4 ^ 3 ~ 1 " -j¿j = cj¡~k ^ 4 (3 - fe) = 9 -k =í> k = 1 => P = \ =► (x + 1 ) 2 = ± (y - 1) 

=> 2x 2 + 4x — y -f 3 = 0. 


31. The ellipse with foci (±2,0) and vertices (±5,0) has center (0,0) and a horizontal major axis, with a = 5 and 

x 2 2 

c = 2, so 6 = yja 2 - c 2 = y/21. An equation is — + ^- = 1. 

25 21 


32. The ellipse with foci (0, ±5) and vertíces (0, ±13) has center (0,0) and a vertícal major axis, with c = 5 and 

x 2 V 2 

a = 13, so 6 = y/a 2 - c 2 = 12. An equation is — + —■ = 1. 

144 169 

33. Center (3,0), c = 1, a = 3 =4> b = V 8 = 2y/2 => \ (x - 3) 2 + \y 2 = 1 

34. Center (0,2), c = 1, a = 3, major axis horizontal =4> b = 2\/2 and \x 2 + | (y - 2) 2 = 1 


35. Center (2,2), c = 2, a = 3 =4> b=V 5 =4> \ (x - 2) 2 + \ (y - 2) 2 = 1 

x 2 v 2 

36. Center (0,0), c = 2, major axis horizontal =4> = 1 and b 2 = a 2 — c 2 = a 2 — 4. Since the ellipse 

passes through (2,1), we have 2 a = l-P-Fil + I-PP 2 I = \/l7 + 1 =4> a 2 = and b 2 = 1so 

2x 2 2y 2 

ellipse has equation-= H-= = 1. 

H 4 9 + y/Tf 1 + y/Vf 

37. Center (0,0), vertical axis, c = 3, a = 1 =4> b = \/8 = 2\/2 =4> y 2 — \x 2 = 1 


38. Center (0,0), horizontal axis, c = 6, a = 4 =4> b = 2y/b => jgx 2 — ^y 2 = 1 

39. Center (4,3), horizontal axis, c = 3, a = 2 => b = \/5 => \(x — 4) 2 — \(y — 3) 2 = 1 

40. Center (2,3), vertical axis, c = 5, a = 3 => 6 = 4 =*> | (y - 3) 2 — jg (x — 2) 2 = 1 

41. Center (0,0), horizontal axis, a = 3, ¿ = 2 =4> 6 = 6 =í> \x 2 — -^y 2 = 1 

42. Center (4,2), horizontal axis, asymptotes y — 2 = ±(x — 4) =¡> c = 2, b/a = 1 => a = 6 =4> 
c 2 = 4 = a 2 + 6 2 = 2a 2 => a 2 = 2 => \ (x — 4) 2 — \ (y — 2) 2 = 1 
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43. In Figure 8, we see that the point on the ellipse closest to a focus is the closer vertex (which is a distance a — c from 
it) while the farthest point is the other vertex (at a distance of a + c). So for this lunar orbit, 

(a-c) + (a + c) = 2a = (1728 + 110) + (1728 + 314), or a = 1940; and 

(a + c) — (a — c) = 2c = 314 — 110, or c = 102. Thus, b 2 = a 2 — c 2 = 3,753,196, and the equation is 

x 2 

- 1 ---= 1 . 

3,763,600 3,753,196 

44. (a) Choose V to be the origin, with z-axis through V and F. Then F is (p, 0), A is (p, 5), so substituting A into 

the equation y 2 = 4 px gives 25 = 4p 2 so p = | and y 2 = lOx. 

(b)x = ll => y = V TÍ0 => \CD\ = 2y/ñÓ 


45. (a) Set up the coordinate system so that A is (-200,0) and B is (200,0). 

\PA\ - \PB\ = (1200) (980) = 1,176,000 ft = ^ nú = 2a => a = and c = 200 so 


u2 _ 2 _ 2 _ 3 , 339,375 

u c c¿ 121 


121x ¿ 


121 y 2 


= 1 . 


(b) Due north of B 


x = 200 


1,500,625 3,339,375 

( 121 )( 200) 2 121 y 2 

^ 1,500,625 3,339,375 


= 1 => y = 


133,575 

539 


: 248 mi 


46. |PFi| - IPF 2 I = ±2a <í=> yj (x + c) 2 + y 2 — \J(x — c) 2 + y 2 = ±2a <=> 

\J (x + c) 2 + y 2 = yj(x — c) 2 + y 2 ±2a <+ (x + c) 2 + y 2 = (x — c) 2 + y 2 + 4 a 2 ± 4 ayj(x — c) 2 + y 2 

<+ Acx — 4 a 2 = +4 ayj(x - c) 2 + y 2 c 2 x 2 — 2 a 2 cx + a 4 = a 2 (x 2 — 2cx + c 2 + y 2 ) <+ 

(c 2 - a 2 ) x 2 - a 2 y 2 = a 2 (c 2 - a 2 ) O b 2 x 2 - a 2 y 2 = a 2 b 2 (where b 2 = c 2 - a 2 ) O = 1 

47. The function whose graph is the upper branch of this hyperbola is concave upward. The 

function is y = f (x) = ayj 1 + = ^Vb 2 + x 2 , so y' = ^x (b 2 + x 2 )~ 1/2 and 

y" = + x 2 ) 1/2 — x 2 (b 2 + x 2 ) 3/2 j = ab (b 2 + x 2 ) 3/2 > 0 for all x, and so / is concave upward. 

48. We can follow exactly the same sequence of steps as in the derivation of Formula 4, except we use the points 
(1,1) and (—1, — 1) in the distance formula (first equation of that derivation) so 

yj (x — l) 2 + (y - l) 2 + \J(x + l) 2 + (y + l) 2 = 4 will lead to 3x 2 - 2 xy + 3 y 2 = 8. 


49. (a) ellipse 

(b) hyperbola 

(c) empty graph (no curve) 

(d) In case (a), a 2 = k,b 2 = k — 16, and c 2 = a 2 —b 2 = 16, so the foci are at (±4,0). In case (b), k — 16 < 0, so 
a 2 = k, b 2 = 16 — k, and c 2 = a 2 + b 2 = 16, and so again the foci are at (+4,0). 


50. (a) y 2 = 4 px =+ 2yy' = 4 p => y' = — , so the tangent line is 

y 

2p 

y - yo = -^ (x - xo) => yyo -yl = 2p(x- x 0 ) 
yy 0 - 4px 0 = 2px - 2px 0 => yy 0 = 2p(x + x 0 ). 



(b) The x-intercept is — x 0 . 
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51. Use the parametrization x = 2 cos t, y = sin t, 0 < t < 27r to get 


L = 4f* /2 (dx/dt ) 2 + ( dy/dt ) 2 dt = 4 /J^ 2 >/4 sin 2 1 -f cos 2 ¿ dt = 4 ff /2 \J 3 sin 2 t + 1 dt 
Using Simpson’s Rule with n = 10, 

£«!(*) [/(0) + 4/ (ró) + 2/ (is) + • • • + 2/ (¥) + 4/ (I?) + / (f)] 


with / (t) = \/3sin 2 t + 1, so L « 9.69. 

52. The length of the major axis is2a, soa = \ (1.18 x 10 10 ) = 5.9 x 10 9 . The length of the minor axis is 25, so 

x 2 v 2 

b = \ (1.14 x 10 10 ) = 5.7 x 10 9 . Therefore the equation of the ellipse is - —ó 4- -ttó = 1« 

2 v J H (5.9 x 10 9 ) 2 (5.7 x 10 9 ) 2 

Converting into parametric equations, x = 5.9 x 10 9 cos 6 and y = 5.7 x 10 9 sin0. So 

L = 4 f¿ /2 \J{dx/dO) 2 + (dy/dd) 2 dQ = 4 /¿ r/2 \/3.48 x 10 19 sin 2 6 + 3.249 x 10 19 cos 2 0 dQ 
= 4\/3.249 x 10 19 \J 1.0714 sin 2 6 + cos 2 0 dO 

Using Simpson's Rule with n = 10, Ax = and / (6) = v' 1.0714 sin 2 9 + cos 2 0 we get 

L « 4 (5.7 x 10 9 ) • Sio 

= 4 (5.7 x 10 9 ) 2^3 [/ (0) + 4/ (^) + 2/ (^) + • • • + 2/ (2f) + 4/ (&) + / (f)] 

» ^ (5.7 x 10 9 ) (30.529) « 3.64 x 10 10 km 

53. % + 75 - = 1 => = o => y' — — (?/ ^ 0). Thus, the slope of the tangent line at P is 

a 2 b 2 a ¿ b ¿ a ¿ y 

— — 7 ~~—. The slope of FiP is ——— and of F^P is ———. By the formula from Problems Plus, we have 
a 2 y i xi + c xi — c 


/using 5 2 x 2 4- a 2 y 2 = a 2 5 2 \ 
l and a 2 — b 2 = c 2 J 


—a 2 yí — b 2 x i (xi — c) _ — a 2 b 2 4- 5 2 cxi _ b 2 (cx i — a 2 ) _ 
a 2 í/i (xi - c) - & 2 xii/i c 2 xit/i - a 2 q/i cyi (cx 1 — a 2 ) q/i 


tan/? : 


xi — i 


a 2 y 


_ xi 4- c a 2 yi _ a 2 y 2 4- b 2 x\ (x\ 4- c) _ a 2 b 2 + b 2 c 

b 2 xiyi ~ a 2 yi (xi 4- c) - 5 2 xiyi “ c 2 xiyi 4* a 2 

r r . _L l 


1 ~ 


a 2 yi (xi 4- c) 

b 2 (cx i 4- a 2 ) _ 5 2 
cyi(cxi+a 2 ) cyi 


So o¿ = (3. 
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Vi Vl 

54. The slopes of the line segments F\P and F^P are —-— and —— 

xi + c x\ — c 

b 2 x 


.... 2x 2 yy' _ , ^ ^ 

ímphcitly, -r - ff- =0 =» y' = — => 

a 2 b 2 a?y 

Problems Plus, 


, where P is (xi, yi). Differentiating 
b 2 x i 


the slope of the tangent at P is ——, so by the formula from 

a 2 yi 


and 


b 2 x i 


V i 


tan ct = 


_ a 2 yi xi + c _ b 2 xi (xi + c) — a 2 yj 
a 2 yi (xi 4- c) + b 2 xiyi 


1 + 


b ¿ xiyi 

a 2 yi ( xi -h c) 


_ b 2 {cxi H- a 2 ) ( using x\/a 2 — y\/b 2 = _ b 

~ cyi (cxi 4- a 2 ) 


and a 2 + b 2 = c 2 


cyi 


tan/3 = 


b 2 x i yi 

_ a 2 yi + xi-c _ -b 2 xi (xi - c) + a?y\ _ b 2 (cx i - a 2 ) _ b^_ 
b 2 xiyi a 2 yi (x\ - c) + b 2 xiyi cyi (cxi - a 2 ) ~ cyi 


14- 


a 2 yi (xi - c) 


So a = /3. 


II-7 Conic Sections in Polar Coordinates 


ET10.7 


1. The directrix y = 6 is above the focus at the origin, so we use the form with “ + e sin 0” in the denominator. 
ed _ _| • 6 42 


1 + e sin 0 1 + 3 s i n ® 4 + 7 sin 6 

directrix x = 4 is to the right of the fo< 
e = 1 for a parabola, so an equation is r — 


2. The directrix x = 4 is to the right of the focus at the origin, so we use the form with “ + e cos 0” in the denominator. 

ed 1*4 4 


1 + e cos 0 1 + 1 cos 6 1 + cos 0 

3. The directrix x = — 5 is to the left of the focus at the origin, so we use the form with “ — e cos in the 


denominator. r = 


ed 


f'5 


15 


1 — e cos 6 1 — | cos 6 4 — 3 cos 6 

4 


4. The directrix y = — 2 is below the focus at the origin, so we use the form with “ — e sin in the denominator. 

- ed - 2 • 2 _ 4 

1 — e sin 0 1 — 2 sin 0 1 — 2 sin 0 

5. r = 5 sec 0 <=> x = r cos 0 = 5, so r = 

6. r = 2 csc 6 <=> y = r sin # = 2, so r = 


ed 


4-5 


20 


1 + e cos 0 1+4 cos 0 1+4 cos 6 

ed 1-2 6 


1 + e sin 6 1 + | sin 6 5 + 3 sin 0 


7. Focus (0,0), vertex (5, f) => directrix y = 10 => r = -— C - —- = -—^ 

1 —|— e sm c/ 1 -j- si 


+ sin^ 


8. The directrix is x = 4, so r = 


ed 


^- 4 


1 + e cos ^ 1 + | cos 6 5 + 2 cos 6 
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1 + 3 cos 6 

(a) e = 3 

(b) Since e = 3 > 1, the conic is a hyperbola. 

(c) ed = 4 => d = | => directrix x = | 

(d) The vertices are (1,0) and (—2,7r) = (2,0); the center is (|, 0); the 
asymptotes are parallel to 6 = d= cos -1 (—|) 


3 -I- 2 sin 6 1 + | sin 9 1 + § sin 6 

(a) e = I 

(b) Ellipse 

(c) y = 3 

(d) Vertices (|, §) and (6, ^); center (^, ^) 




(a) e = 1 

(b) Parabola 

(c) e<¿ = 2 =3- d = 2 =*> directrix x = —2 

(d) Vertex (-1,0) = (1 ,tt) 


8 = 2 = §-| 

V 4 — 6 cos 0 1 — § cos 6 1 — § cos 6 

(a) e = § 

(b) Hyperbola 

(c) x = -f 

(d) The vertices are (-4,0) and (|, 7r) = (-|, 0), so the center is 
(-f ,0). The asymptotes are parallel to 0 = dtcos -1 [Their 
slopes are ±tan (cos -1 |) = dz-^.] 


1 + | sin0 

(a) e = \ 

(b) Ellipse 

(c) ed = 3 => d = 6 => directrix y = 6 

(d) Vertices (2, f) and (6, ^); center (2, ^) 
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2 — 2 sin 6 1 — sin 6 

(a) c = 1 

(b) Parabola 

(c) y = -f 

(d) The focus is (0,0), so the vertex is (f, ~) and the parabola opens 
up. 


15. r = 


7/2 

1 — f sin 6 


(a) e = § 

(b) Hyperbola 

(c) ed = \ d = | => directrix y = — | 

(d) Center (§, ); vertices (-§, f) = (§, f:) and (l, ) 



2 + cos 6 1 + \ cos 0 1 + \ cos 6 

(a) e = ¿ 

(b) Ellipse 

(c) x = 4 

(d) The vertices are (|, 0) and (4, ir) = (—4,0), so the center is 

(- 1 . 0 ). 



17. (a) The equation is r = 


4 — 3 cos 6 


1/4 3 

=- i so e = 7 and 

1 — f cos 6 4 


ed=\ =» d = |. The conic is an ellipse, and the equation of its 


directrix is x = r cos 0 = —\ 


1 


3cos0 

careful in our choice of parameter values in this equation 
(—1 < 6 < 1 works well). 


. We must be 


(b) The equation is obtained by 
replacing 6 with 6 — ^ in the 
equation of the original conic 
(see Example 4), so 

__ 1 _ 

r _ 4 — 3 cos (9- f)' 



-0.5 
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18. r = 


5/2 


2 -f 2 sin 0 1 + sin 6 

directrix is y = r sin 0 — - 


, so e = 1 and d = 2 
5 


-. The equation of the 
. If the parabola is rotated 


2 2sin 6 

about its focus (the origin) through ^, its equation is the same as that of 

the original, with 6 replaced by 0 — f (see Example 4), so 
5 



H 

10 


r = 


-. In graphing each of these curves, we must be carefiil to select parameter ranges which 


2 + 2sin (0 — 7r/6) 

prevent the denominator from vanishing while still showing enough of the curve. 

19. For e < 1 the curve is an ellipse. It is nearly circular when e is close to 0. 

As e increases, the graph is stretched out to the right, and grows larger 
(that is, its right-hand focus moves to the right while its left-hand focus 
remains at the origin.) At e = 1, the curve becomes a parabola with focus 
at the origin. 

20. (a) The value of d does not seem to affect the shape of the conic (a 

parabola) at all, just its size, position, and orientation (for d < 0 it 

opens upward, for d > 0 it opens downward). _4 


(b) We consider only positive values of e. When 0 < e < 1, the conic is 
an ellipse. As e —> 0 + , the graph approaches perfect roundness and 
zero size. As e increases, the ellipse becomes more elongated, until 
at e = 1 it tums into a parabola. For e > 1, the conic is a hyperbola, 
which moves downward and gets broader as e continues to increase. 


0.5 



e = 0.5 





10 
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e = 1.1 


-10 
e = 1.5 



10 
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21. \PF\ = e\Pl\ =>> r = e [d — r cos (ty — 0)] = e (d + r cosQ) => 


r (1 — ecos0) = ed 


ed 

1 — e cos 0 


22. \PF\ = e\Pl\ => r = e[d — r sin 6] => r (1 + esin0) = ed 

ed 

r = - 

1 + e sin 0 


23. \PF\ = e \Pl\ => 
r (1 — esin0) = ed 


r = e[d — r sin (0 — 7r)] = e (d + r sin 0) 
ed 


r = 


1 — e sin 0 


24. The parabolas intersect at the two points where 


d 


_ ~ * dr csin0 

For the first parabola, — = -^ 

de (l+cosíl) 2 


1 + cos 0 1 — cos 0 


r, so 



dy _ (dr/dO) sin0 + r cos6 _ csin 2 0 + ccosO (1 + cos0) _ l + cos0 
dx (dr/dO) cosO — rsinO csinOcosO — csin0 (1 + cosO) — sin0 


dv 

and similarly for the second, = 
intersect at right angles. 


1 — cos 0 
sin0 


sin0 

1 + cos 0 * 


Since the product of these slopes is —1, the parabolas 


25. (a) If the directrix is x = —d, then r 


ed 


1 — e cos 0 


[see Figure 2(b)], and, ffom (4), a 2 


, / o\ „ a( 1 — e 2 ) 

ed = a( 1 — e 2 ). Therefore, r = —- -4. 

v ' 1 — e cos 0 

(b) e = 0.017 and the major axis = 2 a = 2.99 x 10 8 =>> a = 1.495 x 10 8 . 

^ r 1.495 x 10 8 [1 - (0.017) 2 ] 1.49 x ÍO 8 

1 —0.017 cos0 1 —0.017 cos0 


e 2 d 2 

(l-e 2 ) 2 


26. (a) Al perihelion, S . „. so r - 

w - l-ecos7r l-e(-l) 1 + e v ' 

At aphelion, 0 = 0, so r = e) (1 + e) = a ^ _|_ e y 

1 — e cos 0 1 — e 


(b) At perihelion, r = a (1 - e) « (1.495 x 10 8 ) (1 - 0.017) « 1.47 x 10 8 km. At aphelion, 
r = a (1 + e) » (1.495 x 10 8 ) (1 + 0.017) « 1.52 x 10 8 km. 
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27. Here 2 a = length of major axis = 36.18 AU => a = 18.09 AU and e = 0.97. By Exercise 25(a), the equation 

18.09 fl - (0.97) 2 ] 1.07 „ ^ x r 

of the orbit is r =-----«-—-By Exercise 26(a), the maximum distance from the 

1 — 0.97 cos 6 1 — 0.97 cos0 

comet to the sun is 18.09 (1-1- 0.97) « 35.64 AU or about 3.314 billion miles. 

28. Here 2 a = length of major axis = 356.5 AU => a = 178.25 AU and e = 0.9951. By Exercise 25(a), the 

178.25 [1 - (0.9951) 2 ] 1.7426 „ ^ x L 

equation of the orbit is r =--- L _ - - —- ~ ■-t . By Exercise 26(a), the minimum 

^ 1 - 0.9951 cos0 1- 0.9951 cos0 

distance from the comet to the sun is 178.25 (1 — 0.9951) « 0.8734 AU or about 81 million miles. 

29. The minimum distance is at perihelion where 4.6 x 10 7 = r = a (1 — e) = a (1 — 0.206) = a (0.794) 

=> a = 4.6 x 10 7 /0.794. So the maximum distance, which is at aphelion, is 

r = a( 1 + e) = (4.6 x 10 7 /0.794) x 10 7 (1.206) « 7.0 x 10 7 km. 

30. At perihelion, r = a (1 — e) = 4.43 x 10 9 , and at aphelion, r = a (1 +-e) = 7.37 x 10 9 . Adding, we get 

2 a = 11.80 x 10 9 , so a = 5.90 x 10 9 km. Therefore l + e = a(l + e)/e = « 1.249 and e « 0.249. 

31. From Exercise 29, we have e = 0.206 and a (1 — e) = 4.6 x 10 7 km. Thus, a = 4.6 x 10 7 /0.794. From 

1 -e 2 

Exercise 25, we can write the equation of Mercury’s orbit as r = a- -So since 

^ 1 - e cos 6 


dr 

dé 


-a (l - e 2 ) esin0 
(1 — ecosé?) 2 

2 / dr\ 2 a 2 (l — e 2 ) 2 a 2 (l - e 2 ) 2 e 2 sin 2 6 

(1 — ecos#) 2 (1 — ecos#) 4 


q 2 (l — e 2 ) 2 
(1 — ecos#) 4 


(l — 2ecos0 + e 2 ) 


the length of the orbit is 

L = [** Jr* + {dr/dQf dO = a (l - e 2 ) [** Vl + e 2 - 2ec osg M ^ 3 g x 1Q 8 ^ 

/o V V J o (l-ecos6>) 2 

This seems reasonable, since Mercury’s orbit is nearly circular, and the circumference of a circle of radius a is 
27 t a « 3.6 x 10 8 km. 


”¡1 Review 


C0NCEPT CHECK 


ET10 


1. (a) A parametric curve is a set of points of the form (x, y) = (/ ( t ) , g (¿)), where / and g are continuous functions 
of a variable t . 


(b) Sketching a parametric curve, like sketching the graph of a function, is difficult to do in general. We can plot 
points on the curve by finding / ( t ) and g (t ) for various values of t , either by hand or with a calculator or 
computer. Sometimes, when / and g are given by formulas, we can eliminate t from the equations x = / (t) and 
y = g (t) to get a Cartesian equation relating x and y. It may be easier to graph that equation than to work with 
the original formulas for x and y in terms of t . 

2. (a) You can find ^ as a function of t by calculating ^ (if dx/dt^ 0). 

(b) Calculate the area as J a b ydx = f£ g (t) f' (f) dt [or f* g (t) f' (t) dt if the leftmost point is (/ (P) ,g(P)) 
rather than (/ (a), g (a))]. 


3. (a) L = /f ^Jidx/dt) 2 + (dy/dtfdt = jf f[f' (í)] 2 + W (t)f dt 

(b) 5 = 2ny (dx/dtf + (dy/dt) 2 dt = /f 2ng (t) /[/' (t)] 2 + W (t)] a dt 
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4. (a) See Figure 5 in Section 11.4 [ ET 10.4]. 

(b ) x = r cos 0,y = r sin 0 

(c) To find a polar representation (r, 0) with r > 0 and 0 < 0 < 27 t, first calculate r = y'x * 1 2 + y 2 . Then 0 is 
specified by cos 0 = x/r and sin 0 = y/r. 


5. (a) Calculate ^ = dy/M = ( - / dd ) ( rsing ) = (fb Vdg) sin g + r cos g where r , 

da; dx/dd (d/dO) (r cos0) (dr/dO) cosO — rsin#’ 

(b) Calculate ,4 = f b ¿r 2 dO = f b ¿ [/ (0)] 2 dfl 

(c) L = f a b / (dx/dOf + (dy/dOf dO = f b y/r* + (dr/dO) 2 d0 = f b y/\f (0)] 2 + [/' (0)] 2 dO 

6. (a) A parabola is a set of points in a plane whose distances from afixed point F (the focus) and a fixed line í (the 

directrix) are equal. 

(b) x 2 = 4 py; y 2 = 4px 


7. (a) An ellipse i 


(b) + 

a 2 


-1 -= i 

i 2 - c 2 


8 . (a) A hyperbola is a set of points in a plane the difference of whose distances from two fixed points (the foci) is a 
constant. 


2 2 


a z c 2 — a 2 


= 1 


(c) 2 / = ±- x 


9. (a) If a conic section has focus F and corresponding directrix £ then the eccentricity e is the fixed ratio |PF| / \P£\ 
for points P of the conic section. 

(b) e < 1 for an ellipse; e > 1 for a hyperbola; e = 1 for a parabola. 

ed . ed , ed , ed 


(c) x = d: r = 


1 -h e cos 0 


. x = —r = 


1 — e cos 0 


. y = d: r = 


1 + e sin 0 


. ?/ = —d: r = 


1 — e sin 0 ’ 


EXERCISES 


1. x = t 2 + 4¿, 2 / = 2 — t, — 4 < t < 1. ¿ = 2 — 2 /, so 

X = (2 - yf + 4 (2 - y) = 4 - 4y + y 2 + 8 - 4y = y 2 - 8y + 12. This 
is part of a parabola with vertex (-4,4), opening to the dght. 



2. x = 1 + e 2t , y = e*. x = 1 + y 2 , y > 0. 


y> 
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7. r 2 = sec 26 => 
r 2 cos 26 — 1 =>• 

r 2 (cos 2 0 — sin 2 0) = 1 => 

r 2 cos 2 0 — r 2 sin 2 0 = 1 => 

x 2 — y 2 = 1, a hyperbola 


8 . r = sin40. This is an 
eight-leafed rose. 
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9. r = 2 cos 2 {6/2) = 1 + cos 6 


10. r = 2 cos {0/2) . The curve is 
symmetric about the pole and 

both the horizontal and vertical 
axes. 



11. r = -- - => e = 1 => parabola; d—l => directrix x = 1 

1 + cos 0 

and vertex (|, 0); y-intercepts are (l, \) and (l, ) . 



8 1.8 

12. r = -———- = ——-. This is an ellipse with focus at the pole, 
4 + 3 sin 0 1 + | sin 6 ^ F 

eccentricity |, and directrix y = §. The center is (~, ). 


13. x + y = 2 +$► r cos 0 + rsin0 = 2 r (cos 0 + sin 6) = 2 <=> r 



cos 0 + sin 6 


14. x 2 + y 2 = 2 r 2 = 2 r = \/2- (r = —\/2 gives the same curve.) 

15. r = (sin0) /6. As 0 —► ±oo, 

i —> 0 . 

-15 




























CHAPTER11 REVIEW ETCHAPTER 10 □ 73 


16. r = 


V 2 


1 — | cos 0 


=> e = § and d = |. The equation 


2.1 


4 — 3 cos 0 

of the directrix is x = r cos 0 = — § => r = —2/ (3 cos 0). To obtain 

the equation of the rotated ellipse, we replace 0 in the original equation 

wi,„ e - + rnd g« r = 4 _ 3 J {e _! p¡ ■ 



2.1 


dy _ ( dr/dO ) sin 0 + r cos 0 _ sin fl + 0 cos 0 _ 71 4 * 72 _ 4 + 7r w ^ en q _ * 

dx (dr/d0) cos0 — r sin0 cos0 —0sin0 72 ~f *72 4 —7r 6 4 

£¿ 7 / _ (dr/d0) sin 0 -f r cos 0 _ —2 cos 0 sin 0 + (3 — 2 sin 0) cos 0 _ 3 cos 0 — 2 sin 20 _ ^ w ^ en q — z 

dx (dr/d6) cos0 — r sin0 — 2cos 2 0 — (3 — 2sin0) sin0 — 3 sin0 — 2 cos 20 2 

21 dy _ dy/dt tcost + sinf d 2 y _ ^ ( 5 *) , where 

dx dx/dt —fsinf + cost’ <¿x 2 dx/dt 

d ( dy\ (—tsint + cosf) (—fsinf + 2 cos¿) — (tcost + sinf) (—tcost — 2 sin t) _ t 2 + 2 _ 

dt \dx) (—tsint + cost) 2 (—tsint + cost) 2 


d 2 y 


t 2 + 2 


dx 2 (—t sin t + cos t ) 3 

22. a: = 1 + 1 2 , 7 / = t — t a . = 1 — 3t ¿ and ^7 = 2 t, so ^- = 


3 % _ , q ,2 da: _ 0i „„ dy _ dy/dí _ 1 - 3t 2 


dt ~ ~~ dt ~~ dx dx/dt 21 

u-2 


it" 1 - H 
2 Z 2 C ‘ 


d y _ d {dy/dx) /dt _ - 5 * ~ 2 _ _ 1,-3 _ 3.-1 __ L fi + 'í/ 2 '» - - 

¿ x 2 — A~!Al — 0 + ~ 4 Z 4 Z — A+ 3 + ÚZ ) 


dx/dt 


21 


4t 3 


3í 2 + 1 
4t 3 ‘ 


23. We graph the curve for — 2.2 < t < 1.2. By zooming in or using a cursor, 
we find that the lowest point is about (1.4,0.75). To find the exact values, 
we find the í-value at which dy/dt = 2t + l = 0 t = — | <=> 

(x,y) = (t>!)- 



2.2 


24. We estimate the coordinates of the point of intersection to be (—2,3). In fact this is exact, since both t = — 2 and 
t = 1 give the point (—2,3). So the area enclosed by the loop is 

/t‘r _2 y dx = f -2 (* 2 + 1 + !) ( 3<2 - 3) dt = /L (3t 4 + 3t 3 - 3t - 3) dt 

= [fí 5 + |í 4 - fí 2 -3+ 2 = (f + l-f-3) -[-f+ 12-6-(-6)]=§ 
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dx 

25. — = —2 a sin t + 2a sin 2 1 = 2a sin ¿ (2 cos t — 1) = 0 


sin t = 0 or cos t = \ 


t = 0, f, 7r, or 


dy 

dt 


= 2acost — 2acos2t = 2a (l + cosí — 2cos 2 1) = 2a (1 — cosí) (1 4 2cosí) = 0 


t = 0 . 2 = 


Thus the graph has vertical tangents where 
t = 7r and and horizontal tangents where 
t = and . To determine what the slope is 
where t = 0, we use l’HospitaTs Rule to evaluate 


lim 

t-+o dx/dt 
there. 


= 0, so there is a horizontal tangent 



26. From Exercise 25, x = 2a cos t — a cos 21, y = 2a sin t — a sin 2¿ =í> 


A = 2 (2 a smt — a sin 2¿) (—2a sin ¿ + 2a sin 2¿) dt = 4 a 2 (2 sin 2 1 + sin 2 2t — 3 sin í sin 2t ) dt 

= 4a 2 ff [(1 — cos 2t) -f | (1 — cos 4t) — 6 sin 2 t cos ¿] dt = 4a 2 [í — ^ sin 2í -f \t — | sin At — 2 sin 3 1 ] * 

= 4a 2 7T = 67ra 2 


27. This curve has 10 “petals”. For instance, for —< 0 < there are two petals, one with r > 0 and one with 
r < 0. 


A = 10 ff /10 Q \r 2 d0 = 5 fZÍn 0 9 cos 50 dO = 90 ff /10 cos 50 dO = [18sin5<9]J /10 = 18 


28. r = 1 — 3 sin 0. The inner loop is traced out as 0 goes from a = sin 1 | to 7 r — a, so 

A = ff~ a \r 2 dO = ff /2 (1 — 3sin0) 2 dO = ff /2 [l — 6sin0 -f f (1 — cos20)] dO 
= -f 6cos0 - | sm20yj 2 = ^7r — ~ sin -1 \ — 3\/2 


29. The curves intersect where 4cos0 = 2; that is, at (2, -|) and (2, —f). 



30. The two curves clearly both contain the pole. For other points of intersection, cot 0 = 2 cos {0 4- 2n7r) or 
—2 cos (0 -f 7r -f 2n7r), both of which reduce to cot 0 = 2 cos 0 <=> cos 0 = 2 sin 0 cos 0 O 

cos 0 (1 — 2 sin 0) = 0 => cos 0 = 0 or sin 0 = \ => 0 = f, f, or intersection points are 

(0,f).(VS,5).and (V3,iií). 
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31. The curves intersect where 2 sin 0 = sin 0 + cos 0 => sin 0 = cos 0 
0 = and also at the origin (at which 0 = ^ on the second curve). 

A = f 0 w/4 \ (2 sin <9) 2 d6 + /®’ /4 ¿ (sin 0 + cos 6>) 2 d9 

= Io /4 (! - cos 26 ) d6 +\ J*JÍ 4 í 1 + sin 2e ) de 

= [e-\ sin 29} 0 ' 4 + [\e - ¿ cos 26»] 3 j/ 4 = \(n-í) 



32. A = 2 /*¿J 2 i [(2 + cos 20) 2 - (2 + sin <9) 2 ] dO 

(^.f) 

r = 2 + sin 0 

/ 

= /^/2 cos + cos2 2^ - 4 sin 0 - sin 2 0] 

= [2sin20 + + | sin40 + 4cos0 — \0 + \ sin20]^ 6 /2 

(f 

^\’ f) 
(2.0)/ +3,0) 


\ V 0 




r = 2 + cos20 


33. x = 3 t 2 , y = 2í 3 . 


' dx 


34. — + = 


L = / 0 2 /dx/dt) 2 + (dy/dtf dt = / Q 2 /(6í) 2 + (6í 2 ) 2 dt = 6 / 0 íVl + í 2 dt 

= [2 (l + í 2 ) 3/2 ] 0 = 2 (5V5 — l) 

1 l 2 


dy 


— sin £ + 


\ sec 2 (£/2) 


+ cos t = 


— sin t + 


tan (t/2) 

= (— sin £ H-— ^ + cos 2 t = csc 2 £ — 1 = cot 2 £ 

\ sin £ / 

L = Jlji. 4 l cot A dt = - JT,Í 4 cot tdt=[- ln |sin t\fj/ A = ln y/2 


2sin (£/2) cos (£/2) 


+ cos 2 £ 


35. L = /f / r i + (dr/dd) 2 d8 = fT /(\/6) 2 + (-l/e 2 ) 2 de 


24 r 2 * VéfTl 

L 9 2 


\[e 2 +1 

e 


+ ln 0 + [e 2 + 1 


27T 


7T 


\/7T 2 + 1 
7T 


\/47r 2 + 1 
27T 


+ ln 


27r + y/47r 2 + 1 
7T + y/n 2 + 1 


36. L = /* \Jr 2 + (dr/dO) 2 dd = /* /sin 6 (¿0) +sin 4 (¿6») cos 2 (|0) d9 

= j; sin2 (l e ) = [é í 6 * — f sin (§ 6 ’))]o = l’r - |v/3 

37. 5 = // 2tt j//(dx/dí) 2 + (dy/dí) 2 dí = / 4 2 tt (if 3 + ¿í" 2 ) /(2/v7) 2 + (í 2 - í~ 3 ) 2 cíí 

= 27T// (|í 3 + ií- 2 ) //~TT/ 2 dt = 27r/ 4 (ií 5 + | + ir 5 ) dt 

= 2n [± t e + l t -l t - 4 ] 4 = m¿$> w 
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38. From Exercise 34, we find that S = J^ 4 2ir sin t |cot í| dt = -2ir f*J¿ 4 cos tdt = ir (2 - i/2). 


39. For all c except — 1, the curve is asymptotic to the line x = 1. For 
c < -1, the curve bulges to the right near y = 0. As c increases, the 
bulge becomes smaller, until at c = -1 the curve is the straight line x = 1. 
As c continues to increase, the curve bulges to the left, until at c = 0 there 
is a cusp at the origin. For c > 0, there is a loop to the left of the origin, 
whose size and roundness increase as c increases. Note that the x-intercept 
of the curve is always — c. 


3 



40. For a close to 0, the graph consists of four thin petals. As a increases, the petals get fatter, until as a —► oo, each 
petal occupies almost its entire quarter-circle. 








41. Ellipse, center (0,0), a = 3, b = 2\/2, c = 1 => 

foci (±1,0), vertices (±3, 0). 



42. x 2 /A — y 2 /16 = 1 is a hyperbola with center 
(0, 0), vertices (±2,0), a = 2, b = 4, 
c = \/16 + 4 = 2\/5, foci (±2\/5,0) and 
asymptotes y = ±2x. 
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43. 6 (y 2 - 6y + 9) = - (x + 1) <=> 

(y — 3) 2 = —| (x + l),a parabola with vertex 
(—1,3), opening to the left, p = — ^ => focus 

(— , 3) and directrix x = —1|. 



44. 25 (x + l) 2 + 4 (y - 2) 2 = 100 

\ (x + l) 2 + ^ (y - 2) 2 = 1 is an ellipse 
centered at (—1,2) with foci on the line x = — 1, 
vertices (—1, 7) and (—1, —3); a = 5, 
b = 2 =*c= v/21 =+ foci(-l,2±v^í). 





45. The parabola opens upward with vertex (0,4) and p = 2, so its equation is (x — 0) 2 = 4 ■ 2 (t/ — 4) <=> 

x 2 =8(y - 4). 


46. Center is (0,0), and c = 5, a = 2 => b = y/21; foci on y -axis => equation of the hyperbola is ^= 1. 


47. The hyperbola has center (0,0) and foci on the x-axis. c = 3 and b/a = \ (from the asymptotes) 
=> 9 = c 2 = a 2 + b 2 = (26) 2 + b 2 = 5b 2 => b = => a = => the equation is 


x 


2 


36/5 



<=> 5x 2 — 20 y 2 = 36. 


48. Center is (3,0), and a = § = 4, c = 2 <=*► 5 = \/4 2 - 2 2 = 2\/3 => the equation of the ellipse is 

(x — 3) 2 y 2 

12 16 


49. x 2 = —í/ + 100 has its vertex at (0,100), so one of the vertices of the ellipse is (0,100). Another form of the 
equation of a parabola is x 2 =4 p(y — 100) so 4p (y — 100) = — y + 100 => 4py — 4p (100) = 100 — y 


100 


V 


p = — |. Therefore the shared focus is found at (0, ^) so 2c = — 0 


c = 


_ 399 


4p= y-100 

and the center of the ellipse is (0, ^p). So a = 100 — and b 2 = a 2 — c 2 = 4Ql2 ^ 3 " 2 = 25. So the 

' 2 *> /- 399\ 2 2 /q onn^ 2 


equation of the ellipse 


i .¿ + (»-yr - 1 „ g + (»-yr =lot ¿ + («v -mr 


b 2 


25 


(T ) 2 


25 


160,801 


= 1. 
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a* 


y_ 

b 2 


2x t 2 y dy 
ti 2 dx 


a z 


dy 

dx 


F_x 
a 2 y' 


dy 

dx 


b 2 x 
a 2 m' 


x 2 y 2 c?m 

Combining this condition with — + = 1, we find that x = ±-- 7 - 

a 2 b 2 Va 2 m 2 + b 2 


. In other words, the two points on 


the ellipse where the tangent has slope m are 

b 2 


(±-=¿ 

\ y/a 2 rr 


m 




2 + b 2 ’ \Ja 2 m 2 -f b 2 


)■ 


The tangent lines at 


these points have the equations y ± 


y/a 2 m 2 4 - b 2 


= m ^x - 


a 2 m 


\/a 2 m 2 + b 2 , 


or 


y = mx qp 


2 2 
a m 


y/a 2 m 2 + b 2 \Ja 2 m 2 + b 2 
51. Directrix x = 4 => d = 4, so e = ¿ => r = 


= mx ± \/a 2 m 2 + b 2 . 

ed 4 


1 ±e cos 0 3 + cos 9' 


52. See the end of the proof of Theorem 11.7.1 [ET 10.7.1]. If e > 1, then 1 — e 2 < 0 and Equations 11.7.4 


[ET 10.7.4] become a 2 = ~ ^ ^ ^2 & 2 = so = ^ ~ The as y m P totes V — have slopes 


= ±yje 2 — 1, so the angles they make with the polar axis are ± tan 1 [\Je 2 — lj = cos 1 (±l/e). 

53. In polar coordinates, an equation for the circle is r = 2a sin 9. Thus, the coordinates of Q are 

x = r cos 6 = 2a sin 9 cos 9 and y = r sin 9 = 2a sin 2 9. The coordinates of R are x = 2a cot 9 and y = 2a. 
Since P is the midpoint of QR , we use the midpoint formula to get x = a (sin 9 cos 9 + cot 9) and 
y = a (l + sin 2 9). 
























Problems Plus 


. f 1 cos u , f l si 

1. x = / - du, y = I — 

Ji u J i 


sm u dx cos t , dv sin t T , .. 

du , so by FTCl, we have — =-and — = ——. Vertical tangent lmes 

u dt t dt t 


occur when ^ = 0 cost = 0. The parameter value corresponding to ( x , y ) = (0, 0) is t = 1, so the 

dt 

nearest vertical tangent occurs when t = f. Therefore, the arc length between these points is 


‘■rw-r/ 


cos 2 í sin 2 t 


dt= r /2 f = Mr /a =i»s 


i 2 


i 2 


2. (a) The curve ;r 4 + ?/ 4 = x 2 + j/ 2 is symmetric about both axes and about the line y = x (since interchanging x and 
y does not change the equation) so we need oniy consider y > x > 0 to begin with. Implicit differentiation 

x(l — 2x 2 ) 

gives 4x 3 + 4 y 3 y' = 2x + 2 yy' =+ y' = ) 2 —-rf => y' = 0 when a; = 0 and when x = ±-fe . If 

y ~ *■) 

x = 0, then y 4 = y 2 y 2 (?/ 2 - l) = 0 => y = 0 or ±1. The point (0,0) can’t be a highest or lowest 

point because it is isolated. [If — 1 < x < 1 and — 1 < y < 1, then x 4 < x 2 and y 4 < y 2 => 
x 4 + y 4 < x 2 + y 2 , except for ( 0 , 0 ).] If x = then x 2 = f, z 4 = ^. so ¿ + y 4 = 5 + y 2 => 
V-V- 1 = 0 =» ^2 = 4±^6±l6 = li^/2. Buty 2 >0 , soy 2 = u^ ^ 

y = l + \/2). Near the point (0,1), the denominator of y ' is positive and the numerator changes from 

negative to positive as a: increases through 0, so (0,1) is a local minimum point. At ^^=, 
changes from positive to negative, so that point gives a maximum. By symmetry, the highest points on the curve 
are (±^=, and the lowest points are . 


(b) We use the information from part (a), together with symmetry with 
respect to the axes and the lines y = zbx, to sketch the curve. 

(c) In polar coordinates, x 4 + y 4 = x 2 -b y 2 becomes 

r 4 cos 4 Q + r 4 sin 4 0 = r 2 or r 2 = 1/ (cos 4 0 + sin 4 6 ). By the 
symmetry shown in part (b), the area enclosed by the curve is 

1 /* 7r / 4 /' 7T / 4 dQ 

A = 8- r 2 d0 = 4/ — . 4 .(Ifwehavea 

2 y 0 J 0 cos 4 0 + sin 6 



CAS, this can be evaluated to give v^2tt). 

The usual Weierstrass substitution t = tan (0/2) leads to a complicated integrand, so we first simplify: 


cos 4 Q + sin 4 0 = (1 - sin 2 0) + sin 4 (9 = 1- 2sin 2 0 + 2sin 4 0 = 1 - 2sin 2 0(1- sin 2 (9) 


= 1 — 2 sin 2 6 cos 2 0 = 1 — \ sin 2 26 


[continued] 
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Then we substitute t = tan 20, which gives 9 = \ tan 1 1 


d9 = 


dt 


Also, 9 -+ f 


2 - - - 2 (1 + 1 2 ) 
t —> oo, so we get the following improper integral: 


and sin 29 = 


t 


VT+P' 


A=4 r M =4 r _l 

Jo 1-5 sin2 2(? Jo 1-5 [t 2 /( 


dt 


-*r 

J o 


dt 


2 [íV(1+í 2 )J2(1 + í 2 ) '7o í 2 +2 

= ii^c 4 [^ tan_1 (^JÓ = tan_1 (^*) = 2V5. f = V^TT 


3. (a) If tan 9 = . —^—, then tan 2 0 = —^—, so C tan 2 9 — y tan 2 9 = y and 
V C-y C-y * y 

C tan 2 9 C tan 2 9 2 . 2/ . ~ 

y = T-TT— 2 ~Z = -= Ctan 2 0cos 2 9 = Csin 2 9 = — (1 - cos20). Now 

1 4- tan^ 9 sec 2 9 2 

doc = y dy = tan 9-^-2 sin 2 9 d9 = C tan 9 • 2 sin 9 cos 9d9 = 2 C sin 2 9d9 = C {1 — cos 20) d9 

Thus, x = C [9 — \ sin 20) -j- K for some constant K. When 9 = 0, we have y = 0. We require that x = 0 

when 9 = 0 so that the curve passes through the origin when 0 = 0. This yields K = 0. We now have 

x = \C (29 — sin20), y = |C( 1 - cos20). 

(b) Setting 0 = 20 and r = \C, we get x = r (0 — sin 0), y = r (1 — cos 0). Comparison with Equations 11.1.1 
[ET 10.1.1] shows that the curve is a cycloid. 


4. (a) Let us find the polar equation of the path of the bug that starts in the upper 
right comer of the square. If the polar coordinates of this bug, at a 
particular moment, are (r, 0), then the polar coordinates of the bug that it 
is crawling toward must be (r, 0 + f). (The next bug must be the same 
distance from the origin and the angle between the lines joining the bugs to 
the pole must be f.) The Cartesian coordinates of the first bug are 
(r cos 0, r sin 0) and for the second bug we have 



x = r cos (0 + f) = — r sin 0, y = r sin (0 + f) = r cos 0. So the slope of the line joining the bugs is 

rcos9 — r sin0 sin0 - cos0 _ . , , 7 

- 1 — ñ - ñ = — — ñ~, - ñ- This must be equal to the slope of the tangent line at (r, 0), so by 

—rsm0 —rcos0 sin0 + cos0 r v J 

c ,, ^rrTiA-Mi l (dr/d9) sin0 + r cos0 sin0 — cos0 ^ n dr 

Equation 11.4.3 [ET 10.4.3] we have j - j - ,* -¿-r-* = Solving for —, we get 

(dr/d9) cos0 — rsin0 sin0 + cos0 d9 


dr 


dr 


— sin 2 0 + — sin 0 cos 0 + r sin 0 cos 0 + r cos 2 0 = sin 0 cos 0 — cos 2 0 — r sin 2 0 + r sin 0 cos 0 


dr 


d9 


d9 


d9' 


(sin 2 0 + cos 2 0) + r (cos 2 0 + sin 2 0) = 0 


dr 

d9 


d9 


= — r. Solving this differential equation as a 


separable equation (as in Section 10.3 [ET 9.3]), or using Theorem 10.4.2 [ET 9.4.2] with k = -1, we get 
t = Ce ~ e . To determine C we use the fact that, at its starting position, 9 = j and r = so 

■^=0 = Ce~ n / 4 =$► C = -j=ae n / 4 . Therefore, a polar equation of the bug’s path is r = -^=ae n ^ 4 e~ e or 

r=j¡aeW 4) ~ e . 
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(b) The distance traveled by this bug is L = f^ 4 \Jr 2 + ( dr/dO ) 2 dO , where ^ (“ e B ) ^ so 

2 , /J / j / i \2 1 2 tt /2 -20 , 1 2 tt /2 -20 2 n /2 -26 

r + {dr/dO) = \a e ' e + ±a e ' e = a e ' e 

Thus 

L= í°° ae w/4 e~ e d.0 = ae w/4 lim /* e~ s d6> = ae"/ 4 lim [-e"*]‘ /4 = ae T / 4 lim íe-*/ 4 - e"*] 

/ ¿ —► OO J?r / 4 t —► OO L J7r / 4 t->00 L J 

J ir/4 


3íl 3¿2 

5. (a) If (a, b) lies on the curve, then there is some parameter value ti such that - — ^ = a and - — ^ = b. If 

1 1 = 0, the point is (0,0), which lies on the line y = x. If f i # 0, then the point corresponding to f = J- is 

+2 


curve. 


given by 1 = i+a/fxV = WTT= b,y= i 3 + ( (i/t+ = +h =a - So {b ’ a) also lies on 1116 

[Another way to see this is to do part (e) first; the result is immediate.] The curve intersects the line y = x when 
^ ^ ^ => t = t 2 =» t = 0 or 1, so the points are (0,0) and (§, §). 

a = (1 +1 3 ) (6f) - 3t* (3f 2 ) = 6f - 3fj = when 6f _ 3f4 = 3f (2 _ ñ = 0 ^ f = 0 or t = \/2, 
W dt (1 + f3) 2 (1 + t 8) S V ' 

so there are horizontal tangents at (0,0) and ( \/2, \/i). Using the symmetry from part (a), we see that there 

are vertical tangents at (0,0) and ( \/Z, \/2). 

(c) Notice that as t —> —1 + , we have x —► —oo and y —> oo. As t —► —1“, we have x —> oo and y —> —oo. Also 

, 3t + 3 í 2 + (1 +1 3 ) (t + l) 3 (t + l) 2 
■ 1 = - :—:—-z - — ~:—:—— tó : : z 


y = — x — lisa slant asymptote. 
dx _ (1 + t 3 ) (3) — 3t (3t 2 ) _ 3 — 6t 


(d) dt = 


1 dy 6f — 3t 4 0 

and from part (b) we have — = --—~ • So 

(1 + í 3 ) 2 F dt (l+f3) 2 


(1+t 3 ) 2 

1 [*y'\ 

dy _ dyjdt _ t (2 — t 3 ) _ dt \dxj_ _ 2 (l +1 3 ) 

dx dx/dt 1 — 2t 3 dx 2 dx/dt 3(1 — 21 3 ) 3 

concave upward there and has a minimum point at (0,0) and a maximum point at ( \/2, -v/4). Using this 
together with the information from parts (a), (b), and (c), we sketch the curve. 


>0 t < -^=. So the curve is 
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—>(i£0G&)- 


(í + i 3 ) 


2 . so x + y = 3:e;í/. 


27 í 3 

--—o and 

(i+í 3 ) 2 


(f) We start with the equation from part (e) and substitute x = r cos 0, y = r sin 0. Then x 3 4- y 3 = 3x?/ 


r 3 cos 3 0 -f r 3 sin 3 0 = 3r 2 cos 0 sin 0. For r ^ 0, this gives r = 


3 cos 0 sin 0 


cos 3 0 + sin 3 6 


3 ■ . Dividing numerator and 


denominator by cos 3 we obtain r 


f— 

\ cos 9 ) cc 


sin0 

cos0 


1 + 


sin 3 0 
cos 3 0 


3 sec 9 tan 9 
1 + tan 3 9 


(g) The loop corresponds to 9 € (0, f), so its area is 


A 




1 f n/2 ( 3 sec 9 tan 9 \ 2 _ 9 /' 7r/2 sec 2 9 tan 2 9 

2 Jo V 1+tan 3 ^ 2j 0 (1+tan * 9) 2 


9 u 2 du 

2 7o (1 + w 3 ) 2 


(put u = tan 0) 


=&*[-* (i+« 8 ) -1 ]‘ 


3 

2 


(h) By symmetry, the area between the folium and the line y = — x — 1 is equal to the enclosed area in the third 
quadrant, plus twice the enclosed area in the fourth quadrant. The area in the third quadrant is and since 

y — —x — 1 => r sin 9 = — r cos 0 — 1 => r = — : —--, the area in the fourth quadrant is 

sm 0 + cos 0 

d9 = i (using a CAS). Therefore, the total area is 

i+2(é) = f- 


1 r-rc/4 

/ 1 \ 2 / 3 sec 0 tan 0 \ 2 

2 /_,/2 

\ sin 0 + cos 0 ) \ 1 + tan 3 0 J 


30 


6 . (a) Since the smaller circle rolls without slipping around C, the amount of 
arc traversed on C (2r0 in the figure) must equal the amount of arc of 
the smaller circle that has been in contact with C. Since the smaller 
circle has radius r, it must have tumed through an angle of 2r0/r = 20. 

In addition to tuming through an angle 20, the little circle has rolled 
through an angle 0 against C. Thus, P has tumed through an angle of 
30 as shown in the figure. (If the little circle had tumed through an angle 
of 20 with its center pinned to the x-axis, then P would have tumed 
only 20 instead of 30. The movement of the little circle around C adds 

0 to the angle.) From the figure, we see that the center of the small circle has coordinates (3r cos 0,3r sin 0). 
Thus, P has coordinates (x, y ), where x = 3r cos 0 + 6 cos 30 and y = 3r sin 0 + 6 sin 30. 
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(c) The diagram gives an altemate description of point P on the epitrochoid. 

Q moves around a circle of radius 6, and P rotates one-third as fast with 
respect to Q at a distance of 3r. Place an equilateral triangle with sides of 
length 3\/3r so that its centroid is at Q and one vertex is at P. (The 
distance from the centroid to a vertex is ^ times the length of a side of 
the equilateral triangle.) 

As 6 increases by the point Q travels once around the circle of radius 
b , retuming to its original position. At the same time, P (and the rest of 
the triangle) rotate through an angle of about Q> so P 's position is 

occupied by another vertex. In this way, we see that the epitrochoid traced 
out by P is simultaneously traced out by the other two vertices as well. 

The whole equilateral triangle sits inside the epitrochoid (touching it only 
with its vertices) and each vertex traces out the curve once while the 
centroid moves around the circle three times. 

(d) We view the epitrochoid as being traced out in the same way as in part (c), by a rotor for which the distance from 

its center to each vertex is 3r, so it has radius 6r. To show that the rotor fits inside the epitrochoid, it suffices to 
show that for any position of the tracing point P, there are no points on the opposite side of the rotor which are 
outside the epitrochoid. But the most likely case of intersection is when P is on the y-axis, so as long as the 
diameter of the rotor (which is 3y/3r) is less than the distance between the 7 /-intercepts, the rotor will fit. The 
y-intercepts occur when 0 = ^ or 6 = ^- => y = úz (3r — b), so the distance between the intercepts is 

6r — 26, and the rotor will fit if 3\/3 r < 6r — 26 6 < ^• 


















Infinite Sequences 
and Series 



= 12.1 


Sequences 


ET11.1 

BBB——BFH' i.i >Wil'll' 1 --- - • = -*f 


1. (a) A sequence is an ordered list of numbers. It can also be defined as a function whose domain is the set of positive 

integers. 

(b) The terms a n approach 8 as n becomes large. In fact, we can make a n as close to 8 as we like by taking n 
sufficiently large. 

(c) The terms a n become large as n becomes large. 

2. (a) From Definition 1, a convergent sequence is a sequence for which lim a n exists. Examples: {1 /n}, {l/2 n } 

71—► OO 

(b) A divergent sequence is a sequence for which lim a n does not exist. Examples: {n}, {sin n} 

n —► oc 


3. a n = 1 — (0.2) n , so the sequence is {0.8,0.96,0.992,0.9984,0.99968,... }. 


4. a n — 


n + 


3n 


1 u .[2 3456 { [3153 \ 

—, so thesequence is | 5’ 8’ lT’ 14’" ' / = \1’ 5’ 2’ 11’ 7’ * J ' 


c 3 (—l) n t . . /-3 3 -3 3 -3 \ f 3 1 1 1 \ 

5 ' ° n = ~rú~’ S ° thC sequence 1S | 2’ "é - ’ 24’ 120’ ’" J = \~ 3 ’ 2 ,_ 2’8’ _ 40’”' J 

6. a n = 2 • 4 • 6.(2n), so the sequence is 

{2,2 • 4,2 • 4 • 6,2 • 4 • 6 • 8,2 • 4 • 6 • 8 • 10,... } = {2,8,48,384,3840,... }. 


7 . a n = sin so the sequence is {1,0, -1,0,1,... }. 


8 . a\ = 1, a n +i = 


1 4“ CL n 


, so the sequence is 


+ + {S’3’5’8’-"} 


9. The numerators are all 1 and the denominators are powers of 2, so a n = —. 

10. The numerators are all 1 and the denominators are multiples of 2, so a n = . 

11. {2,7,12,17,... }. Each term is larger than the preceding one by 5, so 
a n = a\ + d (n — 1) = 2 + 5 (n — 1) = 5n — 3. 


12. { — i,The numerator of the nth term is n and its denominator is (n + l) 2 . Including 
[ 4 9 16 25 J 

altemating signs, we get a n = (—l) n 


the 


(n + 1) 


13. {l, -§, |, — ... }. Each termis -§ times the preceding one, so a n = (-§) 


2 \ 71—1 
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14. {0,2,0,2,0,2,...}. One is halfway between 0 and 2, so we can think of altemately subtracting and adding 1 (from 
1 and to 1) to obtain the given sequence: a n = l — (—l) n_1 . 

15. cin = (p. — 1). ctn —► oo as n —► oo, so the sequence diverges. 

« n + 1 1 + 1/n 1 + 0 1 

16 ‘ = 3^1 = 3^W S ° a " 3^0 = 3 C ° nVergeS 


5 + 0 


3 + 5 n 2 5 + 3/n 2 

1/. CLn = -;- T = -■ so a n - , _ 

n + n 2 1 + 1/n 1 + 0 


18. CLn — 


\Jñ 


1 


■ , so a n 


0 + 1 


= 5 as n —> oo. Converges 


= 1 as n —► oo. Converges 


1 + Vn 1/v/ñ+l’ 

2 n 1 /2\ n n 

19. a n = ^ n+1 = - í - J , so Jim^ a n = 1 ^lim (|) n = 1 • 0 = 0 by (7) with r = §. Converges 

20. a n = n = ■■■■■ ■ —-. The numerator approaches oo and the denominator approaches 0 + 1 = 1 as 

1 + \/n l/\/n + 1 

n —► oo, so a n —► oo as n —► oo and the sequence diverges. 

/_-|\ n —1 ^ /_j\n—1 2 

21. a n =- — = — , so 0 < |a n | =-—— <-► 0 as n —► oo, so a n —► 0 by the Squeeze 

n 2 +1 n + l/n 1 n + l/n~n J M 

Theorem and Theorem 5. Converges 

22. {a n } = {1,0, —1,0,1,0, —1,... }. This sequence oscillates among 1, 0, and —1, so the sequence diverges. 

23. a n = 2 + cos n7r, so 

{a n } = {2 + cos7r, 2 + cos27r, 2 + cos37t, 2 + cos47t, ... } = {2 - 1,2 + 1, 2 — 1, 2 + 1,... } 

= {1.3,1,3,...} 

This sequence oscillates between 1 and 3, so it diverges. 

24. 2n —> oo as n —> oo, so since lim arctan x = f, we have lim arctan 2n = f. Convergent 

-r—► rvn ^ n° 


25. 0< 


3 + (~l) n . 4 


4 4 f 3 + (—l) n 1 

< — and lirn^ — = 0, so <-- ; > converges to 0 by the Squeeze Theorem. 


1 • 2 • 3 • 


26. lim t— , = lim -—-——^ , - J—. -— = lim - -J~. -— = 0. Convergent 

n— oo(n + 2)! n—*oo 1 • 2 ■ 3. n(n + l)(n + 2) n—oo (n + 2) (n + 1) 6 

oi t to(z 2 ) 2 lna; h ,. 2/x _ , _ _ f ln (n 2 ) 1 

27. lim -= lim -= lim - L — = 0, so by Theorem 2, < —-—- > converges to 0. 

x— *oo x x—*oo X x—*oo 1 1 n 

28. ^lim sin = sin 0 = 0 since ^ —> 0 as n —» oo, so by Theorem 5, | (—l) n sin ^ —^ | converges to 0. 


29. b n = V^+2-V^=(V^+2~V^) = 


y/ n + 2 + \Jxi \Jtl + 2 + \/ñ 2 \/ñ \/ñ 

by the Squeeze Theorem with a n = 0 and c n = 1 /\/ñ, {\/n + 2 — \/ñ} converges to 0. 


0 as n —► oo. So 


on ln(2 + e x ) H ,. e x / (2 + e x ) v 1 1 , _ „ ln(2 + e n ) 1 

30. lim ---= lim --- = lim --- = -, so by Theorem 2, lim — 

*oo 3x x-^oo 3 x—*oo 6e~ x + 3 3 n—oo 3n 3 


Convergent 

x h .. 


31. lim — = lim t;—- 7—— = 0, so by Theorem 2, {n2 n ) converges to 0. 

*—oo 2 X x^oo (ln2)2 x 1 J & 

32. a n = ln (n + 1) — lnn = ln = ln ^l + ^ —»■ ln (1) = 0 as n —> oc. Convergent 
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Cos^ Tl 1 o 

33. 0 < < — [since 0 < cos 2 n < 1], so since 

Theorem. 


lim — = 0, | C °^ n n | converges to 0 by the Squeeze 


34. y = (1 4- 3x) 1/x => ln ( y ) = - ln (14- 3x) => lim ln y = lim + 3x ) JL ii m 3 / 3x ) — q 

v ' X x—»oo x — * oo x x — ► oo 1 

=4> lim y = e° = 1, so by Theorem 2, {(1-f 3n) 1 / n { converges to 1. 

x—*oo l J 


35. The series converges, since 


l + 2 + 3H---- + n n (n + 1) /2 . , « .. . 

---= —-- ■■■ [sum of the first n positive íntegersj 

n 2 n 2 


n + 1 
2 n 


1 + 1/n 
2 


1 

2 


as n —► oo. 


36. 0 < |a n | = 


n|cosn| ^ n 
n 2 + 1 “ n 2 + 1 


converges to 0. 


1 

n + 1/n 


—> 0 as n 


oo, so by the Squeeze Theorem and Theorem 5, {a n } 


37. a n — 


1 2 3 


2 2 2 


(n — 1) n . 1 n n r .. 

-—-—- • — >-■ — = — —>ooasn^-oo, so {a n } diverges. 


. . 3 n 3 3 3 

' < _ n! ~ 1 ’ 2'3 


3 3 . 3 3 27 . 

7 - 7 T • — < 3 • — • — = --> 0 as n ■ 

(n — 1) n 2 n 2n 


oo, so by the Squeeze Theorem and 


Theorem 5, {(-3) n /n} converges to 0. 


39. 


2 



-2.5 

From the graph, we see that the sequence 


| (—l) n ült! | j s divergent, since it oscillates 
between 1 and —1 (approximately). 


2.5 


( • 



V___,- 

J 


From the graph, it appears that the sequence 
converges to 2. 

{(—^) n } converges to 0 by (7), and hence 
{2 + (--) n } converges to 2 + 0 = 2. 
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41. 



From the graph, it appears that the sequence 
converges to about 0.78. 

2 n 2 


lim 


= lim 


n-f oo 2n 4- 1 n-f oo 2 + 1 /n 

f—) = 

\ 2n + 1 / 


= 1, so 


lim arctan 

n—> oo 


arctan 1 = —. 

4 


42. 


1 








500 


-0.5 

From the graph, it appears that the sequence 
converges (slowly) to 0. 

_ . Isinnl _ 1 

0 < —t=— < —= —► 0 as n —► oo, so by the 
%/n y/n 


Squeeze Theorem and Theorem 5 
converges to 0. 


/ sin n 1 


43. 



From the graph, it appears that the sequence converges to 0. 

n n 1 


n _ n 3 _ n 

0 < CLtl — r — — 


n! n (n - 1) (n - 2) (n - 3) 

~ (ñ — 1) Jn~— 2) (n — 3) (f ° rn ^ 4) 

1/n 


111 
3 ' 2 ’ 1 


(1 — 1/n) (1 — 2/n) (1 — 3/n) 

So by the Squeeze Theorem, |n 3 /n!} converges to 0. 


0 as n —> oo 


44. 



From the graph, it appears that the sequence converges to 5. 

5 = V& < í/3 n + 5" < V5 n + 5 n = V2V5” 

= V2 • 5 —♦ 5 as n —> 00 
Hence, a n —► 5 by the Squeeze Theorem. 

AltemateSolution: Let y = (3 X + 5 x ) 1/x . Then 

lim lny= lim !üI21±n ■ llm ^ h 3 + 5'I» » 
x—^oo x—*oo X x—>oo 3 X + 5 X 

.. (§)* ln3 + ln5 

= lim - v - 5; . 3 . x — -= ln5 

x -*°° (!) +1 

S° lim^ y = e ,n5 = 5, and so { \/3 n + 5 n ) converges to 5. 
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45. 



From the graph, it appears that the sequence approaches 0. 

1*3*5.(2n — 1) _ 1 3 5 2 n - 1 

0<an ~ ( 2 n) n “ 2n ' 2n ‘ 2n. 2n 

< ¿ • (!) • (!).(1) = ¿ 0 as n -► oo 


10 So by the Squeeze Theorem, 
to 0. 


1*3*5.(2n — 1) 

(2n)" 


converges 


46. 


190 


5000 


( •> 


( -n 

• 


• 

. 


• 

• 


• 

• 


• 

V_____._i_!_I___ > 

10 



15 


1*3*5.(2n - 1) 


From the graphs, it seems that the sequence diverges. a n = ~ r -— v -* We first prove by induction 

n—1 


n! 


that a n > ( |) for all n. This is clearly true for n = 1, so let P(n) be the statement that the above is true for 

2n + 1 /SV 
n + 1 ~ \2y 


n. We must show it is then true for n + 1. a n +i = a n 


2n + 1 
n + 1 


(induction hypothesis). 


But 2n+ 1 > - [since 2 (2n + 1) > 3 (n + 1) -i+ 4n + 2 > 3n + 3 n > 1], and so we get that 

n + 1 2 




a n +1 >(f) n 1 * f = (f) n which isP(n + l). Thus, we have proved our first assertion, so since 
diverges (by Equation 7), so does the given sequence {a n }. 

47. (a) a n = 1000 (1.06) n => ai = 1060, a 2 = 1123.60, a 3 = 1191.02, a 4 = 1262.48, and a 5 = 1338.23. 
(b) lim a n = 1000 lim (1.06) n , so the sequence diverges by (7) with r = 1.06 > 1. 


48. a n +i = / 2<ln ün ÍS ^ CVen number When ai = 11, the first 40 terms are 11, 34, 17, 52, 26, 13, 40, 

{ 3a n + 1 if a n is an odd number 

20,10, 5,16, 8, 4, 2, 1, 4, 2, 1, 4, 2, 1, 4, 2,1, 4, 2,1, 4, 2, 1, 4, 2,1, 4, 2,1, 4, 2, 1, 4. When ai = 25, the first 
40 terms are 25, 76, 38,19, 58, 29, 88, 44, 22,11, 34,17, 52, 26,13, 40, 20,10, 5,16, 8, 4, 2, 1, 4, 2,1, 4, 2,1, 4, 
2, 1, 4, 2,1, 4, 2,1, 4. The famous Collatz conjecture is that this sequence always reaches 1, regardless of the 
starting point ai. 

49. If |r| > 1, then {r n } diverges by (7), so {nr 71 } diverges also, since |nr n | = n |r n | > |r n |. If |r| < 1 then 


1 


lim xr x = lim = lim y . N 
x — >oc x — ► oo r x—>oo (— m r) r~ 

whenever Irl < 1. 


= lim 


- lnr 


= 0, so lim nr n = 0, and hence {nr n } converges 
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50. (a) Let lim a n = L. By Definition 1, this means that for every e > 0 there is an integer N such that | a n — L\ < e 

whenever n > N. Thus, |a n +i - L\ < e whenever n + l> N 4=> n> N - 1. It follows that 
lim a n + 1 = L and so lim a n = lim a n + 1 . 

n—*oo n—»oo n—»oo 

(b) If L = lim a n then lim a n+ 1 = L also, so L must satisfy L = 1/ (1 + L) => L 2 + L — 1 = 0 => 

n—»oo n—»oo 

L = (since L has to be non-negative if itexists). 


51. Since {a n } is a decreasing sequence, a n > a n +1 for all n > 1. Because all of its terms lie between 5 and 8 , {a n } is 
a bounded sequence. By the Monotonic Sequence Theorem, {a n } is convergent, that is, {a n } has a limit L. L must 
be less than 8 since {a n } is decreasing, so 5 < L < 8 . 


52. a n = l/5 n defines a decreasing geometric sequence since a n+ i = ±a n < a n for each n > 1. The sequence is 
bounded since 0 < a n < 1 for all n > 1 . 


53. a n = 


1 


2n T* 3 


is decreasing since a n +1 = 


2 (n T 1) *T 3 2n T 5 2n T 3 


< — — - = a n for each n > 1. The 


sequence is bounded since 0 < a n < | for all n > 1 . 


k/i 2n — 3 . . . 2x — 3 

54. a n = n _ , , defines an íncreasmg sequence since for / (x) = 


3n T 4 ^-- “ v - '/ “ 3x -f-4’ 

¡ \ (Sx + 4) (2) - (2x - 3) (3) 17 _ . 

/ (íe) =- ( 3 x t 4) 2 - = ^ > 0 * The sequence ís bounded since a n > ai = — ± for 


, 2n — 3 2n 2. . , 

n > 1 , and a n < —-- < — = - for n > 1 . 

3n 3n 3 “ 


55. a n = cos (n 7 r/ 2 ) is not monotonic. The first few terms are 0, -1, 0, 1, 0, -1, 0, 1,_In fact, the sequence 

consists of the terms 0, —1, 0, 1 repeated over and over again in that order. The sequence is bounded since |a n | < 1 
for all n > 1 . 


56. a n = 3 T (—l) n /n defines a sequence that is not monotonic. The first few terms are 2, 3.5, 2.6, 3.25, and 2.8, 
showing that the sequence is neither increasing nor decreasing. The sequence is bounded since 2 <a n < 3.5 for all 
n > 1 . 


57. a n — 


-z - 7 defines a decreasing sequence since for / (x) = , 

i ¿ + 1 x 2 Tl 


(x 2 + l) (1) - x (2x) l-x 2 . 

/ (x) =-———o-= —- -9 < 0 for x > 1. The sequence is bounded since 0 < a n < ^ for all 

( x 2 T1) ( x 2 T1) “ 2 

n > 1. 

58. a n = ■■ defines a sequence that is neither increasing nor decreasing since ai < a^ and a^ > a 3 . 
n T " 

(ai = | = 0.3, 02 = ^ « 0.354, and 03 = w 0.346.) But the sequence {a n | n > 2} obtained by omitting 

\fx 

the first term ai is decreasing. To see this, note that if / (x) = for x > 0, then 

x + 2 

, ~ \/® (x T 2 ) — 2x 2 — x 

f ( x ) = “;- 770 — = ——- 79 = ——- 70 < 0 for x > 2. The sequence is bounded since a n > 0 

(x T 2 ) 2 2y/x (x + 2 ) 2 2y/x (x + 2 ) 2 M 

for all n > 1 and a n < a^ = ^ for all n > 1 . 
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59. 0l = 2 1 / 2 , a 2 = 2 3 / 4 , a 3 = 2 7 / 8 ,. .., so a n = 2< 2n - 1 )/ 2n = 2 ^ 1 / 2 ”). lim a„ = lim 2^'^ = 2 1 = 2. 

n—*oo n—*oo 

Altemate Solution : Let L = lim a n . (We could show the limit exists by showing that {a n } is bounded and 

n—► oo 

increasing.) So L must satisfy L = V2 • L => L 2 = 2L => L (L - 2) = 0 (L V 0 since the sequence 
increases), so L = 2. 

60. (a) Let P n be the statement that a n -j-i > a n and a n < 3. P\ is obviously true. We will assume that P n is true and 

then show that as a consequence P n+ i must also be true. a n+ 2 > a n +i <=> \/2 + a n+ i > >/2 -f a n <í=> 

2 + a n+ i > 2 + a n <=$> a n+ i > a n which is the induction hypothesis. a n+ i <3 <=> \/2 + a n <3 

2 + a n < 9 a n < 7, which is certainly true because we are assuming that a n < 3. So P n is true for all 
n, and so ai < a n < 3 (the sequence is bounded), and hence by the Monotonic Sequence Theorem, lim a n 

n—*oo 

exists. 

(b) If L = lim a n , then lim a n+ i = L also, so L = \/2 + L => L 2 — L — 2 = 0 => 

n—*oo n—*oo 

(L + 1) (L - 2) = 0 => L = 2 (since L can’t be negative). 


61. We show by induction that {a n } is increasing and bounded above by 3. 

Let P n be the proposition that a n+ i > a n and 0 < a n < 3. Clearly Pi is true. Assume that P n is tme. Then 


0- n+ 1 > a n 


1 1 

- < — 

a n+ i a n 


1 1 

->- . 

a n+ i a n 


Now a n+ 2 =3--— >3 —— = a n+ i & P n+ 1 . This proves that {a n } is increasing and bounded above 

a n+ i a n 

by 3, so 1 = ai < a n < 3, that is, {a n } is bounded, and hence convergent by the Monotonic Sequence Theorem. If 
L = lim a n , then lim a n+ i = L also, so L must satisfy L = 3 — 1/L =>- L 2 — 3L + 1 = 0 => 

n— *oo n—*oo 

L = But L > 1, so L = ^¿5. 

62. We use induction. Let P n be the statement that 0 < a n+ i < a n < 2. Clearly Pi is true, since 
a 2 = 1/ (3 — 2) = 1. Now assume that P n is true. Then a n+ i < a n => — a n+ i > — a n => 

1 1 

3 a n+ i >3 a n a n+ 2 = ~ < 


3 a n+ i 3 a 
and a n+ i < 2 by the induction hypothesis, so P n+ i is true. 
To find the limit, we use the fact that lim a n = lim a n+ i 

n—* 00 n—*oo 

L = " • But L < 2, so we must have L = 3 ~ ^ . 


= a n+ i. Also a n+ 2 > 0 (since 3 — a n+ i is positive) 
L 2 — 3L + 1 = 0 => 


L = 3^L 


2 . ^ lUÜJl ~ 2 

63. (a) Let a n be the number of rabbit pairs in the nth month. Clearly ai = 1 = a 2 . In the nth month, each pair that is 
2 or more months old (that is, a n _ 2 pairs) will produce a new pair to add to the a n _i pairs already present. 
Thus, a n = a n _i + a n _ 2 , so that {a n } = {/ n }, the Fibonacci sequence. 


(b) a n = 


/n-fl 

/n 


a n _ 1 — 


/n 


/n—1 


/n —1 + /n 2 ^ /n —2 ^ 


/n —1 


/n —1 


/n—1 / /n—2 


= 1 + 


a n _ 2 


If 


L = lim a n , then L = lim a n _i and L = lim a n _ 2 , so L must satisfy L = 1 + — => 

n —+00 n —»00 n —+00 L 

L 2 — L — 1 = 0 => L = ■ 1 - ^ 2 , v ^ (since L must be positive). 

64. (a) If / is continuous, then / (L) = / ( lim a n ) = lim / (a n ) = lim a n+ i = L by Exercise 50(a). 

\n —*oo J n—*oo n—*oo 

(b) By repeatedly pressing the cosine key on the calculator (that is, taking cosine of the previous answer) until the 
displayed value stabilizes, we see that L « 0.73909. 
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65. (a) 



7.5 


y 10 


/ 



\ 



II 

o 


V . 


_s___ 

J 


12.5 


From the graph, it appears that the 
sequence| 1 converges to 0, that is. 


lim ~~t = 0. 

n—*oo n\ 


0.03 



15.5 


From the first graph, it seems that the smallest possible value of N corresponding to e = 0.1 is 9, since 
n 5 /n! <0.1 whenever n > 10, but 9 5 /9! > 0.1. From the second graph, it seems that for e = 0.001, the 
smallest possible value for N is 11. 


66 . Let e > 0 and let N be any positive integer larger than ln (e) / ln |r|. If n > N then n > ln (e) / ln |r| => 
nln|r|<ln£ [since \r\ < 1 => ln|r|<0] => ln (|r| n ) < \ne => |r| n < e => |r n — 0| < e, and 
so by Definition 1, lim r n = 0. 

n—►oo 

67. If lim |a n | = 0 then lim — |a n | =0, and since — |a n | <a n < |a n |, we have that lim a n = 0 by the Squeeze 

n—*oo n—*oo n—*oo 

Theorem. 


/i n+1 — n n+1 

68. (a) —-— - = 6 n + 6 n_1 o + i> n - 2 o 2 + b n ~ 3 a 3 + • • • + 6a n " 1 + o n 

b — a 

< b n + F-'b + 6 n_2 6 2 + b n ~ 3 b 3 + ■■■ + bb n ~ 1 + b n = (n + 1) b n 

(b) Since b — a > 0, we have 6 n+1 — a n+1 < (n + 1) b n (6 — a) => 6 n+1 — (n + 1) 6 n (6 — a) < a n+1 =+■ 
b n [(n + l)a-nb] < a n+1 . 


(c) With this substitution, (n + 1) a — nb = 1, and so 6 n 


(d) With this substitution, we get 



< 1 




(e) a n < a 2 n since {a n } is increasing, so a n < a^n < 4. 

(f) Since {a n } is increasing and bounded above by 4, a\ < a n < 4, and so {a n } is bounded and monotonic, and 
hence has a limit by Theorem 10. 
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69. (a) First we show that a > ai > bi > b. 

ai - bi = — \íab = | ^a - 2Váb + bj = \ (ja — y/b'j > 0 (since a > b) => ai > 6i. Also 

a — ai = a — \ (a + b) = \ (a — b) > 0 and b — bi = b — Váb = Vb {\/b — y/aj < 0, so a > ai > bi > b. 

In the same way we can show that ai > a 2 > & 2 > bi and so the given assertion is true for n = 1. Suppose it is 

true for n = k, that is, a* > a^+i > bk+i > bk. Then 

Q>k +2 — bk+2 = \ (afc+i + &fc+i) — y/ak+ibk+i = \ (ak+i — ‘ly/ak+ibk+i + bk+ij 

= \ {jQk+i — \/bk+iJ >0 

afc+i — afc+2 = afc+i — \ (afc+i + bk+i) = \ (dk+i — bk+ 1) > 0 

and 6fc+i — bk +2 = 6fc+i — yjak+ibk+i = yjbk+i (^Jbk+l ~ y/Qk+iJ <0 ==> 

afc+i > afc +2 > bk +2 > 6fc+i, so the assertion is true for n = k + 1. Thus, it is true for all n by mathematical 
induction. 

(b) From part (a) we have a > a n > a n +i > b n +i > b n > b, which shows that both sequences, {a n } and {6 n }, 
are monotonic and bounded. So they are both convergent by the Monotonic Sequence Theorem. 


(c) Let lim a n = a and lim b n = /3. Then lim a n +i = lim 

71—>00 71—► OO 71—>00 71—>OC 

2a = a + /3 => a = /3. 


a n + b n 


a + P 


70. (a) Let e > 0. Since lim a 2 n = L, there exists Ni such that |a 2 n — L\ < e forn > Ni. Since lim a 2 n +i = L , 

71—*00 71—>00 

there exists AT 2 such that |a 2 n +i - L\ < e for n > AT 2 . Let N = max {2Ni, 2AT 2 + 1} and let n > N. If n is 
even, then n = 2m where m > ATi, so \a n — L\ = |a 2 m — L\ < e. If n is odd, then n = 2 m + 1, where 
m > AT 2 , so |a n — L\ = |a 2m +i — L\ < e. Therefore lim a n = L. 

71—>00 

(b) ax = 1, a 2 = 1 + +• = f = 1.5, a 3 = 1 + + = | = 1.4, a 4 = 1 + +5 = g = 1.416, 

«5 = 1 + 2+2 = M « 1.413793, <X6 = 1 + ^725 = §§ » 1.414286, a 7 = 1 + = f§ « 1-414201, 

as = 1 + 4 08 ^159 = 408 ^ 1.414216. Notice that ai < a$ < a*> < a^ and a 2 > a* > a6 > as. It appears 
that the odd terms are increasing and the even terms are decreasing. Let’s prove that a 2n -2 > a 2n and 
a 2n -i < a 2n +i by mathematical induction. Suppose that a 2 fc _ 2 > a 2 fc. Then 1 + a 2 fc _ 2 > 1 + a 2 fc => 

1 1 1 _ 1 


1 + a 2 fc_ 2 1 + a 2 fc 

1 + a 2 fc_i < 1 + a 2 fc+i 


1 + 


1 + a 2 fc_ 2 
1 


< 1 + 


1 + a 2 fc 


1 + 


a 2 fc_i < a 2 fc+i 
1 


> 1 + 


1 H~ a 2 fc_i 1 + a 2 fc+i 1 + a 2 fc_i 1 + a 2 fc+i 

a 2 fc > a 2 fc +2 . We have thus shown, by induction, that the odd terms are increasing and the even terms are 
decreasing. Also all terms lie between 1 and 2, so both {a n } and {6 n } are bounded monotonic sequences and 
therefore convergent by Theorem 10. Let lim a 2n = L. Then lim a 2n + 2 = L also. We have 

71—+OO 71—»00 

1 „ 1 4 + 3a n 4 + 3a 2n 


a n + 2 — 1 + 


= 1 + 


so a 2n + 2 = 


3 + 2a 2r 


. Taking 


1 + 1 + 1/ (1 + a n ) (3 + 2a n ) / (1 + a n ) 3 + 2a n 

limits of both sides, we get L = ^ + => 3L + 21? = 4 + 3L => L? =2 => L = y/2 (since 

3 + 2 L 

L > 0). Thus, lim a 2n = \/2. Similarly we find that lim a 2n +i = \/2. So, by part (a), lim a n = y/2. 





























94 □ CHAPTER12 INFINITE SEQUENCES AND SERIES ETCHAPTER 11 

Laboratory Project □ Logistic Sequences 


1. To write such a program in Maple it is best to calculate all the points first and then graph them. One possible 
sequence of commands [taking po = \ and k = 1.5 for the difference equation] is 
p(0):=l/2;k:=1.5; 

for j from 1 to 20 do p(j):=k*p(j-1)*(1-p(j-1)) od; 
plot({[t,p(t)] $t=0..20},t=0..20,p=0..0.5,style=point); 

In Mathematica, we can use the following program: 

p[0]=1/2 

k=l. 5 

p[j_]:=k*p[j-1]*(l-p[j-l]) 

P=Table[p[t],(t,20}] 

ListPlot[P] 

With po = \ and k = 1.5: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.5 

7 

0.3338465076 

14 

0.3333373303 

1 

0.375 

8 

0.3335895255 

15 

0.3333353318 

2 

0.3515625 

9 

0.3334613309 

16 

0.3333343326 

3 

0.3419494629 

10 

0.3333973076 

17 

0.3333338329 

4 

0.3375300416 

11 

0.3333653143 

18 

0.3333335831 

5 

0.3354052689 

12 

0.3333493223 

19 

0.3333334582 

6 

0.3343628617 

13 

0.3333413274 

20 

0.3333333958 



Withpo = \ and k = 2.5: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.5 

7 

0.6004164790 

14 

0.5999967417 

1 

0.625 

8 

0.5997913269 

15 

0.6000016291 

2 

0.5859375 

9 

0.6001042277 

16 

0.5999991854 

3 

0.6065368651 

10 

0.5999478590 

17 

0.6000004073 

4 

0.5966247409 

11 

0.6000260637 

18 

0.5999997964 

5 

0.6016591486 

12 

0.5999869664 

19 

0.6000001018 

6 

0.5991635437 

13 

0.6000065164 

20 

0.5999999491 


Both of these sequences seem to converge (the first to about the second to about 0.60). 
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With po = | and k = 1.5: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.3239166554 

14 

0.3332554829 

1 

0.1640625 

8 

0.3284919837 

15 

0.3332943990 

2 

0.2057189941 

9 

0.3308775005 

16 

0.3333138639 

3 

0.2450980344 

10 

0.3320963702 

17 

0.3333235980 

4 

0.2775374819 

11 

0.3327125567 

18 

0.3333284655 

5 

0.3007656421 

12 

0.3330223670 

19 

0.3333308994 

6 

0.3154585059 

13 

0.3331777051 

20 

0.3333321164 

With po = | and k = 

= 2.5: 




n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.6016572368 

14 

0.5999869815 

1 

0.2734375 

8 

0.5991645155 

15 

0.6000065088 

2 

0.4966735840 

9 

0.6004159972 

16 

0.5999967455 

3 

0.6249723374 

10 

0.5997915688 

17 

0.6000016272 

4 

0.5859547872 

11 

0.6001041070 

18 

0.5999991864 

5 

0.6065294364 

12 

0.5999479194 

19 

0.6000004068 

6 

0.5966286980 

13 

0.6000260335 

20 

0.5999997966 


The limit of the sequence seems to depend on /c, but not on po. 


2. Withpo = £ and k = 3.2: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.5830728495 

14 

0.7990633827 

1 

0.35 

8 

0.7779164854 

15 

0.5137954979 

2 

0.728 

9 

0.5528397669 

16 

0.7993909896 

3 

0.6336512 

10 

0.7910654689 

17 

0.5131681132 

4 

0.7428395416 

11 

0.5288988570 

18 

0.7994451225 

5 

0.6112926626 

12 

0.7973275394 

19 

0.5130643795 

6 

0.7603646184 

13 

0.5171082698 

20 

0.7994538304 


It seems that eventually the terms fluctuate between two values (about 0.5 and 0.8 in this case). 
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3. Withpo = | and k = 3.42: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.4523028596 

14 

0.8442074951 

1 

0.3740625 

8 

0.8472194412 

15 

0.4498025048 

2 

0.8007579316 

9 

0.4426802161 

16 

0.8463823232 

3 

0.5456427596 

10 

0.8437633929 

17 

0.4446659586 

4 

0.8478752457 

11 

0.4508474156 

18 

0.8445284520 

5 

0.4411212220 

12 

0.8467373602 

19 

0.4490464985 

6 

0.8431438501 

13 

0.4438243545 

20 

0.8461207931 


With po = | and k = 3.45: 


n 

Pn 

n 

Pn 

n 

Pn 

0 

0.875 

7 

0.4670259170 

14 

0.8403376122 

1 

0.37734375 

8 

0.8587488490 

15 

0.4628875685 

2 

0.8105962830 

9 

0.4184824586 

16 

0.8577482026 

3 

0.5296783241 

10 

0.8395743720 

17 

0.4209559716 

4 

0.8594612299 

11 

0.4646778983 

18 

0.8409445432 

5 

0.4167173034 

12 

0.8581956045 

19 

0.4614610237 

6 

0.8385707740 

13 

0.4198508858 

20 

0.8573758782 


From the graphs above, it seems that for k between 3.4 and 3.5, the terms eventually fluctuate between four values. 

In the graph below, the pattem followed by the terms is 0.395,0.832,0.487,0.869,0.395,_ Note that even for 

k = 3.42 (as in the first graph), there are four distinct “branches; even after 1000 terms, the first and third terms in 
the pattem differ by about 2 x 10~ 9 , while the first and fifth terms differ by only 2 x 10~ 10 . 

With po = | and k = 3.48: 


50 
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• ... .... • •• 


•••*•.. *• . •*• 
■, • • ..,••• . • • 

-.•.*... * *...■-.•*• 

■ . * * .••••• 

•* . 

*• *• *• ’.*.’. •*• •*• ’.*. . 

V___ ) 

onn 

_____/ 


Po = 0.75, k = 3.9 po = 0.749, k = 3.9 


l _ 

^• * "• ••• , •••"•■ •.•• • • 

•* * « •• é H 


• •• 
'• . *• 



po = 0.5, k = 3.999 


From the graphs, it seems that if po is changed by 0.001, the whole graph changes completely. (Note, however, that 
this might be partially due to accumulated round-off error in the CAS. These graphs were generated by Maple with 
100-digit accuracy, and different degrees of accuracy give different graphs.) There seem to be some some fleeting 
pattems in these graphs, but on the whole they are certainly very chaotic. As k increases, the graph spreads out 
vertically, with more extreme values close to 0 or 1. 
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ET11.2 


ZZg|2.2 Series _ 

^ ————— ■ ———H—IIIHHMIM III IIW' I IIM II 1 I H jlMHH j III H 'l 1 »"" i i I 


1. (a) A sequence is an ordered list of numbers whereas a series is the sum of a list of numbers. 

(b) A series is convergent if the sequence of partial sums is a convergent sequence. A series is divergent if it is not 
convergent. 


2 . a n = 5 means that by adding sufficiently many terms of the series we can get as close as we like to the 

number 5. In other words, it means that lim n —oo s n = 5, where s n is the nth partial sum, that is, a *- 


71 

S n 

1 

3.33333 

2 

4.44444 

3 

4.81481 

4 

4.93827 

5 

4.97942 

6 

4.99314 

7 

4.99771 

8 

4.99924 

9 

4.99975 

10 

4.99992 

11 

4.99997 

12 

4.99999 



From the graph, it seems that the series converges. In fact, it is a geometric 

10 , ! . A 10 10/3 

senes with a = ^ and r = é, so íts sum ís > — = -——— = 5. Note that 
3 3 ^ 3 n 1 - 1/3 

n= 1 

the dot corresponding to n = 1 is part of both {a n } and {s n }. 


71 

s n 

1 

0.8415 

2 

1.7508 

3 

1.8919 

4 

1.1351 

5 

0.1762 

6 

-0.1033 

7 

0.5537 

8 

1.5431 

9 

1.9552 

10 

1.4112 

11 

0.4112 

12 

-0.1254 



The series diverges,since its terms do not approach 0. 
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n 

S n 

1 

0.50000 

2 

1.16667 

3 

1.91667 

4 

2.71667 

5 

3.55000 

6 

4.40714 

7 

5.28214 

8 

6.17103 

9 

7.07103 

10 

7.98012 


8 



The series diverges,since its terms do not approach 0. 


n 

s n 

4 

0.25000 

5 

0.40000 

6 

0.50000 

7 

0.57143 

8 

0.62500 

9 

0.66667 

10 

0.70000 

11 

0.72727 

12 

0.75000 

13 

0.76923 

99 

0.96970 

100 

0.97000 


l 



From the graph, it seems that the series converges to about 1. To find the sum, 

3 3 3 

we proceed as in Example 6: since ——— = -—- — r, the partial sums are 

z — i -) z X z 



and so the sum is lim s n = 1. 

n—»oo 
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71 

S n 

1 

0.64645 

2 

0.80755 

3 

0.87500 

4 

0.91056 

5 

0.93196 

6 

0.94601 

7 

0.95581 

8 

0.96296 

9 

0.96838 

10 

0.97259 



From the graph, it seems that the series converges to 1. To find the sum, we 
write 


Sn 


+ ( 3 ^ 5 - 41 ^) + "' + (ñ^~ (n + l) 15 ) = 1 ~ (n + l ) 1 ' 1 


So the sum is lim s n = 1. 

n—+00 


n 

s n 

1 

1.000000 

2 

0.714286 

3 

0.795918 

4 

0.772595 

5 

0.779259 

6 

0.777355 

7 

0.777899 

8 

0.777743 

9 

0.777788 

10 

0.777775 

11 

0.777779 

12 

0.777778 


1 



(M 

• • • . • • 

• 

\ 


• {a ; } 


V 

• 

J 


-0.5 


From the graph, it seems that the series converges to about 0.8. In fact, it is a 
geometric series with a = 1 and r = — |, so its sum is 

n —1 


v- / 2\ n 1 

¿ÍV ? / _1 -<- 


2/7) 9* 


2 n 


9. (a) lim a n = lim --- = -, so the sequence {a n } is convergent by (12.1.1 [ET 11.1.1]). 

n—► 00 n—»oo 371 +1 3 

oo 

(b) Since lim a n = § ^ 0, the serié’.y a n is divergent by the Test for Divergence (7). 
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n n 

10 . (a) Both a i an< 3 a ó represent the sum of the first n terms of the sequence {a n }, that is, the nth partial sum. 

Í =1 j=l 

n ti 

(b) Y, a 3 = a j + a j H-h CLj — naj , which, in general, is not the same as £ a í = °i + a 2 H-ha n . 

1=1 v -V-" ¿=1 

n terms 


11 . 4 + | -I- H-is a geometric series with a = 4 and r = Since |r| = § < 1, the series converges to 

4 _ 4 _ 20 

1-2/5 “3/5 3 • 

12 . 1 — | + | — 22 H-is a geometric series with a — 1 and r — — §. Since |r| = | > 1, the series diverges. 

13 . — 2 + | - -y + ^ - • • • is a geometric series with a — — 2 and r = = — f. Since |r| = f > 1, the series 

diverges by (4). 

14 . 1 + 0.4 + 0.16 + 0.064 H-is a geometric series with ratio 0.4. The series converges to = i - 2/5 = | 

since |r| = | < 1 . 


15 . Ü^Li 5 (|) n 1 is a geometric series with a = 5 and r = §. Since |r| = | < 1, the series converges to 

q _ 5 _ 5 _ 1 c 

1 _ r — 1 _ 2/3 ” 1/3 “ • LU - 

16 . ^ _i — is a geometric series with a = 1 and r = — f. The series diverges since |r| = | > 1. 


00 ( , _ 3') n “ 1 1 / 3 \ n_ 

17 . ~—^— = 2 ( — 4 ) ’ tatter series 1S geometric with a = 1 and r = — Since |r| = § < 1 , it 

n=l n=l v ' 

converges to x _ (I 3 / 4 ) = f • Thus, the given series converges to (^) (|) = §. 

n=l N ' 


a = -r = |r| < 1 , so the series converges to 


1 /e 2 


e - 6 ” 1 — 1 /e 2 e 2 — 1 

19 . For X)^Li 3“ n 8 n+1 = X¡ n= i 8 (|) n , a = ^ and r = § > 1, so the series diverges. 

20 . Z¡^°=o 4 (l) n =*■ a = 4, |r| = | < 1, so the series converges to x _ 4 4/ ¿ = 20. 

21 . Y\ —diverges since lim a n = lim —= 1^0. [Use (7), the Test for Divergence.] 

n =i n + 5 n— 00 n— +00 n + 5 

22 . (3/n) = 3 X¡^Li í 1 / 71 ) diverges since each of its partial sums is 3 times the corresponding partial sum of 

the harmonic series (1/n), which diverges. [If X¡^Li (3/n) were to converge, then X¡^Li (l/ n ) w ould also 

have to converge by Theorem 8 (i).] In general, constant multiples of divergent series are divergent. 

23 . Converges. Sn = ¿ -±-r = ¿ - 4^) (using partial fractions) = 5 ¿ (7 - 7 ^ 5 ) • The 

i=l v ' i=l v 7 1=1 x ' 

latter sum is a telescoping series: 

i 1 - I) + G ■ i) + (I “ 1 ) + •''' + (tT - TTt) + (Í " TTt) = 1 + \ - ÍTTT " ÍTT 2 

£ n(n + 2 ) = 2 n-^o ( X + 2 " TfT ^ n + 2 ) = 2 ( X + 2 ) = 4’ 
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24 -E 


(n + 1) 2 
n(n + 2 ) 


diverges by (7), the Test for Divergence, since 


lim a n = lim 


n + 2 n + 1 


= lim ( 1 + 


n —>00 n—+ oo n 2 + 2 n n—»oo 


n 2 + 


1 _) = 
+ 2 n) 


1 * 0 . 


25. [2 (0.1)" + (0.2)"] = 2 J2^=i (0.1)" + J2 n= i (0.2)". These are convergent geometric series and so by 

Theorem 8 , their sum is also convergent. 2 ^YiHhi) -f i " q 2 = f + \ = — 


36 


n ^ 2 n ^ ^ i \ 

26 . Converges. s n = Y'' — ——- = ( -—- — -—- ] (using partial fractions). The latter sum is 

++ + 4¿ + 3 Vz + 1 z + 3y 

t—\ i=i x ' 

«-« + <»-*) + (}-i) + « -«+- + (i-+l) + (+T-+l)=Í + J-+I-+J 

. . * rrri 2 ,./1,1 1 1 \ 1 1 5 

(telescoping senes). Thus, > —---- = lim - + ----- =- + - = -. 

v 6 ^ n 2 + 4n + 3 n-oo ^2 3 n + # ^ n + 3 ) 2 3 6 


27 . lirn a n = lim 


= lim 


= 1 0, so the series diverges by the Test for Divergence. 


oo n—+oo y/l _|_ n 2 n—+oo J\ _|_ \/ n 2 

“ t (^T + 3¿i) = E ^ t 5¿T = + 2 (i+) = * 

n=l N ' n=l n=l ' x ' ' 

_ + 3 n +2 n + /3 n 2 n \ +r/l\ n /l\ n l 1/2 1/3 1 3 

29. Converges. £-^ = £ (^ + ^J = £ (-) +(-) = ^-^ + ^-^ = 1 + - = - 

n=l n=l x 7 n=l L v 7 \ / J ' ' 

30 . lim a n = lim ln ( — ] = lim ( -—- ) = ln ^ ^ 0, so the series diverges by the Test for 

n— +oo n—+oc V 2n + 5 y n— +oo \ 2 + 5/n y z 

Divergence. 

31 . lim a n = lim arctan n = j ^ 0, so the series diverges by the Test for Divergence. 


n—+oo n—+oo 


32 . lim a n = lim -— \ = \ ^ 0, so the series diverges by the Test for Divergence. 

n—+oo n—+oo 5 + 2 71 5 

33 . s n = (ln 1 — ln 2) + (ln 2 — In 3) + (ln 3 — ln 4) H-b [ln n — ln (n + 1)] = ln 1 — ln (n + 1) = — ln (n + 1) 

(telescoping series). Thus, lim s n = —oo, so the series is divergent. 


34 . = £ 


1 


= yVl/2 __L_ , W \ = vVi/2_2/2_^ , y ( V 2 , V 2 ^ 

^¿(z + l)(¿ + 2) ¿ +1 ¿ + 2y i + 1/ “ V ¿ + 1 ¿ + 2 / 


both of which are clearly telescoping sums, so 


•5 n — 


1 


1 


2 2 (n + 1 ) 


+ 


-! + ■ 


1 +■ 1 


4 2 (n + 2) 4 2 (n + 1) 2 (n + 2) 


Thus, 


n (n + 1) (n + 2) n^L Sn 4 * 

2 2 2/10 2 

35. 0.2= í6 + í ^ + ...- i -_ / 1/10 - 5 

36 0 73 = — + — + 73/10 2 _ 73/100 73 

10 2 10 4 1 - 1/10 2 99/100 99 

37 3 Ü7 — 3 I 417 I 417 I =3. 417 / 1Q3 =3 i 417 = 3414 = 1138 

+ 10 3 + 10 6 + + 1 - l/io 3 + 999 999 333 
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O» fl _ fi O , 54 54 54/10 3 62 54 _ 6192 344 

38 . 6.254 - 6.2 + ^ + —+-.. = 6.2++ — = —= — 


39. 0.123456 = S = ^ + • 456 


123,333 41,111 


1000 1 -0.001 1000 999,000 999,000 333,000 

40 . 5 . 6021-5 + 522 ! + 2 “! + ... = 5 + ^21 =5 + 6021 56 ' 016 6224 


10 4 


8 4 


9999 9999 1111 


1 - 1 / 10 4 

X n X \x\ 

41 . * 5 ” ÍS a geometric series with r = —, so the series converges <=> |r| < 1 <=> < 1 <=> |x| < 3. In 

^ ü” «J á 

n=l 

x/3 _ X 


that case, the sum of the series is 


1 — x/3 3 — x 


42 . i (x - 4) n is a geometric series with r = x — 4, so the series converges <=> |r| < 1 <=> |® — 4| < 1 

x — 4 x — 4 

3 < x < 5. In that case, the sum of the series is -- - -— = --. 

1 — [x — 4) 5 — x 

43 . Y^n=o 4 n z n = Yl^Lo (4^) n is a geometric series with r — 4x, so the series converges <=> |r'| < 1 <=> 

4 |x| < 1 <=> \x\ < 4. In that case, the sum of the series is -—. 

4 1 — 4x 

.. (x + 3) n . . . ., x H- 3 , . iii |x H- 3| _ 

44 . > “— ■ is a geometnc senes with r = —-—, so the series converges |r| < 1 <=> 1 —-— L <1 <=> 

1 Z A A 

n=0 

\x + 3| < 2 <=> — 5 < x < —1. For these values of x, the sum of the series is 

1 2 2 


1 — (íc -h 3) /2 2 — (x + 3) x + 1 


*£.G)' 


is geometric with r = —, so it converges whenever 
x 


<1 <=> |x| > 1 <=> x>lorx<-l, 


and the sum is 


1 — 1 /x x — 1 * 


^ 6 - £~=o tanU x is geometric and converges when |tanx| <1 <=> — 1 < tanrr <1 <4> 

n 7 r — 5 < x < n 7 r + 5 (n any integer). On these intervals the sum is ----. 

4 4 1 — tan x 

47 . After defining /, We use convert ( f , par f rac) ; in Maple, Apart in Mathematica, or Expand Rational 

1 


and Simplify in Derive to find that the general term is 


1/4 1/4 

(4n + 1) (4n - 3) 4n + 1 4n - 3 


. Sothenth 


partial sum is 

s = f'í__V£_ + _2/iA = i(_i_L_) 

4fc + ! 4^-3/ 4V 4 fc-3 4fe +1 / 

4 L\ 5 / V 5 9 / V 9 13/ V 4n - 3 4n +1 /J 4^ 4n +1 ) 

The series converges to lim s n = 7 . This can be confirmed by directly computing the sum using 

n—*oo 4 

sum(f, 1. . infinity) ; (in Maple), Sum[f, {n,l, Infinity} ] (in Mathematica), or Calculus Sum 
(from 1 to 00 ) and Simplify (in Derive). 
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48 . See Exercise 47 for specific CAS commands. 


n 2 + 3n H- 1 1 


(n 2 + n) 2 




n (n-fl) n +1 


. So the nth partial 


sum ís 


5n 


¿V fc2 ( fc + 1) 2 fc+i; 

1 iV , / 1 , i i iv, ,/i,i i i\ 

~\ + 2 2 2y + V2 2 + 2 3 2 3j + '" + Vn 2+ n (n+1) 2 n+l/ 


= 1 + 1 - 


(n + 1) 2 n + 1 
The series converges to lim s n = 2. 

n —>oo 

49. For n = 1, a\ = 0 since s\ = 0. For n > 1, 

_ _ n — 1 (n - 1 ) — 1 _ (n - 1 ) n - (n + 1 ) (n — 2) _ 2 

s n -i n _j_i (n — 1 ) +1 (n + l)n n(n+l) 

Also, a n = lim s n = lim ^= 1. 

n —l rt —>oo n—*oo 1 + 1 /n 

50. ai = si = |. For n/1, 

a n = s n — Sn—i = (3 - n2 -n ) - [ 3 - (n - 1) 2 - ( n-1 )l = ^ . f = ^l) _ iL = n-2 

v / [ J 2 n 2 n-1 2 2 n 2 n 2 n 

00 ^ 

E / \ pj 

a n = lim s n = üm (3 — —— ) =3 because lim — = lim ——¡—- = 0. 

n —*oo n—*oo \ 2 71 J x-*oo 2 X x—oo 2 X ln 2 

n=l 

51. (a) The first step in the chain occurs when the local govemment spends D dollars. The people who receive it spend 
a fraction c of those D dollars, that is, Dc dollars. Those who receive the Dc dollars spend a fraction c of it, 
that is, Dc 2 dollars. Continuing in this way, we see that the total spending after n transactions is 

Sn = D + Dc + Dc 2 + • • • + Dc n ~ 1 = - ^ 1 - c ^ by (3). 

1 — c 

(b) lim S r i= lim —— = — lim (1 — c n ) = - — - (since 0 < c < 1 => lim c n = 0 ) 

n—*oo n—*oo 1 — C 1 — C n—*oo 1 — C n—»oo 

= — (since c + s = 1 ) = /cD (since k = 1/s) 
s 

If c = 0.8, then s = 1 — c = 0.2 and the multipiier is k = 1/s = 5. 

52. (a) Initially, the ball falls a distance if, then rebounds a distance ríf, falls ri7, rebounds r 2 ü, falls r 2 i+ etc. The 
total distance it travels is 

H + 2rH + 2r 2 H + 2r 3 ií + • * • = H (l + 2r + 2r 2 + 2r 3 + • * •) 

= H [1 + 2r (1 + r + r 2 + • • •)] = H 1 + 2r = H (Ítt) metórS 

(b) From Example 3 in Section 2.1 [ET 2.1], we know that a ball falls ~gt 2 meters in t seconds, where g is the 
gravitational acceleration. Thus, a ball falls h meters in t = y/2h/g seconds. The total travel time in seconds 
is 


^ + ^ + 2^ + 2^ + ...-^[l+V + ^ + ^ + ...] 
= Vr ( 1+2v/F [ 1+v/F+v ^ 2+ ''']) = v%[ 1+2VF (T^)] = \/Trí 


vf 

Vr 
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(c) It will help to make a chart of the time for each descent and each rebound of the ball, together with the velocity 
just before and just after each bounce. Recall that the time in seconds needed to fall h meters is >/2 h/g. The 
ball hits the ground with velocity —gy/2h/g = —y/2hg (taking the upward direction to be positive) and 
rebounds with velocity kgy/2h/g = k/2hg, taking time k\j2h/g to reach the top of its bounce, where its 
velocity is 0. At that point, its height is k 2 h. All these results follow from the formulas for vertical motion with 


gravitational acceleration — g: = — g 


dy 

v =dt =v °- 9t 


y — yo + vot- igt 2 . 


number of 

descent 

time of 

descent 

speed before 
bounce 

speed after 
bounce 

time of 

ascent 

peak 

height 

1 

V2 H/g 

y/2 Hg 

k\/2Hg 

k\j2H/g 

k 2 H 

2 


y/2 k 2 Hg 

k\/2k 2 Hg 

ks/WHfg 

k 4 H 

3 

s/2k*H/g 

s/2k*Hg 

k^2k*Hg 

ky/wFW/g 

k 6 H 


The total travel time in seconds is 

2 fc 2 + 2fc 3 + • • 

Í2W 1 + fc 

~ \J g 1 - fc 

Another Method: We could use part (b). At the top of the bounce, the height is k 2 h = rh, so -Jr = fc and the 
result follows from part (b). 



53 . (1 + c ) n is a geometric series with a = (l + c) 2 and r = (1 + c) \ so the series converges when 

| (1 + e)~ 1 1 < 1 |l-bc|>l ^ 1 -b c > 1 or 1 + c < -1 c > 0 or c < -2. We calculate the 

sum of the series and set it equal to 2: —■ + = 2 <=> ( —^^ = 2 — 2 (———^ 

l-(l-bc )- 1 \l + cj Vl+c/ 

1 = 2 (1 -b c ) 2 - 2 (1-f c) = 0 2c 2 -b 2c — 1 = 0 <=> c = ~ 2 ± V^ = However, the negative 

root is inadmissible because — 2 < ~v^~ 1 <0. So c = . 


54 . The area between y = x n 1 and y = x n for 0 < x < 1 is 


1.1 


f 1 (x* 1 - 1 -x n )dx=\—- 

J o L n 




n -b 1 


(n -b 1 ) — n 


n n -b 1 

1 


n(n-bl) n(n-bl) 

We can see from the diagram that as n —► oo, the sum of the areas 
between the successive curves approaches the area of the unit 


°° 1 

square, that is, 1. So > —-— 

M ^ n (n + 1 ) 

n=l v 


= 1 . 



1.1 


- 0.1 
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55. Let d n be the diameter of C n . We draw lines from the centers of 
the Ci to the center of D (or C), and using the Pythagorean 

Theorem, we can write l 2 + (l — \d\) 2 = (l + \d\) 2 
1 = (l + \di) 2 — (l - \di) 2 = 2di (difference of squares) 

=> di = \. Similarly, 



1 = (1 + ¿d 2 ) 2 - (1 - di - ¿d 2 ) 2 = 2d 2 + 2di -d\- did 2 
= (2 — d\) ( d\ + d^) <=> 

d2= 2 ^" dl = í T^’ 1 = ( 1 + ^3) 2 -(l-di-d 2 -¿d3) 2 d 3 = • íl 2 ^ ¿^ 2 2 ) | ,andi 

(i - Y' n . di) 2 

general, d n +i = —^—- 7 — • If we actually calculate d 2 and d 3 from the formulas above, we find that they 

^ — 2^i=i di 

ar e -■ = 77—7 and respectively, so we suspect that in general, d n = 7 1 —-r. To prove this, we use 

o z • o iz o • 4 n (n +1) 

induction: assume that for all /c < n, <4 = 7 - 7 , 1 — r = ~ — t——. Then 

/c (A: + 1) k k + 1 

n 1 n 

T di = 1-— = —— (telescoping sum). Substituting this into our formula for d n +i, we get 

n + 1 n + 1 

1 

1\2 1 

, and the induction is complete. 


m 


d n +l — 


1 - 


n 


n + 1 


(n+l) 2 1 

n + 2 (n + l)(n + 2)’ 
1 + 1 


2 - ( —- 
\n + 1/ n- 

Now, we observe that the partial sums ^”=1 di °f the diameters of the circles approach 1 as n — ♦ oo; that is, 

OO OO 1 

> o-n = } —;-rr — 1, which is what we wanted to prove. 

^+n(n + l) 

71 = 1 71=1 ' ' 


56 . \CD\ = 6sin0, \DE\ = \CD\ sin0 = 6 sin 2 0 , \EF\ = \DE\ sin 6 = 6 sin 3 6 ,_ Therefore, 

\CD\ + \DE\ + \EF\ + |FC| H-= b sin n 6 = b ( ■ Sm . - ■ ) since this is a geometric series with 

z —' VI — sin tí J 

71=1 X 7 

r = sin6 and |sin#| < 1 (because 0 < 6 < f). 

57 . The series 1 — 1 + 1 — 1 + 1 — 1 H-diverges (geometric series with r = — 1) so we cannot say that 

0 = 1-1 + 1-1 + 1-1 + .... 

oo 1 oo 1 

58. If ^2 a n is convergent, then lim a n = 0 by Theorem 6 , so lim — ^ 0, and so — is divergent by the Test 

71=1 71—+00 71—700 a n 71=1 n n 

for Divergence. 

59. J2™=\ ca n — bm Y?i =í CCLi = ü m c J2i =i a i — c iim J2?=\ ai = C J2™=\ a n, which exists by hypothesis. 

71 —* OO 71 —* OO 71—700 

60 . If ^2 were convergent, then ^ (1/c) (ca n ) = a n would be also, by Theorem 8 . But this is not the case, so 
^ ca n must diverge. 

61. Suppose on the contrary that J2 ( a n + b n ) converges. Then by Theorem 8 (iii), so would 
J2 [( a n + b n ) — a n ] = Y2 bn, a contradiction. 
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62. No. For example, take ^2 a n = n an< 3 X) bn = X (— n), which both diverge, yet X i a n + &n) = X 0» which 
converges with sum 0 . 

63. The partial sums {s n } form an increasing sequence, since 5 n — s n _i = o n > 0 for all n. Also, the sequence { 5 n } 
is bounded since s n < 1000 for all n . So by Theorem 12.1.10 [ET 11.1.10], the sequence of partial sums 
converges, that is, the series X a n 1S convergent. 


64 í'a') RHS = ^ _ ^ _ fnfn+1 fnfn-1 _ fn+ 1 frt- 1 _ (/n-1 ~F /n) ~ /n-1 

/n-l/n fnfn+1 fnfn-lfn+1 fnfn-lfn+1 fnfn-lfn+1 


1 


<*»£ 


fn — lfn+l 
1 


= LHS 


= £ 


[from part (a)] 


(c) 


n^2 fn—lfn+l n _ 2 \ fn—lfn fnfn+1, 

= n^o .(7^ _ ^) + (^ _ 73^) + (/^ _ 7^) + ' 

{fn—lfn fnfn+l^). 

¿7^fc = S(Á-^) <ls,bo,e) = s(¿"¿) 

= [(? “ i) + - s) + (s “ j ¡) + (7 - s) + 

(/n-1 /n+1 ^ 

= lim f - 7 " + - 7 - - 7 " - 7 —^ = 14 - 1 - 0-0 = 2 because / n — 

n—*oo \/i / 2 /n fn+1 J 


00 as 71 —>■ OO. 


00 as n —> 00. 


65. (a) At the first step, only the interval (§, |) (length |) is removed. At the second step, we remove the intervals 
(1, |) and (|, |), which have a total length of 2 • (|) 2 . At the third step, we remove 2 2 intervals, each of 
length (|) 3 . In general, at the nth step we remove 2 n_1 intervals, each of length (|) n , for a length of 

2 n_1 • (|) n = | (|) n_1 - Thus, the total length of all removed intervals is X ! (|) n_1 = = 1 

n=l 

(geometric series with a = | and r = |). Notice that at the nth step, the leftmost interval that is removed is 
((!) n ,(!) n ), sowe never remove 0, and 0 is in the Cantor set. Also, the rightmost interval removed is 
(l — (|) n , 1 — (|) n ), so 1 is never removed. Some other numbers in the Cantor set are |, |, and |. 

(b) The area removed at the first step is at the second step, 8 • (|) 2 ; at the third step, ( 8) 2 • (|) 3 . In general, the 
area removed at the nth step is ( 8) n_1 (!) n = ! (|) n_1 , so the total area of all removed squares is 

E oo 1. /8\ n —1 _ 1/9 _ 1 

n=l 9 V 9 / — 1 - 8/9 — 1 - 
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CLl 

1 

2 

4 

1 

1 

1000 

a 2 

2 

3 

1 

4 

1000 

1 

CL3 

1.5 

2.5 

2.5 

2.5 

500.5 

500.5 

a¿ 

1.75 

2.75 

1.75 

3.25 

750.25 

250.75 

a 5 

1.625 

2.625 

2.125 

2.875 

625.375 

375.625 

a$ 

1.6875 

2.6875 

1.9375 

3.0625 

687.813 

313.188 

ci7 

1.65625 

2.65625 

2.03125 

2.96875 

656.594 

344.406 

ag 

1.67188 

2.67188 

1.98438 

3.01563 

672.203 

328.797 

ag 

1.66406 

2.66406 

2.00781 

2.99219 

664.398 

336.602 

CLlO 

1.66797 

2.66797 

1.99609 

3.00391 

668.301 

332.699 

CLll 

1.66602 

2.66602 

2.00195 

2.99805 

666.350 

334.650 

CLl2 

1.66699 

2.66699 

1.99902 

3.00098 

667.325 

333.675 


The limits seem to be 2, 3, 667, and 334. Note that the limits appear to be “weighted” more toward a 2 . In 

i » » ,• . • &i 4" 2 a 2 

general, we guess that the limit ís---. 

ü 

(b) fln+ 1 CL n — ^ ( a n "T O-n — l) &n = 2 ip , n ^n — l) = 2 [ 2 (® n — 1 T" fln— 2) Q-n — lj 

= [“5 K -1 “ fln - 2 )] = • • • = (-^) n_1 ( fl 2 ~ ai ) 

Note that we have used the formula ak = ¿ (afc-i + afc_ 2 ) a total of n — 1 times in this calculation, once for 
each k between 3 and n + 1. Now we can write 

cin = cli + (a 2 — ai) + (as — a 2 ) + • • • + (a n -i — fln-2) + (fln — rin-i) 

= a l + 2Zfc=l ( a fc+l — a k) = a l + Ylk=l í~\ ) ( a 2 — a l) 

and so 

Jirn^ a n — ai + (a 2 - ai) ^fcli (“é )*' 1 = a i + ( a 2 - ai) [ a _ (Í 1/2 ) ] 

2 / \ Oi + 202 

= Oi + 5 (° 2 “ ai ) = -3- 


67. (a) E 


=1 (n + 1)! 


11 12 
51 _ 1~2 “ 2 ’ S2 ~ 2 1 2 3 


5 5 3 23 

“ 6’ 53 “ 6 + 1-2-3-4 “ 24’ 


23 

S4 = 24 + 


4 119 _ , , , XI (n + 1 )! — 1 

-—-—-—-—- = ——. The denominators are (n + 1)!, so a guess would be s n = —7 - -rr :—. 

1-2-3-4-5 120 (n + 1)! 


(b) For n = 1, si = ^ = , so the formula holds for n = 1. Assume Sk = \ Then 


(fc + 1)! — 1 k+ 1 _ (fc + 1)! — 1 fc + 1 

Sk+1 (fc +1)! + (fc + 2)! (fc+1)! + (fc + 1)! (fc + 2) 

(fc + 2)! — (fc + 2) + fc + 1 (fc + 2)! — 1 
(fc + 2)! " (fc + 2)! 


Thus, the formula is tme for n = k + 1. So by induction, the guess is correct. 


, , ,. (n +1)! — 1 

(c) hm s n = lim -+=— = lim 

n—♦ 00 n—* 00 (n+1)! n—*oo 


1 - 


1 


(n + 1 )! 


= 1 and so ¿ 


'0 (n + 1)! 


= 1 . 
































SECTION 12.3 THEINTEGRAL TEST AND ESTIMATES OF SUMS ETSECTION 11.3 □ 109 



Let n = radius of the large circle, r% = radius of next circle, 
and so on. From the figure we have ZBAC = 60° and 
cos60° = n/ |AB|, so \ AB\ = 2ri and \DB\ = 2r2. 
Therefore, 2ri = n + r^ + 2 r 2 = n + 3 r 2 =» 

n = 3 r 2 . In general, we have r n +1 = |r n , so the total area 

A = 7Tr? + 37rr2 + 37rr3 H- 

= nr\ + 3nrl ^l + j^ + ^ + gg-H-J 

= nrf + 3 tt r\ • t - yy g = nr\ + r\ 


tan 30° 


n tan ¿ 

Since the sides of the triangle have length 1 , \BC\ = \ and tan30 = * Th us » r i = —^ 


1 

2\/3 


r2 = Í 7 S’ 50 A = (575 ) 2 + ^ir (iTf ) 2 = T 5 + á = W- Theareaof the is ^T’ so the circles 

occupy about 83.1% of the area of the triangle. 


etii.3 



.3 The Integral Test and Estimates of Sums 

1 í 2 1 

1 . The picture shows that <12 = ^3 < J 

1 f 3 1 1 1 

a 3=3T3< J 2 ^T3 da: ’ andSOOn ’ SO L^ñ3 < / ^T3 dx - The 

integral converges by (8.8.2 [ET 7.8.2]) with p = 1.3 > 1, so the series 
converges. 

2. From the first figure, we see that 
/® / (i) di < £®= i o<. From the 
second figure, we see that 
£j =2 ai < /f / ( x ) Thus > we have 

E U a i<J?f(x)dx<Zh a i- 

3 . The function / ( x ) = 1/x 4 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

f°° 1 f b a lx~ 3 } b /1 l\ 1 1 

/ + dx = lim / i -4 da: = lim — = lim -—3 + 7 = 7 . s° >. TJ converges. 

X 4 b—*oo 6—00 L — 3 J x b— 00 \ 3b d 3/ 3 " n* 

4. The function / (x) = 1/ tfx = x “ 1/4 is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

x~ 1/4 dx = Um /* a ¡- 1/4 da: = Um [|a: 3/4 ] ‘ = /hn (f 6 3/4 - f) = oo, so J2n=i l / diverges. 

5. The function / (x) = 1/ (3x + 1) is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

r-éh- &¿TT - + »i; - & [1 >-<»+1) ■- Í m = « 

so the improper integral diverges, and so does the series ^Ü^Li V (3n + !)• 
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6 . The function / (x) = e x is continuous, positive, and decreasing on [1, oo), so the Integral Test applies. 

/r e~ x dx = ^lim f b e~ x dx = /im [~e~ x ] J = lim (—e~ b -f e” 1 ) = e _1 , so YL'ZZLi e ~ n converges. Note: 
This is a geometric series, with first term a = e ” 1 and ratio r = e” 1 . Since \r\ < 1, the series converges to 

e_1 / (i - e_1 ) = i/ ( e — i)- 

7 . / (x) = xe~ x is continuous and positive on [ 1 , oo). /' (x) = —xe~ x -b e~ x = e~ x (1 - x) <0forx> 1 , so / is 
decreasing on [1, oo). Thus, the Integral Test applies. 

ff°xe~ x dx= lim / 6 xe~ x dx = lim [-xe~ x - e~ x ] b (by parts) = lim [—be~ b — e~ b -f e ” 1 + e -1 l = 2 /e 
since lim be~ b = \im ( b/e b ) = lim (l/e 6 ) = 0 and \im e~ b = 0. Thus, ne” n converges. 

8 . - + - + — + ^ 5 "*- = ^ in~i ’ ^ unct ^ on f ( x ) = —/ 1S P os ih ve > continuous, and decreasing on 

n=l 

[1, oo), so the Integral Test applies. 

/ 4 ^T 4 ^ = ¿^[ 3 ln( 4 x-l)];= fc lhn [¿ln(46-l)-Iln3]=oo 

so the improper integral diverges, and so does the series. 

9. XLL =5 (l /^ 1 0001 ) is ap-series, p = 1.0001 > 1 , so itconverges. 

10. Y^Li = Yn Li (l/^ 0,99 ) which diverges sincep = 0.99 < 1. 

11. l + l + ^ + ^ + y^H-= Y^Li (l/ n3 )« T^is is ap-series with p = 3 > 1, so it converges by ( 1 ). 

,Z 1+ 2^ + 3v? + 4^1 + ¿S + ' " = „? i ¿ 5 '™ SÍS,p<e " eSWÍ,h!,= 1 > 1,SOÍ ' 

converges by ( 1 ). 

00 5 — 2\/ñ oolool oolool 

13. £ -r— =5 Et- 2E b y Theorem 12.2.8 [ET 11.2.8], since E 4 and E -fr both 

n=i n n=i n* n= i n 5 / ¿ n “j n 3 n=i n 5 / 2 

oo 5 _ 2\/ñ 

converge by (1) (with p = 3 andp = f). Thus, J2 -converges. 

n=l 

14. / (m) = x 2 ^ ^ ls positive, continuous, and decreasing on [2, oo), so applying the Integral Test, 


r ^ T - r (^ + ^) d .- taL(£fi 

J 2 x 2 -l J 2 \x-fl x-lj t—*oo \x-bl 


zl) 1 ' 2 ' 


= ln a/3 


J 2 


n=2 n 2 - 1 


converges. 


2 2 

15. / (x) = xe~ x is continuous and positive on [ 1 , oo), and since /' (x) = e~ x (l — 2x 2 ) < 0 for 

x > 1, / is decreasing as well. Thus, we can use the Integral Test. 

ff° xe~ x dx = /im \e~ x J = 0 - (-f e” 1 ) = 1 / ( 2 e). Since the integral converges, the series converges. 

x 1 _jjj jjj 2 2 . 

16. / (x) = — is positive and continuous on [1, oo), and since /' (x) = --- < 0 when x > —- « 1.44, / is 

eventually decreasing, so we can apply the Integral Test. Integrating by parts, we get 

11 t 

H---- 2 , since lim — = 0 by l’Hospitars Rule, 


r±dx= lim --L f + -4 

/i 2 X t—>oo l ln2 [2* 2 X h 


ln2_ x I 21n2 2(ln2) 2 ' t-*oo 2 ¿ 


and so ^ — converges. 
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l-x ¿ 


ln ( x 2 + l) 


= oo, so the series diverges. 


17 - / ( x ) = zn — is continuous and positive on [ 1 , oo), and since /' (x) = —-< 0 for x > 1 , / is also 

x “I - 1 yx 4* 1) 

decreasing. Using the Integral Test, / —^—- dx = lim 

J \ X z + 1 t—*o c 

18 . The function / ( x ) = 


1 


2x 2 + 3x +1 (2x + 1) (x + 1) 


is positive, continuous, and decreasing on [ 1 , oo), so the 


Integral Test applies. 


í f(x)dx= lim f ( - - - -3—•') dx (partial fractions) = lim [ln (2x + 1) - ln (x + l)]j 

J^ b—*oo /j \2X +1 X + 1 / b—*oo 

= Um = Um -lnf) =ln2-lnf =ln| 

f>—oo [ \X + 1 J Ji b—*oo Y 6+1 2 ) 2 3 

so the series converges. 

1 1 ln x 

19 . / (x) = —— is continuous and positive on [ 2 , oo), and also decreasing since /' (x) = -—- < 0 for 

v 7 x ln x x 2 (In x) 

foo ^ 

x > 2, so we can use the Integral Test. / —— dx = lim [ln (ln x)]í = lim [ln (ln t) — ln (ln 2)] = oo, so 

J 2 X ln X t *oo t *oo 

the series diverges. 

20. /0*0 = 4^r - is continuous, positive and decreasing on [1, oo), so applying the Integral Test, 

í°° dx 


arctan 2x 


7 r arctan 2 


< oo, so the series converges. 


. , „ arctanx . . , . . r „ \ r/ / \ 1 — 2 xaxctanx - „ ^ - 

21 . / (x) = is continuous and positive on [ 1 , oo). / (x) =-—-—— < 0 for x > 1 , since 


1 + x 2 


( i +* 2 ) 2 


2x arctan x > f > 1 for x > 1. So / is decreasing and we can use the Integral Test. 


arctanx . .. ri x 2 i‘ 

/ -— dx = lim t arctan x\. = 

Ji l+x 2 t—*oo J 1 


t _ (tt/2) 2 _ (tt/4) 2 3tt^ 


32 


, so the series converges. 


22. / (x) = is continuous and positive for x > 2 , and /' (®) = -—< 0 for x > 2 so / is decreasing. 


f dx = lim - - (by parts) = 1 (by rHospital’s Rule). Thus, 

/ 2 X 2 ^oo [ X Xj x n ¿=2 


lnn 

n 2 


converges by the Integral Test. 
1 


23. /(*) = 


2x + 2 

is continuous and positive on [ 1 , oo), and f' (x) = ——:-r- tto < 0 


(i 2 + 2x + 2) 2 

fOO 1 fOO 1 

/ —- dx= - 5 - dx = lim (arctan (x + 1 ) 1 ‘ = § - arctan 2 , so the series converges 

Ji x 2 + 2x + 2 /j ( x + i) 2 + i t->oo 1 ,J1 2 


x 2 + 2 x + 2 

for x > 1, so / is decreasing and we can use the Integral Test. 


as well. 
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24 •/(*) = 


x ln x ln (ln x) 
increasing; so we can apply the Integral Test, 
1 


is positive and continuous on [3, oo), and is decreasing since x t Inx, and ln (Inx) are all 

dx 


L 


3 xlnxln(lnx) t-> oo 


= lim [ln (ln (lnx))]^ which diverges, and 


hence 


r^ 3 n ln n ln (ln n) 


diverges. 


25. We have already shown (in Exercise 19) that when p = 1 the series ¿ 


1 


diverges, so assume thatp ^ 1 . 


n=2 n(lnn) ! 

1 p “I” ln x 

f (x) = is continuous and positive on [ 2 , oo), and f' (x) =-^< 0 if x > e -p , so that / is 


x (lnx) p 

eventually decreasing and we can use the Integral Test. 

(lna ?) 1- *’ 1 * 


L 


1 


2 x (ln x) 1 


■ dx = lim 


. 1 ~P 


(for p 1 ) = lim 

É —*00 


x 2 (lnx ) p_,_1 
' (lnf) 1 ^ ] (ln 2 ) 1-p 

1 — p J 1 — p 


This limit exists whenever 1 — p < 0 p > 1, so the serieS converges forp > 1. 


26. As in Exercise 24, we can apply the Integral Test, 


r oo 

J 3 X 


dx 


lnx (ln lnx) ? 


= lim 


(lnlnx) 


-p+ i 


-p+ 1 


tfor p¿ 1 ; if 


J 3 


p = 1 see Exercise 24) and lim — exists whenever — p + 1 < 0 p > 1, so the series converges 

t-> oo —p + 1 

forp > 1 . 

27. Clearly the series cannot converge if p > — because then lim n (l + n 2 ) p =/= 0. Also, if p = — 1 the series 

n—*oo 

diverges (see Exercise 17). So assume p < —p / —1. Then f (x) = x (l + x 2 ) p is continuous, 
positive, and eventually decreasing on [1, oo), and we can use the Integral Test. 

2 P 


/ oo 

x (l + x 2 ) P dx = \im 


1 (i+x 2 ) p+1 V r 1 (1+¿T +1 

2 p +1 J t—»oo 2 p +1 p +1 


. This limit exists and is 


finite p + 1 < 0 P < — 1, so the series converges wheneverp < — 1. 


Ji xP 


lnx , .. 

- dx = lim 

X p t —»oo 


(forp#l) = / ' 2 [ Um f 1 p [(1 — p) lnf — 1 ] + lj 


|y) ^ | ] ^ 2) 

28. If p < 0 , lim -= oo and the series diverges, so assume p > 0. f (x) = -is positive and continuous and 

n—♦ oo n p X p 

f' (x) <0 for x > e 1/p , so / is eventually decreasing and we can use the Integral Test. Integration by parts gives 
'x 1-p [(1 — p) Inx — 1 ] 1 ¿ 

Ji _/ (i -p)' 2 

which exists whenever 1 — p < 0 <=> p > 1. Since we have already done the case p = 1 in Exercise 25 (set 

o° t]3 fi 

p = — 1 in that exercise), J2 -converges p > 1 . 

n=i n p 

29. Since this is ap-series with p = x, £ (x) is defined when x > 1. Unless specified otherwise, the domain of a 
function / is the set of numbers x such that the expression for / (x) makes sense and defines a real number. So, in 
the case of a series, it’s the set of numbers x such that the series is convergent. 

30. (a) / (x) = 1/x 4 is positive and continuous and f' (x) = —4/x 5 is negátive for x > 1, and so the Integral 


Test applies. — 

n=l n 


^ = ¿ + ¿ + ¿ + - + ¿« 1 . 082037 . 


r°° i r l 1 /l i \ i 

Rio < / — dx = lim — — r = lim I — —? H-=• =——, so the error is at most 0.0003. 

J 10 x 4 t-oo —3x 3 J 10 t-ooV 3f 3 3(10) 3 / 3000 
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r°° i r°° i 

(b) sio + / —dx<s<s io + / — 

J 11 x J 10 x 


dx 


Sio + 


< S < 5 io + 


/10 3(ll) d “ “ 3(10) d 

1.082037 + 0.000250 = 1.082287 < s < 1.082037 + 0.000333 = 1.082370, so we get s » 1.08233 with 
error < 0.00005. 


00001 


(c) Rn < J ~ dx = —. So Rn < 0 . 
n > /3 « 32.2, that is, for n > 32. 


1 1 
3n 3 < 10 5 


3n 3 > 10 5 


1 2 

31. (a) f (x) = r is positive and continuous and f (x) = -, is negative for x > 1, and so the Integral 

x ¿ x á 


Test applies. jc ¿ ¿ ¿ + p + • • • + ¿ 


1.549768. 


(b) 


(c) 


í °° 1 r-n* /1 1 \ 1 

Rio < / —zdx= lim — = lim (-h — ) = tx. so the error is at most 0 . 1 . 

_ 7l0 x *-*<»[ xJiQ í-oo V t 10 / 10 

roo ^ roo 1 

Sio + / — dx < s < Sio + / — dx =h sio + n < « < Sío + ^ =► 

7n x 7io x 

1.549768 + 0.090909 = 1.640677 < s < 1.549768 + 0.1 = 1.649768, so we get s « 1.64522 (the average of 
1.640677 and 1.649768) with error < 0.005 (the maximum of 1.649768 - 1.64522 and 1.64522 - 1.640677, 
rounded up). 

Rn< í \dx =-. SoRn < 0.001 if¿ < ^ n > 1000. 

— J n x 2 n n 1000 


32. / ( x) = 1/x 5 is positive and continuous and /' (x) = — 5/x 6 is negative for x > 1, and so the Integral Test applies. 

i _ i n t 

Using ( 2 ), R n < / x~ ü dx = lim 

t~+ oo 


-1 


4x 4 


= —— 7 . If we take n = 5, then S 5 « 1.036662 and jRs < 0.0004. 
4n 4 


So s « S 5 « 1.037, 


33. f (x) = x 3 / 2 is positive and continuous and /' (x) = —\x 5 ^ 2 is negative for x > 1, so the Integral Test applies. 
From the end of Example 6 , we see that the error is at most half the length of the interval. From (3), the interval is 

^Sn + f nm / (x) dx , s n + /^° / (x) dx'j , so its length is /^° / (x) dx — / (x) cte. Thus, we need n such 


that 


°' 01 > 5 (in X 3/2 dx ~ /n +1 1 3/2 dl ) = \ 


=f\ - lim 

L\/®Jn 4-00 


- 2 ' 
\/x 


7T.-f-l 


\fñ y/n + 1 


<=$► n > 13.08. Again from the end of Example 6 , we approximate s by the midpoint of this interval. In general, 
the midpoint is § [(s„ + f ™ +1 f (x) dxj + (s n + / n °° / (x) dx)] = s„ + \ (¡¡° +1 f (x) dx + f™ f (x) dxj. So 

using n = 14, we have s « S 14 + | (/“ x ~ 3|/2 dx + x -3 ^ 2 dx) = 2.0872 + 7 = + -^= « 2.6127. Any 

larger value of n will also work. For instance, s « S30 + -+ + ■+ ~ 2.6124. 


34. f(x) = 


ln x + 2 

- 2 ls positive and continuous and f' (x) =- 3 is negative for x > 1, so the Integral Test 


x (ln x) 


x 1 (\nx) d 


= r~—- This is true for n > e 100 , so we 


dx 

applies. Using (2), we need 0.01 > / —-- -5 = lim 

J n x(lna;) 

would have to take this many terms, which would be.problematic because e 100 « 2.7 x 10 43 . 


lnn’ 
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35. (a) From the figure, + a 3 H -h o n < /" / ( x) dx, so with 

f( x ) = 

X 

íii i / n i 

7r + - + -r+--- + -</ -dx = \nn 

2 3 4 n Ji x 

Thus, s n = l + — + o + t + • • • H— < 1 + lnn. 

2 3 4 n “ 



(b) By part (a), s 10 e < 1 + ln 10 6 « 14.82 < 15 and s 10 9 < 1 + ln 10 9 « 21.72 < 22. 

2\nx (1 — lnx) 
x 

. __ ... 2 

can apply the Integral Test. Using a CAS, we get 


< 0 for x > e, we 


dx = 2, so the series also converges. 

(lnn ) 2 + 21 nn + 2 
n 


/lnx \ 2 

36. (a) / (x) = í -J is continuous and positive for x > 1 , and since /' (x) = 

■m 

/ OO / l n \ 2 

í -J dx = 

n n | 2 j 2 

(c) By graphing the functions 2 / x = ------and y 2 = 0.05, we see that t/i < y 2 for n > 1373. 

(d) Using the CAS to sum the first 1373 terms, we get 5^373 « 1 . 94 . 

37. 6 lnn = (e ln6 ) nn = ( e lnn ) lnb = n lnb = — b . This is ap-series, which converges for all b such that 

— In 6 > 1 «=> ln 6 < —1 44> b < e _1 <=> b < 1 /e. 

38. (a) The sum of the areas of the n rectangles in the graph to the right is 

11 1 / n+1 dx 

l+~ + ~H-H—. Now / — 1 is less than this sum because 

2 3 n /1 x 

the rectangles extend above the curve y = 1 /x, so 

rn+l 1 111 

/ — dx = ln (n + 1 ) < 1 + - + - H- 1 —, and since 

Ji x 2 3 n 

lnn < ln(n + 1 ), 0 < 1 + ^ + i H-f - - lnn = t n . 

¿6 n 

(b) The area under / ( x ) = 1/x between x = n and x = n + 1 is 
/ n+1 dx 

/ — = ln (n + 1 ) — ln n, and this is clearly greater than the 

Jn X 

area of the inscribed rectangle in the figure to the right 
1 


which is 


n + 1 



tn — t n +i = [ln (n + 1 ) - lnnl-> 0 , and so t n > t n + 1 , so 

n + 1 

{¿ n } is a decreasing sequence. 

(c) We have shown that {t n } is decreasing and that t n > 0 for all n. Thus, 0 < t n < t\ = 1, so {í n } is a bounded 
monotonic sequence, and hence converges by Theorem 12.1.10 [ET 11.1,10]. 


























SECTION 12.4 THE COMPARISON TESTS ETSECTION 11.4 □ 115 



The Comparison Tests 




ET11.4 


1. (a) We cannot say anything about a n . If a n > b n for all n and Y bn is convergent, then Y a n could be 
convergent or divergent. (See Note 2 on page 757 [ ET 723].) 

(b) If a n < b n for all n, then Y a n is convergent. [This is part (i) of the Comparison Test.] 


2. (a) If a n > b n for all n, then Y a n is divergent. [This is part (ii) of the Comparison Test.] 

(b) We cannot say anything about Y a n- If a n < b n for all n and Y is divergent, then Y a n could be 
convergent or divergent. 


11 00 1 °° 1 

3. —r- 7 < -7 for all n > 1 , so Y" —5 -- converges by comparison with Y — ñ, which converges 

n 2 + n +1 n 2 “ n =i n 2 + n +1 n =i n 2 

because it is ap-series with p = 2 > 1 . 


22 o° 2 o° 2 00 1 

4 . —3 —- < — for all n > 1, so Y “ 3—7 converges by comparison with Y — 3 = 2 Y ~* which converges 
n + 4 n n =i ri +4 n =i a n =i ri 

because it is a constant multiple of a convergent p-series (p = 3 > 1). 


55 00 5 00 5 00 1 

5. -—— < — for all n > 1 , so Y ó — converges by comparison with Y = 5 Y ^ 7 » w hich converges 
2 -f 3 n 3 n n =i 2 + 3 n n =i 3 n n= i 3 n 

00 ^ 

because — is a convergent geometric series with r = |. 
n=l 3 n 


6 . 


11 00 1 

> — for all n > 2 , so Y - 7 = diverges by comparison with the divergent (partial) harmonic series 


n — y/ñ n 

00 1 

E 7 

n=2 71 


71 — >/ñ 


n +1 n 1 


n + 1 


1 


7. —> — = — for all n > 1 , so Y —diverges by comparison with the harmonic series Y — • 


n=l 71 


=1 n 


8 . 


4 + 3 : 


n 3 n /3 V 

^ 2 n ~ V 2 / 


00 4 + 3 n 

for all n > 1 , so Y —^— diverges by comparison with the divergent geometric series 

n =i 2 n 


(§)"• 


3 . 


9. —— < —. Y i s a gcometric series with \r\ = \ < 1, and hence converges, so Y converges also, by 


n2 n - 2 n ' n ^i 2 
the Comparison Test. 


ift sm 2 n . 1 1 , ^ 1 , o sm 2 n , , _ _ 

10 . - -=r < — -=. = —t-= and > —777 converges (p = § > 1), so ;> - -=- converges by the Comparison Test. 

nyn n/n n á ' ¿ n —\ n á / ¿ n=1 n/n 


11 . 


1 11 00 1 

/ . , w < / = 372 * and since E -372 converges (p = f > 1), so does 

y/n (n+1) (n + 2) y'n-n-n n 3 ' 2 „=i n 3 / 2 2 

OO 1 

by the Comparison Test. 


n =i 71 (n + 1) (n + 2) 
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12 . Use the Limit Comparison Test with a n = 


1 , , 1 
— ; and b n = —. 

\Jn(n + 1) (n + 2) n 


n 1 o° i 

— — . ■ = lim .. = 1 > 0, so since Y — diverges, so 

n— *°° b n n^oo 3/ n ( n + 1) (n + 2) n -°° ^/1 (1 + 1/n) (1 + 2/n) n=i n 


lim = lim 


does Y 


n= i íj/n (n + 1) (n + 2) 


«q rr n 2 +1 , , 1 a n n 3 H-n 1 + 1/n 2 , n 2 +1 , 

13 . If a n = —z -- and b n = —, then lim — = hm —-- = lim ---y-7 = 1 , so Y —z -- diverges by 

n 3 - 1 n n—»00 b n n->oo n 3 - 1 n->oo 1 - 1/n 3 n—2 n 3 — 1 


the Limit Comparison Test with the divergent (partial) harmonic series ¿ . 

n=2 n 


14 ‘ ( n + 1) 2 n < 2" and 2^ ’ S 3 convergent g eometric series (kl = 5 < 1). so £ ^ + ^ 2 „ converges by 
Comparison Test. 

3 ? cos n 4 °° 4 

15 . -—- < — since cos n < 1. J 2 1S a geometric series with |r| = | < 1 so it converges, and so 

d d n=1 6 

3 + cos n . , _ _ 

¿^ -r-converges by the Companson Test. 

n=l 3 n 


the 


16 . 


2n 2 — 5 
Comparison Test. 


5n 5/1\ 
2n 2 “ 2 Vnj 


5 °° 1 00 5 ^ 

and since - Y — diverges (harmonic series) so does Y —--- by the 

2 n= i n n=1 2 n 2 — 5 


n 


1 . 


17 . r ~.. - < —== = - E —óTo' is a convergent p-series (p = | > 1) so V . converges by the 

Vn 5 +4 vn® n 3 / 2 n =i n 3 / 2 2 n =i \/n 5 +4 J 

Comparison Test. 


arctann 7 t /2 7r ^ 1 . arctann . . _ _ 

18 . - 4 — < —4- and — ¿^ — converges (p = 4 > 1 ) so ¿J -r— converges by the Companson Test. 

n n 2 n=1 n n=1 n 4 


19 


2 71 2 n í2\ n 00 /2\ n 00 2 n 

1+3" < 3^ = ( 3 ) ' ?! ( 3 J is 3 convergent geometric series (|r| = § < 1), so ¿ ^ + 3n converges by 

the Comparison Test. 


1 _l 2 n 9 71 a (l/2) n -l-l 

20 . Use the Limit Comparison Test with a n = - -— and b n = —: lim = lim ,* n -= 1 > 0 . Since 

1 + 3 n 3 n n—oo b n n—»oo (1/3) + 1 


00 l + 2 n 


Y b n converges (geometric series with \r\ = § < 1), --— also converges 

n=l n=l 1 + 3 n 


21 . Use the Limit Comparison Test with a n = -— a nd ¿, n — lim ^ = lim —V^L_ = 1 > o. Since 

1 + V n v n n_>0 ° b n n—>oo 1 -j- y/n 

oo ^ o° 1 

Y “7= is a divergent p-series (p = 4 < 1), ^-7= also diverges. 

n=l V n n=l 1 + V n 


1 1 a n 2 00 

22 . Use the Limit Comparison Test with a n = —-- and b n = —: lim = lim —-- = 1 > 0 . Since Y b n 

n 2 — 4 n 2 n—*oo 6 n n-*oo n 2 - 4 4r 3 


converges (p = 2 > 1), Y — -- also converges. 

n=3 n 2 - 4 
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23. Let a„ = 


n 2 + 1 


n 4 + 1 


1 CL 4- n 2 00 1 

and b n — —. Then lim 4 = lim n = 1. Since J2 ~ñ is a convergent p-series 


(p = 2 > 1 ), so is £ 

T 

n 2 — 5 n 


n 2 + 1 
=in 4 + l 


T.—► CXD b n n—oo n 4 + 1 

by the Limit Comparison Test. 


n=i n* 


1-5/n 


t , 1 , .. a n n — 5n .. 

24. If a n = -— and 6 n = then lim — = lim -r—-— = lim , 2 . 3 

n 3 + n + 1 n n— *oo b n n— ♦ oo n 3 + n + 1 n—*oo 1 + l/n^ + l/n d 


= 1 , so 


oo n 2 _5n t 

V) —r-r diverges by the Limit Comparison Test with the divergent harmonic series Y —. (Note that 

n —i n d + n + 1 n=i n 

a n > 0 for n > 6 .) 


or „ l + n + n 2 JL 1 ,. a„ ,. n + n 2 +n 3 ,. l/n 2 + l/n + l , 

25. If a„ = . ■ - and 6 „ = -, then lim — = hm —===== = hm - - -- = 1, 

a /1 + n 2 + n 6 n n-.<» 6 „ n—oo yl + n 2 + n 6 n -*°o ^l/n 6 + 1 /n 4 + 1 


so 2 


°° 1 + n + n ¿ 


, — _diverges by the Limit Comparison Test with the divergent harmonic series V' —. 

-1 VI + n 2 + n 6 n=in 


oe xr n + 5 , , n 

26. If a n = -tt=== and b n = 


v'n 7 + n 2 


n 7 / 3 n 4 / 3 


, then 


n 7 / 3 + 5n 4 / 3 n 7 / 3 1 + 5/n v 1 + 5/n 1 + 0 n 

- 77T - "¿TTñ = lim --- Tfñ = lim --- 777 = --"TTT = 1, 


lim ^ 71 _ _ _ _ ___ 

~~ k/ “ n^= ( n 7 + „2)1/3 ' n -7/3 _ n'Ü^o [(„7 + n 2) / n 7]l/3 _ n-ñíc ( X + l/ n 5)l/3 ~ (1 + 0) 1/3 

oo 77, + 5 00 1 

Y . : converges by the Limit Comparison Test with the convergent p-series Y ~ 4/3 • 

n =i v n 7 + n 2 n=l 71 ' 


so 


27. 


. Let a n = U l - 1 and 6 n = Then lim = lim —— = 1. Since ]T 7^7 is a convergent geometric 

n9n 9n />_ n -»oo n _ 9 n 


n 2 

series (|r| = 5 < 1 ), E 


1 2 71 

r »=1 " 


n + 1 
fei n 2 n 


converges by the Limit Comparison Test. 


TT , T . . _ . ^ ., 2n 2 + 7n . , 1 

28. Use the Limit Companson Test with a n = -———--— and b n = — . 

r 3 n (n 2 + 5n -1) 3 n 

2n 2 + 7n 


lim 7 — = lim —--- 7 = 2 > 0 , and since Y ^n is a convergent geometric series (|r| = | < 1 ), 

n —+00 b n n—roo n ¿ + 5n — 1 n== i 


~ 2n 2 + 7 n . 

V -— -r~ñ --- 7 T converges also. 

n =i 3 n (n 2 + 5n - 1) 6 


29. Clearly n! = n (n - 1 ) (n - 2) • • • (3) (2) > 2 • 2 • 2.2 • 2 = 2 n “\ so — < t^-. Y is a 


convergent geometric series (|r| = \ < l)so Y ”7 converges by the Comparison Test. 


00 JL 

ri=Í nl 


30. — = 1 2 ^ < - • — • 1 • 1 . 1 for n > 2 , so since Y \ converges (p = 2 > 1 ), Y 

— r» — — — — — ~~ ^ L \ •« T) 71 


n n n-n-n.n-n n n 

converges also by the Comparison Test. 

31. Use the Limit Comparison Test with a n 


o=i 


0=1 n n 




and 6 n = —: 
• n 


lim = lim S - - — = lim = 1 > 0. Since r°°_. 6 n is the divergent harmonic series, 

n— 00 bn n— 00 1 /n 0—0 0 

■SOO 


]>^L X sin ( 1 /n) also diverges. 
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32 . Use the Limit Comparison Test with a n = —- \ - 7 - and b n = —. lim = lim - n , , 

77,1 1 /n 72 n—»oo O n n—♦ oo 


= lim — 7 - 7 - 
n—+oo Tl 1 / r 


= 1 


1 / °° 1 00 ^ 

(since lim x /x = 1 by l’Hospital’s Rule), so Y - diverges (harmonic series) => V , ,,, ■ diverges. 

X^oo n=i n n=l n 1+1 / n 


10 1 111 

331 £ - 2 + 20 + 90 


10,100 


; 0.567975. Now 


1 1 • u 

< —, so using the reasonmg and 


n 4 4 - n 2 n 4 ’ 


00 1 dx 

notation of Example 5, the error is Rio < T\o = Y\ — < / — = lim 

n=l 1 n y i0 X t— »oc 


34 . £ 


S 1 + cos n 


n=l n 

as 


= 1 -T cos 1 + 


1 + cos 2 1 + cos 3 


32 


+ 


243 


+ ••• + -. 


10 

1 + cos 10 


_—3 


3000 


= 0.0003. 


100,000 


1.55972. Now 


1 + cos n 


< —, so 
n 5 


r 00 c\ 

in Example 5, R\ 0 < T\ 0 < / —?dx = 2 lim \-jX~ 4 ] * = 0.00005. 

Jio X 5 t -00 L 4 Jl o 


10 1 
35 . £ —— 

n=l 1 + 2- 


_ 1 1 1 1 
“ 3 + 5 + 9 + "‘ + 1025 


0.76352. Now -—so the error is 
1 + 2 n 2 n 


00 1 1/2 11 

Rio <: Tio = S ^ = x /0 (geometric series) « 0.00098. 

n=ll 2 1 1/2 


10 

36 . £ 


l + 2 + 3 + ... + 


10 


(n +1) 3" 6 27 108 

oc 1 1 /Q 11 

i.A.sr,.. 


649,539 
0.0000085. 


: 0.283597. Now 


n 


(n + 1) 3 n n • 3 n 3 n 


1 

= —, so the error 


d 9 00 9 

37 . Since —for each n, and since Y is a convergent geometric series (|r| = ¿ < 1)» 

XU J.U n — J.U 

d n 


O.did^do ... = Y —^ will always converge by the Comparison Test. 

n=l TU 


38 . Clearly, if p < 0 then the series diverges, since lim —-- 

n—*oo n p lnn 


= 00 . If 0 < p < 1, then n p ln n < n ln n 


1 1 o° 1 00 1 

> —-and Y dlver g es (Exercise 12.3.19 [ET 11.3.19]), so Y ^ p1 ^_ diverges. Ifp > 1, use 


nP ln n n ln n 2 n ln n 


n =2 nP lnn 


1 1 00 a 1 

the Limit Comparison Test with a n = —r -and b n = —. Y] b n converges, and lim = lim -= 0, so 

n p lnn n p n = 2 n —00 b n n —00 lnn 

00 1 

also converges. (Or use the Comparison Test, since n p lnn > n p for n > e.) In summary, the series 


n=/ 2 n p lnn 
converges if and only if p > 1 . 


39 . Since Y a n converges, lim a n = 0, so there exists N such that |a n — 0| < 1 for all n > N => 0 < a n < 1 

n—>oo 

for all n > N => 0 < a n < a n . Since Y a n converges, so does J 2 a n by the Comparison Test. 

40 . (a) Since lim ( a n /b n ) = 0, there is a number N > 0 such that |a n / 6 n - 0 | < 1 for all n > /V, and so a n < b n 

n —► 00 

since a n and b n are positive. Thus, since Y b n converges, so does Y a n by the Comparison Test. 

/L , „ lnn . , 1 .. a n .. lnn .. lnx h l/x „ lnn 

(b) If a n = —— and b n = — , then lim — = lim - = lim - = hm +— = 0, so Yj —— 

n ó n ¿ n-fOO b n n— ► 00 n x-+oo X x—+oo 1 n—l 

converges by part (a). 
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41. (a) We wish to prove that if lim = oo and '¡T, b n diverges, then so does ^2 a n . So suppose on the contrary that 

n—*oo bn 

£ a n converges. Since lim = oo, we have that lim — = 0, so by the extension of the Limit 

n—>oo b n n—>oo a n 

Comparison Test proved in Exercise 40(a), if Y, a n converges, so must Y, b n . But this contradicts our 
hypothesis, so a n must diverge. 

a n Tí h 1 

(b) If a n — \ -and b n = — for n > 2, then lim -r^ = lini --= lim -- = lim = lim x = oo, 

ln n n n —>oo b n n—»oo In n x—>oo In x x—*oo l /x x—*oo 

oo 1 

so by part (a), V --is divergent. 

n =2 nLTl 


42. Let a n = \ and b n = —. Then lim = lim — = 0, but Y, b n diverges while Y an converges. 

n ¿ n n—> oo b n n—»oo n 

43. lim na n = lim , so we apply the Limit Comparison Test with b n = —. Since lim na n > 0 we know that 

n—>oo n—»oo 1/71 n n—*oo 

00 1 

either both series converge or both series diverge, and we also know that Y ~~ diverges (p- series with p = 1 ). 

n=0 71 

Therefore, Y a n must be divergent. 


44. First we observe that, by 1’HospitaTs Rule, lim 

x—>0 


ln (1 + x) 
x 


= lim -- = 1 . Also, if V a n converges, then 

x->0 1 + x 


lim a n = 0 by Theorem 12.2.6 [ ET 11.2.6]. Therefore, lim ^ = We are given that Y a n is 

n—*oo n—>oo a n 

convergent and a n > 0. Thus, Y, ln (1 + a n ) is convergent by the Limit Comparison Test. 

45 . Yes. Since Y] a n converges, its terms approach 0 as n —> oo, so lim ———■ = 1 by Theorem 3.5.2 [ET 3.4.2]. 

n—>oo a n 

Thus, J2 s i n a n converges by the Limit Comparison Test. 

46 . Yes. Since Y, a n converges, its terms approach 0 as n —> oo, so for some integer N, a n < 1 for all n> N. But 

then 127=1 a ” b n = 127z 1 a n b n + 127= n a n b n < 127li a n b n + 127= n b n- The first term is a finite sum, and 

the second term converges since bjL converges. So ^ a„6„ converges by the Comparison Test. 



Alternating Series 


ET11.5 


1. (a) An altemating series is a series whose terms are altemately positive and negative. 

(b) An altemating series (—l ) n_1 b n converges if 0 < 6 n +i < b n for all n and lim b n = 0. (This is the 

Altemating Series Test.) 


(c) The error involved in using the partial sum s n as an approximation to the total sum s is the remainder 

R n = s — s n and the size of the error is smaller than 6 n +i, that is, |iln| < 6 n +i. (This is the Altemating Series 
Estimation Theorem.) 


2 . -- + — — — + — — — + • 

3 4 5 6 7 


= 12 (-ir 

n=l 


n H- 2 


Here a n = (-l) n -Since lim a n ^ 0 (in fact the limit 

n + 2 —— 


does not exist), the series diverges by the Test for Divergence. 


44444 00 i4 4 

3. = -ó + ñ _ 77 ; + 7 T-= E ( _1 ) n —Tñ- bn = —Tñ > °> í 6 "} is decreasing, and lim b n = 0 , so 

7 8 9 10 11 „=i n + 6 n + 6 »->«= 

the series converges by the Altemating Series Test. 
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o° 1 1 l 

4 . JZ (“l) n ;-• ki — i - is positive and { 6 n } is decreasing; lim - -= 0 , so the series converges by the 

n =2 lnn lnn u J n—oo lnn & 7 

Altemating Series Test. 

1 . 00 f—l ) n_1 

5. b n = —r= > 0, {b n } is decreasing, and lim b n = 0, so Y} -—'-=— converges by the Altemating Series Test. 

V n n — 00 n =í \/ñ 

1 oo / 

6 . 6 n = -- - > 0, { 6 n } is decreasing, and lim b n = 0, so the series Y ~- converges by the Altemating 

071 — 1 n—oo 3n — 1 

Series Test. 

7 \n 2n | | ^n 1 

7. a n = (-1) - 7 — 7 - 7 , so |a n | = 


4n + 1 4n + 1 2 

00 2 n 

and the series ^ (—l) n — + ^ diverges by the Test for Divergence, 


- as n —> 00 . Therefore, lim a n ^ 0 (in fact the limit does not exist) 


8 . b n = 


2 n 


4n 2 + 1 


> 0 , { 6 n } is decreasing [since 


b n b n . f-i — 


2 n 


2 n + 2 


8 n 2 + 8 n — 2 


> 0 for n > 1 ], and 


4n 2 + 1 4n 2 + 8n + 5 (4n 2 + 1) (4n 2 + 8n + 5) 

2/n 00 2n 

lim b n = lim . 9 = 0, so the series V (—l) n —=—7 converges by the Altemating Series Test. 

n —00 n —00 4 +1 /n ¿ -n=\ 4n 2 + 1 

1 00 / j_\n+l 

9- > 0, { 6 n } is decreasing, and lim b n = 0, so the series ^ 4 n 2 + 1 conver g es by th e Altemating 

Series Test. 

2n 2 ^n 2 1 

10. a n = (-l) n_ 9 , , so |a n | = —— > - as n —► 00 . Therefore, lim a n ^ 0 (in fact the limit does not 

4n 2 + 1 4n 2 + 1 2 n —00 

00 _i 2n 2 

exist) and the series J2 (~l) n 7—5 - 7 diverges by the Test for Divergence. 

n =1 4n + 1 


11. 12 (-1)" 1 +T 7 - > 0 for all n. Let / (x) = . Then f' ( x ) = — Z - < 0 if x > 4, 

n=i n + 4 n + 4 ' w a: + 4 w 2v'í(a: + 4 ) 2 


/ñ 

so { 6 n } is decreasing after n = 4. lim = lim 


n— ♦OO n + 4 n-*oo ^/ñ + A/y/ñ 


= 0. So the series converges by the 


Altemating Series Test. 


12. (—l ) n+1 -7. &n = 77 >0 and b n > 6 n+ i <=> 7^7 > 7777 - <=> 2 n>n + l <=> n>l which is 

n=l Z Z ^ 


2 n ~ 2 n+1 

certainly tme. lim (n/2 n ) = 0 by l’Hospital’s Rule, so the series converges by the Altemating Series Test. 


qq n 72 , u 

13. Y (— l) n : —. lim - — = lim 77 - = 00 , so the series diverges by the Test for Divergence. 

7=2 lnn n-^oolnn n-*oo 1/n ^ 

14. £ (-l) n_1 (—) =0 + E (-l) n_1 f—V6n = — > 0forn> 2, andif/(*) = —then 

n=i \ n J n= 2 \ n y n x 


/'(*) = 


1 — lnx 
x 2 


< 0 if x > e, so { 6 n } is eventually decreasing. Also, lim b n = lim S Hm = 0, 


n—>oo n n —+00 1 


so the series converges by the Altemating Series Test. 
cos n 7 r 00 


15- Z) ^ 37 1 " = ^ ^ 3/4 • = ^74 is decreasing and positive and lim = 0 , ’so the series converges by 

the Altemating Series Test. 
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16. sin (= 0 if n is even and (—l) fc if n = 2k + 1 , so the series is Y) —7 — -r* = 77 ;—Vttt > 0 » {¿>n} is 

\ 2 / n = 0 ( 2 n + l)! ( 2 n + 1 )! 


decreasing, and lim 


n—»00 ( 2 n + 1 )! 


= 0, so the series converges by the Altemating Series Test. 


7T 7T 7r 7T 7T 

17. Y) (—l) n sin —. b n = sin — > 0 for n > 2 and sin — > sin-and lim sin — = sinO = 0, so the series 

n n n n +1 n —00 n 

converges by the Altemating Series Test. 

18. Y (-l) n cos í —V lim cos ( — ^ = cos (0) = 1 , so lim (—l) n cos (—^ does not exist and the series diverges 

\n/ n—>oo \nJ n—+oo \n/ 

by the Test for Divergence. 


19 n_ = n-n 


n! 1*2 .n 

the Test for Divergence. 


^ ^n /_j^\n ^n 

> n lim — = 00 =» lim -—+-does not exist. So the series diverges by 


n— » oo n! 


n—»oo n! 


20 . 

21 . 


— decreases and lim ■ - = 0, so by the Altemating Series Test the series converges. 
Vlnn n ->°° vlnn 


n 

Q>n 

S n 

1 

1 

1 

2 

-0.35355 

0.64645 

3 

0.19245 

0.83890 

4 

-0.125 

0.71390 

5 

0.08944 

0.80334 

6 

-0.06804 

0.73530 

7 

0.05399 

0.78929 

8 

-0.04419 

0.74510 

9 

0.03704 

0.78214 

10 

-0.03162 

0.75051 


k}- 


t » ■ ■ * 


K}- 


10 


By the Altemating Series Estimation Theorem, the error in the 

00 

approximation -— -J-rz — « 0.75051 is 

n =i n 3/2 

|s — sio| < bn = 1 / ( 11) 3/2 «0.0275 (to four decimal places, 
rounded up). 


22 . 


n 

CL n 

Sn 

1 

1 

1 

2 

-0.125 

0.875 

3 

0.03704 

0.91204 

4 

-0.01563 

0.89641 

5 

0.008 

0.90441 

6 

-0.00463 

0.89978 

7 

0.00292 

0.90270 

8 

-0.00195 

0.90074 

9 

0.00137 

0.90212 

10 

- 0.001 

0.90112 


- 0.2 


r 

N 

(M 


. {M 


N_!_ 

_/ 


10 


By the Altemating Series Estimation Theorem, the error in the 
°° (-í )” -1 


approximation Yl 

n —1 n 


\s - Siol < ¿>11 = l/ll 3 « 0.0007513. 


: 0.90112 is 
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23. With b n = 1/n 2 , 6 i 0 = 1/10 2 = O.Ol and 6 n = l/ll 2 = 1/121 » 0.008 < 0.01, so by the Altemating Series 
Estimation Theorem, n = 10. 

24. 65 = 1/5 4 = 0.0016 > 0.001 and &6 = 1 / 6 4 « 0.00077 < 0.001, so by the Altemating Series Estimation 
Theorem, n = 5. 

25. 67 = 2 7 /7! « 0.025 > 0.01 and &s = 2 8 /8! « 0.006 < 0.01, so by the Altemating Series Estimation Theorem, 

n = 7. (That is, since the 8 th term is less than the desired error, we need to add the first 7 terms to get the sum to the 
desired accuracy.) 

26. & 5 = 5/4 5 « 0.0049 > 0.002 and &6 = 6/4 6 « 0.0015 < 0.002, so by the Altemating Series Estimation 
Theorem, n = 5. 


00 

27. E í } h = 


1 


n ti (2n - 1)!' 0 (2-5-1)! 362,880 

1 1 


1 00 (— l) n-1 

- < 0 . 00001 , so £ A — } - - 




n^i(2 n-l)! n=i (2n — 1)! 


: 0.8415. 


28. &4 = ^ = 4 Q ^20 ~ and $3 = 1 — ^ + 7 ^ — « 0.54028, so, correct to four decimal places, 

00 (-l) n 

£ Wrr « 0.5403. 
n=o ( 2 n)! 


29. & 6 = 


00 (_n n 5 r_i^ 

: 0.000022 < 0 . 00001 , so £ ¿ 


: 0.6065. 


2 6 6! 46,080 ' ’ n to 2 n n! n ^ 0 2"n! 

30. &8 = 1/8 « 0.0000038 < 0.00001 and 57 = 1 — <34 4- 729 — 4 Ó 96 15,625 ~ 46,656 117.649 

«n (_l) n -! 


: 0.9855537, so 


correct to five decimal places, £ 


n° 


: 0.98555. 


31. £ 


(- 1 ) 


1 1 1 


= 1 — - + - —- H -b — — — + — — — H- . The 50th partial sum of this series is an 

n 2 3 4 49 50 51 52 ^ 

00 ( 1 \ n_ 1 /j^ j \ / j 2 \ 

underestimate, since £ ----= s 5 o+ ( — — + ( — — — H- 1 and the terms in parentheses are 

n=i n \ 51 52/ \ 53 54/ 

all positive. The result can be seen geometrically in Figure 1. 

32. If p > 0, 7 < — and lim — = 0, so the series converges by the Altemating Series Test. If p < 0, 

(n + l) p “ nP n -,00 n p 

( 1) n—1 00 (-l) n_1 

lim ----does not exist, so the series diverges by the Test for Divergence. Thus, £ ----converges 

n —»00 n p n= i n p 

& p> 0 . 


33. Clearly & n =-is decreasing and eventually positive and lim & n = 0 for any p. So the series converges (by 

n+p n—.00 

the Altemating Series Test) for any p for which every & n is defined, that is, n + p ^ 0 for n > 1, orp is not a 
negative integer. 

34. Let / (x) = ílíüL Then f' ( x) = ^—LL < 0 if x > e p so / is eventually decreasing for every p. 

x x ¿ 

(ln n) p 

Clearly lim --— = 0 if p < 0, and if p > 0 we can apply rHospitaFs Rule |p + 1] times to get a limit of 0 as 

n—» 00 n 

well. So the series converges for all p (by the Altemating Series Test). 
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35. J 2 n = X) V ( 2 n ) 2 clearly converges (by comparison with the p-series for p = 2 ). So suppose that 
^2 (-l) n-1 b n converges. Then by Theorem 12 . 2 . 8 (ii) [ET 11 . 2 . 8 (ii)], so does 

£ [(-l) n_1 bn + bn] = 2 (1 + | + £ 4-) = 2 £ 2 ~T[- But this diver 8 es b y comparison with the 

harmonic series, a contradiction. Therefore, (—l) n_1 b n must diverge. The Altemating Series Test does not 
apply since {b n } is not decreasing. 

36. (a) We will prove this by induction. Let P (n) be the proposition that s^n = h 2n — h n . P ( 1 ) is tme by an easy 

calculation. So suppose that P (n) is true. We will show that P (n + 1 ) must be true as a consequence. 

{h 2 n ~ hn)+ 2 ^+í~ 2^+2 

= S 2 n+ 2 ^Tl~ 2 ^ 2 =S2n+2 

which isP(n-bl), and proves that S2n = h 2n - h n for all n. 

(b) We know that h 2n — ln 2 n —> 7 and h n — ln n —> 7 as n —► 00. 

So S 2 n = h 2n - h n = (/i 2n - ln 2 n) - (h n - lnn) + (ln 2 n - lnn), and 
lim 52n = 7 — 7 + lim [ln2n-lnn]= lim (ln2 + lnn - lnn) = ln2. 

n—*oo n—* 00 n— ► oo 


h 2 n-\- 2 — /l n +l 


= ^/l2n 


+ 


1 


2n + 1 2n + 2 




■6 Absolute Convergence and the Ratio and Root Tests ET11.6 


1 . (a) Since lim 

n—►oo 

(b) Since lim 


(c) Since lim 

n—► oo 


Q-n+1 


Q> n 

U-n+1 


CL n 

On +1 


Q>n 


= 8 > 1 , part (ii) of the Ratio Test tells us that a n is divergent. 

= 0.8 < 1 , part (i) of the Ratio Test tells us that J 2 a n is convergent. 
= 1 , the Ratio Test fails and a n might converge or it might diverge. 


2 c\n ‘ 


(n + 1) 2 

2 n +i 


= n^( 1 + ^) TT 


oo n" 5 . 

2 . The series — has positive terms and lim —— = lim 

n=l 2 n n—*oo a n n—oo 

so the series is absolutely convergent by the Ratio Test. 

o° 1 oc 1 

3. Y* —= = V\ — o~Tñ is a convergent p-series (p = f > 1), so the given series is absolutely convergent. 

n=l nyfn n=l ™ 3/2 

oo /_ \') Tl 00 1 1 

4 . Z! ”— T 7 ñ~ converges by the Altemating Series Test, but —575- is a div ergent p-series (p = ¿ < 1 ), so 

n=l nl/¿ n= 1 n 1 

00 (_l) n 

r v , . _ converges conditionally. 

n=i n 1/2 


5. Using the Ratio Test, lim 

n—*oo 

diverges. 

6. Using the Ratio Test, lim 

n—♦ 00 

absolutely convergent. 


Q*n+ 1 

= lim 

a n 

n—>oo 

0 >n+ 1 

= lim 

Q>n 

n—► 00 


( T(A n r )3 — 3 lim ( — Tt) J = 3 > 1, so the 
(-3) /n 3 n—00 y n + 1 / 


senes 


(— 3 ) n+1 / (n + 1)! 

(— 3 ) n /n\ 


= 3 lim 


00 n + 1 


= 0 < 1, so the series is 
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OO ( —l) n °° 1 

7 . 52 -L —— converges by the Altemating Series Test, but 52 * - diverges by the Limit Comparison Test with 

n=i 5 -f n n =i 5 -f n 


the harmonic series 52 —, so the given series is conditionally convergent. 

n=í n 


8 . lim 

n—*oo 


&n +1 


n! 


(- 1 )" 


= lim 7 -r; = lim -— = 0 < 1 , so the series Y] -— -is absolutely convergent by 

n—>oo (n + 1)! n-oon+1 n=\ TZ-! J & J 


&n 

the Ratio Test. 

n 1 

9 . lim |a n | = lim --= lim —-- = 1, so lim a n ^ 0. Thus, the given series is divergent by the Test 

n—*oo n—*oo 5 -f Tí n—*oo o/tí + 1 n—*oo 

for Divergence. 
n 


10. E 


diverges by the Limit Comparison Test with the harmonic series: 

2 oo 


n =i n 2 + 1 

n ! ( n ^ — i. But 52 (—l) n_1 J 1 — converges by the Altemating Series Test: 

1/n n —>oo n 2 + 1 n=\ n 2 + 1 


lim 

n—*oo 


{stt} 


has positive terms, is decreasing since 


lim „ = 0. Thus, 52 (-l) n 1 — is conditionally convergent. 

n—*oo n 2 + 1 n=l n 2 + 1 


í—V = - 

\x 2 + lj (x- 


(x 2 + 1 )' 


< 0 for x > 1 , and 


11 . lim 

n—*oo 


&n+l 


a-n 


- i, m lZfe+2!, „ m , , im 


(2n)! 


n—*oo 1 /( 2 n)! n—*oo ( 2 n + 2 )! n-»oo ( 2 n + 2 ) ( 2 n + 1 ) ( 2 n)! 


n— *oo ( 2 n + 2 ) ( 2 n + 1 ) 


= 0 < 1, so the series is absolutely convergent by the Ratio Test. Of course, absolute 


13 . 


convergence is the same as convergence for this series, since all of its terms are positive. 


= - lim (n + 1) = oo, so the series diverges by the Ratio Test. 

e n—*oo 

. 1 , 1 32, sin 2 n , , , , 

< —^ and 5_, — converges (p-senes, p = 2 > 1), so 52 —— conver g es absolutely by the 

n n= i n n =i n 


12 . lim 

&n+1 

= lim 

(n + l)!/e n+1 

n—*oo 

a n 

n—*oo 

n!/e n 


sin 2 n 


n^ 


14 . 


Comparison Test. 
arctann tt/2 ^ 7 r /2 


< —and 52 “V conver g es (p = 3 > 1 ), so 52 ( _1 ) n 


a=i n’ 


arctan n 
n 3 


converges absolutely by the 


Comparison Test. 


15 . lim 

& n +1 

= lim 

n—+oo 

a n 

n—>oo 


(n + 1) 3 n+1 4 n_1 


4 n 


4 n_1 1 /3 n + l\ 3 .. 

—— = lim - -- = - < 1 , so the senes ís absolutely 

n . 3 n J n—oo n ) 4 


convergent by the Ratio Test. 

(n + l ) 2 2 n+1 n! 


16 . lim 

&n+ 1 

= lim 

n—+oo 

a n 

n—+oo 

oo 

E (- 

n=l 

__ 2 o n 

-i) n+in ^ i S£ 
n! 

17 . lim 

a n + 1 

= lim 

n—»oo 

a n 

n—»oo 


- 

( 1\ 2 2 

= lim 


n—+oo 

\ n J n + 1 


= 0 , so the series 

ri j n - 1 - ± 

is absolutely convergent by the Ratio Test. 

1 .. /10 n+l\ 5 , . . 

= lim — --- = - < 1 , so the senes ís 

n —>oo y4 2 n + 2/ 8 


10 n+1 (n + 1) 4 2n+1 
+ 2) 4 2n + 3 ' 10” 


absolutely convergent by the Ratio Test. Since the terms of this series are positive, absolute convergence is the same 
as convergence. 
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TL7T I oo 1 ' n 

18. cos — < 1, so since J2 —7= converges (p = § > 1), the given series converges absolutely by the Companson 


Test. 
19. lim 

n—»-oo 


20 . lim 

n—»oo 


Q>n+1 


CLn 

dn+1 


t^i riy/ñ 


= lim ^ U ^ -= lim U 1 = oo, so the series diverges by the Ratio Test. 

n-oo n!/lO n n-»oo 10 


dn 


= lim (" + l) ! / (" + l)" = i im = lim - „ - 

n—>oo n!/n n n—t-oo (n + 1) n—*■ oo (l + 1 / Ti) C 


— = - < 1, so the series 


converges absolutely by the Ratio Test. 


21. 1 CQS ( n7r / 3 ) l < 1 an d V — converges (Exercise 12.4.29 [ET 11.4.29]), so the given series converges absolutely 

n! n! n =i n! 

by the Comparison Test. 

22. lim x/|a n | = lim t-— = 0 < 1 so the series converges absolutely by the Root Test. 

—— v 1 ban 


( n \ 1 /n 

n 0 ■ ) = lim —=-— = oo, so the series is divergent by the Root Test. 

3l+3n J n—*oo . 33 


Or: lim 


d n +l 

= lim 

d n 

n —»00 


\/3 • 3 3 

(n + l) n+1 3 1+3 

3 4 +3n ‘ n n 


= lim 

n —»00 


n + 

3 3 V n 


i) n (- 


+ 1) 


= ¿ lim ( 1 + - ) lim (n + 1) = ¿e lim (n + 1) = oo 

27 n—»oo y n/ n—*oo V 27 n—oo 

so the series is divergent by the Ratio Test. 

24. Since < — - — 1 is decreasing and lim —^— = 0, the series converges by the Altemating Series Test, but since 
(nlnnj n-»oonlnn 

1 


V) —/— diverges by the Integral Test (Exercise 12.3.19 [ET 11.3.19]), the given series converges only 
2 ln n 

:onditionally. 

1 + l/n 2 _ 1 


25. lim = lim ,++ 1 = lim 


n—>-oo 

Root Test. 


oo 2n 2 + 1 n—+oo 2 + 1 /n 2 2 


= - < 1, so the series is absolutely convergent by the 


^ 12 

26. lim \/\dn\ = lim - = —jt = — < 1 so the series converges absolutely by the Root Test. 

n—t-oo v n—oo arctan n 7 t/2 tt 


27. lim 

n—*OG 


d n +l 


dn 


,. (n +1)!/ [1-3-5 .(2n +1)1 .. n+1 1 , .. 

= lim - , / r / l „ -+—Tyj ~ = lim = - < 1, so the senes converges 

n—*oo n!/ [1*3-5.(2n — 1)] n —»00 2n +1 2 


absolutely by the Ratio Test. 

1-4-7.(3n-2)(3n+l) 

3-5-7.(2n + 1) (2n + 3) 

1-4-7.(3n - 2) 

3-5-7.(2n + 1) 


28. lim 

n—»oo 


d n +l 


d n 

Ratio Test. 


= lim 

n—»oo 


= lim = - > 1, so the series diverges by the 

n—-oo 2n + 3 2 


o° 9.4 . fí . .. 

a - 

n=l lb ' 


30. lim 


(o<n) oo o n n* 00 

——= Y' -- = / 2 n which diverges by the Test for Divergence since lim 2 n = 00 . 

ri I n —»00 

n=l ll ' n=l 




2 n+1 (n + 1)! 

d n +l 

= lim 

n— ► 00 

5 • 8• 11 ■ • ■ 

• • (3n + 5) 

d n 

2 n n! 



5 • 8•11 • • ■ 

• • (3n + 2) 


2 (" + !) _ 2 <• j , 


= lim ~ < 1 so the series converges absolutely 

n—* 00 3n + 5 3 


by the Ratio Test. 
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31. By the recursive definition, lim 

n—+oo 

32. By the recursive definition, lim 

n—*oo 

Ratio Test. 


fln+l 

= lim 

CL n 

n—► oo 

CL n +1 

= lim 

CL n 

n—► oo 


5n + 1 


4n + 3 
2 + cos n 


= - > 1 , so the series diverges by the Ratio Test. 


33. (a) lim 

n—+oo 


(b) lim 

n—+oo 


l/(n + l ) 3 
1 /n 3 

(n + 1 ) 
2 n+1 n 


= lim 


n 


= lim 




1 


= 0 < 1 , so the series converges absolutely by the 


(n + 1 ) n -^°° (1 + 1 /n) 


= 1. Inconclusive. 


(c) lim 


(d) lim 


(~3) n Vñ 

VñTl (— 3)"- 1 

\/n + 1 1 + n 2 


= lim * = lim ( i + i Conclusive (convergent). 

n-+oo 2n n—oo \2 2n J 2 

= 3 lim 4 / —= 3 lim . /-—í—r— = 3. Conclusive (divergent). 

n—►oo y n + 1 n—»oo y 1 + 1 /n 6 


1 + (n + l ) 2 \/ñ 

34. We use the Ratio Test: 


= lim 

,/i + i . 7 ^ 2 + 1 2 

n—>oo 

V n 1 /n 2 + (1 + 1 /n ) 2 


= 1. Inconclusive. 


lim 

n —+oo 


fl n+l 

= lim 

n—»oo 

[(n + l)!] 2 /[fc(n + l)!] 

On 

(n!) 2 /(fcn)! 


= lim 

n —►00 

(n + 1) 2 


[A; (n + 1 )] [k (n + 1) — ' 


Now if k = 1, then this is equal to lim 


(n + 1) 2 
(n + 1 ) 


= oo, so the series diverges; if k = 2 , the limit is 


lim 

n—>oo 


( n + l ) 2 


1 


( 2 n + 2 ) ( 2 n + 1 ) = 4 < so tlie series converges, and if k > 2 , then the highest power of n in the 
denominator is larger than 2, and so the limit is 0, indicating convergence. So the series converges for k > 2. 


35. (a) lim 


n—+oo 

all x. 


ttn+l 


&n 


/ín + 1)! 1 

= lim -■ ■—— = \x\ lim -- = 0, so by the Ratio Test the series converges for 

n—*oo \x\ n /n\ ' 1 n— +00 n +1 J 6 


(b) Since the series of part (a) always converges, we must have lim — = 0 by Theorem 12.2.6 [ET 11.2.6]. 


n— +00 n! 


36. (a) Rn— &n +1 + CLn +2 + CL n + 3 + fln+4 + * * * — CL n + 1 /1 H -- H-— H - —— + * * * ^ 

\ CL n + 1 Cln+1 fln+1 / 


) 


í . . CL n +2 . U>7T,-j-3 U>7j,-|-2 . &n+4 ^n+3 O n +2 . 

= a n +i 1 H-1-1-b ■ 

\ Qrn-fl <3,n-f-2 &n+l ÍÍn+3 &n+2 Q-n+1 

= ^n+l (1 + T n+1 + ^n+2^n+l + 7’n+37 , n+27’n+l H-) (★) 

„2 i _3 i \ r~ 1 ^___i _ a n+l 


< a n +i (1 + r n +1 + r 2 +1 + r£+i H-) [since {r n } is decreasing] = — 1 


r n +i 


(b) Note that since {r n } is increasing and r n —► L as n —► oo, we have r n < L for all n. So, starting with 
equation ★, 

Rn = a n +i (1 + r n _|_i + r n + 2 r n -|-i + r n +3r n +2r n +i + • • •) < a n +i (l + L + L 2 + L 3 + • • •) = 





































































SECTION 12.6 ABSOLUTE CONVERGENCE AND THE RATIO ANO ROOT TESTS ETSECTION 11.6 □ 127 


”• <*> « = ¿ SF “ 5 + 1 + k + ¿ + = Í5 “ °- 68854 - Now "» ra,i “ 

712 71 


7*n +1 T' n — 


a n (n + 1 ) 2 n+1 2 (n + 1 ) 

71-fl 71 (71 -h l ) 2 — 71 (71 + 2) 


form an increasing sequence, since 

1 


2 ( 7 i-f 2 ) 2(71 + 1) 2(n + l)(n + 2) 2(n + l)(n + 2) 

a6 


> 0. So by 


Exercise 36(b), the error is less than 


1/Í6-2 6 ) 1 

= -L± - -1 = — « 0.00521. 

1 — lim r n 1 — 1/2 192 

n —>oo 


(b) The error in using s n as an approximation to the sum is R n = Qn+ y = -7 — , , . We want 


1 - \ (n + 1 ) 2 n + x * 


R n < 0.00005 <+ 


1 


< 0.00005 <(+ (71 + 1) 2 n > 20,000. To find such an n we can use trial 

11 1 


(n + 1 ) 2 

and error or a graph. We calculate (11 + 1) 2 11 = 24,576, sosn = 
of the actual sum. 


n —1 n2 
a n +1 _ 7 i + 


' 0.693109 is within 0.00005 


10 TJ 1 o q 10 

38 -£^ = 5 + 4 + 8 + ' + iÓ24 O!l - 988 ' n ’ 0raÜOS ’'”= 2 n 


i -K i+ ») 


form a decreasing 


11 12 6 

sequence, so by Exercise 36(a), using an = ■ ¿ and m = — = —, the error in the above approximation is 

2048 22 11 


less than 


an 


: 0.0118. 


1 -7T1 

39. Summing the inequalities — |a«| < o¿ < |a¿| fori = 1,2,... ,n, we get - £” =1 |a 4 | < a ¿ < T,7=i l a il 

=► - Um E”=i l a <l < Mm E"=i a ¿ < Um E?=i l a il =► - E~ i l a -l < E~ i a « < E“=i l a "l =* 

n—► oo n —► oo n—► oo 

|E~i a n|<E~i Kl- 

40. (a) Following the hint, we get that \a n \ < r n for n> N, and so since the geometric series converges 

(0 < r < 1), the series l fln l conver g es as we *l by the Comparison Test, and hence so does l an l> 

so °n is absolutely convergent. 

(b) If lim \Z\a n \ = L > 1, then there is an integer N such that ^/|a n | > 1 for all n > N, so |a n | > 1 for 

n— >oo v 

71 > N. Thus, lim a n ^ 0, so £^= í an diver g es b y the Test for Divergence. 


41 . (a) Since a n is absolutely convergent, and since |a + | < |a n | and |a n | < |a n | (because a + and a n each equal 

either a n or 0), we conclude by the Comparison Test that both a n and a~ must be absolutely convergent. 
(Or useTheorem 12.2.8 [ET 11.2.8].) 

(b) We will show by contradiction that both a + and a ñ must diverge. For suppose that ^ a n 
converged. Then so would JL ( a í — \ a n) by Theorem 12.2.8 [ET 11.2.8]. But 

£ (a n - ±a n ) = [\ ( an + Kl) “ \ a A = \ E l an l> which diverges because £ a n is only conditionally 

convergent. Hence, a í can t conve rg e - Similarly, neither can '¡T, a~. 

42 . Let ^ bn be the rearranged series constructed in the hint. [This series can be constructed by virtue of the result of 
Exercise 41(b).] This series will have partial sums s n that oscillate in value back and forth across r. 

Since lim a n = 0 (by Theorem 12.2.6 [ET 11.2.6]), and since the size of the oscillations \s n — r\ is always less 

n— >00 

than |a n | because of the way Y b n was constructed, we have that Y b n = lim s n = r. 

' ' — n—»oo 
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“EJ2.7 Strategy for Testing Series 


ET11.7 


jff 2 1 \ / 77? 

1. lim a n = lim = lim —-—— = 1 ^ 0, so the series diverges by the Test for Divergence. 

n—*oo n—*oo Tl ¿ + 1 n—*oo 1 + 1 /n 


O t -P ~ 72 1 j ^ f u i • O'Ti i. 72 72 1t 1 1/72 . 72 1 

Z. 11 a n = — 9 -~ , and b n = —, then lim — = lim - = lim - , „ , — 1 , so the senes Y 


72 2 + 72 ' L 72 ’ n—+oo b n n-^oo 72 2 + 72 n^oo 1 + 1/72 

diverges by the Limit Comparison Test with the harmonic series. 


n=i n ¿ + n 


11 o° 1 oo 1 

3. —5— — < -5- for all 72 > 1, so Y “^r~¡— converges by the Comparison Test with Y —7, a p-series that 

72 ^+ 72 72 2 n=l 72 2 + 72 ^ 72 2 

converges because p = 2 > 1 . 

72-1 


4. Let 6 n = 


72 2 + 72 


. Then b\ = 0, and 62 = 63 = but 6 n > 6 n +1 for 72 > 3 since 


rE - 1 \ (x 2 + rr) - (x - 1 ) ( 2 rr + 1 ) - x 2 + 2 x + 1 

- ‘ — -—-Tñ-= — 7 - - ~o — < 0 for x > 3. (This can be confirmed with a 

(x 2 + x) 2 (x 2 +x) 2 


\X 2 + X J 


graph.) Thus, { 6 n | n > 3} is decreasing and JUrn^ b n = 0, so Y ( _1 ) n 1 - ™ 2 converges by the Altemating 


Series Test. Hence, the full series Y (— 1) 

n=i 1 n 2 +n 


n=3 n 2 + 72 

also converges. 


5. lim 

n—*oo 

Test. 


<2n+l 


/ 3 n+2 2 3n \ 3 3 

= n ™o ( 23 n +3 ‘ gñ'+i ) = ^3 = g < 1» so series is absolutely convergent by the Ratio 


6. lim a/ 1 aJ = lim 


372 


= lim 


n—KX> 1 + 872 n-*oo 1/72 + 8 8 

00 1 . 


= I<1 


oo f 3n \ n 

, s ° Y i , o converges by the Root Test. 

n=l \ 1 + 072/ 


7. Y k 1,7 = U JTJ 1S a convergent p-series (p = 1.7 > 1). 

fc=i fc= 1 « 


8 . lim 

n—*oo 


9. lim 


a n +i 


CL n 

Étn+1 


10 n+1 /(n + l)! 


a n 


/ v- . 10 

= lim --r . , —— = lim -- 

n—*oo 10 n /72! n—*oo 72+1 

o n +l 


= 0 < 1, so the series converges by the Ratio Test. 


r (72 +1) /e n+1 1 n +1 1 , , f ^ _ 

= iim - — -= - lim -= - < 1, so the senes converges by the Ratio Test. 

n —00 n/e n e n-*oo n e 


10. Let f (x) = x 2 e x . Then / is continuous and positive on [1, oo), and f (x) = 


x(2-3^ 


< 0 for x > 1 , so / 


• is decreasing on [1, oo) as well, and we can apply the Integral Test. ff° x 2 e~ x3 dx = \im [“i 6 " - * 3 ] = so 
the series converges. 


1 . . 00 (—l ) n+1 

11. b n = ^ —- > 0 for 72 > 2, { 6 n } is decreasing, and lim 6 n = 0, so Y n convef g es t>y tlie Altemating 

00 1 

Series Test. The series is conditionally convergent since Y —;— diverges by Exercise 12.3.19 [ET 11.3.19]. 

n —2 72 lll 72 


12. The series X^^Li sin72 diverges by the Test for Divergence since lim sin n does not exist. 









































SECTION 12.7 STRATEGY FOR TESTING SERIES ETSECTION 11.7 □ 129 


13. Let / ( x ) =-ó. / ( x ) is clearly positive and decreasing for x > 2, so we apply the Integral Test. 

x(lnx) 


í°° _ 2 _ 

J 2 x (ln x 


T dx = lim 


(lnx) d ^ 00 L(lnx) . 


-1 


= 0 - 


-1 

(ln2) : 


, which is finite, so Y - 3 converges 


n =2 n (lnn) 


14. Using the Limit Comparison Test with a n = n _ ] and 6 n = —, we have 

n 3 -h 1 n 


lim = lim n - —= lim ] + = 1 > 0. Since Y^-i is the divergent harmonic series, Y^-i 

n —>oo b n n-*oo n 3 + 1 n—oo 1 + l/n ¿ 

is also divergent. 


15. lim 

n—>oo 


an — = lim -- (n + 1 ) / (p _ + _ !)• _ ^ ÜlLÍ = o, so the series converges by the Ratio Test. 

a n n—+oo 3 n n 2 /n! n—oo n J 

1 00 (—l ) n_1 

16. b n = —= -for n > 2. { 6 n } is a decreasing sequence of positive numbers and lim b n = 0, so Y — T=~—T 

yjn — 1 n—»oo n -2 V 71 “ 1 

converges by the Altemating Series Test. 

\ n oo on 

3 


3 n 3 n / 3 \ 71 °°/3\ n 

n. — -< — = (-) . Since Y ( 7 is a convergent geometric serii 

5 n + n 5 n \ 5 y n=1 \5/ 


series (|r| = f < 1), E 


r'i 5 n + n 


converges by the Comparison Test. 


18. lim 

Gfc+1 

= lim • 

fc—♦ oo 

Ofc 

fc—» oo 

19. lim 

ttn+1 

= lim 

n—»oo 

a n 

n—»oo 

Test. 



7ÍI lim 


n 

£U. iilli 
n—»oo 

(n + 1 ) (n + 2 ) 


, so the series converges by the Ratio Test. 


(n+ 1 )! 


n! 


n—»oo 3 n + 5 3 


, so the series converges by the Ratio 


2-5-8.(3n + 2) 

1 


= lim 


= 0 , so since { 6 n } is a positive, decreasing sequence, 


oo n 

Y ^ converges by the Altemating Series Test. 

n=i (n + l)(n + 2 ) 

21. Use the Limit Comparison Test with a¡ = — , ^ and 6 ¡ = -. 


a i 1 00 

lim -r 1 = lim — . = lim . - : = 1. Since V diverges (harmonic series) so does 

bi ¡_ 0 o ¡TJJ i_oo yi + 1 Ji ^ 

oo 1 

E 


¿=1 


t=l yjí (l + 1 ) 


_t n n 1 °° yj n 2 — 1 

22 n 3 + 2rt 2 + 5 < „3 + 2 „ 3 +5 < S ^ ,orn ¿ *• “ „.+2« 3 +5 by C °^ tóS °" TeS ' 

with the convergent p-series l/^ 2 - 

23. lim 2 1/n = 2° = 1, so lim (—l) n 2 1/n does not exist and the series diverges by the Test for Divergence. 

n—>00 n—>00 

0 _ |cos(n/2)| 1 , . ^ 1 / n IX cos(n/2) . . „ . , . 

24. -—< — and since V — converges (p = 2 > 1 ), V — 0 ■ ■■■■■■ ■ converges absolutely by the 

n 2 +4n n 2 n ^ ' 

Comparison Test. 


’ n =i n 2 + 4n 
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25. Let / ( x ) = — j=. Then f' ( x ) = ■ 2 ^ 3/2 ^ 0 when lnx > 2 or x > e 2 , so is decreasing for n > e 2 . 

By rHospital’s Rule, lim —= = lim = lim — 7 = = 0, so the series converges by the Altemating 

n->oo y'n n —00 1 / ( 2 vñ) n —00 01 & ^ 6 

Series Test. 


tan ( 1 /n) 
n 


26. Let a n = ' v and b n = —,-. Then 


n z 


v ° n t ^ / \ tan(l/n) h (-1/n 2 ) sec 2 (1/n) 

hm — = lim n • tan (1/n = lim —= lim - L — / v 1 > = S ec 2 (0) = 1 > 0, so sir 

n->oo bn n—*oo n-+oo \/n n->oo — 1/n 2 1 

00 00 tanfl/n) 

&n converges (p = 2 > 1 ), -■ 7 ; converges also, by the Limit Comparison Test. 

n=l n=l n 

oo ^ 2 ) 2n 00 / 4 \ 71 _ ^ 

27. ^ -ñ— = Y ( ~ ) • 1™ Vl° n l = - = 0, so the series converges by the Root Test. 

” n=l\n/ n—*oo v n—»oo n 6 7 


28. lim 

n—>oo 


=1 n 

Gn+l 


n n 


+ n 2 + l 

, p;n 
n=l O 


_ i:„ <*n+i / n 2 + 2n + 2 5" \ ( 1 + 2/n + 2/n 2 1\ 1 

-n 1 !™— -n 1 ^ (—«+1 ' =„!í“ ( 1 + 1 /n 2 ' • 5 ) = 5 < 1>! 


converges by the Ratio Test. 


29. 


Inx , 

Inx 1 

/ ——dx = lim 


/2 X ¿ t— >00 

X X 


H Q° ]y| 

(using integration by parts) = 1 . So Y —T conver g es by the Integral Test, 

1 n=l 71 


and since 


k ln k k\nk ln k 


(k 


~ ^ ~ 3 < ^ 3 = -j-j -, the given series converges by the Comparison Test. 


30. Since | i | is a decreasing sequence, e 1/n < e 1/l = e for all n > 1, and Y ~2 conver g es (p = 2 > 1), 


so 


0 i/« 


ri=l 


converges by the Comparison Test. (Or use the Integral Test.) 


31. lim 


n—+oo 

Test. 


ttn+l 


Q>n 


= lim 


2 n+1 / (2n + 3)! _ 


= 2 lim 


n-+oo 2 n /(2n + l)! n->oo (2n + 3) (2n + 2) 


= 0, so the series converges by the Ratio 


\fx 


32. Let / (x) = . Then / (z) is continuous and positive on [ 1 , oo), and since f' ( x ) = 

X + o 


5 — x 


x > 5, / ( x ) is eventually decreasing, so we can use the Altemating Series Test. 

_^L _ v, r 1 

n—>oo Tl - 


2y/x (X + 5)' 


< 0 for 


hm y -- c = lim ■■ - / " — t-tt = 0 , so the series converges. 

- + 5 n—+oo n 1 / 2 + 5n -1 / 2 & 


tan 1 n tv/2 ^ tv/2 __ n 


1 


31 0 < n E +1 = £ n E +2 whích is a convergent p-series (p = § > 1), so 

OO 1 /jr^ 

Y " n 3/ 2 conv erges by the Comparison Test. 


34. Jhrn^ Vl° n l ~ — Jtim^ ^ = 0 so the series converges by the Root Test. 


2 n 

n-+oo 71 2 n —+00 n 

2 / 


35. lim C/K| = lim (-2- 

n— >00 n— +00 \n + 1 


n 2 /n 


= lim 


1 


1 


n-+oo [(n + 1 )/n] n lim (1 + l/n) n e 

n—+oo 

[ ET 3.8.6]), so the series converges by the Root Test. 


ñ = ~ < 1 ( see Equation 7.4.9 
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36. Notethat (lnn) lnn = ( e lnlnn ) lnn = ( e '»") lnlnn — n 'n'nn anc n n i nn oo as n -> oo, solnlnn > 2 for 

1 1 °° 1 

sufficiently large n. For these n we have (lnn) ln n > n 2 , so —- < — 5 • Since 52 “2 conver g es 

(lnn) n n =2 n 

oo \ 

(p = 2 > 1), so does 52 -by the Comparison Test. 

n =2 (ln n) nn 

37. lim \Aa^\ = lim [ 2 1/n - l) = 1 - 1 = 0 , so the series converges by the Root Test. 

n—>oo V n— kxí \ / 

fln 2 1 / 71 — 1 H 

38. Use the Limit Comparison Test with a n = y/2 - 1 and b n = 1/n. Then JLirn^ - Jim^ — = ln 2 > 

So since 6 „ diverges (harmonic series), so does ( \/2 - l). 

Altemate Solution: 


y/2 — 1 = 


2 (n-i)/« + 2 ( n ~ 2 )/ n -f- 2 ( n " 3 )/ n H - b 2 1 / 71 -f-1 


[rationalize the numerator] > —, and since 


V i = - f i diverges (harmonic series), so does 52 ( y/2 - l) by the Comparison Test. 
n=i 2 n 2 n= i n n=i 



Power Series 


ET11.8 


1. A power series is a series of the form 52íL=o = °o + cix + C 2 X 2 4- C 3 X 3 -+*•••» where X is a variable and the 
Cn’s are constants called the coefficients of the series. 

More generally, a series of the form 52ÍL=o c n{ x — °) n = co + ci (x — a) + C 2 (x — a) 2 + ■ • • is called a power 
series in (x — a) or a power series centered at a or a power series about a. 

2. (a) Given the power series 5Ü^°= 0 c ™ ( x ~ a T ' the radius of conver g ence is: 

(i) 0 if the series converges only when x = a 

(ii) 00 if the series converges for all 2, or 

(iii) a positive number R such that the series converges if \x - a\ < R and diverges if \x — a\> R. 

In most cases, R can be found by using the Ratio Test. 

(b) The interval of convergence of a power series is the interval that consists of all values of x for which the series 
converges. Corresponding to the cases in part (a), the interval of convergence is: (i) the single point {a}, (ii) all 
real numbers, that is, the real number line (—00,00), or (iii) an interval with endpoints a — R and a + R which 
can contain neither, either, or both of the endpoints. In this case, we must test the series for convergence at each 
endpoint to determine the interval of convergence. 


0>n+1 

= lim 

n—»oo 

a ; n+1 

= lim 

n— > oo 

X 

l x l - - w 

a n 

y/n + 1 x 

\/n + 1 /y/n 

™^i + i / n ' 


= |x|. By the Ratio Test, the 


3. lim 

n—»00 

series converges when |x| < 1, so the radius of convergence R= 1. When x = 1, the series 5 IÍL=i V V™ diverges 
because it is a p-series with p = \ < 1, but when x = — 1, it converges by the Altemating Series Test. So the 
interval of convergence is I = [— 1 , 1 ). 

v.n+1 


4. lim 

n—»00 


0 >n+l 


a-n 


= lirri 

n—+00 


n + 1 


71 + 2 


= lim 


71—+00 1 + 1 / (n + 1 ) 


00 (—\) n x n 

= \x\. By the Ratio Test, the series 52 “— 

n =0 n + 1 


converges when \x\ < 1, so R = 1. When x - -1, the series diverges because it is the harmonic series; when 
x = 1 , it is the altemating harmonic series, which converges by the Altemating Series Test. Thus, I = (—1,1]. 
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5. If a n = nx n , then lim 

n—*oo 


Cln +1 


a-n 


= lim 

n—♦ oo 


(n + 1 ) x n+1 
nx u 


n H -1 


= |x| lim -- ~ r ■ - = |x| < 1 for convergence (by the 

n—► oo 71 

Ratio Test). So i? = 1. When x = 1 or -1, lim nx n does not exist, so Y^Lo nx;n diverges for x = ±1. So 


6 . If a n = — then lim 

n z n—► oo 


fln +1 


Q-n 


= |x| lim ( —) = |x| < 1 for convergence (by the Ratio Test), so R = 1. If 

n—► OO y 71 + 1 / 


OO OO 2 

x = ± 1 , J2 \ a n | = J2 “o» which converges (p = 2 > 1 ), so I = [- 1 , 1 ]. 

n=l n=l n 


7. If a n = —, then lim 

71: n—♦ oc 


n n +i 


x n+1 /(n + 1 )! 

a n 

— lim 
n—*• 00 

x n /n! 


= Ixl lim -- 

n—oo 71+1 


= 0 < 1 for all x. So, by the Ratio 


Test, R = oo, and / = (—oo, oo). 

8 . Here the RootTest is easier. If a n — n n x n then lim v/|a^J = lim n|x| = oo if x ^ 0, so R = 0 and 

n—>oo n—*oo 

/ = {0}. 


9. lim 

n—»oo 


Qn+1 

a n 


- i:™ (n + l)4" + 1 M n+1 


lim 

n—> oo 
> _ 1 


n4 n |x| n 


= lim 4 |x| =4|x|. Now4|x| < 1 |x|<^,soby 


the Ratio Test, R = 1. When x = 1, we get the divergent series J2^Li(~ l) n n, an d when x = — 1, we get the 
divergent series JZ^Li n - Thus, I = 7 ). 


10 . lim 


n n +i 


x n+1 n3 n 

a n 

— lim 

n —»00 

(n + 1) 3 n+1 x n 


Ixl |x| 

= lim — . ' 1 - ■ = so by the Ratio Test, the series 
n—+oo 3 (1 + 1/n) 3 


x 

converges when —!■ < 1 ^ |x| < 3, so R = 3. When x = —3, the series is an altemating harmonic series, 

which converges by the Altemating Series Test. When x = 3, it is the harmonic series, which diverges. Thus, the 
interval of convergence is [— 3 , 3 ). 


3 n x n 

11. If a n =- ñ, then lim 

(n+ 1 ) 


n n +i 

= lim 

a n 

n —♦ 00 


3 n+1 j n+1 (n + 1) : 


= 3|j| lim ( " ) =3|j|<lfor 

1 n—*oo \n + 2J 11 


1 °° 1 
- ~2 = Y Z~2 1S a 


(n + 2) 2 3 n x n 

convergence, so |x| < 5 and R=±. When x = £ 3 / 2 = £ 2 - -5 

n=0 (n + 1 ) n=0 (n + 1 ) n=l n 

00 3 n x n 00 / 

convergent p-series (p = 2 > 1). When x = J2 --s- = 1] —”2 which converges by the 

n=0 (n + 1) n=0 (n + 1 ) 

Altemating Series Test, so / = [— |]. 

a n +l |X| .. /n+l\ 2 |X| „ - 

= 7 -j- lim - = -77 < 1 for convergence (by the Ratio Test), 

1U n—>oo \ n J 10 


n 2 x n 

12. If a n = ——, then lim 

10 n n—*cx 


a n 


so 


i? = 10. If x = ±10, |a n | = n 2 —► 00 as n 00 , so X)^Lo ÜTl diverges (Test for Divergence) and 

/ = (- 10 , 10 ). 


13. If a n = ;-, then lim 

m n n—+cx 


n n +i 

- lim 

x n+1 lnn 

a n 

n—*o 0 

ln (n + 1 ) x n 


= \x\ lim T _ / n 71 , N = |x|, so R = 1. When 


n—♦ 00 ln (n + 1) 

OO /£ n 00 1 1 1 OO 1 

x = 1, Y - -= Y 7 -which diverges because - - > — and V — is the divergent harmonic series. When 

n =2 ln n n =2 n lii n n n = 2 n 


00 00 (_i) n 

x = — 1, -= J2 *—— which converges by the Altemating Series Test. So / = f— 1 ,1). 

n = 2 lnn n =2 lnn 
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14. lim 

Q>n +1 

= lim 

n —»00 

Q>n 

n—+oo 


(n + l ) 3 (x - 5) 


n+1 


n 3 (x — 5) n 


= lim |x - 5| = |x - 5|, so by the RatioTest, the 

n *• oc y n J 


series converges when \x — 5| < 1 4<cc<6. When x = 4, the series becomes ( — 1) 71,3 » w ^ich 

diverges by the Test for Divergence. When x = 6 , the series becomes n3 » w hich ^ so diverges. Thus, R = 1 

and/ = (4,6). 


15. lim 

n—*oo 


Q-n+1 


Q>n 


- lim t - 1 ^ —th— = lim \íl + - |i - 1| = \x - 1|, so by the RatíoTest, the series 

n—»oo Wn\x— 1 n—>oo \ U 


converges when \x — 1| < 1 —1 < x — 1 < 1 4 => 0 < x < 2. R = 1. When x = 2, the series becomes 

J2™=o w hich diverges by the Test for Divergence. When x = 0, the series becomes ( _1 ) n w hi c ^ 

also diverges by the Test for Divergence. Thus, / = (0, 2). 


f-l ) 71 x 2ri ~ l 

16. If a n = - TTj »then lim 

( 2 n — 1 )! n—>oo 


Q-n+l 


Q>n 


= lim 


n—+oo ( 2 n + 1 ) 2 n 


= 0 < 1 for all x. By the Ratio Test the series 


converges for all x, so R = oo and / = (—oo, oo). 

x + 2| n+1 n 2 r 


17. lim 

n—*oo 


Q>n+\ 


Q>n 


1111A _ _ — . ^^~ —■■ = so by the Ratio Test, the 

n—► oo (n + 1 ) 2 n + 1 |x + 2 | n J n—+oo n + 1 2 2 


= lim 


= lim 


series converges when 


\ x + 2 | 


<1 ^ |a? + 2| <2 <=> —2 < x + 2 < 2 -4 < x < 0. R = 2. When 


oo ( _o ) 71 00 2 n 00 1 

x = - 4 , the series becomes £ (- 1 )” v ' = £ — = £ -, which is the divergent harmonic series. 

n =1 n=l 71 ^ n=l n 

oo /_]^ n 

When x = 0, the series is T -——, the altemating harmonic series, which converges by the Altemating Senes 

71=1 

Test. Thus, / = (—4,0]. 


18. lim 

n—+oo 


Q>n +1 

= lim 

n —»00 

(—2 ) n+1 (x + 3 ) n+1 

y/ñ 

Q>n 

sjn +1 

(—2)" (x + 3) n 


= lim 2|a: + 3 L = 2 jx + 3| <1 «■ 
n -^°° >/1 + 1 /n 

(-i r 


|x + 3|<5 <+ -| < x < -f. Thus, ñ = |. When x = -§, the series becomes £ which 

°o 1 

converges by the Altemating Series Test. When x = — |, the series becomes diverges because it is 

ap-series withp = \ < 1. Thus, / = (—f, — §]. 

19. If a n = — ~ , then lim f/|an| = lim ——— = 0, so the series converges for all x (by the Root Test). 

n n n—>oo v n—+oo n 

R = oo and / = (—00, 00). 


20. lim 

n—+oo 


íln+l 

= lim 

n—>00 

(3x - 2) n+1 n3 n 

= lim | 

n—»00 

rH 

oT 

1 

« 

co 

II 

"CO 

H 

1 

to 

II 

r 

1 

|to 

Qn 

(n + 1) 3”+! (3x - 2) n 

^ 3 1 + 1/n/ 

1 3 1 “ 31 


the Ratio Test, the series converges when |x—||<1 +> -t-~<x<|.jR=1. When x = — |, the series is 

V the convergent altemating harmonic series. When x = |, the series becomes the divergent harmonic 

n=l 'Q' 

series. Thus, / = |). 
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21. If a n = 2 " (X 3) , then 
n -f 3 


lim 


O-n+l 


2 n+1 (x - 3 ) n+1 n + 3 

a n 

— Iim 

n—* oo 

n + 4 2" (x - 3) n 


= 2 \x — 3| lim ~~~ = 2 \x — 3| < 1 for 
n—^oo n + 4 


oo 2 n (x — 3 ") n 00 (— H n 

convergence, or |s - 3| < \ o § < x < and R = When x = §, ^ —--—= £ --which 

n=o n ~|~ 3 n=o n -\- ij 

o° 2 n (x_3) n 00 1 

converges by the Altemating Series Test. When x = §, ^ = S similar to the harmonic 

n=0 Tl + o n=0 72 + 3 

series, which diverges. So I = [|, |). 

On+l 


22. If a n = rrr, then lim 

71 (71 + 1) n—* oo 


= |® + 1 | lim -- 

n—>oo n + 2 


= |x + 1 | < 1 for convergence, or — 2 < x < 0 and 


1 1 oo °o i 

R = 1. If x = — 2 or 0 , then |a n | = , < —, so ^ \ ün \ converges since ^ — does (p = 2 > 1 ), and 


7l 2 + 72 72 2 n=l ' 


72 z 


n=l 


/ = [- 2 , 0 ]. 

23. If a n = 7 i! ( 2x — l) n , then lim 


Q>n+ 1 


(n + 1 )! (2x - l ) n+1 

dn 

— Iim 

n—»oo 

72! (2x — l) n 


= lim (n + 1 ) \2x — 1 | —► 00 as 


72 —► 00 for all x 7 ^ §. Since the series diverges for all x ^ R = 0 and I = {|}. 


24. If a n = 


then lim 


1 • 3 • 5 .(272 — 1) n —>00 

for all x => R = 00 and I = (— 00 , 00 ). 


Qn+ 1 


0>n 


72 + 1 

= |x| lim ——-— = 0 for all x. So the series converges 

n —>00 n (272 + 1) 


25. lim 

n —+00 


Q>n+ 1 

= lim 

n—*-oo 

'|4a; + l | n+1 

72 2 

Qn 

(n + l ) 2 

|4x + l| n 


= lim - |4X ± 11 , = 


|4x + 1|, so by the Ratio Test, the 


series converges when \Ax + 1| < 1 <í=> -1 < 4x + 1 < 1 <=$► -2 < 4z < 0 <=> -§ < x < 0, so 

00 (—l) n 

R = When x = — §, the series becomes Yh ~—2 5 converges by the Altemating Series Test. When 

n=l 72 

00 1 

x = 0 , the series becomes £ a convergentp-series (p = 2 > 1 ). I = [— 5 , 0 ]. 

n=l 72 


oc rr (-l) n (2z + 3 ) n 

26. If a n = --—\-— then lim 

72 ln 72 n—>oo 


Q>n +1 


_ 1 


n 


= |2x + 3| lim 


72 ln 72 


n-*oo (72 + 1) ln (72 + 1) 


= \2x + 3| < 1 for 


1 


convergence, so -2 < x < — 1 and R = When x = -2, )T a n = V 

n=2 n=2 72 m 72 


which diverges (Integial Test), 


oo oo í j\ n 

and when x = -1, a n = J which converges (Altemating Series Test), so I = (—2, —1]. 

n=2 n=2 72 In 72 


x n _ | x | 

27. If a n = 77 - r^r then lim v/|a n I = lim 7 —= 0 < 1 for all x, so ií = 00 and I = (— 00 , 00 ) by the Root 

(ln72) n —»00 v n—+oo In 72 


Test. 

28 - Ifa " = then 


< 2 n-|-l 


= lim |x 

n—»oo 


[2n + 2\ 


< 1 for convergence, so R = 1. 


If X = ±1, |a n | = 


2 • 4 • 6 • 


(2n) 


> 1 for all 72 since each integer in the numerator is larger than the 


1-3-5 .(2ti-1) 

corresponding one in the denominator, so ^ a n diverges in both cases by the Test for Divergence, and I = (-1,1). 
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29. (a) We are given that the power series °nX n is convergent for x = 4. So by Theorem 3, it must converge for 

at least — 4 < x < 4. In particular, it converges when x = —2, that is, Cn (—2) n is convergent. 

(b) It does not follow that Cn (“4) n is necessarily convergent. [See the comments after Theorem 3 about 
convergence at the endpoint of an interval. An example is c n = (—l) n / (n4 n ).] 


30. We are given that the power series * s convergent for x = — 4 and divergent when x = 6. So by 

Theorem 3 it converges for at least — 4 < x < 4 and diverges for at least x > 6 and x < — 6. Therefore: 

(a) It converges when x = 1, that is, ]T) c n is convergent. 

(b) It diverges when x = 8, that is, c n8 n is divergent. 

(c) It converges when x = — 3, that is, J2 Cn (—3)' n is convergent. 

(d) It diverges when x = —9, that is, J2 °n (~9) n = X) (—l) n c n 9 n is divergent. 


31. If a n 


(n\) k 

( kn)\ 


x n , then 


lim 

n—*oo 


CLn+1 


CLn 


, Um Kn+DfQn)! u, , Um _ (n + D* _ 

n—»oo [A: (71 + 1)]! n—oo (fcn + fc) (fcn + k — 1) • • • (fcn + 2) (kn + 1) 

(n+1) (n + 1) (n + 1) 1 . . 
n“oo [ (fcn + 1) (fcn + 2) (fcn + fc) 


\x\ 


= lim 


= lim 

n —► oo 


n -b 1 


kn + 1 


lim 

n—+oo 


n + 1 


kn + 2 


• lim 

n—► oo 


n + 1 


kn + fc 


■(i)‘ 


N < i <+ 


|x| < k k for convergence, and the radius of convergence is R = k k . 


32. The partial sums definitely do not converge to / (x) 
for x > 1, since / is undefined at x = 1 and negative 
on (1, oo), while all the partial sums are positive on 
this interval. The partial sums also fail to converge to 
/ for x < — 1, since 0 < / (x) < 1 on this interval, 
while the partial sums are either larger than 1 or less 
than 0. The partial sums seem to converge to / on 
(—1,1). This graphical evidence is consistent with 
what we know about geometric series: convergence 
for \x\ < 1, divergence for |x| > 1 (see 
Example 12.2.5 [ET 11.2.5]). 
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CLn 


T—l ') 71 rr 2n+1 

33. (a) If a„ = , , lo2w ., , then lim 

n! (n + l)!2 27l+1 n— c» 

converges for all x; the domain is (—oo, oo). 
(b), (c) The initial terms of J\ (x) up to n = 5 are 
x x 3 x 5 


= 1 


( ñ + 1) (n + 2) ~ ° for a11 X ' S ° Jl{x) 


ao= 2’ ai= ~T6’ a2 = 384’ 


Ü3 = — 


a; 


18,432’ 
x 11 


(24 = 


-, and 


1,474,560’ 

° 5 = ~ 1 76 947 200 ’ The paitial SUmS Seem t0 
approximate J\ (x) well near the origin, but as 
|x| increases, we need to take a large number of 
terms to get a good approximation. 

oo 

34. (a) A (x) = 1 + a n , where a n = — 



-2 


S 3 J 7 


_3n 


lim 

n—»oo 


fln+l 


n=l 


= |x| d lim 


2 • 3 • 5 • 6.(3n - 1) (3n) 

1 


, so 


n-»oo (3n + 2) (3n + 3) 


= 0 for all x, so the domain is R. 


(b) 



s 9 s 3 —2 

s o = l has been omitted from the graph. The partial sums seem to approximate A (x) well near the origin, but 
as |x| increases, we need to take a large number of terms to get a good approximation. 

To plot A, we must first define A (x) for the CAS. Note that for n > 1, the denominator of a n is 

(3n)! _ (3n)! 


2 • 3 • 5 • 6.(3n - 1) • 3n = 


1-4*7.(3n — 2) nj-i(3*-2) 


, so 


CL n 


— 1 + - x3n and thus A (x) = 1 + ^ — ~~ ( 3 n)! --x 3n . Both Maple and Mathematica 

n=l ' 

are able to plot A if we define it this way, and Derive is able to produce a similar graph using a suitable partial 
sumofA(x). 

Derive, Maple and Mathematica all have two initially known Airy functions, called AI_SERIES ( z, m) and 
SERIES ( z, m) from BESSEL.MTH in Derive and AiryAi and AiryBi in Maple and Mathematica (just 
Ai and Bi in older versions of Maple). However, it is very difficult to solve for A in terms of the CAS’s Airy 

functions, although in fact A (x) = ^^1-ryAiJx) + AiryBi (x) . 

\/3AiryAi (0) + AiryBi (0) 
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35. S2n-1 = 1 + 2x + x 2 + 2x 3 + ■ ■ ■ + x 2n ~ 2 + 2x 2n 1 = (1 + 2x) (l + x 2 + x* H- \-x 2n 2 ) 

1 _ „2n 1 _i_ Ot» 

= (1 + 2x) _ 2 [by (12.2.3 [ET 11.2.3]) with r = x 2 ]— _ — 2 as n -» oo [by (12.2.4 [ET 11.2.4])], 

1 | 2nc 1 | 2*2/ 

when |x| < 1. Also s 2n = s 2n -1 + x 2n — _ 2 since x 2n — 0 for |x| < 1. Therefore, s n — ^ ^ 


since S 2 n and 52n-i both approach 


1 + 2x 
1 — x 2 


as n 


f(x) = 


1 + 2x 
1 -x 2 ' 


oo. Thus, the interval of convergence is (—1,1) and 


36. s 4n —í = c 0 + cix + c 2 x 2 + c 3 x 3 + cox 4 + cix 5 + c^x 6 + c 3 x 7 H-h c 3 x 

= (co + Cix + C 2 X 2 + c 3 rr 3 ) (l + x 4 + x 8 + • • • + x 4rL 4 ) 


4n —1 


Cp + CjX + C 2 X 2 + C 3 X 3 
1 — X 4 


as n —> oo 


[by (12.2.4 [ET 11.2.4]) with r = x 4 ] for |x| < 1. Also s 4 n, s 4n +i> s 4n+2 have the same limits (for example, 

S4n = s 4n _! + c 0 x 4n and x 4n 0 for |x| < 1.) So if at least one of co, ci, c 2 , and c 3 is nonzero, then the interval 


of convergence is (—1,1) and / (x) 


Cp + Cix + c 2 x 2 + c 3 x 3 
1 — X 4 


37. We use the Root Test on the series Y) Cn.x n . lim V'|c n x n | = |x| lim ^fc^í = c |x| < 1 for convergence, or 

— n —>oo n—* oo 

|x| < 1/c, SO R = 1/c. 

38. Since £ Cn£ n converges whenever |x| < R, CnZ 2n = E Cn ( x 2 ) n converges whenever |x 2 1 < R <£> 

\x\ < VR, so the second series has radius of convergence V~R. 

39. For 2 < x < 3, c n x n diverges and d n x n converges. By Exercise 12.2.61 [ET 11.2.61], £ (c n + d n ) x n 
diverges. Since both series converge for |x| < 2, the radius of convergence of (c n + d n ) x n is 2. 



Representations of Functions as Power Series 

..... r-rr-1 ' 


ET11.9 


1. If / (x) = Y, c n x n has radius of convergence 10, then f' (x) = £ nc n x n 1 also has radius of convergence 10 

n=0 n=l 

by Theorem 2. 

2. If / (x) = f) &nX n converges on (-2,2), then ff(x)dx = C+ £ has the same radius of 

n=0 n=0 71 + I 

convergence (by Theorem 2), but may not have the same interval of convergence — it may happen that the 
integrated series converges at an endpoint (or both endpoints). 

1 1 oo oo 

3. f(x) = —— = -- 7 -r = £ (~ x ) n = £ (-l) n a: n with |-x| < 1 4* |x| < 1, so R = 1 and 

1 + X 1 ( X) n =0 n=0 

4- /(x) = -^=x(-^—) = iE*"=E ^" +1 = £ x n with ñ = 1 and J = (—1,1). 

1 X \ 1 X J n =0 71=0 71= 1 

5. Replacing x with x 3 in (1) gives / (x) = = £ (x 3 )" = Jf, x 3n . The series converges when |x 3 | < 1; 

1 — X n =0 n=0 

that is, when |x| < 1, so I = (-1,1). 
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6 ./(*) = 


I + g x 2 = ^ _ (~g x 2 ) = (-9x 2 ) n = Z) (-l) n 3 2n x 2n . The series converges when |-9x 2 | < 1 


that is, when |x| < so I = |). 

1 1 / 1 \ 1 OO /r 2 \ n oo /1 \ n ~,2n 

7 - f {x) = = 4 (l+PTí) = 4 n ?o ( “ 1)n (t) (usingExercise 3) = n ?o L ¿ti ' with 


<1 <=> x 2 < 4 <=> |x| < 2, so /e = 2 and / = (-2,2). 

1 J- T 2 O'T 2 OO OO OO 

8. / ( x ) = T~—j =1 + 7 - 2 =l + 2x 2 £ (x 2 ) n = l+ E 2x 2n+2 = l+ £ 2x 2n , with |x 2 | < 1 

1 X 1 — X n=0 n=0 n=l 

|x| < 1, so R = 1 and I = (-1,1). 

1 1 / 1 \ 1 QQ' / X\ n I X | 

9. / (x) =-- = —- ( - - jz =-- J - . The series converges when - < 1; that is, when |x| < 5, 

x o o\l —x/oy o n= o \ 5/ 151 

so I = (-5,5). 

10 . / (x) = -——r = x • — _ * . = x Y (— 4x) n = ]T (— l) n 2 2n x n+1 . The series converges when 

4X + 1 1 ( 4XJ n=0 n=0 

|—4x| < 1; thatis, when |x| < so I = (—1, ^). 

u. f (4 = -2^2 = (* + 2) 3 (x - 1) = ÍT2 + JL =* 3 = A (a; — 1) + B (i + 2). Taking x = —2, 
we get ^4 = —1. Taking x = 1, we get 5 = 1. Thus, 

_ - _—_ \ _L_ = _L_ _ I_J__ = _ y* x n _ 1 y /_£^ n 

x 2 -f x — 2 x - 1 x + 2 1 —x 2 1 + x/2 2 n T 0 \ 2/ 

oo oo r oo r f i \n+l 

= E [-i - § (-1)1 * n = E -i + (-é) n+1 * n = E r-^r- 

n=0 n=0 -* n=0 L " 


- 1 


We represented the given function as the sum of two geometric series; the first converges for x G (-1,1) and the 
second converges for x G (-2,2). Thus, the sum converges for x G (-1,1) = I. 


12 - / (x) = 


7x- 1 


7x — 1 


A + * 


1 +—ttt = 2 • 


3x 2 + 2x — 1 (3a; - 1) (x + 1) 3a: - 1 x + 1 3a; - 1 x + 1 “ 1 - (-a;) 1 - 3 x 

= 2 o ("*)" - 0 (3®)** = Eñ= o [2 (-1)” - 3 n ] a: n 

The series E (~ x ) n converges for x € (—1,1) and the series E (3x) n converges for x £ (—|, |), so their sum 
converges fora: € (-5, 5) = I. 

13, f {x) = (TT+ = ~é (r h) = ~íx E”=o (~ 1 ) n *"] (fromExercise3) 

= E~= 1 (“l) n+1 nx 71 - 1 [from Theorem 2(a)] = J2ñ=o (“l) n ( n + 1) * n with R = 1. 

1 OO 

14 . / (x) = —— = Y (— l) n x n (geometric series with R = 1), so 

1 i ^x n =o 


f (x) = ln (1 +x) = j = J [ E o (-l) n z n ] dx = C + E o (-l) n 

OO /_1 ^TT,— 1 „n 

= Y ~— - [C = 0 since / (0) = 0], with 5=1 


x n+1 
n + 1 


n=i n 
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15. f(x) = 


1 1 d 

1 

1 d 

(1 + x) 3 _ 2dx 

l(l + x) 2 \ 

2 dx 


E (— l) n (n + 1) x n 


n=0 


(from Exercise 13) 


= En=i (-l) n (" + 1) nx"- 1 = I En=o (-l) n (n + 2) (n + 1) z" witfa R = 1. 


16. / (#) = x ln (1 + x) = x 
R= 1. 


E 

n=l 


(- 1 ) 


71-1 ¡c n 


n 


(by Exercise 14) 


n=l n 


~ (-l)"x n 
„=2 n—1 




n./(*)-hi(í-«)--/TT 

=-1/[Í.(!)>= c -5¿5 ; Ctu = c -| 1 ¿ 

Putting x = 0, we get C = ln 5. The series converges for |x/5| <1 |x| < 5, so i? = 5. 


x/5 

,n+l 


18. We know that 
so / (z) = 


-—5— = X (2íc) n . Differentiating, we get ---—= X 2 n nx n 1 = X 2 n+1 (n 4 

1 2x n=0 (1 2x) n=1 n=0 


?r4^ = T ' = T ^ 2n+1 (n +1) = £ 2 " (n +1} 1,1+2 

(1 - 2x) ¿ (1 - 2x) 4 n=0 n=0 


or 


2 2 n - 2 (n — 1) x n , with R= 

n=2 


19. = 1 = - E (|T = E TTT 1 ' 1 for I < 1 |*| < 2. Now 

2 — x 2(1— x/2) 2¿í 0 \2) „= 0 2 n+1 121 

1 _ ( 1 V — ( y 1 x n ^ = y ( 1 x nN ) = E —x n_1 = E So 

(x - 2) 2 “ V2 -x) ~ Vn=o 2 n+1 * ) ho 1 2 n+1 ) hl 2 n+1 n =0 2 n+2 

/ W = = x 3 E = £ ^* n+3 or £ for N < 2 ‘ Ihi». ^ = 2 and 

(X — Z) n=0 Z n=0 z n=3 z 


/ = (- 2 , 2 ). 


X 


,2n+l 


20. From Example 7, g (x) = arctanx = XI (“l) n 0 , n 

n=0 ' -t 

oo íx/3) 2n+1 

/ (x) = arctan (x/3) = X (“l) n - 

n=0 

so R = 3. 


. Thus, 


2n + 


l +l OO 1 I rp I 

r-.£, ( - 1) V« ¿. + -i ) ^ ,fa l3l <1 « 


with 


i)x n , 


|x| < 3, 
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21. / (x) = ln (3 + *) = J ^ = | / E o (~l) n (I)” dx (from Exercise 3) 

= C +lt ^rrf xn+1=ln3 +l £ ■- 1/3) "~^ n [C = /(0) = ln3] 

o n =0 Tl-r L 6 n= i n 

00 / ixw - 1 

= ln 3 + V -—¿-x n with i? = 3. 

z -' n3 n 

n=l 

Thetermsoftheseriesareao =ln3,ai = -,a 2 = -^,a 3 = gY> a 4 = “YYi’ 0 * = Y 2 Í 5 . 



As n increases, s n {x) approximates / better on the interval of convergence, which is (—3,3). 

( X \ ^ 71 

- j (by Exercise 3) with R = 5. The terms of the series 


Í2 

/ 

6 


0.08 s 6 s 4 



22 . /(*) = 


1 


x 2 + 25 
1 


1/25 


1 + (x/5) 2 25 


= ££> 

n=0 


areao-25,01- 6 2 5 ’ a2 ~ I¿ 25 ’"" 


As n increases, s n (x) approximates / better on the interval of convergence, which is (—5,5). 























SECTION 12.9 REPRESENTATIONS OF FUNCTIONS AS POWER SERIES ETSECTION 11.9 □ 141 


23 


./(*)=Jn(i±|) =]n(l + x)-\n(l-x) = J + / / 

= /[£ (-i) n ^ n +E* n l dx= í E 2x> n dx= E f^ + c 

J |_n=0 n=0 J J n=0 n=0 ¿n ' 1 

o° 2x 2n+1 

But / (0) = ln Y = o, so C = 0 and we have / (x) = 15—77 w i th fí = 1. If x = ±1, then 

n=0 ¿ n 1 -*■ 

00 1 .1 
f (x) = ±2 Y' -, which both diverge by the Limit Comparison Test with b n = —. 

w n =o 2n +1 n 


Si = S 6 


í 3 — J 4 


/ ^S\=S 2 


-2 


/* 

uj/ 

/ s 0 

/ t/1 

/ ílL 



As n increases, s n (x) approximates / better on the interval of convergence, which is (-1,1). 

24. / (*) = tan- 1 2x = ^J = 2 / g, (-1)” dx = 2 / j£ (-1)" 4"x 2 " dx 

■ ni H) :r f ° r i 4 - 2 i < 1 ^ 

If x = ±|, then f(x)= E (-1)" Tt/t and / (*) = E (“l) n+1 0 1 , , ■ respectively. Both series converge 

n=0 ¿ n i n=0 ^ 1 


by the Altemating Series Test. 


¿5 = ^6 



As n increases, s n (x ) approximates / better on the interval of convergence, which is [— \, §]. 
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26 -TTF= n ?o ( - 1)na:5n TT^= n ? 0 ( - 1)n 

with R = 1. 


f^dx = c ,+ gíziTx!^! 

J 1 + x 5 n + 0 5n + 2 


,2n+l 


27. By Example 7, arctanx = V (—l) n --- 

n =o 2 n + 1 

J2n 


, SO 




/• /• OO Cl 2, l 2n+1 oo 

28. By Example7, / tan -1 (a: 2 ) dx = (-l) n v , y . da: = C + £ (-1)' 

J J n=0 2 n +1 n=0 


„4n+3 


(2n + 1) (4n + 3) 


, with 


1 . 

29. We use the representation 


/ dr 00 r-n n r 4n+1 

-- 7 = C + y? -— j- ---from Exercise 25 with C = 0. So 

1 + X 4 7 i=o 4n + 1 


f 0,2 dx f x 5 x 9 x 13 

Jo TT^=r-T + T“l3 + 


1 0,2 n 9 5 n 9 9 n 9 13 

= 0 - 2-2 f+ t l -^+' 


13 


Since the series is altemating, the error in the nth-order approximation is less than the first neglected term, by The 
Altemating Series Estimation Theorem. If we use only the first two terms of the series, then the error is at most 

r0.2 j q 

0.2 9 /9 « 5.7 x 10“ 8 . So, to six decimal places, / -- - « 0.2- = 0.199936. 

Jo 1 + x 5 


x 


,4n+3 


30. We use the representation f tan 1 (x 2 ) dx = C + Y) (~l) n „ Wjl 

J v ' n=o (2n + l)(4n + 3) 


from Exercise 28 with C = 0: 


r 1/2 

/ tan -1 (x 2 ) dx = 

J o 


r x 3 x 7 X 11 x 15 X 19 

T - 2T+55' _ To5 + m 


1 1/2 0.5 3 0.5 7 . 0.5 11 0.5 


15 


J 0 


21 + 55 


105 


+ 


0.5 


19 


171 


The series is altemating, so if we use only the first four terms of the series, then the error is at most 
0.5 19 /171 «1.1 x 10 -8 . So, to six decimal places, 

/ 0 1/2 tan -1 (x 2 ) dx « \ (0.5 ) 3 - ± (0.5 ) 7 + ¿ (0.5 ) 11 - (0.5 ) 18 « 0.041303 

31. We substitute x 4 for x in Example 7, and find that 

r í oo (r 4 ) 2n+1 

J x 2 tan 1 (x 4 ) dx = J x 2 (—l) n ^ + 1 

/ oo «,8n+6 oo -.8^+7 

STT & = C + <- 1 >” (2n + l)(S¿T7 ) 


So fo 1/3 X 2 tan 1 (* 4 ) dx = I Y - + • • • 


x 7 x 15 


1/3 


1 


1 


J 0 


7 • 3 7 45 • 3 15 


. The series is altemating, so 


if we use only one term, the error is at most 1/ (45 • 3 15 ) « 1.5 x 10 9 . So 
rb 

J o 


/ 0 1/3 x 2 tan 1 (x 4 ) dx « 1/ (7 • 3 7 ) « 0.000065 to six decimal places. 
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/•0.5 J_ r0.5 oo oo f_l'l” j- 6ti+1 T 

32. / -=-*=/ E(-i)"* 6n ^=E ( J ~~r 

Jo 1 + * 6 7o n=o „ =0 L 6n + 1 


l / 2 

Jo = So (8»+l) 2 6n+1 


(- 1 )" 


+ _L_ 

2 7 • 2 7 13 • 2 13 19 • 2 19 


The series is altemating, so if we use only three terms, the error is at most —— w 1*0 x 10 7 * So, to six 


rü.ó 

decimal places, / — 

J o 1 


05 cte 1 1,1 


+ x 6 2 7 • 2 7 13 • 2 13 


: 0.498893. 


33. Using the result of Example 6 , ln (1 — x) = — with x = —0.1, we have 

ln 1.1 = ln [1 - (-0.1)] = 0.1 - 4- - + 0Q ~ —-. The series is altemating, so if 

we use only the first four terms, the error is at most Q, - QQQ - = 0.000002. So 


lnl.l «0.1-2f + « 0.09531. 


oo / 1 \ n ~2n OO / 1 \ n OrjT 271-1 

34. f(x)= E ( J x, =» /' (s) = E -— -J7T\\ - (* e first term disappears), so 

n=0 \¿n)\ n=l \ Zn ) 1 


^ (-1)” (2n) (2n - 1) x 2 "" 2 ^ (-l) n x 2 ^" 1 * _ ^ (_l) n+1 * 2n 

/ W-Z. (2n)! f-¡ [2 (n — 1)]! (2n)! 


Zí n=0 

°° /_-I \n 2n 

= -£4^4-= -/(*) =+ /"(x) + /(x)=0. 


(substituting n + 1 for n) 


n=0 


°° /_-|\n 2n 

35. (.) Jo (.) = g 2 0n (nl ). • J ° (*) ” E 2>n(„!)> 


(■D-W- m( , = ¿ (-l)-2n(2„-l)£ 

o 2 n u v / 2 2n (n!) 2 


n=l 


-, SO 


2W// v . */ / \ , 2 T / \ L- (—l) n 2n (2n — 1) i 2n , (_i) n 2nx 2n , (_l)"x 2n+2 

X Jo (*) + (®) + * Jb (*) - £ 2¡2n ( n ,)2 + £ 2 2„ ( n ,)2 + £ 2 2„ ( n , )2 


n=l 

(—1)” 2n (2n — 1) x 2n (-l) n 2nx 2n y. (-l) n - x x 2n 

~¿í 2 2n (n!) 2 ¿J 2 2n (n!) 2 ¿J 2 2n ~ 2 [(n - l)!] 2 

_ ^ |~ 2n (2n — 1) + 2n — 2 2 n 2 1 

- ^ 2 2n (n!) 2 


= £ (-!)” 


n=l 


4n 2 - 2n + 2n — 4n 2 1 2 n n 
x =0 


2 2 ” {n\y 


(b) 


/ J 0 (x) dx = 

J o 


n _2n 


y (-D n31 

¿o 2 2n (n!) 2 


dx 


f 1 ( x 2 x 4 x 6 \ 

= I \ 4 ~ 64 _ 2304 J 


F x 3 


x 3 x 5 
= \x- -- 7 + 


X 


3-4 5-64 7*2304 


= i- + + 1 


12 320 16,128 


Since 


16,128 


: 0.000062, it follows from The Altemating Series Estimation Theorem that, correct to three 


decimal places, ff Jo (x) dx « 1 — ~ + 3 ^ « 0.920. 
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oe/NT , x + (-l) n i 2 " +1 Tí/S (—1)” (2ra +1) x 2n 

36 . (a) Jx (x) = Y, n! ( n +l)i 2 2n+1 ’ Jl (x) = E Tü {n+ - and 

n=0 v ' n=0 v 7 


(n + 1)! 2 2n+1 ’ ^n!(n + l)! 

„ (~l) n (2n+l)(2n) x 2 ”" 1 

1 { n! (n + 1)! 2 2n+1 

n=l v 

x 2 J" (x ) + xJ[ (x) + (x 2 — l) Ji ( X) 

y* (-1)- (2n + 1) (2n) x 2n+1 ^ (~l) n (2n + 1) x 2n+1 

n! (n + 1)! 2 2n+1 


n=0 


+E 

n=0 


(—l) n x 2n+3 
n! (n + 1)! 2 2n+1 


n! (n + 1)! 2 2n+1 


(l) n x 2n+1 


-E 


_ (—l) n (2n + 1) (2n) x 2n+1 

n! (n +1)! 2 2n+1 ^ 


—' n! (n + 1)! 2 2n+1 

n=0 v 7 

(~l) n (2n + 1) x 2n+1 


(—l) n a; 2n+1 _ 

E-' (n.— lMn!2 2n—1 ' 


n! (n + 1)! 2 2n+1 
(~l) n x 2n+1 


¡ (n — 1)! n! 2 2 

n=l v 7 


^n! (n + l)!2 2n+1 ^ 


(Replace n with n — 1 
in the third term 


(2n + 1) (2n) + (2n + 1) — (n) (n + 1) 2 2 — 1 
n! (n+ l)!2 2n+1 


r 2n+l _ 


= 0 


°° / -i \n 2n 

_ ^ (-1) (g 

n=0 

J5(*)=f; 


(b) Jo (x) = E 2 

^ 2 2n (n!) 


(—l) n (2n) a 2 ”- 1 


n=l 

oo 

—E 

n=0 


2 2n (n!) 2 

(—l) n a: 2n+1 
E-' 2 2n+1 (n + 1)! n! 


= E 


(—l) n+1 2 (n + 1) x 2n+1 


(Replace n with n + 1) 


2 2n+2 [(n +1)!] 2 
(cancel 2 and n + 1; take —1 outside sum) = — Ji (x) 


37 . (a)/(*)=£ ^7 =► 


=0 n! 


/'(*)= E 

n=l 


nx 


n—1 


n! 


= E 


_n—1 


! n=i (n ~ 1)! 


£ = /(*) 

n=o n ' 


(b) By Theorem 10.4.2 [ET 9.4.2], the only solution to the differential equation df (x) /dx = f (x) is 
/ (a?) = Ke x , but / (0) = 1, so K = 1 and / (z) = e x . 

Or: We could solve the equation df (x) /dx = / (x) as a separable differential equation. 


00 |sinnx| ^ 1 _ ^ sinnx 

O _ 9 > SO / n 

n 2 n 2 n 2 


d ( sin n 2 / \ cos níc 

converges by the Comparison Test. — ( -r— ) =-, so when x = 2kir (k 

dx \ n Á ) n 


an integer), Y fn ( x ) = Y CQS (^ n7r ) = V which diverges (harmonic series). /„ (x) = — sinnx, so 

n= 1 n=l W n=l n 


oo 


oo 


/n (®) = — X) sinnx, which converges only if sinnx = 0, or x = /c7r (/c an integer). 

n=l n=l 



























39. If CLn = —77 , then by the Ratio Test, lim 

n* n—*o 


When x = ±1, 

n= 1 
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2 


= \x\ lim [ n — ^ = |a?| < 1 for convergence, so R = 1. 

n—►oo \^n+ l) 

OO 1 

= y* — which is a convergent p-series (p = 2 > 1), so the interval of convergence for 

n=i n 2 

/ is [— 1, 1]. By Theorem 2, the radii of convergence of /' and f" are both 1, so we need only check the endpoints. 
/ (®) = -o / ; ( x ) = — = ^ ——r, and this series diverges for x = 1 (harmonic series) 

1 n 2 n =l n n=0 tl + 1 

and converges for X = -1 (Altemating Series Test), so the interval of convergence is [-1,1). 

oo „ „ n—1 ^ 

f" (i) = T —-diverges at both 1 and -1 (Test for Divergence) since lim —— = 1 # 0, so its interval of 

J v ’ n + 1 "-°° n + 1 

convergence is (—1,1). 


Qn+l 

CLn 


oo °o A A 

40.(a)E —=E¿x" = - 


n=l 


E 

n=0 


A 


1 — x 


(- 1 ) = 77 ^’ 1*1 < !• 


(1-*) 3V (l- x ) 

(b) (i) E nxU — x £ rcaj" -1 = x 1 ,o [from (a)] = X 2 for |x| < 1 
n=l n=l L(l“®) J (1“®) 

(“> PutI - i in <i): f -1,'" 1 ®- 2 - 


(c) (i) f:n{n-\)x n =x*Y.n{n-\)x n - 2 = x 2 — 

n=2 n=2 ax 


E 


= x 2 


d 1 
da; (1 - x) 2 


= x 


2x 2 


■ for |x| < 1. 


(1 - x) 3 (1 - x) 3 

-nm n = 2(1/2)2 „ =4. 


n ‘ ~ n = e """ 2 

n=2 

00 n 2 00 n 2 - n , £5, n 


<“)- i ■*■ < i): £ ^ ® ‘ 


(iii) From (b)(ii) and (c)(ii), we have J2 = 12 

n = 1 ^ n = ‘ 


+ £^=4 + 2 = 6. 


2 n n=l2 


—ferlO Taylor and Maclaurin Series 


ET 11.10 


00 f (n) (a) / (8) (5) 

1. Using Theorem 5 with b n (x — 5) n , b n = ——-, so 6g = —^—. 

2. Using Formula 6, a power series expansion of / at 1 must have the form / (1) -f- /' (1) (x - 1) -I-. Comparing 

to the given series, 0.4 - 0.8 (x - 1) H-, we must have /' (1) = -0.8. But from the graph, /' (1) is positive. 

Hence, the given series is not the Taylor series of / .centered at 1. 
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3. 


n 

/ (n) (*) 

/ (n) (0) 

0 

cosx 

1 

1 

— sinx 

0 

2 

— cosx 

-1 

3 

sinx 

0 

4 

cosx 

1 


n 

/ (n) (3=) 

/ (n) (0) 

0 

sin 2x 

0 

1 

2 cos 2x 

2 

2 

—2 2 sin 2x 

0 

3 

—2 3 cos 2x 

—2 3 

4 

2 4 sin 2x 

0 




x 2 x 4 

= 1 -¥ + 4! -- = E 


2! ' 4! 

« (-l) n a: 2n 

IfQn = (2n)! ’ ^ 11 


n=0 


(~i) n * 2 

(2n)! 


lim 

n—>oo 


^n+l 


d*n 


= x 2 lim 


(2n + 2) (2n + 1) 


= 0 < 1 for all x. So 


ií = oo (Ratio Test). 

/ (n) (0) = 0 if n is even and /( 2n+1 > (0) = (-l) n 2 2n+1 , so 
n=0 n - n=0 (2n+l)! 

^ (-l) n 2 2n+1 x 2n+1 
= +o (2n+l)! 


lim 


Q-n-fl 


dn 

(Ratio Test). 


2 2 |x| 2 


= lim 


(2n + 3) (2n + 2) 


= 0 < 1 for all x, so R = oo 


n 

/ (n) (*) 

/ (n) (0) 

0 

(l + x)- 3 

1 

1 

—3 (1 + x) -4 

-3 

2 

12(1 +x) -5 

12 

3 

—60 (1 + x) -6 

-60 

4 

360(1 +x) -7 

360 




(1 + x) =/(0) + /'(0)i+^p^ + ' 

+ +w... ■ 


3! 


= l-3x+fx 2 -fx 3 + f?x 4 + .. 

S (~l) n (n + 2)! x n ~ (-l) n (n + 2) (n + l)x n 
- 2 (n!) „=o 2 


lim 

n—»oo 


ttn-f 1 


Q>n 


n=0 


= lim 


(n + 3) (n + 2) \x 


n=0 
n-f 1 


(n + 2) (n + 1) |x| 


= |x| < 1 for 


convergence, so R = 1. 


n 

/ (n) (*) 

/ (n) (0) 

0 

ln (1 + x) 

0 

1 

(l + x) -1 

1 

2 

-(1+x) -2 

-1 

3 

2 (1 + x) -3 

2 

4 

—6 (1 + x) -4 

-6 

5 

24(1 +x) -5 

24 


ln (1 + x) = = / (0) + /' (0) x + ¿^px 2 + ^^2 x 3 

+^Mx 4 + qMx» + ... 

= * - ix 2 + |x 3 - ¿x 4 + M* s 


24 X + 120 u 


x 2 x 3 x 4 x 5 

:a; -"2' + ¥- T + ir 


= E * n 

n=l 11 


lim 

n —>00 


dn+ 1 


dn 


= lim 

n—* oo 


^n-f 1 


n + 1 x n 


|x| 


= li m . , 

n—►oo 1 + 1/n 


= |x| < 1 for 


convergence, so R = 1. 

























































7. 


8 . 


9. 


10 . 


n 

/ (n) (*) 

/ (n) (0) 

0 

sinhx 

0 

1 

coshx 

1 

2 

sinhx 

0 

3 

coshrr 

1 

4 

sinhx 

0 


n 

/ (n) (*) 

/ (n) (0) 

0 

coshx 

1 

1 

sinhx 

0 

2 

coshx 

1 

3 

sinhx 

0 


n 

/ (n) (*) 

/ (n) (2) 

0 

1 + x + x 2 

7 

1 

1 + 2x 

5 

2 

2 

2 

3 

0 

0 

4 

0 

0 


n 

/ (n) (*) 

/ (n) (-i) 

0 

x 3 

-1 

1 

3x 2 

3 

2 

6x 

-6 

3 

6 

6 

4 

0 

0 

5 

0 

0 
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if n is even 


So / (n) (0) 

2 n-j-l 


í 0 ifni 
y 1 if n i 


OO X 271 "*" 1 


andsinh x = £ If 

ifnisodd n=o(2n + l)! 


CLn 


lim 

n—*oo 


(2 n +1)! 


then 


Gn+1 


GLn 


= x 2 lim 


(2n + 3) (2n + 2) 


= 0 < 1 for all x, so 


R = oo. 


/ (n) ( 0 ) = 

the Ratio Test. 


1 if n is even ©o x 2 n 

so cosh x = TTTTi 
0 ifnisodd n=o (2n)! 


with i? = oo, by 


/ (*) = 7 + 5 (* - 2) + | (x - 2) 2 + E s ¿ (* - 2)” 

= 7 + 5 (x - 2) + (a: - 2) 2 
Since a n = 0 for large n,R = oo. 


/(*) = -l + 3(x + l)-f (z + l) 2 + f (* + l) 3 
= -1 + 3 (z + 1) - 3 (x + l) 2 + (x + l) 3 
Since a n — 0 for large n, R = oo. 


11. Clearly, / (n) (x) = e x 
lim Qn+1 = lim 

n—+oo a n n—»oo 


3 3 

, so / (n) (3) = e 3 and e 1 = £ (* - 3) n . If a„ = (x - 3) n , then 

—— = 0 for all x,soR = oo. 

n + 1 
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12 . 


71 

/ (n) (x) 

/ (n) (2) 

0 

lnx 

ln2 

1 

x _1 

í 

2 

2 


1 

4 

3 

2x -3 

2 

8 

4 

«r 

1 

H 

cm : 

co 

1 

32 

16 


/ (n) (2) = ( ^ J- n —^ for n > 1, so lna: = ln2 + £ —-——— 


lim 

n—»oo 


O'n+l 


2 n 

= 1 X ~ 2 1 lim n = I*- 2 ! 

2 n—► oo 71 -f- 1 2 


n=l 


n-2 n 


< 1 for convergence, so |x — 2| <2 




/2 = 2 . 


13 . 



then 


lim 

n—*oo 


CLn+1 


dn 


= |x — 1| < 1 for convergence, so 0 < x < 2 and /2=1. 


71 

/ (n) (x) 

/ (n) (4) 

0 

X 1 ' 2 

2 

1 

K 1/2 

2- 2 

2 

-¿*- 3/2 

_2-5 

3 

3_-5/2 

S X 

3 • 2 -8 

4 

_15 t -V2 

16 J ' 

—15 • 2 -11 


WnW.N (-l) n_1 1-3-5.(2n — 3) c 

P ’ ( 4 ) = ~— L -23^i- 1 -" for n > 2, so 


/- n . x-4 ~ ( — l) n_1 1 • 3 • 5 • • • • 

^~ 2 + ^~ + S 2 - 


(2n - 3) 


(x — 4) n . 


lim 

n—»oo 


CLn+1 


Oj n 


N~4| 

8 n—*oo 


lim (—— ^ < 1 for convergence, so |x — 4| <4 

i-»oo y 71 ~h 1 J 4 


/2 = 4. 



































15. 


n 

/ (n) (*) 

/ (n) (f) 

0 

sinx 

%/2/2 

1 

cosx 

n/2/2 

2 

— sinx 

-\/2/2 

3 

— cosx 

-y/2/2 

4 

sinx 

s/2 /2 
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sin* = / (f) +r (f) (* - f) + - ^) 2 

+ Z!!Líl) (a: _ 5) 3 + ZÍ!iíi) (a: _ 5 )^ + ... 

= ^[l + (x-f)-¿(x-f) 2 

- ir (® - f ) 3 + ir (® - f ) 4 + - * • ] 

= ^[i-é(*-f) 2 + ir^-f) 4 --] 

+^ [(--f)-^(^-f) 3 + "-] 

= # E~ o (-D n [ (ér (* - 5) 2 " + <*rw (* - f) 


2n+l 


The series can also be written in the more elegant form sin x = — ^ 

¿ n=o 


v/2 ~ ( !) n ( n — (x _ a)" 


If 


n! 


(_D n ( n “ 1 )/ 2 (rr — 

a n = Li2-j-ií—ii-, then lim 

n! n—*oo 


On+l 


dn 


= lim -fJ* = 0 < 1 for all x,so R = oo. 

n—*oo n + 1 


16. 


n 

/ (n) (*) 

/ (n) (-f) 

0 

cosx 

±2 

2 

1 

— sinx 

±1 

2 

2 

— cosx 

2 

3 

sinx 

*S 

2 

4 

cosx 

±2 

2 


/< n > (-f) = (-l)"^- 1 )/ 2 so 


! =E 


/ (n) (-f) 


n! 


(*+f)" 


y/2 ^ ( _l)n(n-D/2 (a;+5 ) T 
2 n! 

n=0 

with = oo by the Ratio Test (as in Exercise 15). 


|/( n+1 ) (x)| 

17. If f(x) = cos x, then by Formula 9 with a = 0, \Rn (a:)| < 1 ^ + 1 )¡ l*| n+1 . But/ (n+1) (x) = ±sin x or 

icos x. In each case, |/ (n+1) (x)| < 1, so |.R„ (x)| < ^ |*| n+1 —* 0 as n —► oo by Equation 10. So 

lim Rn (x) = 0 and, by Theorem 8, the series in Exercise 3 represents cos x for all x. 


18. If / (x) = sinx, then \R n (x)| < 


|/ (n+1) (x)| 
(■n + 1 )! 


£| n+1 . But /( n+1 ) (x) = ±sina: or ibcosa:. In each case, 

|/ (n+1) (x) | < 1, so |fí„ (x)| < — + |x - f | n+1 -*0asn-* ooby Equation 10. So by Theorem 8, the 
series in Exercise 15 represents sinx for all x. 

19. If / (x) = sinh x, then Rn (x) = —p^* n+1 , where 0 < \z\ < |x|. But for all n, 

(n + 1)! 

| /( n+1 ) (z) | < cosh z < cosh x (since all derivatives are either sinh or cosh, |sinh z\ < |cosh z\ for all 2 , and 

rosn t 

\z\ < |x| => coshz < cosh x), so \Rn (z)l < (n ' + 1 )¡ a;n+ -* 0 as n -> oo (by Equation 10). So by 

Theorem 8, the series represents sinh x for all x. 
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( z ) 

20. If / ( x) = coshx, then R n (x) = - ^r¿-x n+1 , where 0 < \z\ < \x\. But for all n, 

(n 4 - 1 )! 

| /( n+1 ) (z) | < cosh < cosh x (since all derivatives are either sinh or cosh, |sinh z\ < |cosh z\ for all 2 , and 

cosh x 

\z\ < |x| => coshz < coshx), so \R n (z) I < 7 - 7 T 7 X n+1 —► 0 as n —► 00 (by Equation 10). So by 

(n + 1 )! 

Theorem 8 , the series represents cosh x for all x. 

00 ~ 2n _ - (-l) n ( 7 rx) 2n = ~ (-l) n 7r 2n x 2n 


21. COS X = £ (-1 

n =o ( 2 n)! 


/ (x) = cos (nx) = £ 


( 2 n)! 


n=0 


(2 n)! 


, i? = OO 


22 . e"= E + =► /(*) = e-* /2 = E 


®/2 _ V ( — V ( 1) D __ 


ri=b n\ ' ' ' 7 i=o n! nV'o 2 71 n! 


= £ 7 -—~x n , R = 00 
9 n r» ! 


00 2 n-fl 


/ (x) = xtan 1 x = x £ (— 1 ) 


2n+l 00 


2n+2 


n=0 2 n + 1 n=0 


= £(-i>" árrr*=i 


2n+l 


00 00 (_ 1 


«'• -v 2.-x_^2 ^ (z^T _ v ízil^ 


25. e* = £ —j* => / (x) = z 2 e- x = a: 2 £ = £ 

n=0 n ' n=0 n! n =0 


n o.n+2 


n! 


-, R = 00 


26. cosi = E (- 1 )” / 9 „m 
n=o (2 n)! 


*- . ~,. xw ( 2 x) zn g> (—l) n 2 2n 2 n 


cos^- E o ( !) n (2n)! - n ? 0 ' ( 2 n)! *■ 


00 /1 ) n o 2n 

f (x) = xcos2x = £ ^ ' —x 2n+1 , R = 00 

n=o (2n)! 


27. sin 2 x = 5 [1 — cos 2x] = - 

y, (-l ) n+1 2 2 n- 1 x 2n 
_ 2 ^ ( 2 n)! 


- (—l) n ( 2 x) 2n 
& ( 2 n)! 


= 2 ' 


(—l) n ( 2 x) 2n 1 


1-1- E 

n=l 


( 2 n)! 


n=l 


28. cos 2 x = \ (1 + cos 2x) = i 


, R = 00 

(-l) n (2x) 2n 


i+E- 


n=0 


( 2 n)! 


^ (—l) n 2 2 n x 2 n 

n^í ( 2 -) ¡ 


= 1 +E 


(—l) n 2 2 n- 1 x 2n 

( 2 ^T“ 


", Íí = OO 


Another Method: Use cos 2 x = 1 — sin 2 x and Exercise 27. 
sin x 1 (_ 1 ) n /j. 2n *+*i 00 /_l) n x 2n 

29. - = — £ - -rrr- = £ > ■ ■— 7 TT an< i this series also gives the required value at x = 0 (namely 1 ), 

x x n =o ( 2 n + l)! n -o ( 2 n + l)! 

so R = 00 . 


1 — cosz _ 2 
30. - r - = X 


_ ~ (-l) n x 2n ' 
n =o ( 2 n)! 


= X 


-2 


- E 


(-i) n a) 


n 2n ‘ 


( 2 n)! 


~ (-l) n+ 1 x 2n-2 _ °° (-l) n x 2n 

“ n=i ( 2 n)! “ ho ( 2 n + 2 )! ’ 


since the series is equal to ~ when x = 0; R = oo. 
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31. 


32. 


n 

/ (n) (®) 

/ (n) (0) 

0 

1 

2 

3 

4 

(l+x) 1/2 

é ( i +® r 1/2 

- i(l + x)- 3/2 
|(l + x)- 5/2 
- lf(l + x)- 7/2 

1 

1 

2 

1 

4 

3 

8 

15 

16 


So /<-», 0 ) = .< 2 "~ 3 > forn > 2, 


and 

VT+Í = 1+f + £ <- 1) ~* 1 ’ 3 1 5 S ,- 

•¿ n =2 


2 n n! 


If a„ = 

Q-n +1 


(-l)"- 1 1-3-5.(2rt — 3) _ n 


2 n n! 


x n , then 


lim 


&n 


= M lim ——= |x| < 1 for 

2 n—*oo n + 1 


convergence, so R = 1. 

2 r, 



- 1.2 - 

( 

n 

/ (n) (®) 

/ (n) ( 0 ) 

0 

(l + 2 x )- 1/2 

1 

1 

- 1(1 + 2 x ) -3/2 ( 2 ) 

-1 

2 

f (l + 2 x ) -s/2 ( 2 ) 

3 

3 

-3 • f (1 + 2 x ) -7/2 ( 2 ) 

- 3-5 


/< n > (0) = (-l) n 1 • 3 • 5 • 7.(2n — 1), so 

/ (n) ( 0 ) 


(l + 2x)- 1/2 = E 

n=0 


n ! 


_ ~ (—l) n 1 • 3 • 5 • • 
“ ^ n! 


(2n — 1) 


lim 

n—»oo 


fln-fl 


CL n 


= lim 


n=0 

2n -j-1 


n + 1 


| x | = 2 | x | < 1 for 


convergence, so R = \. 

Another method: Use Exercise 31 and differentiate. 


T 3 T 4 T 5 f 4 



- 0.5 
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f(x)-C0-(x 2 ) - f ( _1 ) n (^ 2 ) 2 ” - f (-l) n * 4n R 

f(x)- cos(x)-E o (2n)! -E o (2n)! .R-oo 

1.5 


34. 2* = (e ln2 )* =e xln2 = £ 

n=0 



35. 



I and 


oo (o.l) n (0 l ) 5 

R = 1, so ln (1.1) = ^2 --- v ' . This is an altemating series with 65 = v * = 0.000002, so to five 

n=i n 5 

4 fn i\ n 

decimal places, ln (1.1) « ¿ ---- — ■ 

n=i ri 


: 0.09531. 


00 /_l ') 71 7’2n+l 

36. 3° = radians and sin x = Y] v —— — —, so 

60 n=o (2n+l)! 

in . / (ss ) 3 , (é ) 5 


sin 


60 — 60 


3! + 5! 


+ ; 


-. But; 


< 10 8 , so 


60 1,296,000 ’ 93,312,000,000 * 93.312.000.000 

by the Altemating Series Estimation Theorem, sin ^ $§6 000 & 0.05234. 

2\ 2n-|-l 


f , o. f 00 (x 2 ) + r °° (~i) n x 4n+2 °° (~i) n x 4n 


n ^4n+3 

+"!)! 


3 g sinx = 1 “ (-1)” a: 2n+1 _ « (-l) n x : 


n m 2n 

, _ , co 

X x (2n + 1)! „^0 (2n + 1)! ’ 

smx , / °S, (—1)" x“" , „ . “ (-l) n a: 2w+1 


(—l) n x 2n 

* ~ ./ TSTFTir ° C + „? 0 (2„' +T) (2„ + 1)! ■ Wilh R ° ”■ 


J s -¥ d *=ISo 
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39. Using the series from Exercise 31 and substituting x 3 for x, we get 


j dx= /[ i+Y+t 


(-l) n_ 1 1-3-5.(2n - 3) _ 3 n 

2*ñ\ 


dx 


= c + x + — + J2 

o n=2 


a’ . S (—l)" -1 1 • 3 • 5 • • (2n — 3) _ 3n+1 


2 n n\ (3n + 1) 

r , /• oo oo r 3n+l 

40. e x dx= ~—i da: = C + X) 75 ——rr—with R=oo. 

J J rí=o n! 7 i=o (3n + 1) n! 


41. Using our series from Exercise 37, we get 
ri oo r (—l) n x 4n+3 


(-ir 


í sin (x 2 \ dx - V _ v ^- = V' -^-and lc 3 l = —-— < 0.000014, so by 

J 0 sm(x )dx-^J (4n + 3)(2n+1) , j o n ^ o(4n + 3 )(2n+ i) ! ana l C3 l 75,600 ^ X 

(~l) n 


the Altemating Series Estimation Theorem, we have 
to three decimal places). 


_ = I_J_ + J_ 

% (4n + 3) (2n +1)! 3 42 1320 


: 0.310 (correct 


42. cos (x 2 ) = X) 


- (~i)" (x 2 ) 


2\ 2n 


SO 


r 0.5 r 0.5 oo 

/ cos (a: 2 ) dx= XZ 
7o J o n=0 


( 2 n)! 

0,5 °° (—1 ) n x 4 ” 


( 2 n) 


dx= Y 

n=0 


(-l)"x 


n 4n+l 


n 0.5 


(0.5 ) 5 (0.5 ) 9 

= 0.5 - V -- V 4- \ V - ..., but 


5 - 2! 


(4n 4 -1) (2n)! 

« 0.000009, so by the Altemating Series Estimation Theorem, / 0 °‘ 5 cos (x 2 ) dx « 0.5 - « 0.497 

(correct to three decimal places). 


9-4! 
(0.5 ) 5 


43. We first find a series representation for / (x) = (1 + x) 12 . and then substitute. 


n 

/ (n) (*) 

/ (n) ( 0 ) 

0 

(l + x )- 1 / 2 

1 

1 

-é(i+*r 3/2 

1 

2 

2 

|(l + x )- 5/2 

3 

4 

3 

-^(l+x )- 7/2 

15 

8 


vT 

o.i 


i_ = 1 _£ + 3«--í-V 

T¥ 2 + 4 \ 2! / 8 \ 3! / + 


/ 


dx 


1 4 3 7 1 10 , 

I_ 8 X + 56 X 32 X + ' 


—-= 1 - lx 3 + |x 6 ~ ^x 9 + • • • + 

vTTx 5 2 8 16 

« (0.1)-(0.1 ) 4 , by the Altemating Series 

8 


0 x/1 + X 3 

Estimation Theorem, since ^ (O.l ) 7 w 0.0000000054 < 10 -8 , which is the maximum desired error. Therefore, 
01 dx 


L 


o \/l 4- x 3 


56 

: 0.09998750. 
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r 05 2 -X 2 , r 05 & (—l ) n * 2n+2 ^ (—l) n ar 2n+3 1 1/2 _ (~l) n 

Jo xe Jo n?o n! „?o[ n!(2n + 3) n ? 0 n!(2n + 3): 

(-1)" 1 _ J 


22n+3 


and since 


1 i 

c 2 = < 0.001 we use £ 


1792 


¿r'o n! (2n 4- 3) 2 2n +* 24 160 


¡ 0.0354. 


45. lim 

x—+0 


x — tan 1 x 


. lim ^ ~ (t ~ h + y ~ , ,¡„ **• - + K - 

x 3 X—o x d 


x— »0 


= x “ 0 - S® 2 + T® 4 - ) = 3 


since power series are continuous functions. 


.. 1—cosx .. 

46. lim —-r = ™ 


! - (! - jrx 2 + j¡x 4 - ^a ; 6 + • • •) 


x—o 1 + x - e x x—o l+i-(l+i+ fjx 2 + fjX 3 + £x 4 + frx 5 + gjx 6 H-) 


= lim 


±-2 _ ± 4 , ± 6 _ 

2¡ x 4 ,x -r 6 ¡x 


0 _-i-7'2 _ _1_ 7.3 _ _1_ t *4 _ 1 t 5 — 1+6 — , 

21 X 3 ! X 4\ X 5! X 6! x 


= lim 


_L _ i r 2 , ± 4 _ 

21 4 ¡ x n~ 6 ! ^ 


0 _1_ JL 7 » _1_ t »2 _1_ t»3 _1_ t»4 ... — ¿ — 0 

2! V. 4\ x 5! x 6! x 2 u 


i^- = -i 


since power series are continuous functions. 


47. lim 


sinx — x + ¿x 3 


= lim 

x —* , 0 


(x- frs 3 + ^s 5 -^ 7 + -••)-a;+la; 3 


jra: 5 - j¡x 7 H- ( 1 a: 2 a: 4 ^ 

= lim —- \ - = lim 77 - ^rr 4 -^r--) = 

x->o x 5 x —0 ^ 5 ! 7 ! 9 ! ) 

since power series are continuous functions. 


1 

120 


_ _, tanx x .. 
48. lim- 5 -= lim 


( x + k* i + -&f + ---)-x = lim |x 3 + + ■ 

X —>0 


X° 


x° 


= lim (5 + fs* 2 + • • •) = 


since power series are continuous functions. 


_ 2 

49. As in Example 8(a), we have e x = 1 - 

_ 2 

from Equation 16. Therefore, e x cosx 
terms with degree < 4, we get e 1 cos x 


x 4 x 4 x° . . x x' 

Tí + 2Í “ 3Í "!- and we know that cos x = 1 - - 

= (1 - a; 2 + jx 4 -) (1 - \x 2 + ¿a: 4 -). Writing only the 

= 1 - \x 2 + ¿x 4 - x 2 + lx 4 + lx 4 + • • • = 1 - f x 2 + ff x 4 + • • 
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50. 


1 - ¿x 2 + ix 4 - 


1 + ^X 2 + 24® 4 + ■ 


1 - ¿x 2 + £x 4 - • 

¿x 2 - ¿X 4 + ■ 
ix 2 - ¿x 4 + - 

é* 4 + - 


éx 4 + - 


51. 


1 + X+ |x 2 + gX 3 


-X + ;X 2 


±X 3 + 


-x - ±x 2 - £x 3 - 

-x — x 2 — \x 3 — 


±x 2 + ±x 3 - 

\x 2 -f \x 3 + ' 


-\x 3 + 
-\x 3 + 


secx = 


cosx 1 — \x 2 + ^x 4 - 


From the long division above, 
secx = 1 + \x 2 + 7 fiX 4 + • • 


From Example 6 in Section 12.9 [ET 11.9], we have 

ln (1 - x) = -x - \x 2 — \x 3 - ,\x\ < 1 . 

Therefore, 


V = 


_ ln(l — x) _ —x 


- W - w - 


e x 1 + x + \x 2 + \x 3 + ' 


-. So by 


2 r 6 

the long division above, 

ln (1 — x) x 2 x 3 | ■__ i 

_L_^ = _ a; + _-_ + ..., N <i. 


52. From Example 6 in Section 12.9 [ET 11.9], we have ln (1 - x) = -x - \x 2 - \x 3 -, \x\ < 1. Therefore, 

e x ln (1 - x) = (1 + x + \x 2 + • • •) {-x - \x 2 - \x 3 + • • •) 

= — x — \x 2 — \x 3 — x 2 — \x 3 — \x 3 — • • • 

= — x — \x 2 — |x 3 -, \x\ < 1 


n=0 


= v ("^T = 4 

n! + 0 n! 


53. E (-1)" + = E ~ irr^ = by 01). 


"• I -£ < -‘>”-“• * = +^ <16 >- 


oo / 2n+l oo (_l) n (zy n+1 

“• £ Msttt - £ cLVi). 5 - *■ »v (.5). 


— - V 1 í3/5)n = e ys . by ( 11 ). 


»! 


oo Q n oo Q n 


5 ’- 3+ l + l + TT + - = TÍ + l + fr + íT + -=£|r = 2|í- l = e, - 1 - by<u >- 


s8 . 1 _ la2 + lí^>!_M>! + ...= £ ízii2T = e — = (,,»)- = 2- = J.by(11). 

2! o! n=0 
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59. Assume that | /'" (x)| < M, so /'" (x) < M ior a < x < d. Now J* /'" ( t) dt < f*Mdt 
=> /" (x) — /" (a) < M (x — a) => /" (x) < /" (a) + M (x — a). Thus, 

s: f" (t) dt < ¡: [/" (a) + M (t - a)] /' (*) - f' ¡p) < /" (a) (* - a) + §M (* - a ) 2 

=>■ /' (x) < /' (a) -I- /" (a) (x - a) + ¿M (x - a ) 2 => 

S x a r (t) dt < s: [/' (a) + /" (a) (t - a) + JM (t - a) 2 ] 

=> f (x) — f (a) < f' ( a ) ( x ~ a ) + |/" (a) (x - a) 2 + |M (x — a) 3 . So 
f (x) - / (a) — /' (a) (x - a) - |/" (a) (x - a) 2 < \M (x - a) 3 . But 

#2 (x) = / (x) - T 2 (x) = f(x) - f (a) - f' ( a ) (® — a) — |/" (a) (x - a) 2 , so ií 2 (z) < \M (x - a) 3 . A 
similar argument using /'" (x) > -M shows that (x) > —\M(x — a) 3 . So |# 2 (x 2 )| < \M \x — a| 3 . 


Although we have assumed that x > a, a similar calculation shows that this inequality is also true if x < a. 



\ / X X 

= lim —3 = lim ——j = 0 (using l’Hospital’s Rule and 


x— »o e 1 /® 2 o 2e l f x ' 


simplifying in the penultimate step). Similarly, we can use the definition of the derivative and l’Hospital’s Rule 
to show that f" ( 0 ) = 0 , / (3) ( 0 ) = 0 ,..., / (n) ( 0 ) = 0 , so that the Maclaurin series for / consists entirely of 
zero terms. But since f (x) ^ 0 except for x = 0, we see that / cannot equal its Maclaurin series except at 


(b) 


0.002 


From the graph, it seems that the function is extremely flat at the 
origin. In fact, it could be said to be “infinitely flat” at x = 0, since 
all of its derivatives are 0 there. 



o 



1 The Binomial Series 


ET 11.11 


1. The general binomial series in (2) is 



k(k — 1 ) 2 . k(k-l)(k — 2) 3 

~^r~ x + -3i- x 


X* + • • • . 




;R=1 
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2 . 


(l+*)‘ 


= (l + a :)" 4 = £ 


=o V n 


x n . The binomial coefñcient is 


_ A _ (- 4 ) (- 5 ) (- 6 ) ■ ■ • (-4 - n + 1) = (-1)" • 2 • 3 • 4 • 5 • 6 .(n + 1 ) (n + 2) (n + 3) 


2 • 3 • n! 


(~l) n (n + 1) (w + 2) (n + 3) 

6 


so 


1 __ £ (-!)" (» + !)(" +2) (n + 3 ) ¡c n for | a .| <1 , so R = 1. 

i fS 


(1 + x) 4 n=0 

1 


(2 + x) 3 [2 (l + a:/ 2 )] 


1 __ = i ("l + — 3 = -eÍ 3 ) íf') n . Thebinomi 

-a:/2)l 3 8 V 2/ 8 n =o\n)V2/ 


The binomial coefficient is 


/ - 3 \ _ (- 3 ) (- 4 ) (-5).(—3 — n + 1) = (—l) n • 2 • 3 • 4 • 5.(n + l)(n + 2) 


n ) nl 

_ (-l) n (n + 1 ) (n + 2 ) 

2 


2 • n! 


so 


1 _ = 1 « (-l) n (n + 1 ) (n + 2 ) a: n = g (~l) n (n+lHn + 2) 


(2 + x) 3 8 n ? 0 

so R = 2. 


n=0 


2n+4 


for III < 1 +> |i| < 2 , 


4 . 


tU ■.^|(i)(-l) T< , (i)(-j)(rll .. + 


, with R = 1. 


-2! * ^ 3! 

x 2 ^ (-l ) n_1 • 2 • 5 • 8 .(3n — 4) x 2n 

= i + t + E - 1 - ¿ — 


n=2 


3 n n! 


5 . ^T^ 8 x = (1 - 8 a :) 1/4 = £ j (- 8 a;) n 

= 1 + 5 (- 81 ) + iijl (- 8 x) J + (í) (— 8 *)» + 

- 1 - 2* + j, ^ 4 t . 7 n ,- • • • ^ - 5> 
-t-a.-V 3 ' 7 . 

n=2 

and |— 8 x| < 1 +> |x| < so R = 5 . 

1 


6 . 


vT$2 — x 2 y/í — i/32 


1 _ 1 /1 ir 1/5 -1 f í-^ n = - r [“5lízlÜf! 

_ x /32 2 V 32/ 2+oinjV 32/ 2 + 0 1 n J 2 5n 


1 + 


B) (-1) 


(-»(-g) . (-1) (~f) (—t) C *■ 


4 + 


ñX + 


1-6 


“2" 1 " 5-2 6 ^ 5 2 - 2! * 2 11 
The radius of convergence is 32. 


x 2 + 


2 ! 2 10 
1-611 3 


3! 


+) 


5 3 • 3! • 2 16 


x 3 +... = ± + x: 


n=l 


1 • 6 .(5n-4) jn 

5^2 5n +i n! 
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X I / i xn 1 * 3 • 5.(2 n — 1) 2n+l , X 2 \x\ | | _ 

= 9 + E (-!) - n! 2 3 n+i - ¿a: and — < 1 V < 1 ^ 1*1 < 2, so R 


8 . 


a /2 + x y/2(l + x/2) V2 


= ^(‘+f) 



V2 


1 + 


n + (-I)H) iíi’ „ (-ti(-j)M) ,*v 


(-«(I) 


2! 


x 2 . x 2 


-^+^,?'- 1 )' 


1-3-5 



3! 


2 / + ' 


n! 2 2 ” 

- S + „? ? ’ 3 ’ n+w" ~ 1) «* W md If I < 1 « 


s -ws = < 8 ++)- 1 /, - 8 - , *(‘+I)‘ ,,, H(i + |) 

=Jl+(-i)(f) + ti + il (I)* + "' 


-1/3 


i + E 


n=l 


(—l) n 1-4-7 .(3n-2) 

3 n • n! 8 71 


and - < 1 <í=> |x| < 8, so R = 8. 

I 8 I 


The three Taylor polynomials are Ti (x) = ¿ - —x, T 2 (x) = 5 - ^x + jygx 2 , and 
7T> Ca;) = i - ij 4 . -1—x 2 - 4 ' 7 r 3 - I _ JL t 4 . _!_. r 2 _ 1 -3 

— 2 48 * — 576 * 2-27.6-512* _ 2 48*— 57fi* 


41,472 J 
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10 


l.<4 + *)*<’=8(l + §) ,/ ’-8£(«)(f 


= 8 


= 8 + 3x + 



! + # T + 


(ÍMiHziW 


3! 

(5 - 2n) x n 


4/ 


and| —1<1 O \ x \ < 4» so R 


The three Taylor polynomials are Ti (x) = 8 + 3x, T 2 (x) = 8 + 3x + jqX 2 , and 
T 3 (x) = 8 + 3x + 16 ^ 128 ® * 



11. w [1+=1+(-«<-*■). + (é) J í-* 1 ) 1 + ' 5/ (-*’ 


,4 . (-»(-!)(-§) 

3! 


= i+g ^ 3 -- 5 - 

+ 2 n • n! 


( 2 n- 1 ) j. 2 n 


(b) sin 


• -1 í 1 
J 


:dx = C + X+ ^2 


1 • 3 • 5 • 


(2^__j0 x 2n+l 


( 2 n + 1 ) 2 n • n! 


= x + ^ —-~o: 2n+:L since 0 = sin 1 0 = C. 

nti ( 2 n + 1 ) 2 n • n! 


12 . (a) (1 + x 2 ) 1/2 

(b) sinh ” 1 x = J 


00 

= Y' 
n=0 V 71 


l/2\ _ 2 n (-l) w -l-3-5.( 2 n-l)s 2 - 

1 - 1 + „?. 2^i 


dx 


= c + x+ £ (^ 1 )" • 1 • 3 • 5 • ~ ~ ( 2n ~ V x ,butc = 

Vl+x 2 n=! 2 n • n! (2n + 1) 

, , _i ^ (-1)” • 1 • 3 • 5.(2n - 1) x 2n+1 D _ , 

sinh 0 = 0, sosinh x = x+E^- 2 n • n! (2n+l) ’ R ~ L 


2 n • n! (2n + 1) 

13. <») (l + x)-' n - l + H) « + + (-D ( ~p ( - ~ Í^ 

=1 + g (-r...i : -. l¡ .,V ' 

1 * 3 * 5 * T 

(b) Take x = 0.1 in the above series. —— í 0 - 1 ) 4 < 0-00003, so 

■ 1 — « 1 - + +-^7 (O.l) 2 - M+ r (O.l) 3 » 0.953. 

yífl 2 2 2 • 2! v ' 2 3 • 3! v ; 


x 3 + 


) 3 +- 


0 since 
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.(a)(8 + *) 1 ' 3 =2(l + f) 1/a = 2Í: fj) (§)" 

\ o / n=0 \ n J \ O / 


=2 


= 2 


! . JL + V ("^)" -1 - 2 - 5 .(3n — 4) i" 

24 ,¿2 24" • n! 


(b) (8 + 0 . 2) 1/3 = 2 


0.2 (0.2 ) 2 2 • 5 (0.2 ) 3 

+ 24 24 2 + 24 3 • 3! 


, , 0-2 ( 0 - 2) 2 

+ 24 24 2 


smce 


2 ‘ 2 24 3 ° 3 !^ w 0.000002, so •$ / 0 « 2.0165. 


15. (a) [1 + (-z )]- 2 = 1 + (-2) (-x) + í-g -H 3) (-x ) 2 + ( 2 )(^)(~ 4 ) (_ X )3 + ... 
= 1 + 2x + 3x 2 + 4x 3 + • • • = f) (n + 1 ) x n , 


n=0 


oo 


SO 


= Z) ( n +1) a;n+1 = E nx n . 


( 1 -x ) 2 tÍSo' 

(b) With x = 5 in part (a), we have 52 ^ = -— 2 - ^ = 2. 


n=l 

n 


16. (a) [1 + (—x)]~ 3 = E ( “) (~X) T 

n=0 \ n 


= i+ (-3) ( -x) +tata ( -,) 2 + tmz (-,). +... 

=o 3 . 4.5 .(n + 2 ) n _ ~ (n + 1 ) (n + 2 ) n 


= 1+ E £ 

n=l n - n=0 ¿ 

(x + x 2 ) [1 + (-x )]- 3 = g (n + l) (n + 2) ^+1 + g (n + 1 ) (n + 2 ) ^ 


= x+ |2 

n=2 


n=0 

n (n + 1 ) (n — 1 ) n 
2 + 2 


x n = x + ^ n 2 x n = Y n 2 x n , — 1 < x < 1 


(b) Setting x = | in the last series above gives the required series, so — — —- —3 


00 n 2 j + (|) 2 

A 2n (1 - §) 3 ' 


17. (a) (l+x 2 ) 1/2 = l + (I)x 2 + 


UJ . íiHzi) /.2\ 2 ^ (ili-iH-l) W \3 


2 ! 


(x 2 ) + 


3! 


(x 2 ) + 


_ x^ ~ (-ir^l-3-5.(2n — 3) 2n 

2 + + 2 2 " • n! 


(b) The coefficient of x 10 (corresponding to n = 5) in the above Maclaurin series is - ( ^) . so 

? , ( ->V.•»• - T ^ y- (0) ■ .01 (^) - 
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18. (a) (l + i 3 ) 


- 1/2 


= E 

n=0 





-i + H) (- 3 ) + 


= 1+ £íziHJL5 


(~l) (~l) í„3\2 j_ ( 2 ) ( 2 ) ( f) /„3^3 


2 ! 


(*T + 

(2n - 1) x 3n 


3! 


(•")' + ■ 


! n • n! 


(b) The coefficient of z 9 in the preceding series is 


/ (9) ( 0 ) 

9! 


/ (9) (0) = -|f| = -113,400. 


/ (9) (0) (~l) 3 1 • 3 • 5 

9! 2 3 ■ 3! 


19. (a) g( x) = E 

n=0 V 


»'(*)= 2 1 n 
n=l \ 


k \ n j 

nx \so 


(l + *) í '(x) = (l+x) E O n -‘= E COnx”- 1 + E (>*" 

n=l n=l n=l 


= E(„+i)(n + l)* n +E(>^ 

n=0 n=0 


Replace n with n H~ 1 
in the first series 


= E (» + 1 ) k ^ k ~^ ( fc ~ 2 ) , "( fc 7 n + 1 )( A: ~ n ) J n 

n=0 


(n+l)! 


+ E 


( n ) 


fc (fc — 1) (fc — 2) • • • (fc — n + 1) 

n! 


_ g (n + 1) fc(fc — 1) (fc - 2) • •; (k —n+1) p _ „) + n ] x n 
= fc E *(*-!) (*~ 2 )'--( fc ~ n + 1 ) a . n = fc E C)* n = kg(x) 

n=0 n=0 


(b) / 1 ( 1 ) = ( 1 +x) -fc ff(a;) => 

fc' (z) = -fc (1 + a ;)- fc - 1 3 (x) + (1 + x)" fc g' (x) [Product Rule] 

= -fc (1 + x )- fc-1 g (x) + (1 + x)~ k [ from Part ( a )J 

= -fc (1 + a :)- fc-1 g (x) + fc (1 + x ) -fc_1 g (x) = 0 

(c) From part (b) we see that h (x) must be constant for x € (-1,1), so h (x) = h (0) = 1 for x € (—1,1). 
h(x) = 1 = (1 +x)~ k g(x) g(x) = (l + x) fc forx€ (- 1 , 1 ). 
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20 . (a) 


4 v? r vrSm = 4 \/f r [i+ <-*’ x)r ' / ' dt 
-gtr 


1 — - (— k 2 sin 2 x ) + 2 ^ 2 (—/c 2 sin 2 x)* — 


13 5 

2 ‘ 2 ' 2 

3! 


(— k 2 sin 2 x) 3 + ■ 


dx 


-rr 


($) sin 2 x + k 4 sin 4 x+ ^ ^ ^ k 6 sin 6 x H- j dx 

^split up the integral and use the result from Exercise 8.1.40 [ET 7.1.40]^ 


I / l' 3 • 5 \ / 1-3-5 tt\ 6 
+ \2 • 4 • 6/ U-4-6 
/rr i 2 , 2 i 2 • 3 2 ,4 i 2 -3 2 -5 2 6 i 

V P L V + 2i'-4~V k + "\ 

(b) The first of the two inequalities is true because all of the terms in the series are positive. For the second, 

m [L r, , l 2 ,2 , l 2 • 3 2 ,4 , l 2 • 3 2 • 5 2 ,6 . I 2 • 3 2 • 5 2 • 7 2 , 8 , 1 

T_2 V 9 [ 1 + 22fc + 2 2 • 4 2 ^ + 2 2 • 4 2 • 6 2 ^ + 2 2 • 4 2 • 6 2 • 8 2k + "‘ 

“ Wf i 1 + + + I fc6 + I fc8 + '" 

The terms in brackets (after the first) form a geometric series with a — \k 2 and r = k 2 = sin 2 (%0o) < 1. So 
fc 2 /4 


T <2n,r 


1 + 


1-fc 2 


= 2^-^ 


g 4 — 4 k 2 ’ 

(c) We substitute L = 1, g = 9.8, and k = sin (10°/2) « 0.08716, and the inequality from part (b) becomes 
2.01090 <T< 2.01093, so T « 2.0109. The estimate T « 2n\jL¡g « 2.0071 differs by about 0.2%. 

If 6q = 42°, then k « 0.35837 and the inequality becomes 2.07153 < T < 2.08103, so T « 2.0763. The 
one-term estimate is the same, and the discrepancy between the two estimates increases to about 3.7%. 
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- Wit 2 Applications of Taylor Polynomials 


ET 11.12 


n 

/ (n) (*) 

/ (n) (0) 

T n (x) 

0 

cos X 

1 

1 

1 

— sinx 

0 

1 

2 

— cosa; 

-1 

1-i* 2 

3 

sinx 

0 

1-i* 2 

4 

cosx 

1 

1 - ix 2 + ii 4 

5 

— sina; 

0 

1 - ix 2 + ¿x 4 

6 

— cosx 

-1 

1 - ix 2 + ii 4 - ^x 6 



X 

/ 

¿3 

II 

¿3 

¿3 

II 

¿3 

£ 

ii 

6 

Te 

7T 

4 

0.7071 

1 

0.6916 

0.7074 

0.7071 

7T 

2 

0 

1 

-0.2337 

0.0200 

-0.0009 

7T 

-1 

1 

-3.9348 

0.1239 

-1.2114 


(c) As n increases, T n ( x ) is a good 
approximation to / (x) on a 
larger and larger interval. 


2. (a) 


(b) 


n 

/ (n) (*) 

/ (n) (i) 

T n (x) 

0 

x _1 

1 

1 

1 

—x~ 2 

-1 

1 — (x — 1) = 2 — x 

2 

2x~ 3 

2 

1 - (x - 1) + (x - l) 2 = x 2 — 3x + 3 

3 

—6x~ 4 

-6 

1 — (x — 1) + (x — l) 2 - (x - l) 3 = -x 3 + 4x 2 - 6x + 4 


4 



X 

/ 

T 0 

Ti 

t 2 

t 3 

0.9 

1.1 

1 

1.1 

1.11 

1.111 

1.3 

0.7692 

1 

0.7 

0.79 

0.763 


(c) As n increases, T n ( x ) is a good 
approximation to / (x) on a 
larger and larger interval. 
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n 

/ (n) (x) 

/ (n) (i) 

0 

lnx 

0 

1 

1 /x 

1 

2 

—1/x 2 

-1 

3 

2 /x 3 

2 

4 

—6/x 4 

-6 





5. 


1.1 



n 

/ (n) (x) 

/ (n) (f) 

0 

sinx 

1 

2 

1 

cosx 

2 ¿I 

2 

2 

— sinx 

1 

2 

3 

— cosx 

2 


Ts(x) 


= 'f f — (g) (x - f ) n = h -4- 41 (* - - I l'-r - í'l 2 - 41 (r. - ?'í 3 


E 

n=0 


n! 


2 + Y( X 


o-K—*r 


12 


(—*r 


n 


/ (n) (*) 


cosx 

— sinx 

— cosx 
sinx 
cosx 


/ (n) ($) 


_ í 
2 

2 

1 . 
2 

2 

_ 1 
2 



-1.25 


4 f(n) / 27 T \ 

T.(*)=E^W(*-W' = -5-#(*-T) + j(*-») a + i!(*-¥) ; ’-*(*-») 

n=0 ,L ' 
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71 

/ (n) (*) 

/ (n) (0) 

0 

tana: 

0 

1 

sec 2 x 

1 

2 

2 sec 2 x tan x 

0 

3 

4 sec 2 x tan 2 x -f 2 sec 4 x 

2 

4 

8 sec 2 x tan 3 x H- 16 sec 4 x tan x 

0 


n=0 U ' 


. X 

3! =I+ T 




71 

/ (n) (*) 

/ (n) (f) 

0 

tanx 

1 

1 

sec 2 x 

2 

2 

2 sec 2 x tan x 

4 

3 

4 sec 2 x tan 2 x -f 2 sec 4 x 

16 

4 

8 sec 2 x tan 3 x -f 16 sec 4 x tan x 

80 


4 f( n ) 

T4(X)=E>^(X 


n=0 


f) n = l + 2(x-f)+2(x-f) 2 + !(x-f) 3 + f (x-z) 4 


71 

/ (n) (*) 

/ (n) (0) 

0 

e x sin x 

0 

1 

e* (sin x -f cos x) 

1 

2 

2e x cos x 

2 

3 

2e x (cos x — sin x) 

2 


3 f (n) ('O') 

Ts (*) = E — P-* n = 


n=0 


X +X 2 + §X 3 




71 

/ (n) (*) 

/ (n) (1) 

0 

(3 + x 2 ) 1/z 

2 

1 

x (3 + x 2 ) 1/í2 

í 

2 

2 

3(3 + x 2 ) -3/2 

3 

8 


T 2 (*) = E (* - 1)” = 2 + i (* - 1) + ^ (X - l) 2 = 2 + i (x - 1) + £ (x - l) 2 

n=0 71 * 
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11. In Maple, we can find the Taylor polynomials by the following method: first define f : =sec (x) ; and then set 
T2:=convert(taylor(f,x=0,3),polynom);, T4:=convert(taylor(f,x=0,5),polynom);, 
etc. (The third argument in the taylor function is one more than the degree of the desired polynomial). We must 


convert to the type polynom because the output of the 
taylor function contains an error term which we do not 
want. In Mathematica, we use 

Tn: =Normal [Series [f, (x, 0, n} ] ], with n=2, 4, 
etc. Note that in Mathematica, the “degree” argument is the 
same as the degree of the desired polynomial. In Derive, 
author sec x, then enter Calculus, Taylor ,8,0; and 
then simplify the expression. The eighth Taylor polynomial is 

Ts (a;) = 1 + §x 2 + 24 x 4 + ^x 6 + £Lx 6 


t» t 6 r 4 



8064 J 


12. See Exercise 11 for the CAS commands used to generate the 
Taylor polynomials. The ninth Taylor polynomial for tan x 


is Tg (x) = x + |x 3 + j$x 5 + 


315 u 


+ 2835 ^ 



13. / (®) = V® 

f' (*) = é* -1/2 

f" (*) = -¿x- 3 / 2 
f’" (x) = fx" 5 / 2 

(a) « T 2 (x) = 2 + \ (x - 4) - (x - 4) 2 

= 2+i(x-4)-i(x-4) 2 

(b) |i ?2 (®)| < ^ |x — 4| 3 , where | f'" (x)| < M. Now 

4 < x < 4.2 =*• |x - 4| < 0.2 =4- jx — 4| 3 < 0.008. 
Since f" (x) is decreasing on [4,4.2], we can take 
M=|/"'(4) | = |4- 5 / 2 = ^,so 
\R 2 (x)| < 2Z2 55 (0.008) = = 0.000015625. 


/(4) = 2 
/'(4) = ! 

/"(4) = -é 


(c) 


0.00002 



4.2 


From the graph of 

|H 2 (íc)| = | y/x — T 2 (x)|, it seems that 
the error is less than 1.52 x 10“ 5 on 
[4,4.2]. 










SECTION 12.12 APPLICATIONS OFTAYLOR POLYNOMIALS ETSECTION 11.12 □ 167 


14. 


f (x) = x~ 2 
f' (x) = —2x~ 3 
f"(x) = 6x~ 4 
f" ( x ) = —24i -5 
M 


/( 1 ) = 1 
/'(l) = -2 
/" (4) = 6 


(a) x 


■■ T 2 (x) = 1 - 2 (x - 1) + £ (x - l ) 2 
= 1 - 2 (x - 1) + 3 (x - l ) 2 


15. 


(b) \Ü 2 (*)| < 1* - 1| 3 . where \f" (a:)| < M. 

Now 0.9 < x < 1.1 => \x — 1| < 0.1 => 

\x - 1 | 3 < 0.001. Since /"' (rr) is decreasing 
on [0.9,1.1], we can take 
M = \f" (0.9)| = ^,50 

\R2 (*)| < (0.001) = o%§§39 

» 0.00677404 
/ ( x ) = sinrr 
/' (rr) = cos x 
/" (x) = — sin x 

/'" (x) = — cos x 
(a) sin x & T 5 (x) 

& (t. - £) 


(c) 



1.1 


/(?) = # 

/'( i) = 4 
/"( í) = -4 
/'"( í) = -4 


From the graph of \R% (z)| = \x 2 — T 2 (x)|, it 
seems that the error is less than 0.0046 on [0.9,1.1]. 
/( 4 ) (x) = sinrc 
/ (5) (*) = cos X 
/( 6 ) (x) = — sin x 


il\ — & 


/ (4) (f) = 
/ (5) (f) = 




(C) 


0.0003 


- & 
~ 2 


+ ¥(** 4 ; 


( x -iY 


(b) \R 5 (x)\ < 


0 < rr < f 


M 


+ 48( X_ f) +2§( X ”?) 
^ { x — f | 6 , where |/^ (rr)| < M. Now 

=> (x - f ) 6 < (f ) 6 , and letting x = f 
gives M = 1, so 

1^5 (x)|<^(f) 6 = ^(f) 6 « 0.00033. 



|jR 5 (x)| = |sinx - T 5 (x)|, it seems that 
the error is less than 0.00026 on [ 0 , f ]. 


/ (x) = cos x 
f' (x) = — sinx 
/" (x) = — cos x 


16. f(x)= cosx /( f) = é 

/'(f)=-# 

/"( f)=—5 

(a) cos a: « T4 (a:) = 5- ^ (* — f) — ií 3 ' - j) 

+ #(*-5) s + á(*-í) 

(b) |fi4(i)l < “ f | ! . where / (!i (*) < A/. 


/'" (x) = sin x 
/< 4 ) (x) = cos x 
/( 5 ) (x) = — sinx 
(c) 0012 


r (f) = # 

/ ,4> (t) = i 


Now 0 < x < 


(*-f) 5 <(f) 5 .and 


letting x — ~ gives M — 1, so 
|7Í4 (x)| < (f ) 5 ^ 0.01.05. 



2 t r 
3 


From the graph of |i ?4 (a:)| = |cos x — T 4 (x)|, 
it seems that the error is less than 0.01 on 
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17. / ( x ) = tan x f (0) = 0 

/' ( x ) = sec 2 x f ( 0 ) = 1 

f" ( x ) = 2 sec 2 x tan x f" ( 0 ) = 0 


f" (x) = 4 sec 2 x tan 2 x + 2 sec 4 x /'" (0) = 2 

/( 4 ) (x) = 8 sec 2 x tan 3 x + 16 sec 4 x tan x 


(a) tanz « T 3 (x) = x -f 


(b) |iÍ3 (x)| < \x\ A , where |/ (4) (x)| < M. Now 

0 < £ < f => x 4 < (f ) 4 , and letting x = -| gives 

= ^ (f ) 4 «0.057859 


0.01 



less than 0.006 on [ 0 , 7 r]. 


18. f( X ) = (l+x 2 ) 1/3 / ( 0 ) = 1 

/'(*) = §* (1 +1 2 ) -2/3 f' (0) = 0 

r(4=§(i-§x 2 )(i +a: 2 )- 8/3 /"(o) = § 

(a) ^TTx 2 « T 2 (x) = 1 + f® 2 


/"'(*) = 


8x 3 - 72a; 
27 (1 + x 2 ) 8/3 


(b) |it *2 (x)\ < ^- |x| 3 , where |/"' (x)| < M. By examining a 

graph of I/'" (z)|, we see that its maximum is approximately 
0.71495314. Thus, 


\R 2 (x)\< 


0.71495314 


(0.5) 3 


0.014895. 



It seems that the error is less than 0.0061 
on [—0.5,0.5]. 


3! 
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19. / (x) = e x / (0) = 1 

/' (*) = e " 2 ( 2 x) f' ( 0 ) = 0 

/"(*) = e* 2 (2 + 4x 2 ) /" (0) = 2 

(a) e* 2 w T 3 (x) = 1 + ^x 2 = 1 + x 2 
M 


/'" (x) = e x (I2x + 8 x 3 ) 

/ (4) (x) = e l2 (12 + 48x 2 + 16a; 4 ) 

(c) 


/'" ( 0 ) = 0 


(b) \R .3 (i)| < — |x| 4 , where j/ (4) (a:)| < M. Now 


0<x<0.1 => x 4 < (O.l) 4 , and letting x — 0.1 gives 

!«, (,)| < « 00 ‘(^ + 0^ + 0.0016) (0 1)4 omm 


0.00008 



0.1 


\R 3 (x)| = |e l2 - (1 + x 2 ) |, it appears 

that the error is less than 0.000051 on 

[ 0 , 0 . 1 ]. 


20. (a) Clearly / (2n) (0) = 1 and / (2n+1 ) (0) = 0, so 
coshx w T s (x) = 1 + y + |^. 

(b) |i?5 (x)| < y M 6 . where |/ (6) (x)| < M. Since 

(x) = coshx and coshx attains its maximum on [— 1,1] 
at both endpoints, we let x = 1 and get 

\Rt¡ (x)| < ——(l) 6 » 0.002143. 


(c) 


0.002 



It appears that the error is less than 
0.0015 on (-1,1). 


21 . / (x) = x 3/4 / (16) = 8 

z'(x) = fx- i/4 r (i6) = § 

/"(x) = -^x- 5/4 f" (16) = — gfj 

(a) x 3/4 « T 3 (x) = 8 + f (x - 16) - ufa (x - 16) 2 

+ 65.536 ( X ~ 1®) 

(b) |i ?3 (x)| <^\x- 16| 4 , where |/ (4) (x)| < M. Now 

15 < x < 17 =» \x — 16| 4 < l 4 = 1, and letting x = 15 
to minimize the denominator of / (4) (x) gives 

135/ [256(15) 13/4 ] 


/'"(x) = ±far 9/4 

/ (4) W = -M ^ 13/4 


1*3 (*)| < 


4! 


• (1) w 0.0000033. 


(c) 


/'"( 16 )= 3^8 



17 


It appears that the error is less than 
3 x 10- 6 on (15,17). 
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22. / (x) = ln x f (4) = ln 4 

f' (x) = x- 1 /'(4) = J 

= /"( 4 ) = -i 


/'" (x) = 2x~ 3 /'" (4) = é 

/ (4) (x) = —6x~ 4 


(a) ln x « T 3 (x) = ln 4 + ^ (x - 4) — ¿ (a: - 4 ) 2 

+ 192 ( X ~ 4 ) 

(b) \R 3 (x)| < |x — 4| 4 , where |/ (4) (®)| < M. Now 

3 < x < 5 => (x — 4) 4 < l 4 = 1, and letting x = 3 
gives M = 6 /3 4 , so |# 3 (®)| < 4 ^ • 1 = él « 0.0031. 


0.0015 



From the graph of 

|jR 3 (z)| = |lna; — T 3 (x)|, it appears 
that the error is less than 0.0013 on [3,5]. 


23. From Exercise 5, sinx = \ ^ (x - f) — \ (x — f ) 2 — (x — ^) 3 + R 3 (x ), where 

R 3 (x) < “• |x — § | 4 with |/ (4) (x)| = (sinx| < M = 1. Now 35° = (f + fg) radians, so 


the error is |ñ 3 (^) | < 


4! 


< 0.000003. Therefore, to five decimal places, 


sin35° » § + $ (&) - J (£) 2 - $ (^) 3 .« 0.57358. 


24. From Exercise 16, cosx = \ ^ (x — f) — \ (x — f) 2 + (íc - f ) 3 + ¿ (x — f) 4 + R 4 (x). Now since 

(jl ) 5 

x = 69° = (f + -£q) radians, the error is ITL 4 (x)| < V2 °/ < 8 x 10~ 7 . Therefore, to five decimal places, 


cos 69° 


5! 

5 - ^ ( 55 ) - i (fo)* + 4 (fo) 3 + fa (fo ) 4 » 0-35837. 


25. All derivatives of e x are e x , so \R n (a;)| < 


e* 

(n +1)! 


|a;| n+1 , where 0 < x < 0.1. Letting x = 0.1, 


Rn (0.1) < ^ ^ (0.1) n+1 < 0.00001, and by trial and error we find that n = 3 satisfies this inequality since 

R 3 (0.1) < 0.0000046. Thus, by adding the three terms of the Maclaurin series for e x corresponding to n = 0, 1, 
and 2, we can estimate e 0,1 to within 0.00001. 


oo í-i) 71 - 1 

26. FromExercise 12.10.35 [ET 11.10.35], the Maclaurin series for ln (1 + x) is Yj ~— -£ n - So 

n=í n 

OO f—l )"- 1 

ln 1.4 = ^2 - ---(0.4) n . Since this is an altemating series, the error is less than the first neglected term by 

n= í n 

the Altemating Series Estimation Theorem, and we find that |ae| = (0.4) 6 /6 « 0.0007 < 0.001. So we need the 
first five (non-zero) terms of the Maclaurin series for the desired accuracy. 
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27. sina: = x - -I- - . By the Altemating 

Series Estimation Theorem, the error in the 
approximation sinx = x — j^x 3 is less than 
|^iX 5 | < 0.01 4* |x 5 | < 120(0.01) ^ 

|x| < (1.2) 1 / 5 « 1.037. The curves intersect at 
x « 1.043, so the graph confirms our estimate. Since 
both the sine function and the given approximation are 
odd functions, we need to check the estimate only for 
x > 0. 



1.2 


28. cosx = 1 — y\X 2 4- — ^x 6 H-. By the 

Altemating Series Estimation Theorem, the error is less 
than | —^x 6 | < 0.005 x 6 < 3.6 <=> 

|x| < (3.6) 1/6 « 1.238. The curves intersect at 
x « 1.244, so the graph confirms our estimate. Since 
both the cosine function and the given approximation 
are even functions, we need to check the estimate only 
for x > 0. 


0.34 



29. Let s ( t ) be the position function of the car, and for convenience set 5 (0) = 0. The velocity of the car is 
v ( t) = s' ( t) and the acceleration is a ( t ) = s" (f), so the second degree Taylor polynomial is 

T 2 ( t ) = s (0) + v (0) t + = 20t + 1 2 . We estimate the distance travelled during the next second to be 

s(l)«T 2 (l) = 20 + l = 21m. The function T 2 (t) would not be accurate over a full minute, since the car could 
not possibly maintain an acceleration of 2 m/s 2 for that long (if it did, its final speed would be 
140 m/s «315mi/h!) 
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30. (a) 


P (*) = P20 e “ (t 20) P (20) = p 20 

p' (t) = ap 20 e“<‘- 20 > p' (20) = ap 20 

p"(t)=a 2 p 20 e“<‘- 2 °) p" (20) = a 2 p 20 

The linear approximatíon is Ti (í) = p (20) + p' (20) (t - 20) = p 20 [1 + a (t - 20)]. The quadratic 
approximation is 

T 2 (í) = p (20) + p' (20) (t - 20) + ^51 (í _ 20) 2 = p 20 [1 + a (t - 20) + \a 2 (t - 20) 2 ] 


(b) 


8 X 10 -7 



T 2 

Tx 

1000 


(c) 


2.25 X 10“ 



From the graph, it seems that T\ (t) is within 1% of 
p (t), that is, 0.99p (t) < T\ (t) < l.Olp (t), for 
-14 °C < t < 58 °C. 


31. E = — 


D 2 (D + d ) 2 T» 2 D 2 (1 + d/D) 2 D 2 

We use the Binomial Series to expand (1 + d/D)~ 2 : 


-( 1 + s ) 


—2 


rp _ Q 

E D 2 


D 2 


(- -fl 

i\ 2-3 /< 

á\ 2 2-3-4 / i 

dV 


i 1 - 2 ^ 

>) + ^r(] 

d) 3! (] 

5) + " 

jj 


é)-(S 


+ 4 


eo 


\DJ 





when D is much larger than d y that is, when P is far away from the dipole. 

31 (a) Z + T = R (-7¡- 17) (Equat,on 1} where 

to = \[r 2 + («o + ñ) 2 - 2ñ (So + fí) cos ~<i> and /¿ = yjR? + (s¿ - ñ) 2 + 2ñ(s¿ - ií) cos <f> 
Using cos 0 « 1 gives 

4 = t/ñ 2 + (so + -R) 2 - 2Ü(s 0 + i?) = \/-R 2 + s 2 + 2Rs a + R? - 2ñs 0 - 2T 2 = Vsf = «o 

and similarly, ti = s¿. Thus, Equation 1 becomes — + — = — ( ™ 2S - - ni — ) => 

So Si R \ Si So ) 

ni 722 _ ri2 — 72-1 

s 0 Si R 
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(b) Using cos <f> « 1 — |<¿> 2 in (2) gives us 


to = yjs? + (s a + ñ) 2 - 2 R(a 0 + R) (1 - 


= yjfí? + s¡ 4- 2R So + R 2 - 2 r 7 0 + Rso4? - 2ñ 2 + R?4> 2 = \jsl + Rso4 > 2 + ñ 2 0 2 
Anticipating that we will use the binomial series expansion (1 + « 1 + kx , we can write the last expression 


as s G y 1 + (j) 2 and similarly, U = 1 - 4> 2 ^ . Thus, 


, í R 

R? \\ 

-1/2 « 
n 2 

•% / 2 i 


R 2 \1 

i + <F[ — 

H- 2 ) 

+ — 

i-f i 

—- 

2 ) 

\S 0 

S% J\ 

Si 



«< /J 


r j2 /íí ü 2 \i 

-1/2 

m 

' , 2 /ñ . Ü 2 V 

h* U-ir)l 


, 1+0 U + ir). 


m 

s 0 


Approximating the expressions for 1 and Í Q 1 by the first two terms in their binomial series, we get 

21 [i_ 4*. ('•£ + *■')] + ”• [i + }^(5_4y 

So [ 2 \So sl ) J S¿ I 2 \Si S\) 


- 1/2 


n 2 
JF2 


'MMMM(M) 


ni ni0 2 

s 0 2s 0 


_R .R^\ n 2 tí24 > 2 í R _ R 2 \ 

So sl) Si 2si \Si s? y 


" + 


m n 2 _ m m m<¿> 2 / # i? 2 \ 

s 0 + s¿ ií ñ 2s 0 \s 0 s? ; 


+ 


+ 

ri2(t> 2 

2R 


n 20 2 

f- 

R 2 \ 

2ñ 

u 

~^J 

ni4> 2 

(± 

R 2 \ 

+ V 

2R 

\S 0 

r*- 

R 2 ' 

\ + n 2 </> : 


n\4? 

2 R 


(M) 


n 2 — m n i^ 2 


R 

U 2 —n\ n\(f) 2 ' D2 

1 + ~2¡ 

n 2 — n\ 

R 


+ 4) 2 R 2 


(M)(¿4)M(M)(l-¿) 

^fl + M/i n | n^ a ü a /i n /i _ ±\ 

D \R soJ\R s 0 J 2 sí \R SíJ\R síJ 
'”L + 

2s 0 \R SoJ 2Si \R Si) 


From Figure 7, we see that sin </> = h/R. So if we approximate sin (j> with </>, we get h = R(¡) and h 2 = (f) 2 R 2 
and hence, Equation 4, as desired. 
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33. (a) If the water is deep, then 27 rd/L is large, and we know that tanh x —* 1 as x —► cx>. So we can approximate 

tanh (27r d/L) « 1, and so v 2 « gL/ (27r) « y/gL/~(2ñ). 

(b) From the calculations at right, the first term in the / (x) = tanh x f (0) = 0 

Maclaurin series of tanh x is x , so if the water is /' (#) = S ech 2 x f' (0) = 1 

shallow, we can approximate tanh , f" (®) = “2 sech 2 x tanh x f n (0) = 0 

L 2nd /'" (x) = 2 sech 2 x (3 tanh 2 x - l) /'" (0) = -2 

and so v 2 « — • —— v « 

27r L 

(c) Since tanh x is an odd function, its Maclaurin series is altemating, so the error in the approximation 

. , 2nd 2 nd. . . . . t . . .. . . |/"' ( 0 )| / 2 ird \ 3 1 /27rd\ 3 „ 

tanh « —j~ ís less than the first neglected term, which ís ^ n I —j- \ = - í -j- 1 . If 

1 ( 27TC/\^ i / i \ 3 ^.3 

L > 10 <¿, then - í -j- j 3 í ^ 71 ” * Yo y = 375 ’ S ° ^ CITOr * n a PP rox ^ mat ^ on y2 = 9^ ls tess Ih ^ 11 

34. T n (x) = / (a) + ^ (x — a) + (x — a) 2 H-1- - (x — a) n . Let 0 < m < n. Then 

Ti m) (x) = m\^P- (x - a)° + (m +1) (m) • • • (2) (« - o) 1 + • • • 


771 ! 


+n (n - 1) • • • (n - m + 1) LülM ( x _ 0 ) w — 

n\ 

For x = a, all terms in this sum except the first one are 0, so (a) = = /( m ) (a). 

771 ! 

35. Using / (a:) = T n (x) + Rn (x) with 72 = 1 and x = r, we have / (r) = Ti (r) + R\ (r), where Ti is the 

first-degree Taylor polynomial of / at a. Because a = x n , f (r) = f (x n ) -f f' (x n ) (r - x n ) + R\ (r). But r is a 
root of /, so / (r) = 0 and we have 0 = / (x n ) + /' (x n ) (r — x n ) + Ri (r). Taking the first two terms to the left 

side and dividing by /' (x n ), we have /' (x n ) (x n - r) - f (x n ) = Ri (r) => x n -r - 

/ (*n) /' (x n ) 

By the formula for Newton’s method, the left side of the preceding equation is x n +i — r, so 

\x n +i — r| = . Taylor’s Inequality gives us |i?i (r)| < |r — x n \ 2 . Combining this inequality 

J \X n ) 2 ! 
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Applied Project □ Radiation from the Stars 


1. If we write / (A) = ^J^ T} _ ^ = - ¿^ T} -p then as A —► 0 + , it is of the form oo/oo, and as A —► oo it is of 


the form 0/0, so in either case we can use l’Hospital’s Rule. First of all, 

,• ,/„ h a(-5A" 6 ) r aT A 2 A -6 

lim / (A) = lim -£=-= 5— lim ... . 

A —*oo A—>oo 01 h/(\T ) 0 A—*oo e. b /\ xl ) 

“(ÁT)2 e 

Also, 


lim /(A) S 5^ ij m 
A—*0+ U ' * 


A 4 _h _aT 

6 A—+o+ e fc /(AT) b /™+ 


—4A" 


6T 

(AT) : 


b e b /<- X7 "> 


a T 2 

= 20^- lim 


= 0 


v-3 


e 6/(AT) 


62 e 6/(AT) 


This is still indeterminate, but note that each time we use l’Hospital’s Rule, we gain a factor of A in the numerator, 
as well as a constant factor, and the denominator is unchanged. So if we use l’Hospital’s Rule three more times, the 
exponent of A in the numerator will become 0. That is, for some {fc}, all constant, 


lim / (A) = ki lim . 

A—*0+ V ' A-0+ e b /(AT) 


= /c 2 lim ^ 


' A ^o+ e b /^ T ) 


= ks lim ^ 


1 A—*o+ e b /^ T ) 


= /c 4 lim 


1 


A—*o+ e b /^ T ) 

2 


= 0 


x~ 21 ° hc 

2. We expand the denominator of Planck’s Law using the Taylor series e x = l+ x + — H —- H -with x = -, 

o! ÁKl 

and use the fact that if A is large, then all subsequent terms in the Taylor expansion are very small compared to the 
first one, so we can approximate using the Taylor polynomial Ti: 


8nhcX~ 5 _ 8nhcX~ 5 


87t/ícA 

5 8-KkT 

e hc/{\kT) 

XkT 2! \XkT J 


í—V+-1 

\XkT ) 

-1 1 

(í+ hc ) 
XkT) 

1 

h- 1 

II 

K 


/(A) = 


which is the Rayleigh-Jeans Law. 


3. To convert to /xm, we substitute A/10 6 for A in both laws. The first figure shows that the two laws are similar for 
large A. The second figure shows that the two laws are very different for short wavelengths (Planck’s Law gives a 
maximum at A « 0.51 /¿m; the Rayleigh-Jeans Law gives no minimum or maximum.). 


500 



2 X 10 6 


30 



4. From the graph in Problem 3, / (A) has a maximum under Planck’s Law at A « 0.51 /¿m. 
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5. 1.25 X10 6 1.25 X10 7 




As T gets larger, the total area under the curve increases, as we would expect: the hotter the star, the more energy it 
emits. Also, as T increases, the A-value of the maximum decreases, so the higher the temperature, the shorter the 
peak wavelength (and consequently the average wavelength) of light emitted. This is why Sirius is a blue star and 
Betelgeuse is a red star: most of Sirius’s light is of a fairly short wavelength, that is, a higher frequency, toward the 
blue end of the spectrum, whereas most of Betelgeuse’s light is of a lower frequency, toward the red end of the 
spectrum. 

Review ET11 

- CONCEPTCHECK - 

1. (a) See Definition 12.1.1 [ET 11.1.1]. 

(b) See Definition 12.2.2 [ET 11.2.2]. 

(c) The terms of the sequence {a n } approach 3 as n becomes large. 

(d) By adding sufficiently many terms of the series, we can make the partial sums as close to 3 as we like. 

2. (a) See Definition 12.1.9 [ET 11.1.9]. 

(b) A sequence is monotonic if it is either increasing or decreasing. 

(c) By Theorem 12.1.10 [ ET 11.1.10], every bounded, monotonic sequence is convergent. 

3. (a) See (4) in Section 12.2 [ET 11.2]. 

(b) See (1) in Section 12.3 [ET 11.3]. 

4. If Y} a n = 3, then lim a n = 0 and lim s n = 3. 

n—»oo n—*oo 

5. (a) See the Test for Divergence (12.2.7 [ET 11.2.7]). 

(b) See the Integral Test on page 749 [ ET 715]. 

(c) See the Comparison Test on page 756 [ ET 722]. 

(d) See the Limit Comparison Test on page 757 [ET 723]. 

(e) See the Altemating Series Test on page 761 [ ET 727]. 

(f) See the Ratio Test on page 767 [ET 733]. 

(g) See the Root Test on page 769 [ ET 735]. 

6. (a) See Definition 12.6.1 [ET 11.6.1]. 

(b) By (12.6.3 [ET 11.6.3]), it is convergent. 

(c) See Definition 12.6.2 [ET 11.6.2]. 
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7. (a) Use either (2) or (3) in Section 12.3 [ET 11.3]. 

(b) See Example 5 in Section 12.4 [ET 11.4]. 

(c) By adding terms until you reach the desired accuracy given by the Altemating Series Estimation Theorem on 
page 763 [ET729]. 


8- ( a ) En=o Cn (x — a) 

(b) Given the power series ^2^L 0 c n ( x - a) n , the radius of convergence is: 

(i) 0 if the series converges only when x = a 

(ii) oo if the series converges for all x , or 

(iii) a positive number R such that the series converges if \x - a\ < R and diverges if \x - a\ > R. 

(c) The interval of convergence of a power series is the interval that consists of all values of x for which the series 
converges. Corresponding to the cases in part (b), the interval of convergence is: (i) the single point {a}, (ii) all 
real numbers, that is, the real number line (-oc, oo), or (iii) an interval with endpoints a - R and a + R which 
can contain neither, either, or both of the endpoints. In this case, we must test the series for convergence at each 
endpoint to determine the interval of convergence. 


9. (a), (b) See Theorem 12.9.2 [ET 11.9.2]. 
10. (a) T n (x) 

/ (n) («) 


¿=0 


(b) S 

n=0 


(a: - a) n 

(c) f f(n - j— xn [a = 0 in part (b)] 

n=0 ™ 

(d) SeeTheorem 12.10.8 [ET 11.10.8]. 


(e) See Taylor’s Inequality (12.10.9 [ET 11.10.9]). 

11. (a) - (e) See the table on page 792 [ET 758]. 

12. See the Binomial Series (12.11.2 [ET 11.11.2]) for the expansion. The radius of convergence for the binomial series 
is 1. 


TRUE-FALSE QUIZ 


1. False. See Note 2 after Theorem 12.2.6 [ET 11.2.6]. 

2. True by Theorem 12.8.3 [ET 11.8.3]. 

Or: Use the Comparison Test to show that £ c n (-2) n converges absolutely. 

3. False. For example, take c n = (—l) n / (n6 n ). 

4. True by Theorem 12.8.3 [ET 11.8.3]. 


5. False, since lim 

n—*oo 


6 . Tme, since lim 

n—»oo 


^n+1 


a n 


= lim 

n—*oc 


(n + 1) 


= lim -- —ñ = 1. 

n —oo (1 + 1 / n ) 3 


Cln+l 


n! 

a n 

— Iim 
n—»oo 

(n + l)! 


= lim 


n—KX> n -f 1 

7. False. See the note after Example 2 in Section 12.4 [ET 11.4]. 

1 00 x n i 00 (—l) n 

8. True, since - = e _1 and e x = ^ —r» so e ~ = -¡—• 

e n =o n! n =o n! 

9. Tme. See (7) in Section 12.1 [ET 11.1]. 


= 0 < 1 . 
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11. True. By Theorem 12.10.5 [ET 11.10.5] the coefficient of x 3 is f + = i 

o! o 


10. True, because if \ a n\ is convergent, then so is Y2 a n by Theorem 12.6.3 [ET 11.6.3]. 

/'" ( 0 ) = 2 . 

Or: Use Theorem 12.9.2 [ET 11.9.2] to differentiate / three times. 

12. False. Let a n = n and b n = —n. Then {a n } and {b n } are divergent, but a n + b n = 0, so {a n + b n } is 

convergent. 

13. False. For example, let a n = b n = (—l) n . Then {a n } and {6 n } are divergent, but a n b n = 1, so {a n b n } is 

convergent. 

14. True. by Theorem 12.1.10 [ET 11.1.10] (the Monotonic Sequence Theorem), since {a n } is decreasing and 

0 < a n < ai for all n => {a n } is bounded. 

15. True by Theorem 12.6.3 [ET 11.6.3]. [J2 (-l) n fln is absolutely convergent and hence convergent.] 

Y2 a n converges (Ratio Test) =^> lim a n = 0 (Theorem 12.2.6 [ ET 11.2.6]). 

n—*oo 

EXERCISES - 


16. True. lim — - 1 - < 1 


1 / 11 

\l + 2n3 J 


converges since lim 


2 + n 3 _ 2/n 3 + 1 _ 1 

n—>oc 1 + 2n 3 n—*oo 1/n 3 +2 2 


9 n+1 


2. o n = = 9 • (^) n , so Jhn o n = 9 Jim (^) n = 9 • 0 = 0 by (12.1.7 [ET 11.1.7]). 


n 


= lim 


n 


= oo, so the sequence diverges. 


3. lim a n = lim — — , 2 , , 

n—>oo n—>oo 1 + Tí 2, n—>oo 1 / n ¿ +1 

{ TT/ ^ X H 

-- > diverges, since lim --= lim —— = lim x = oo. 

lnnJ x-oo lnx x->oo \/x x->oo 

5. {sin n} is divergent since lim sin n does not exist. 


f sin n { 

Theorem. 

(-!)"}■ 


1 _ smn . 1 , . 1 .. smn „, . 0 

converges, since-< - < — and ±- > 0 as n —► oo, so lim -= 0 by the Squeeze 

n n n n n-*oo n 


convergent. Let 


-H)“ 


Then 


lim ln y = lim 4xln(l + 3/x) = lim = lim 

x—>oo x —»oo x—>oo 1/ y±X) x—>oo 


H lim 1 + 3/x ( x>) 

—1/ (4x 2 ) *“~l+3/x 


12 


= 12 


lim y = lim (l + — ^ = e 12 . 

x—>oo n—>oo \ n J 


í (-10) n ] 

1 . 10 n 
\ ^nnvpríTPC cmnp _ 

10 • 10 • 10 • • 

— 10 

»— 11 
o 

1—» 

o 

" 10 < io 10 I 

^10\ n 

t n! J 

/ LUIiVClgCa, MIICC — 

n! 

1 

1—‘ 

to 

co 

•. 10 

11 • 12 • • 

^ 1U 1 

Ulj 


n —10 


0 as n —► oo, 


so 


lim = 0 (Squeeze Theorem). Or: Use (12.10.10 [ET 11.10.10]). 


n—»oo n! 


9. We use induction, hypothesizing that a n _i < a n < 2. Note first that l<a 2 = §(l + 5) = § <2, 
so the hypothesis holds for n = 2. Now assume that a k -i < a k < 2. Then 

a k = \ (a k -i + 4) < § (a k + 4) < § (2 + 4) = 2. So a k < a k+ 1 < 2, and the induction is complete. To find 
the limit of the sequence, we note that L = lim a n = lim a n -j-i => L = § (L + 4) => L = 2. 
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, n x 4 h .. 4x 3 H .. 12x 2 

10. lim — = lim —— = lim —— 

x —>oo e x x—+oo e x x—+oo e x 

H 24x H v 24 

= lim -= lim — =0 

x —► oo e x x—+oo e x 

Then we conclude from Theorem 12.1.2 

[ET 11.1.2] that lim n 4 e“ n = 0. Fromthe 


graph, it seems that 12 4 e 12 > 0.1, but 

n 4 e _n <0.1 whenever n > 12. So the smallest 
value of N corresponding to e = 0.1 in the 
definition of the limit is N = 12. 


l 


r 

\ 


• 




1 -H 

© 

II 

v 

• . J 


11 . 


n 

n 3 4-1 



n 1 00 n • 

< — = —, so Y* —-converges by the Comparison Test with the convergent p-series 

n 3 n 2 n =i n 3 -f 1 

(p = 2 > 1). 


12. Let a n = and &n = ”* so lim T 1 = lim ^TTT = lim ] T ]/% = 1 > since bn is the 

n 3 -h 1 n Ti—+oo bn n—>oo n ó + 1 n—»oo 1 -f- l/n J 

divergent harmonic series, a n also diverges by the Limit Comparison Test. 


13. lim 

Ün+ 1 

= lim 

n —»00 

fl n 

n —>00 


(n + l) 3 5 n 

5 n +! n 3 


/ l\ 3 l 1 °° n 3 

= lim 1 -f - • - = - < 1, so T — converges by the Ratio Test. 

n —>oc \ n) 5 5 n =! 5 n 


14. Let b n = 


\/n + 1 


. Then b n is positive for n > 1, the sequence {6 n } is decreasing, and lim 6 n = 0, so 


f (~l) n 

n=l \/n + 1 


converges by the Altemating Series Test. 


15. lim y/\a n \ = lim 


n 1 

= - < 1, so the series converges by the Root Test. 


n—*oo 3n + 1 3 


16. lim n n , = i so lim ln ( - — = ln | # 0. Thus, £ ln ( n ) diverges by the Test for 

n—»oo 3n + 1 3 n — »oo \3n + 1J 3 n=l V 3n + 1 / 


Divergence. 


17. 


smn 


1 + n 2 


1 


1 + n 2 n' 


< — and since ^ ~~ñ converges (p-series with p = 2 > 1), so does 


=1 n 


n=l 


smn 


1 + n 2 


by the 


oo sin n 

Comparison Test, and so does i- 2 Theorem 12.6.3 [ET 11.6.3]. 

n=l 1 + n 


18. f(x) = —± -—=■ is continuous, positive, and decreasing on (2, 00 ), so we can use the Integral Test. 
x (lnx) 


1; 


dx 


19. lim 


x (\nx) 2 

dn +1 


= lim 

t—+ 00 


-1 


n—+ 00 a n 


= lim 

n—►oo 


lnx 

1-3-5 


J 2 


= —-, so the series converges. 
In2 


(2n - 1) (2n + 1) 


5 n n! 


5 n+1 (n + 1)! 


.. 2n + 1 2 

= lim ———rr = - < 1, so 


1-3-5.(2n — 1) n-+ 00 5 (n + 1) 5 


the series converges by the Ratio Test. 
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Qn +1 

Q>n 


n 2 /25\ n+1 /9V 25 , , 

= lim --— Mrr = — > 1, so the 

n -°° (n + l ) 2 V 9 / V 25 / 9 


^ (—5) 2n ^ 1 /25V VT 

”• w =v (tJ • Now Js. 

series diverges by the Ratio Test. 

21. Let b n = > 0. Then 0 < lim b n = lim < lim = lim — 7 = = 0, so lim 6 n = 0. If 

72 + 1 n—♦ 00 n —»00 72+1 n—»oo 72 n—*oo ■y'Tl 


/(*) = 




for a; > 0 , then /' (x) = 


/ , x (* + x ) • 27 « ~ • 1 _ (a: + 1 ) — 2x _ 


n —>00 

1 “ X 


x + 1 ’ ** w (x + l) 2 2y/x(x + l) 2 2y/x(x + l) 2 

f' (x) < 0 for X > 1. It follows that / (1) > / (2) > / (3) > • • •; that is, b n > 6 n +1 for all 72 . Thus, 

E) (“l) n_1 converges by the Altemating Series Test. 

n =i n + l 


, so 


(rationalizing the 


22. Use the Limit Comparison Test with a n = - 71 1 — - n 1 = — 2 - — 

n n(y/n + l + y/ñ^l) 

numerator) and b n = —lim = lim 2y/ñ - _ 1 so s j nce b n converges 

72 3 / 2 n -00 b n n —00 i/n + 1 + y/n-1 n ~ 1 

(p = f > 1), EÍILi a n converges also. 

23. Consider the series of absolute values: 1 is a p-series with p = | < 1 and is therefore divergent. But if 

we apply the Altemating Series Test we see that a n+ i < a n and lim 72“ 1/3 = 0. Therefore 

n—oo 

X^^Li (“!) n_1 n ~ 1 ^ is conditionally convergent. 

24. E n =i |(“l) n_1 n ~ 3 \ = E~=i n ~ 3 is a convergentp-series (p = 3 > 1.) Therefore, Y2 n =i (“l) n_1 n ~ 3 is 
absolutely convergent. 


25. 


a n +1 


(_l) n +i ( n + 2) 3 n+1 

^ín+l 

a n 

• 

2 2n +3 

(-l) n (n + 1) 3 n 


72 + 2 3 1 + (2/n) 3 3 , 

= —— • - = -. )/, ( * t -► t < 1 as 72 -► oo, so 

72 + 1 4 1 + (1/72) 4 4 


/° /_j\n (yi _j_ j\ gn 

by the Ratio Test, ^ 1— yhñ+i —— ls absolutely convergent. 


n=l 


26. lim = \[ m — qq^ Therefore, (—l ) n+1 does not approach 0 , so the given 

00 lnx x —00 l/x x —00 2 lnn 

series is divergent by the Test for Divergence. 


00 2 2n+1 00 (2 2 ) n • 2 1 00 4 ^ / 4 \ 

27. Convergent geometric series. E —— — = E -= 2 E — = 2 — 2 __ j — g # 

n=l b n n =l 5 n n =l 5 n \ 1 “.5 / 


28. £ 


= E 


!=1 72 (72 + 3) n=l 

1 1 


3t2 3 (72 + 3) 


=i + i + i- 


(partial fractions). 

1 1 


(telescoping sum), so 


Sn S L3 i 3(i + 3)J 3 t 6 t 9 3(n+l) 3(n + 2) 3(n + 3) 

°° 1 1 1 1 11 
r^i n (72 + 3) nííSo 5n 3 + 6 + 9 _ 18 ’ 

29. E£Li [tan -1 (n + 1) — tan -1 n] = lim [(tan -1 2 — tan -1 l) + (tan -1 3 — tan -1 2) H- 

+ (tan -1 (n + 1) — tan -1 n)] 
= lim [tan -1 (n + 1) - tan -1 1] = j — \ f 













































CHAPTER12 REVIEW ETCHAPTER 11 □ 181 


t 


~ (- 1 )"»" _ a (-«/4) n _ x /4 

¿b 2 2n n! -¿o «! 


12 345/10,000 12 , 345 4111 

31. 1.2 + 0.03 5 - 1Q + x _ i/iQOO - 10 + 9990 3330 


32. This is a geometric series which converges whenever |Incc|<l => — 1 < lnx < 1 =>• e x <x<e. 


33. 


oc (-l) n+I _ t 1 _ 1_L_ . _i_I 

• n 5 32 243 1024 3125 777 


1 


32 243 1024 3125 7776 16,807 32,768 


H-. Since 


1 


32,768 


< 0.000031, 


oo ( r _-n n + 1 7 (_;n n + 1 

E ^4— » E ^-^4— « 0.9721. 
¿V n 5 n 5 


5 1 1 1 5 1 
34. (a) s 5 = E = 1 + H-h » 1.017305. The series E ~~ñ converges by the Integral Test, so we 

_ nb vO h« ^ Tl" 

5- 5 

, K. 

/5 


n ü 2 6 ' 5 6 

r°° dx 

estimate the remainder R*> with (12.3.2 [ET 11.3.2]): Rs< —r = 

J 5 x 


= 0.000064. So 


the error is at most 0.000064. 


/ oo j -\ 

If we take n = 9, then sg « 1.01734 and Rg < ^ ~ 3.4 x 10“ 6 . So 

o° i 9 i 

to five decimal places, ^ ^ — « 1.01734. 


n=l n=l 

Another Method: Use (12.3.3 [ET 11.3.3]) insteadof (12.3.2 [ET 11.3.2]). 


oo 1 8 1 11 

35. y -« y -« 0.18976224. To estimate the error, note that —— < —, so the remainder term ís 

“i 2 + 5 n n ~i 2 + 5 n 2 + 5 n 5 n 

oo 1 oo 1 1/5 9 _ 7 . , 

Rs = y < £ — = /g = 6 - 4 x 10 7 (geometric series with a = p- and r = 5 ). 

n=9 ¿ + b n=9 O 1 — 1/0 


36. (a) lim 


On+1 _ ,. (n + l) n+1 (2n)! (n+lHn + l) 1 

a n n “« (2n + 2)! n n n-oo (2n + 2) (2n + 1) n n 

= lim (l + l) , 1 - v = e • 0 = 0 < 1 

n-*oo y ny 2 (2n + 1) 

so the series converges by the Ratio Test. 

(b) The series in part (a) is convergent, so lim a n = 0 by Theorem 12.2.6 [ ET 11.2.6]. 


37. Use the Limit Comparison Test. lim 


convergent, so is E 


(^) 


a n 


= lim - + 1 = lim ( 1 + - ] = 1 > 0. Since y |a n | is 

n—*oo n n—»oo \ n J 


a n 


, by the Limit Comparison Test. 
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38. lim 

On+1 

= lim 

n—+oo 

Q>n 

n—+oo 




n 2 5 n 


(n + ly 5 n+1 X n 


= lim - -- M = M, so by the Ratio Test, 

n-oo (1 + 1 /n) 2 5 5 


£ (—l) n n 2 §ñ converges when |a:| < 5 . R = 5. When x = —5, the series becomes the convergent p-series 
Y "4 withp = 2 > 1. 

n=1 71 

Test. Thus, I = [—5,5]. 


o° 1 oo i) n 

Y —o with p = 2 > 1. When x = 5, the series becomes £ -—, which converges by the Altemating Series 

n=l ^ n=l 


39. lim 

n—»oo 


íln+1 

— lim 

|x + 2| n+1 n4 n 

— lím 

n |x + 2|’ 

\x + 2\ 

CLn 

n—+oo 

(n + 1) 4 n+1 \x + 2| n _ 

n—+oo 

n + 1 4 

4 


<1 o |x + 2| < 4, 


so R = 4. |x + 2| < 4 —4 < x + 2 < 4 <+ —6 < x < 2. If x = —6, then the series becomes 

OO (—4) n oo ( —l) n 

£ -—t-— = Y ~—~ ♦ the altemating harmonic series, which converges by the Altemating Series Test. When 
n=l 7l4 n n=1 n 

oo 1 

x = 2, the series becomes the harmonic series £ —, which diverges. Thus, I = [—6,2). 

n=l 71 


40. lim 


On+l 

— iim 

2 n+1 (x - 2) n+1 

(n + 2)! 

Qn 

n—+oo 

(n + 3)! 

2 n (x - 2) n 


= lim 


n—+oo n + 3 


\x - 2| = 0 < 1, so the series 


00 2 n (x — 2) n 

Y —/ -ttt— converges for all x. R = oo and / = R. 

n=i (n H - 2)! 


41. lim 

a n +i 

= lim 

n—+oo 

CLn 

n—* oo 


2 n+1 (x - 3) n+1 v^ñTá 
‘ 2" (x - 3)” 


yjn + 4 

|x — 3| < so R = \. For x = |, the series becomes £ 

(~l) n 


= 2 |x — 3| lim 

n—+oc 

1 


n + 3 
n + 4 
1 


= 2 |x — 3| < 1 <=> 


=0 yjn + 3 n=3 Tl 1 / 2 


= £ —T 72 ♦ which diverges (p = § < 1), 


but for x = |, we get £ -^===, which is a convergent altemating series, so I = [|, |). 


42. lim 

n—+oo 


Qn+1 


n=o yjn + 3 

(2n + 2) (2n +1) , , Al , ^ . n i 

= (n + 1) (n + 1) 111 =4|x|<lt ° COnVergC ’ SOñ= 5' 


43. 


/(») = ! 


/ (x) = sin a: 
f'(x)= COSX /'(f) =JS r 

/"(*) = -sinx /"(f) = -5 

/ (2n) (f) = ("l) n • 5 and / <2n+1) (f) = (-1)” • + 


/'" (x) = -COSX /"' (f) = 

/< 4 >(x)=sinx / (4) (f) = I 


sinx — T ^ (x — -) n — V - ^ (x — -) 2n + V' - ^ ^ (x — -) 

Sma: -+ 0 n! “+ 0 2(2n)! + +, 2 (2n +1)! [X e) 


2n+l 


44. 


/ (x) = COS X 


/(!) = é 


/'(*) = - sinx /'( f) = -£ 

/" (x) = -COSX /"(f)=-3 


/'" (x) = sinx /'" (f) = # 
/< 4) (x) = cosx / <4) ( f) = 5 


C0CI _ f (-l) n (*-f) 2n , « (-l) n+ 1 v^(*-f ) 2n+1 

+o 2(2n)! + +o 2 (2n +1)! 
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45< T^b = = £ ( ~ 1)n for |x| < 1 =* TTr=E(-i) n * n+ 2 withfí=i. 

1 + * 1 - n= 0 1 + X n—0 


«2n-f-l 


46. tan -1 x = 52 (—l) n r- t with interval of convergence [-1,1], so 

n=o + 1 


r 4n+2 


oo (x 2 ) 2n+1 oo - . 

tan” 1 (x 2 ) = X) ( _1 ) n o , t" = E (” 1 ) n , ; ■> which converges when x 2 € [-1,1] 

" J.Ti. — J— n _Q ZTl “f - 1 


n=o 2n + 

x e [—1,1]. Therefore, R = 1. 


i oo C Ht r oo oo x n+1 

47. - = 52 xU for M < 1 => ln (1 - x) = - / -= - / ¿2 x n dx = C - TTT 

l-x “o i !-I J n =0 n= 0 ^+i 

OO r n + 1 OO _ r n 

ln (1 - 0) = C - 0 => C = 0 => ln (1 - x) = - £ —— = £ -with ñ = 1. 

71=0 n + 1 n=l n 

°° - n _ 2 x ^ x (2x) n ~ 2 n x n+1 

e — 1=, 


8. e 1 = £ + => xe 2 


ri=o n '- 


,=0 ™ 


n=0 


n! 


R = oo 


oo /_1 ^ 71 r 2n-(-l 

49 - ainx = So (¿ + i)T 
convergence is oo. 


oo f-ir (x 4 ) 2n+1 °° f-11 n 3: 8n+4 

“ M “ £, (2n + 1)1 “ n ?„ (2n +1) ~ *" *• S ° “““ of 


50. 10* =e xln,0 = £ ( ltllQ ) * n /í = oo 

n=o n! 

51. / (x) = 1 = (16 - x) _1/4 = 1 (1 - ¿x)‘ 1/4 


= 1 - 1 • 5 • 9.(4n — 3) 1 - !-5-9.(4n - 3) 

2 2 • 4 n • n! • 16 n 2 ^ n ti ‘ 1 * 


2 6n+1 n! 


for I — — I < 1 => i? = 16. 
I 161 


-5 


(—5) (—6) ^ n _, a , (-5) (-6) (-7) 


52. (1 - 3x)~ 5 = £ q [ “J (“3x) n = 1 + (-5) (—3x) + v ^ ^ (-3x) 2 + 

, V -1 6-6.(n + 4) • 3 n x n , 0 , n D i 

= 1 + Xr -+--’ l _3a:| < 1 S ° R = Í 

n=l 

oo ~ n 1 oo «, n -l r P x oo r 

53. e*= E ^-so- = ± + £ —p- and / — dx = C + ln|z| + £ — 

tÍTo n! x x n =! n! / x n =i n • 


3! 


(—3x) 3 + • 


n! * 


54. (l + x 4 ) 1/2 = £ ^ (x 4 ) n = 1 + (i) x 4 + ( 8 *) a + ^ ^ Ü (x 4 ) 3 + • • • 

= 1 + ix 4 - ix 8 + ix 12 

so/^l + x 4 ) 1 / 2 dx= [x+^x 5 -^x 9 + 2 Ígx 13 --.-]¿ = l + i-i +jig - •••• Thisisan 
altemating series, so by the Altemating Series Test, the error in the approximation 

f 1 (1 + x 4 ) 1/2 dx » 1 + jq - — « 1.086 is less than sufficient for the desired accuracy. Thus, correct to 
two decimal places, f 1 (l + x 4 ) 1 ^ 2 dx « 1.09. 
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55. (a) 


/ ( x ) = x 1/2 

/'(x) = Ix - 1/2 

/"(x) = -i®- 3/2 


/( 1 ) = 1 
/'(!) = § 
/"(!) = -§ 


/"' (x) = |x - 5/2 

/ (4) (*) = -§ l ^- 7/2 


/'"( 1 ) = | 


^«r,(D = i + í£(*-i)-^(*-i) ! + ^(*-i)* 

= l + i(x-l)-l(x-l) 2 + i(x-i) 3 

M , 



(c) |jR 3 ((e)| < — |x - 1| 4 , where |/ (4) (x)| < M with 

/< 4 ) ( x ) = -ff x~ 7/2 . Now 0.9 < z < 1.1 => 

(x - l ) 4 < (O.l) 4 , and letting x = 0.9 gives 
15 


M = 


16 (0.9 ) 7/2 


, so 


1*3 (*)|< 


15 


(O.l ) 4 » 0.000005648. 


(d) 5 X 10 -6 



16 (0.9 ) 7/2 4! 

From the graph of |i ?3 (x)| = \y/x — T 3 (x)|, it appears that the error 
is less than 5 x 10 -6 on [0.9,1.1]. 


56. (a) 


/ (x) = sec x / ( 0 ) = 1 

/' (x) = sec x tan x /' ( 0 ) = 0 

/" (x) = sec x tan 2 x 4 * sec 3 x /" ( 0 ) = 1 

/'" (x) = sec x tan 3 x + 5 sec 3 x tan x 


secx « T 2 (x) = 1 + ^x 2 




(c) \Ü 2 (x)\ < -gj* |x| 3 , where |/^ 3) (x)| < M with 

/ (3) (x) = sec x tan 3 x + 5 sec 3 x tan x. Now 
0 <£<f => íc 3 < (f ) 3 » and letting x = f 

gives M = -y, so 
1^2 (x)|<g^(f) 3 « 0.111648. 


From the graph of |#2 (a;)| = |secx — T 2 (x)|, it appears that the 
error is less than 0.02 on [ 0 , f ]. 


0 
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57. sina: = £) ( — 1)’ 

n=0 


x 2n+1 x 3 x 5 x T . X 3 x 5 x 7 

(2^TI)! =a: “ 3! + 5! ■7T + '''’ SOSma:_a; = “3r + 5! - 7T + '-' and 


sin x — x _ 1 ( x 

X 3 “ ”3! + 5Í 


58. (a) F = 


mgR 2 


x 

* 7Í “ 

mg 


and lim 

x — 1-0 


= mg £ 


sm x — x 
x 3 

-2 


= H ( _ J + ño ~ áio + '' ‘) _ ~i 


n=o y n 
2 


(ñ + /i) 2 (i + v«) 2 

(b) We expand F = mg [l — 2 (/i/i2) + 3 (h/R) 2 — 
Series 


—J (Binomial Series) 

1. This is an altemating series, so by the Altemating 


than 2mgh/R , so for accuracy within 1% we want 


2mgh/R 


mgR 2 /(R + hy 


< 0.01 


2h (R + h) 2 

R 3 


< 0.01. This 



inequality would be difficult to solve for h, so we substitute 
R = 6,400 km and plot both sides of the inequality. It appears that 
the approximation is accurate to within 1% for h < 31 km. 

59. / (*) = E~=0 Cn* n => f (-*) = E“ 0 Cn (-*)" = £ñ=0 (-1)” CnX" 

(a) If / is an odd function, then / (—x) = —f (x) => £ñ=o ( — 1)" CnX n = £ñ=o ~ c nX n ■ The coefficients of 
any power series are uniquely determined (by Theorem 12.10.5 [ET 11.10.5]), so (—1)” Cn = — c n . If n is 
even, then (-1)" = 1, socn =-Cn => 2c n = 0 => Cn = 0. Thus, all even coefficients are 0. 

(b) If / is even, then / (—a;) = / (x) => Eño ( -1 )” = Eño —* (-l) n c n =Cn. Ifnis 

odd, then (—l) n = — 1, so —c n = c n => 2c„ = 0 => c„ = 0. Thus, all odd coefñcients are 0. 


60- e* = E =r 
n=o n! 


~ (ai 2 ) n = g = g /^W j-fc 

n=0 n! n=0 fc=0 


k\ 


/^ 2n) (0) = _1_ 
(2 n)! n! 


/ (2n) ( 0 ) = 


( 2y 0 ! 

n! 




















1 

Problems PIus 


1. It would be far too much work to compute 15 derivatives of /. The key idea is to remember that / (n) (0) occurs in 
the coefficient of x n in the Maclaurin series of /. We start with the Maclaurin series for sin: 

sin a: = x — — + -. Then sin (x 3 ) = x 3 - -and so the coefficient of x 15 is 

3! 5! 3! 5! 

/ (15) (°) - i Therefore, / (15) ( 0 ) = — = 6 • 7 • 8 • 9 • 10 • 11 • 12 • 13 • 14 • 15 = 10,897,286,400. 

15! 5!' 5! 


2. \AP 2 \ 2 = 2, \AP 3 \ 2 = 2 + 2 2 , \AP 4 \ 2 = 2 + 2 2 + (2 2 ) 2 , \AP 5 \ 2 = 2 + 2 2 + (2 2 ) 2 + (2 3 ) 2 ,.... 

|i4P n | 2 = 2 + 2 2 + (2 2 ) 2 H-1- (2 n_2 ) 2 (for n > 3) = 2 + (4 + 4 2 + 4 3 + • • • + 4 n " 2 ) 

4 (4 n - 2 -i) 6 4 n_1 - 4 2 

= 2 H-—-—- (finite geometric sum with a = 4, r = 4) = - H- - -“ 3 + 

\PnPn + ll 


n—1 


So tan ZP n .4P n +i — |^4P 

APnAPn+1 —* f as n —► oo. 


\/ 4 " 


/2 . 4 n_1 /2 , 4 n_l / 2 , 1 

V3 +_ 3“ V3 + _ r V3-4- 1+ 3 


\/3 as n —► oo, so 


2 tan 0 __ _ r»/i 1 — tan 2 0 

3. (a) From Formula 14a in Appendix D, with x = y = 0, we get tan 20 = ^ _ tan 2 ~^ 5 so cot 2É/ = 2 tan0 

2 cot 20 = 1 ~ tan ! i = cot 6 - tan 6. Replacing 0 by \x, we get 2 cot x = cot \x - tan ¿x, 
tan 0 

or tan ¿x = cot \x — 2 cot x. 

(b) From part (a), tan ^- = c°t ^ - 2 cot ^= 7 , so the nth partial sum of tan is 


Sn 


tan(x/2) ( tan(x/4) ( tan(x/8) ( , t an (x/2 n ) 

- 2 + 4 + 8 2 n 


cot(x/2) 


— cot ÍE 




’cot(x/4) 

cot( x/2 ) 

i 

cot(x/8) 

cot(x/4) 

4 

2 

T 

8 

4 


+ ■ 


cot(a:/2 n ) _ cot (a:/2 n x ) 
2 n 2 n_1 


= - cot x + COt - (telescoping sum) 


cot (x/2 n ) _ cos (x/2^)_ _ cos (x/2 n ) x¡T_ i . ^ _ 1 as 

Now 2 n — 2 n sin (x/2 n ) x sin(x/2 n ) x x 

n -,oo since x/2 n -+ 0 for x 0. Therefore, if x / 0 and x mr, then 

V — tan — = lim (-cotx + — cot —) = - cotx + -. If x = 0, then all terms in the series are 0, 
2 n 2 n n—oo i 2 n 2 n J x 

so the sum is 0. 
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4. We use the problem-solving strategy of taking cases: 


Case (i): 


Case (ii): 
Case (iii): 


If |x| < 1, then 0 < x 2 < 1, so lim x 2n = 0 (see Example 8 in Section 12.1 [ET 11.1]) 

n —►oo 


and / (x) = lim 


x 2n - 1 


n—*oo X 2n + 1 


0-1 
0 + 1 
2 


= - 1 . 


If |x| = 1, that is, x = ±1, then x 2 = 1, so / (x) = lim —-- = 0, 

n—oo 1 + 1 

If |x| > 1, then x 2 > 1, so lim x 2n = oo and 

n—*oo 


f (x) = lim 


lim 


n-*oo X 2n + 1 n—+ oc 1 + (l/x 2n ) 1 + 0 

r 1 if X < — 1 
0 if x = — 1 
Thus, / (x) = -1 if -1 < x < 1 

0 if x = 1 

^ 1 if x > 1 

The graph shows that / is continuous everywhere except at x = ±1. 


5. (a) At each stage, each side is replaced by four shorter sides, each of 

length | of the side length at the preceding stage. Writing so and Íq 
for the number of sides and the length of the side of the initial 
triangle, we generate the table at right. In general, we have 
s n = 3 • 4 n and £ n = (|) n , so the length of the perimeter at the nth 
stage of construction is p n = s n £n = 3 • 4 n • (|) n = 3 • (|) n . 


so = 3 

II 

51 = 3 • 4 

II 

co 

52 = 3 • 4 2 

ii = 1/3 2 

S3 = 3 • 4 3 

i 3 = 1/3 3 


(b) P n 



Since | > 1, p n 


oo as n —> oo. 


(c) The area of each of the small triangles added at a given stage is one-ninth of the area of the triangle added at the 
preceding stage. Let a be the area of the original triangle. Then the area a n of each of the small triangles added 
1 a 

at stage n ís a n = a • — = —. Since a small triangle is added to each side at every 
stage, it follows that the total area A n added to the figure at the nth stage is 

n a 4 71 - 1 

A n = Sn-i • a n = 3 • 4 n • — = a • ^n-i • ^hen totat enctosect by the snowflake curve is 

1 4 4 2 4 3 

A = a + Ai+A 2 +A. 3 H-= a + a-+a- — + a- — + a- — H-* After Ib e first term, this is a 

. . ., . a . a/3 a 9 8a 

geometric senes with common ratio f, so A = a + ■■ - 4 = a + - ■ - = —. But the area of the original 

1 — « o o o 


equilateral triangle with side 1 is a = | ■ 1 ■ sin f = + So the area enclosed by the snowflake curve is 

8 y/3 _ 2y/3 

5*4“ 5 • 
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6. Let the series be S. Then every term in S is of the form -——, m, n > 0, and furthermore each term occurs only 

J 2 m 3 n — 

once. So we can write 

ooool ooooll oolool 1 1 

s ~Y1,Yj = Y Z, p: = Y x _ i • \ ¿ = 2 • 2 = 3 

771 = 0 71=0 ^ ^ 771 = 0 71 = 0 ¿ ° 771=0 Z 71=0 ° 1 2 1 3 


7. (a) Let a = arctanx and b = arctany. Then, from Formula 14b in Appendix D, 


tan (a — b) = 


tan a — tan b _ tan (arctan x ) — tan (arctan y) _ x — y 
1 + tan a tan b 1 + tan (arctan x) tan (arctan y) 1 + xy 

X — v 

arctan x — arctan y = a — b = arctan-— since — S < arctan x — arctan y < \ 

l + xy ¿ 


(b) From part (a) we have 


28,561 

= arctan = arctan 1 

2M41 


7r 

4 


x + y 


(c) Replacing y hy —y in the formula of part (a), we get arctan x + arctan y = arctan --. So 

1 xy 


1 + 1 
K I K 


4 arctan \ = 2 (arctan \ + arctan = 2 arctan 5 x 5 x = 2 arctan ^ = arctan ~ + arctan ~ 

1 T ' T 


= arctan 12 12 y = arctan 

— 12 ‘ 12 


Thus, from part (b), we have 4 arctan \ — arctan ^9 = arctan — arctan 2 Í 9 = f • 

x 3 x 5 x 7 x 9 x 11 

(d) From Example 7 in Section 12.9 [ET 1 1.9] we have arctanx = x —— + —-- TT -’ so 


arctan i_I_^ + ^_ _ _|_-_1_ + ... 

arctan^-^ 3.53 + 5.55 7 • 5 7 9 • 5 9 11 • 5 11 

This is an altemating series and the size of the terms decreases to 0, so by the Altemating Series Estimation 
Theorem, the sum lies between S 5 and S 6 , that is, 0.197395560 < arctan | < 0.197395562. 

(e) From the series in part (d) we get arctan 2^9 = ^9 “ 3 2393 + 5 7^3 95 -* ^ third term is less than 

2.6 x 10 -13 , so by the Altemating Series Estimation Theorem, we have, to nine decimal places, 
arctan ^ « 52 « 0.004184076. Thus, 0.004184075 < arctan ^ < 0.004184077. 

(f) From part (c) we have ir = 16 arctan \ — 4 arctan ^ 9 , so from parts (d) and (e) we have 

16 (0.197395560) - 4 (0.004184077) < tt < 16 (0.197395562) - 4 (0.004184075) => 

3.141592652 < 7 r < 3.141592692. So, to 7 decimal places, tt » 3.1415927. 
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8 . (a) Let a = arccot x and b = arccot y. Then 


cot (a — b) 


1 + cot a cot b _ 1 + cot (arccot x ) cot (arccot y) _ l + xy 
cot b — cot a cot (arccot y) — cot (arccot x) y — x 


arccot x — arccot y = a — b = 


arccot 


1 +xy 
y-x 


(b) Applying the identity in part (a) with x = n and y = n+ 1, we have 


arccot (n 2 


+ n + l) = arccot (1 +n(n+ 1)) = arccot 


1 +n(n + 1) 
(n + 1) — n 


= arccot n — arccot (n + 1) 


Thus, we have a telescoping series with nth partial sum 

Sn = [arccot 0 — arccot 1] + [arccot 1 — arccot 2] H - h [arccot n — axccot (n + 1)] = arccot 0 — arccot (n + 1) 

Thus, £~ =0 arccot (^ 2 + n + l) = lim [— arccot (n + 1)] = f. 


°o | 

9. We start with the geometric series 22 x n = - — — , \x\ < 1, and differentiate: 

Sr'-' - £ (!.*") - s (rb) - f + W < ‘ * 


£ nx n = xJ2 na¡n = T- - 

n=1 n=l (1 — X) 


for |x| < 1. Differentiate again: 


£ n 2 x n-1 = 


n=l 

oo 


d x _ (1 — x) 2 — x • 2 (1 — x) (—1) _ x + 1 
dx (l — x ) 2 (1 — x) 4 (1 — x) 3 

\3 (o„ I i\ /+2 . ~\ o /1 ^2 , 


2 

n=l (1 “ X) 


sr 3 n-l _ d x 2 + X _ (1 - xf (2x + 1) - ( X 2 + x) 3 (1 - x) (-1) _ X 2 + 4x + 1 
+i n X dx (l - X) 3 (1 - x) 6 (1 - x) 4 

00 o x 3 + 4x 2 + x 

n 3 x n = - j —* \x\ < 1. The radius of convergence is 1 because that is the radius of convergence for 

n=l (1 - X) 

the geometric series we started with. If x = ±1, the series is n 3 (±l) n , which diverges by the Test For 
Divergence, so the interval of convergence is (—1,1). 


0 6 
2 


0 n i 

( n . e 0' 

\ n / 

- = 2 

2 sin - cos — 

cos - = 2 

2 1 

( 4 4, 

1 2 { 


e 

c°s- 


= ••• = 2(2 ^2 (•••(2 ^sinLcos^cos^.-^cos^cos^ 


e 

cos- 


. 0 e e e e 

= 2 sin — cos — cos - cos - • • • cos — 

2 n 2 4 8 2 n 


n e e e e 

(b) sin e = 2 sin — cos - cos - cos - 


e sin^ 

cos — <+ 

2 n 


e/2 n e e e 

—f—■—- = cos — cos — cos — ■ 
e sin (0/2 n ) 2 4 8 


Now we let n ->oo, using lim — \ with x = 

0 x—*o x 2 n 


lim 

n —yoc 


sin0 


e/2 n 


e sin(0/2 n ) n—*■ 00 


= lim 


e e e e 

cos - cos - cos - • ■ • cos — 
2 4 8 2 n 


sin0 


e e 


cos: 


= COS — cos — cos - 
e 2 4 8 
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(c) If we take 0 = f in the result from part (b) and use the half-angle formula cos x = + cos 2x ) ( see 

Formula 17a in Appendix D), we get 


sin7r/2 ^ / 

-^- =cos W 


cos fj-1 


\ 




2 _ \/ 2 , / -^ + 1 

7T 2 


\ 


-^4-1 


\/2 \/2 + \/2 \/ 2 + V 2 + Vg 


\ 




+ i 


+ i 


1 


y/2 \/2 + \Í2 


\ 


\/2 + y /2 ^ 

2 


11. a„+i = — + , b„+i = ^/6„a„+i. So ai = cos0, = 1 => a 2 = 2 


1 + COS 0 _ 2 8 

— COS 2 i 


6 2 = %/&ia 2 = cos 2 | = cos | since —f < 0 < f. Then 

a 3 = \ (cos | + cos 2 f) = cos | ¿ (l + cos f) = cos f cos 2 f => 

63 = \/&2a3 = y cos f cos f cos2 f = COS f COS f ^ 

a 4 = f (cos f cos 2 f + cos f cos f) = cos f cos f • f (l + cos f) = cos f cos f cos 2 f =4> 

6 4 = yj cos f cos f cos f cos f cos 2 f = cos f cos f cos f. By now we see the pattem: 

&„ = cos f cos cos £.cos ^ and a„ = &„ cos j^rr- (This could be proved by mathematical 

induction.) By Exercise 10(a), sin 8 = 2 n_1 sin 2 „+ t cos f cos f • • • cos 2 /_t ■ So 
&„ = cos f cos £ cos ^ • • ■ cos ^ as n —► 00 by Exercise 10(b), and 


a„ — &„ cos «„_i 


ain g 


sin^ . 1 _ si |0 as n —► oo. So lim a n = lim b n = 


12. Let’s first try the case k = 1: ao + ai = 0 =+ a\ = —a 0 => 


lim (a 0 \/ri + a\y/n + l) = lim (a 0 \/ñ — a 0 \/n + l) = a 0 lim (\/ñ — y/n + l) . ■ 

n—oo V ' n—*oo v 7 n-»oo Jtí + \/n + 1 


= a 0 lim 


-1 


= 0 


°o ^/ñ + \/n + 1 

In general we have a 0 + ai H-h a^ = 0 => a*¡ = —a 0 — a\ - a ^-1 =4 

lim (a 0 \/ñ + ai\/n+l + a 2 \/n + 2 + -- *+afc\/n + A:] 

n—»oo \ / 

= lim (aoy/ñ + ai\/n + H-h ak-\Vn + /c - 1 - a 0 \/n + k - aw/n + fc-afc-i\/n + /c^ 

= a 0 lim ^\/ñ — \/n + /c^ + ai lim ^\/n + 1 — \Jn + kj + • • • + a ^-1 (^Vn + k — 1 — \/n + /c^ 
Each of these limits is 0 by the same type of simplification as in the case k = 1. So we have 

lim [ao\/ñ + a\\/n + 1 + a^Vn + 2 + • • • + a^Vn + /c^ = a 0 (0) + ai (0) + • • • + a ^-1 (0) = 0 
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13. Let / (x) = £m=o CmX m and g (x ) = e f{x) = Y,n=o d nX n . Then g' ( x ) = Yn=o ** so occurs as 

the coefficient of x n_1 . Butalso 

g' (*) = e^)/' (*) = (Yn=0 dnX n ) (Em=l ^ 1 ) 

= (do + dix + d^x 2 H-+ d n - ix n_1 H-) (ci + 2c^x + 3c3X 2 H-b nCnZ 71-1 H-) 

so the coefficient of x n_1 is Cid n -i + 2c2d n -2 + 3c3d n -3 H-b nc n do = Y?=i iddn-i- Therefore, 

nd n = E¿=i icid n -i. 


14. Place the y-axis as shown and let the length of each book be L. We want 
to show that the center of mass of the system of n books lies above the 
table, that is, x < L. The x-coordinates of the centers of mass of the 


u , L L , L 

booksa 

I *“2(^Tj + 2(^2) + I' andSOOn ' 

Each book has the same mass m, so if there are n books, then 


y* 

L 

L 

2(n — 2) 

. i—i.—,..J 

H 5 | 

2 (n - l) s 

-S-1 


L 

2 




_ mx i + mx 2 H-b mx n x\ + X 2 H-b x n 

x = - 


mn 


_! \k | ( L | L\ | ( k 

n [2 V 2 ^- 1 ) 2 / V 2 ( n ~ 


+ ■ 


1) 2 (n — 2) 

+ ■ L 


+ 


f) 


+ • 
L 


1) ' 2 (n - 2) + ‘' ‘ + 4 + 


- + -)1 
2 2 J 


L 

n 


n — 1 + n — 2 


2 (n — 1) 2 (n — 2) 


2 1 n 

+4+2 + 2 


<"-i>5 + Í 


2n — 1 
2 n 


L < L 


This shows that, no matter how many books are added according to the given scheme, the center of mass lies above 

the table. It remains to observe that the series ¿+¿+£+|h -= 3 E (V n ) ls ^ivergent (harmonic series), so 

we can make the top book extend as far as we like beyond the edge of the table if we add enough books. 


X X X 

15 - U=1+ 3! + 6! + 9! 


x 4 x 7 x 10 
■> v = x+ 4f + 7f + Tóf + • 


differentiate: 


du _ 3x 
dx 


6x 5 


9x* 


,w = 
8 


_ _ 8 x 2 x 5 X' 

3! +- 6r + “9T + "' = 2Í + 5! + 8Í + 


-6 


„9 


dx 3! 6! ^ 9! ^ 


io 


. dw xxx 

u ’ and ^ =a;+ 4! + 7Í + 1Ó! 


w' = v. Now differentiate the left hand side of the desired equation: 


x^ x^ x 8 

Ir + |r + |f + •■• - Thekeyideaisto 
• = w. Similarly, 

H-- v. So u' = w,v' = u, and 


j 

— (n 3 + i; 3 + w 3 — 3uvw) = 3 u 2 u ' + 3v 2 v' + 3 w 2 w' — 3 (u'vw + uv'w + uvw ') 

= 3n 2 tü + 3i; 2 n + 3 iü 2 i; — 3 (mi; 2 + u 2 iü + uv 2 ) =0 => 

u 3 + v 3 + w 3 — 3 uvw = C. To find the value of the constant C, we put x = 0 in the last equation and get 
l 3 + 0 3 + 0 3 — 3 (1 • 0 • 0) = C => C = 1, so u 3 + 1 ; 3 + u; 3 — 3 uvw = 1. 
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16. First notice that both series are absolutely convergent (p-series with p > 1.) Let the given expression be called x. 
Then 



= l + 2 1_p x 


Therefore, x = l + 2 l p x <=> x — 2 1 p x = 1 x(l — 2 1 p ) = 1 x = ^ - P 


17. If L is the length of a side of the equilateral triangle, then the area isA = \L • = ^L 2 and so L 2 = ^A. 

Let r be the radius of one of the circles. When there are n rows of circles, the figure shows that 

L = V3r + r + (n — 2) (2r) + r -f \/3r = r (2n - 2 + 2\/3), so r = ——. 


The number of circles 


n(n + 1) 

is 1 + 2 H- h n = v ■—- and so the total area of the circles is 

¿i 

. n (n + 1) o n (n + 1) L 2 n (n + 1) 4A/V3 

- -—- = —5—- —5—’'.(n + vj-Tj 5 

n(n + l) 7 tA 
“ (n+v^-l) 2 2\/3 ^ 


A n _ n(n + l) 7r 

~ ( n + V3-l) 2 2>/5 

1 + 1/n 7r 7T 
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18. Given ao = a\ = 1 and a n = —— 1 —- ■) ün 2 , we calculate the next few terms of the 

n (n — 1) 


sequence 


1 • 0 • a\ — (-1) ao 1 2 • 1 • a 2 - Oai 1 

:a2 “ 2-1 “2 ,a3_ 3~2 ~ 6 ’ ° 4 ~~ 


3 • 2 • 03 — la2 1 T 
-—-= -. Itseems 


that a n = —, so we try to prove this by induction. The first step is done, so assume a k = and 

= jkhyv 111611 


k(k-l) k- 2 

_ kik-l^aic-ik-^^ak-! _ k\ (k - 1)! (k - 1) - (k - 2) 1 

+1 (* + l)fc (fc + l)ib _ [(fc + 1) (fc)] (fc - 1)! “ (fc+1)! 

and the induction is complete. Therefore, a n = ]T“ =0 1 /n\ = e. 

19. Call the series S. We group the terms according to the number of digits in their denominators: 

S = (I + 5-+-+5 + 5) + (n+'-+^) + (tiT + * *' + 999) +••• 

'---' --V-' --v-' 

9i 92 <73 

Now in the group g n , there are 9 n terms, since we have 9 choices for each of the n digits in the denominator. 
Furthermore, each term in g n is less than So g n < 9 n • = 9 (^) n_1 . Now Y,n=i 9 (m) n_1 is a 

geometric series with a = 9andr=^<l. Therefore, by the Comparison Test, 

S = En=l 9n < £~ ! 9 (^) n_1 = J^bro = 

20. (a) Since P n is defined as the midpoint of P n _ 4 P n - 3 , x n = \ (x n _ 4 + x n _ 3 ) for n > 5. So we prove by 

induction that \x n + x n +i + x n +2 + z n + 3 = 2. The case n = 1 is immediate, since + 1 + 1 + 0 = 2. 
Assume that the result holds forn = k - 1, that is, %x k -i + x k + x k +i + x k + 2 = 2. Then forn = jfe, 

\x k + x k +i + x k +2 + x k +3 = \x k + x k +i + x k +2 + \ (x k + 3-4 + Xfc+ 3 _ 3 ) (by above) 

= \x k -\ + x k + x k +i + x k +2 = 2 (by the induction hypothesis) 

Similarly, for n > 5, y n = \ (y n _ 4 + y n _ 3 ), so the same argument as above holds for y, with 2 replaced by 
2 2/i + 2 / 2 +2/3 + 2/4 = fl + l + 0 + 0 = |. So \y n + y n +i + 2/ n + 2 + y n + 3 = f for all n. 

(b) lim (f £ n +x n +i +x n +2 +a: n + 3 ) = \ lim x n + lim x n +i + lim x n + 2 + lim x n + 3 = 2. Since all 

n—*oo * n —*oo n—* oo n—*oo n—»oo 

the limits on the left hand side are the same, we get \ lim x n = 2 => lim x n = |. In the same way, 

£ n —►oo n—*oo ' 

lim y n = f, soP = (f, |). 

n—>oc ' \ i i / 
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Vectors and the 
Geometry of Space 



33.1 Three-Dimensional Coordinate Systems 


ET 12.1 


1. We start at the origin, which has coordinates (0,0,0). First we move 4 units along the positive i-axis, affecting only 
the x-coordinate, bringing us to the point (4,0,0). We then move 3 units straight downward, in the negative 
z-direction. Thus only the 2 -coordinate is affected, and we arrive at (4,0, -3). 



3. The distance from a point to the xz -plane is the absolute value of the y-coordinate of the point. Q (-5, -1,4) has 
the y-coordinate with the smallest absolute value, so Q is the point closest to the xz-plane. R (0,3,8) must lie in 
the 2 / 2 -plane since the distance from R to the t/z-plane, given by the x-coordinate of R , is 0. 


4. The projection of (2,3,5) on the xy-plane is (2,3,0); 
on the yz- plane, (0,3,5); on the xz-plane, (2,0,5). 


The length of the diagonal of the box is the distance between 
the origin and (2,3,5), given by 


y(2 —0)* + (3 —0)^T(5 —0) 2 = V38 « 6.16. 


( 2 , 0 , 0 ) 


Z i 

z 

(0,0,5) 


t(\ 1 c\ 


(O, J, D) 




-(2,3,5) 




(0,3,0) 

/(0.0,0) 

r y 


(2.3,0) 


5. The equation x + y = 2 represents the set of all points in R 3 whose 
x- and y-coordinates have a sum of 2, or equivalently where 
y = 2-x. This is the set {(x, 2 - x, z) \ x e M, 2 G M} which is a 
vertical plane that intersects the xy-plane in the line y = 2 — x, 
z = 0. 
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6 . (a) In R 2 , the equation x = 4 represents a line parallel to the y- axis. In M 3 , the equation x = 4 represents the set 
{(x, y, z) | x = 4}, the set of all points whose x-coordinate is 4. This is the vertical plane that is parallel to the 
yz-plane and 4 units in front of it. 


y 


x — 


0 


4 


4 a: 



(b) In R 3 , the equation y = 3 represents a vertical plane that is parallel to the xz-p\sine and 3 units to the right of it. 
The equation z = 5 represents a horizontal plane parallel to the xy -plane and 5 units above it. The pair of 
equations y = 3, z = 5 represents the set of points that are simultaneously on both planes, or in other words, the 
line of intersection of the planes y = 3, z = 5. This line can also be described as the set {(x, 3, 5) | x 6 R}, 
which is the set of all points in M 3 whose x-coordinate may vary but whose y- and 2 -coordinates are fixed at 3 
and 5, respectively. Thus the line is parallel to the x-axis and intersects the yz -plane in the point (0,3,5). 

5 



y — 3, z — 


7. We first find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 


\PQ\ = y/[l- (—2)] 2 + (2 - 4) 2 + (-1 - 0) 2 = \/9 + 4 + 1 = s/U 
|QÜ| = y/ (-1 - l) 2 + (1 - 2) 2 + [2 - (-l)] 2 = \/4 + 1 + 9 = VÍ4 
|Pi?| = V^t-1 - (— 2 )] 2 + (1 - 4) 2 + (2 - 0) 2 = VI+ 9+ 4 = VU 


Since all three sides have the same length, PQR is an equilateral triangle. 
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8. We can find the lengths of the sides of the triangle by using the distance formula between pairs of vertices: 

\AB\ = y(5 - 3) 2 + [-3 - (—4)] 2 + (0 -1) 2 = y/4+1 + 1 = V6 

\BC\ = \J (6 - 5) 2 + [-7 - (—3)] 2 + (4 - 0) 2 = VI + 16 + 16 = V33 

\CA\ - y/(3- 6) 2 + [-4 - (-7)] 2 + (1 - 4) 2 = Vd + 9 + 9 = VÑ = 3%/3 

Since the Pythagorean Theorem is satisfied by /1B¡ 2 + \CÁ 2 = \BC, 2 , ABC is a right triangle. ABC is not 
isosceles, as no two sides have the same length. 

9. (a) First we find the distances between points: 

\AB\ = \J(7 — 5) 2 + (9 - l) 2 + (-1 - 3) 2 = s/Ü = 2Vñ 
\BC\ = \f( 1 - 7) 2 + (-15 - 9) 2 + [11 - (-l)] 2 = \/756 = 6^21 

\AC\ = y/(l- 5) 2 + (-15 - l) 2 + (11 - 3) 2 = V336 = 4%/21 

In order for the points to lie on a straight line, the sum of the two shortest distances must be equal to the longest 
distance. Since \ AB\ + \ AC\ = \BC \, the three points lie on a straight line. 

(b) The distances between points are 

\KL\ = y!(l- 0) 2 + (2 - 3) 2 + [-2 - (—4)] 2 = V6 

\LM\ = yj(3- l) 2 + (0 - 2) 2 + [1 - (—2)] 2 = Vrr 

\KM\ = \J( 3 — 0) 2 + (0 - 3) 2 + [1 - (—4)] 2 = V43 

Since y/6 + yfl7 / \/43, the three points do not lie on a straight line. 

10. (a) The distance from a point to the xy-plane is the absolute value of the 2 -coordinate of the point. Thus, the 

distance is |—5| = 5. 

(b) Similarly, the distance is the absolute value of the x-coordinate of the point: |3| = 3. 

(c) The distance is the absolute value of the y-coordinate of the point: |7| = 7. 

(d) The point on the x-axis closest to (3,7, -5) is the point (3,0,0). (Approach the x-axis perpendicularly.) The 
distance from (3,7, -5) to the x-axis is the distance between these two points: 

\J (3 - 3) 2 + (7 - 0) 2 + (-5 - 0) 2 = \/74 « 8.60. 

(e) The point on the y-axis closest to (3,7, -5) is (0,7,0). The distance between these points is 
\J (3 - 0) 2 + (7 - 7) 2 + (-5 - 0) 2 = V3Í « 5.83. 

(f) The point on the z-axis closest to (3,7, -5) is (0,0, -5). The distance between these points is 
■J (3 - 0) 2 + (7 - 0) 2 + [-5 - (—5)] 2 = V58 « 7.62. 

11. An equation of the sphere with center (0,1, —1) and radius 4 is (x — 0) 2 + (y — l) 2 + [2 — (— l)] 2 — 4 2 or 

+ (y — l) 2 + (z + l) 2 = 16. The intersection of this sphere with the t/ 2 -plane is the set of points on the sphere 
whose x-coordinate is 0. Putting x = 0 in the equation, we have ( y — l) 2 + (z + l) 2 = 16, x = 0, which 
represents a circle in the yz- plane with center (0,1,-1) and radius 4. 

















/ 
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12. An equation of the sphere with center (6,5, —2) and radius y/í is (x - 6) 2 + (y — 5) 2 + [z — (-2)] 2 = (\/7) 2 or 
(x — 6) 2 + (y - 5) + (z -f 2) 2 = 7. The intersection of this sphere with the xy-plane is the set of points on the 
sphere whose z-coordinate is 0. Putting z = 0 into the equation, we have (x — 6) 2 + (y — 5) 2 = 3, z = 0 which 
represents a circle in the xy -plane with center (6,5,0) and radius y/3. To find the intersection with the xz-plane, we 
set y = 0: (x — 6) 2 + (z + 2) 2 = —18. Since no points satisfy this equation, the sphere does not intersect the 
xz-plane. (Also note that the distance from the center of the sphere to the zz-plane is greater than the radius of the 
sphere.) Similarly, the sphere does not intersect the yz -plane since substituting x = 0 into the equation gives 

(y — 5) 2 + (z + 2) 2 = —29. 

13. The radius of the sphere is the distance between (4,3, —1) and (3,8,1): 

r = J( 3 — 4) 2 + (8 — 3) 2 + [1 — (—l)] 2 = \/30. Thus, an equation of the sphere is 
(x - 3) 2 + (y - 8) 2 + (z - l) 2 = 30. 

14. If the sphere passes through the origin, the radius of the sphere must be the distance from the origin to the 
point (1,2,3): r = ^/(1 - 0) 2 + (2 - 0) 2 + (3 - 0) 2 = y/Ti. Then an equation of the sphere is 

(x - 1)» + (y- 2) 2 + (z - 3) 2 = 14. 

15. Completing squares in the equation gives 

(x 2 + 2x + 1) + (y 2 + 8y + 16) + (z 2 - 4z + 4) = 28 + 1 + 16 + 4 =+ 

(x + l) 2 + (y + 4) 2 + (z — 2) 2 = 49 which we recognize as an equation of a sphere with center (—1, —4,2) and 
radius 7. 

16. Completing squares in the equation gives 

(x 2 - 4x + 4) + (y 2 + 2y + l) + z 2 = 0 + 4 + 1 => (x - 2) 2 + (y + l) 2 + z 2 = 5 which we recognize as 

an equation of a sphere with center (2, —1,0) and radius y/5. 

17. Completing squares in the equation gives (x 2 - x + \) + (y 2 - y + \) + (z 2 — z + \) = \ + \ + \ => 

^_I) 2 q.(y_l) 2 -f( 2 :-.i) 2 = | which we recognize as an equation of a sphere with center (|, \) and 

radius yj\ = 

18. Completing squares in the equation gives 2x 2 + 2 (y 2 + 2y + l) + 2 (z 2 — z + ^) = 1 + 2 + \ = | 

^ (x - 0) 2 + (y + l) 2 + (z - \) 2 = \ which we recognize as an equation of a sphere with center (0, —1, \) 
and radius . 
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19. (a) If the midpoint of the line segment ffom Pi (xi, yi, Zi) to P 2 (x 2 , 1/2 , 22 ) is 

Q = ( X ^~ X -, — t’ — , — — ], then thedistances |PiQ| and |QP 2 | areequal, andeach is half of IP 1 P 2 I. 

\ Z Zé A J 


2 ’ 2 ’ 2 

We verify that this is the case: 


\P\P2\ = \j (X2 — xi) 2 + (7/2 — yi) 2 -h (2:2 — 2i) 2 


l^iQI = ^[3 (xi +x 2 ) - zi] 2 + [§ (3/1 +^2) - yi] 2 + [f («i +22) - zi] 2 
= \/(5 X 2 - |a:i) 2 + (5I/2 - 52/1) 2 + (5*2 - 5Z1) 2 
= \/(é) 2 [(®2 ~ ^ 1 ) 2 + (2/2 - yi) 2 + (22 - Zi) 2 ] 

= 5 \Z(®2 — xi) 2 + (y 2 - j/1) 2 + («2 - «i) 2 

= é l^ftl 


|QP 2 | = \f\x2 - ¿ (a¡i + Z2)] 2 + [y 2 - 5 (yi + j/ 2 )] 2 + [22 - | («i + z 2 )] 2 
= \/(3*2 - s^i) 2 + (5^2 - £yi) 2 + (522 - 521) 2 
= \/(^) 2 [(^ - zi) 2 + (2/2 - 3/1 ) 2 + (z 2 - «i) 2 ] 

= 2 \Z( X2 — X l) 2 + (2/2 — ^ 1 ) 2 + ( 2 2 — 2l ) 2 

= | Iftftl 

So Q is indeed the midpoint of P 1 P 2 . 

(b) By part (a), the midpoints of sides AB, BC and CA are P\ (- \, 1,4), P 2 (1, \, 5) and -P 3 (f, §, 4). (Recall 
that a median of a triangle is a line segment from a vertex to the mipoint of the opposite side.) Then the lengths 
of the medians are: 

\APi\ = \/o 2 + (¿ - 2 ) 2 + (5 - 3) 2 = /f+4 = \/f = § 

|Bft| = \/(|+2) 2 + (|) 2 + (4-5) 2 = \/f+ | + 1 = \/f = 

|C'ftl = \/(-5- 4 ) 2 + ( 1 - 1 ) 2 +(4-5) 2 = \/sl + l = lV85 

20. By Exercise 19(a), the midpoint of the diameter (and thus the center of the sphere) is C (3,2, 7). The radius is half 
the diameter, so r = \ yj (4 - 2) 2 + (3 - l) 2 + (10 - 4) 2 = |\/44 = y/íl. Therefore an equation of the sphere 

. is (* - 3) 2 + (y - 2) 2 + (z- 7) 2 = 11. 

21. (a) Since the sphere touches the xy- plane, its radius is the distance from its center, (2, — 3,6), to the xy- plane, 

namely 6. Therefore r = 6 and an equation of the sphere is (x — 2) 2 + (y + 3) 2 + (z — 6) 2 = 6 2 = 36. 

(b) The radius of this sphere is the distance from its center (2, —3,6) to the yz-plane, which is 2. Therefore, an 
equation is (x — 2) 2 + (y + 3) 2 + (z — 6) 2 = 4. 

(c) Here the radius is the distance from the center (2, —3,6) to the rrz-plane, which is 3. Therefore, an equation is 
(x — 2) 2 + (y + 3) 2 + (z — 6) 2 = 9. 
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22 . The largest sphere contained in the first octant must have a radius equal to the minimum distance from the center 
(5,4,9) to any of the three coordinate planes. The shortest such distance is to the xz-plane, a distance of 4. Thus an 
equation of the sphere is ( x — 5) 2 + (y — 4) 2 -f (z — 9) 2 = 16. 

23 . The equation x = 9 represents a plane parallel to the yz- plane and 9 units in front of it. 

24 . The equation z = —8 represents a plane parallel to the xy- plane and 8 units below it. 

25 . The inequality y > 2 represents a half-space containing all points to the right of the plane y = 2. 

26 . The inequality 2 : < 0 represents a half-space containing all points on and below the xy- plane. 

27 . The inequality \z\ < 2 is equivalent to — 2 < z < 2, so it represents all points on and between the two horizontal 
planes z = 2 and z = —2. 

28 . The equation y = z represents a plane perpendicular to the yz- plane and intersecting the yz- plane in the line y = z, 
x = 0. 

29 . The inequality x 2 + y 2 ,+ z 2 > 1 is equivalent to yjx 1 + y 2 + z 1 > 1, so the region consists of those points whose 
distance from the origin is greater than 1. This is the set of all points outside the sphere with radius 1 and 

center (0,0,0). 

30 . The inequality 1 < x 2 + y 2 + z 2 < 25 is equivalent to 1 < y/x 2 + y 1 + z 2 < 5, so the region consists of those 
points whose distance from the origin is at least 1 and at most 5. This is the set of all points on and between the 
concentric spheres with radii 1 and 5 and center (0,0,0). 

31 . Completing the square in z gives x 2 + y 2 + (z 2 —2^ + 1) < 3 + 1 or x 2 + y 2 + (z — l) 2 <4, which is 

equivalent to yjx 1 + y 1 + (z — l) 2 < 2. Thus the region consists of those points whose distance from the point 
(0,0,1) is less than 2. This is the set of all points inside the sphere with radius 2 and center (0,0,1). 

32 . The equation x 2 + y 2 = 1 represents the set of all points in R 3 where x 2 + y 2 = 1, a surface that intersects the 
xy- plane in the circle x 2 + y 2 = 1, z = 0. Since 2 can vary, the surface is a circular cylinder of radius 1. Thus, the 
equation represents the region consisting of all points on a circular cylinder of radius 1 with axis the z-axis. 

33 . Here x 2 + z 2 < 9 or equivalently y/x 2 + z 2 < 3 which describes the set of all points in R 3 whose distance from 
the y- axis is at most 3. Thus, the inequaiity represents the region consisting of all points on and inside a circular 
cylinder of radius 3 with axis the y-axis. 

34 . The equation xyz = 0 is satisfied when any of x, y, or 2 is 0. Thus, the equation represents the region consisting of 
all points on the three coordinate planes x = 0, y = 0, and z = 0. 

35 . This describes all points with negative ^-coordinates, that is, y < 0. 

36 . Because the box lies in the first quadrant, each point must comprise only non-negative coordinates. So inequalities 
describing the region are 0 < a; < 1, 0 <y <2, 0<z<3. 

37 . This describes a region all of whose points have a distance to the origin which is greater than r, but smaller than R. 
So inequalities describing the region are r < yjx 1 + y 2 + z 1 < R , or r 2 < x 2 + y 2 + z 2 < R 2 . 

38 . The solid sphere itself is represented by sjx 1 + y 2 + z 1 < 2. Since we want only the upper hemisphere, we restrict 
the z-coordinate to non-negative values. Then inequalities describing the region are yjx 1 + y 1 + z 1 < 2, z > 0, or 
x 2 + y 2 + z 2 < 4, z > 0. 
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39 . (a) To find the x- and y-coordinates of the point P, we project it 
onto L 2 and project the resulting point Q onto the x- and 
y- axes. To find the z-coordinate, we project P onto either the 
xz -plane or the yz -plane (using our knowledge of its x- or 
2 /-coordinate) and then project the resulting point onto the 
z-axis. (Or, we could draw a line parallel to QO from P to 
the 2 -axis.) The coordinates of P are (2,1,4). 

(b) A is the intersection of L\ and L 2 , B is directly below 

the y-intercept of L 2 , and C is directly above the x-intercept 

of L 2 . 



40. Let P = (x, y , z). Then 2 \PB\ = \PA\ 0 4 \PB\ 2 = \PA\ 2 <=> 

4 ((x - 6) 2 -f (y- 2) 2 + (z + 2) 2 ) = (x + l) 2 + (y - 5) 2 + (z - 3) 2 4=> 

4 (x 2 — 12x + 36) — x 2 — 2x + 4 (t/ 2 — 4y + 4) — y 2 + 10 y + 4 (z 2 + 4z + 4) — z 2 + 6z = 35 4=> 

3x 2 - 50x + 3t/ 2 - 6t/+ 3¿ 2 + 22^ = 35- 144-16- 16 x 2 - f x + y 2 - 2y + * 2 + f z = By 

completing the square three times we get (x — ^) 2 + (y — l) 2 + (z + ^) 2 = which is an equation of a 
sphere with center (~, 1, — -y) and radius 


41 . We need to find a set of points {P (x, y , z) \ \ AP\ = |J3P| }. 

\J(x + l) 2 + (y - 5) 2 + (2 - 3) 2 = \J(x — 6) 2 + ( 2 / - 2) 2 + (« + 2) 2 =» 

(x + l) 2 + (y - 5) + (z - 3) 2 = (x - 6) 2 + (y - 2) 2 + (z + 2) 2 =+ 

x 2 + 2x + 1 + y 2 — 10 y + 25 + z 2 — 6z + 9 = x 2 — 12x + 36 + y 2 — 4y + 4 + z 2 + Az + 4 => 

14x — 6y — lOz = 9. Thus the set of points is a plane perpendicular to the line segment joining A and B (since this 
plane must contain the perpendicular bisector of the line segment AB). 

42 . Completing the square three times in the first equation gives (x + 2) 2 + (y — l) 2 + (z + 2) 2 = 2 2 , a sphere with 

center (—2,1,2) and radius 2. The second equation is that of a sphere with center (0,0,0) and radius 2. The 

distance between the centers of the spheres is (—2 — 0) 2 + (1 — 0) 2 + (—2 — 0) 2 = y/A + 1 + 4 = 3. 



Since the spheres have the same radius, the volume inside both spheres is symmetrical about the plane containing 
the circle of intersection of the spheres. The distance from this plane to the center of the circles is |. So the region 
inside both spheres consists of two caps of spheres of height h = 2 — § = From Exercise 6.2.47 [ ET 6.2.47], the 
volume of a cap of a sphere is V = \irh 2 (3 1 — h) = |7r (|) 2 (3*2 — ^) = So the total volume is 

9 llTT _ llTT 

L * 24 — 12 * 
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‘*—'*3.2 Vectors 


ET12.2 

BMBBWWMWM—Mia li' i HIMI' " - 


1. (a) The cost of a theater ticket is a scalar, because it has only magnitude. 

(b) The current in a river is a vector, because it has both magnitude (the speed of the current) and direction at any 
given location. 

(c) If we assume that the initial path is linear, the initial fíight path from Houston to Dallas is a vector, because it has 
both magnitude (distance) and direction. 

(d) The population of the world is a scalar, because it has only magnitude. 


2. If the initial point of the vector (4,7) is placed at the 
origin, then (4,7) is the position vector of the point (4,7). 



3. Vectors are equal when they share the same length and direction (but not necessarily location). Using the symmetry 
of the parallelogram as a guide, we see that AB = DC , DA = CB, DE = EB , and EA = CE. 

4. Geometrically, by the Triangle Law, we can see that u + w = v, thus w = v — u. Altemately, w can be visualized 
directly as the difference of v and u (see Figure 8 in the text). 


5 . (a) By the Triangle Law, AB 4 - BC is the vector with initial point A and terminal point C, namely AC. 

(b) By the Triangle Law, CD + DA is the vector with initial point C and terminal point A, namely CA. 

(c) First we consider BC - DC as SC + (-DC') . Then since -DC has the same length as CD but points in the 
opposite direction, we have —DC = CD and so BC — DC = BC + CD = BD. 

(d) We use the Triangle Law twice: BC + CD + DA = (^BC + CD) + DA = BD + DA = BA. 
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7. a = (4-1,4-3) = (3,1) 


8 . a = (1-4,2 + 1) = (-3,3) 



9 . a = (-3 - (-1), 4 - (-1)) = (-2,5) 10 . a = (3 - (-2), 0 - 2) = (5, -2) 




11 . a = (2 - 0,3 - 3, -1 - 1) = (2,0, -2) 


12 . a = (1 - 1, -2 + 2,3 - 0) = (0,0,3) 
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13 . (3, -1) + (-2,4) = (3 + (- 2 ), -1 + 4 ) = (1, 3) 14 . (-1,2) + (5, 3) = (-1 + 5,2 + 3) = ( 4 ,5> 




15 . (1,0,1)+ (0,0,1) = (1 + 0,0 + 0,1 + 1) 

= ( 1 , 0 , 2 ) 



17 . |a| = y^(-4) 2 +3 2 = v/25 = 5 
a + b = (—4 + 6,3 + 2) = (2,5) 
a — b = (—4 — 6,3 — 2) = (-10,1) 

2a = (2 (—4), 2 (3)) = (—8,6) 

3a + 4b = (-12,9) + (24,8) = (12,17) 

19. |a| = v/6 2 + 2 2 + 3 2 = v/49 = 7 

a + b = (6 + (-1), 2 + 5,3 + (-2)) = (5,7,1) 
a — b = (6 — (—1),2 — 5,3 — (-2)) = (7, -3,5) 
2a =(2(6), 2 (2), 2 (3)) = (12,4,6) 

3a + 4b = (18,6,9) + (-4,20, -8) = (14,26,1) 

21. |a| = ^l 2 + (—2) 2 + l 2 = v/6 

a + b = (i-2j + k) + (j + 2k) = i-j + 3k 
a — b = (i — 2j + k) — (j + 2k) = i — 3j — k 
2a = 2 (i — 2j + k) = 2i — 4j + 2 k 
3a + 4b = 3 (i — 2j + k) + 4 (j + 2k) 

= 3i - 6j + 3k + 4j + 8k = 3i - 2j + llk 


16 . (0,3,2) + (1,0, —3) = (1,3, —1) 



18. |a| = yj 2 2 + (—3) 2 = v/Í3 

a + b = (2i — 3j) + (i + 5j) = 3¡ + 2j 
a — b = (2¡ — 3j) — (i + 5j) = i — 8j 
2a = 2 (2i - 3j) = 4i - 6j 
3a + 4b = 3 (2¡ - 3j) + 4 (i + 5j) 

= 6i - 9j + 4¡ + 20j = lOi + llj 

20. |a| = \J (— 3) 2 + (— 4) 2 + (— l) 2 = v/26 

a + b = (-3 + 6, -4 + 2, -1 + (-3)) = (3, -2, -4) 
a - b = (-3 - 6, -4 - 2, -1 - (-3)) = (-9, -6,2) 
2a = (2 (-3), 2 (-4), 2 (-1)) = (-6, -8, -2) 

3a + 4b= (-9,-12,-3) + (24,8,-12) 

= (15, -4,-15) 

22. |a| = ^3 2 +0 2 + (-2) 2 = v/l3 

a + b = (3i - 2k) + (i — j + k) = 4i — j — k 
a — b = (3i — 2k) — (i — j + k) =2i+j — 3k 
2a = 2 (3i - 2k) = 6i - 4k 
3a + 4b = 3 (3i — 2k) + 4 (i — j + k) 

= 9i - 6k + 4i - 4j + 4k = 13i - 4j - 2k 
















SECTION 13.2 VECTORS ET SECTION 12.2 □ 205 


23. |(9, -5)| = \/9 2 + (-5) 2 = -v/106, so u = (9, -5) = (+1* ^§g)- 

24. |12i - 5j| = \/l22 + (—5) 2 = VÍ69 = 13, so u = ¿ (12i - 5j) = ||i - £j. 

25 . |8i — j + 4k| = \/8 2 + (-l) 2 + 4 2 = V8Í = 9, so u = i (8i - j + 4k) = f i - |j + |k. 


26 


i. |(1, -2,3)| = \/l 2 + (—2) 2 + 3 2 = VÜ, so u = (1, -2,3) = ( 


1 

v/14 ’ 


-2 
y/14 ’ 


3 

v/14 


)• 


27. By the Triangle Law, AJB + BC = AC. Then AB + BC 4- CA = AC + CA , but 
)4C + CA = )4C + (-^C) =O.SoAB + BC + CA = 0. 

28. AC = and BC = c = OA 4- AC = a 4- \ AB =» j 4.B = 3c — 3a. 

c = ÓB-{-BC = OA + lKA => 13A = |c — |b. ]3A = —~AB y so |c — |b = 3a — 3c 

c4-2c = 2a + b <=> c=|a+|b. 


29. (a), (b) 



(c) From the sketch, we estimate that s « 1.3 and t « 1.6. 

(d) c = s a + 1 b «=> 7 = 35 + 2t and 1 = 2 s — t. 

Solving these equations gives s = | and t = ^ • 


30. Draw a, b, and c emanating from the origin. Extend a and b to form lines A and B , and draw lines A' and B' 
parallel to these two lines through the terminal point of c. 



Since a and b are not parallel, A and B' must meet (at P), and A' and B must also meet (at Q ). Now we see that 

(or its 


OP + OQ = c, so if s = 


OP 


^or its negative, if a points in the direction opposite OP^j and t = 


OQ 


|b| 


negative, as in the diagram), then c = sa + íb, as required. 

Argument using components: Since a, b, and c all lie in the same plane, we can consider them to be vectors in two 
dimensions. Let a = (oi, <22), b = (61,62), and c = (ci, C2). We need sa\ + tb\ = c\ and sa^ + tb^ = C2. 

Multiplying the first equation by av and the second by a\ and subtracting, we get t = -. Similarly 

b 2 d\ — O1O2 

s = rf —' ^* nce a ^ 0 and b^O and a is not a scalar multiple of b, the denominator is not zero. 
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31 . |Fi| = 10 lb and |F 2 | = 12 lb. 

Fi = — |Fi| cos45 ° i + |Fi| sin45 ° j = —10cos45 ° i + 10sin45 ° j 
= —5>/2 i + 5\/2j 

F 2 = IF 2 1 cos 30 0 i + |F 2 1 sin 30 0 j = 12 cos 30 0 i + 12 sin 30 0 j = 6\/3 i + 6 j 
F = Fi+F 2 = (6v^-5v^)i+(6 + 5\/2)j«3.32i+13.07j 

|p| “ v /(3 ' 32 >’ + ( ,307 >’ “ 136 * s = to “í^r+!=’ 76 ”' 

32 . Set up the coordinate axes so that north is the positive y-direction, and east is the positive x-direction. The wind is 
blowing at 50 km/h from the direction N 45 0 W, so that its velocity vector is 50 km/h S 45 °E, which can be 
written as v W i nc i = 50 (cos 45 0 i — sin 45 0 j). With respect to the still air, the velocity vector of the plane is 

250 km/h N 60 0 E, or equivalently v p i a ne = 250 (cos 30 0 i + sin 30 0 j). The velocity of the plane relative to the 
ground is 

v = Vwind + Vpiane = (50 cos 45 ° + 250cos30°) i + (—50 sin 45 ° + 250sin30°) j 
= (25V2 + 125%/3) i + ^125 - 25%/2) j « 251.9 i + 89.6j 

The ground speed is |v| ~ J (251.9) 2 + (89.6) 2 ~ 267 km/h. The angle the velocity vector makes with the ar-axis 
is 0 « tan -1 « 20 °. Therefore, the true course of the plane is about N (90 — 20) ° E = N 70 ° E. 

33 . With respect to the water’s surface, the woman’s velocity is the vector sum of the velocity of the ship with respect to 
the water, and the woman’s velocity with respect to the ship. If we let north be the positive y-direction, then 

v = (0,22) + (—3,0) = (—3,22). The woman’s speed is |v| = y/9 + 484 « 22.2 mi/h. The vector v makes an 
angle 6 with the east, where 6 = tan -1 « 98 °. Therefore, the woman’s direction is about 
N (98 — 90) ° W = N 8 ° W. 

34. Call the two tensile forces T 3 and T 5 , corresponding to the ropes of length 3 m and 5 m. In terms of vertical and 
horizontal components, T 3 = — IT 3 1 cos 52 0 i + |T 3 1 sin 52 0 j (1) and T 5 = |T 5 1 cos 40 0 i + |T 5 1 sin 40 0 j 
(2). The resultant of these forces, T 3 + T 5 , counterbalances the force of gravity acting on the 

decoration [which is -5gj « —5 (9.8) j = —49j]. So T 3 + T 5 = 49j. Hence 

T 3 + T 5 = (- IT 3 1 cos 52 0 + IT 5 1 cos 40 0 ) i + (IT 3 1 sin 52 0 + IT 5 1 sin 40 0 ) j = 49j. Thus 

— |T 3 | cos 52° + |T 5 | cos40° = 0 and |T 3 | sin52° + |T 5 | sin40° = 49. 

cos 40 0 

From the first of these two equations |T 3 | = |T 5 |-—-. Substituting this into the second equation gives 

cos 52 0 

4Q pns 40 0 

|T 5 | =---^-—— » 30 N. Therefore, |T 3 | = |T 5 | - » 38 N. Finally, from (1) and (2), 

1 1 cos 40 0 tan 52 0 + sin 40 0 1 1 1 'cos52° J 

T 3 « —23i + 30j, and T 5 « 23i + 19j. 










SECTION 13.2 VECTORS ETSECTION 12.2 □ 207 


35. Let Ti and T 2 represent the tension vectors in each side of the clothesline as shown in the figure. Ti and T 2 have 
equal vertical components and opposite horizontal components, so we can write Ti = — a i + 6 j and 
T 2 = ai + 6j (a,6 > 0). 


8 m 



By similar triangles, - = => a = 506. The force due to gravity acting on the shirt has magnitude 

a 4 

0.8¿7 « (0.8) (9.8) = 7.84 N, hence we have w = -7.84 j. The resultant Ti + T 2 of the tensile forces 
counterbalances w, so Ti + T 2 = — w =s> (—ai + 6j) + (ai + 6j) = 7.84j => 

(-506 i + 6j) + (506 i + 6j) = 26 j = 7.84 j => 6 = = 3.92 and a = 506 = 196. Thus the tensions are 

Ti = — a i + 6 j = —196 i + 3.92 j and T 2 = a i + 6 j = 196 i + 3.92 j. 

Altematively, we can find the value of 0 and proceed as in Example 5. 


36 . We can consider the weight of the chain to be concentrated at its 
midpoint. The forces acting on the chain then are the tension vectors 
Ti, T 2 in each end of the chain and the weight w, as shown in the 
figure. We know |Ti| = |T 2 1 = 25 N so, in terms of vertical and 
horizontal components, we have 

Ti = —25 cos 37 0 i + 25 sin 37 0 j 
T 2 =25cos37°i + 25sin37°j 



The resultant vector Ti + T 2 of the tensions counterbalances the weight w, giving Ti + T 2 = —w. Since 
w = — |w| j, we have (—25 cos 37 0 i + 25 sin 37 0 j) + (25 cos 37 0 i + 25 sin 37 0 j) = | w| j => 

50sin37° j = |w| j =» |w| = 50sin37° « 30.1. So the weight is 30.1 N, and since w = mg, the mass is 

» 3.07 kg. 

37. |r — ro| is the distance between the points (x, 2 /, z) and (xo, 2 / 0 , 20 ), so the set of points is a sphere with radius 1 
and center (xo, yo, zq). 

Altemate Method: |r — ro| = 1 yj (x — xo) 2 + (y — yo) 2 + (z — zo) 2 = 1 <=> 

(x — xo) 2 + (y — 2 / 0 ) 2 + (z — zq ) 2 = 1, which is the equation of a sphere with radius 1 and center (xo, 2 / 0 , 20 ). 


38. Let P\ and P 2 be the points with position vectors ri and r 2 respectively. Then |r — ri | + |r — r 2 | is the sum of the 
distances from (x, y) to Pi and P 2 . Since this sum is constant, the set of points (x, y) represents an ellipse with foci 
Pi and P 2 . The condition k > |n — r 2 | assures us that the ellipse is not degenerate. 


39 . a + (b + c) = (ai,a 2 ) + (<61,6 2 ) + (ci,c 2 )) = (ai,a 2 ) + (61 +ci,6 2 + c 2 ) 

= (ai + 61 + ci, a 2 + 6 2 + c 2 ) = ((ai + 61) + ci, (a 2 + 6 2 ) + c 2 ) 
= (ai + 61 , a 2 +6 2 ) + (ci,c 2 ) = ((ai,a 2 ) + (61,6 2 )) + (ci,c 2 ) 

= (a + b) + c 
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40. Algebraically: 

c (a + b) — c ((ai, a 2 , 03) + (61, fo, ¿>3)) = c (ai + 61, 02 + ¿> 2 ,a 3 + 63) 

= (c (ai + 61) , C (CL2 + 62) , c (03 + 63)) = (cai + c6l, ca2 + c&2, C03 + C&3) 
= (cai, ca2, CCL3} + (c6i, c&2, C63) = ca + cb 


Geometrically: 

According to the Triangle Law, if a = PQ and b = QR, then 
a + b = PR. Construct triangle PST as shown so that PS = ca 
and ST = cb. (We have drawn the case where c > 1.) By the 

Triangle Law, PT = ca + cb. But triangle PQR and 
triangle PST are similar triangles because cb is parallel to b. 

Therefore, PR and PT are parallel and, in fact, PT = cPR. 

Thus, ca + cb = c (a + b). 



41. Consider triangle ABC , where D and E are the midpoints of AB and BC. We know that AB + BC = AC (1) 
and iDB + ~BE = ~DE (2). However, DB = § AB, and BE = \BC. Substituting these expressions for DB and 
~BE into (2) gives \ AB + \BC = DE. Comparing this with (1) gives DE = \AC. Therefore AC and DE are 
parallel and \de\ = \ \ ac\. 



The question states that the light ray strikes all three 
mirrors, so it is not parallel to any of them and ai ^ 0 , 
a 2 0 and a 3 ^ 0. Let b = ( 61 , 62 , 63 ), as in the 
diagram. We can let |b| = |a|, since only its direction is 

important. Then = sin0 = => |¿> 2 1 = |a 2 |. 

|b| |a| 

From the diagram 62 j and a 2 j point in opposite 
directions, so 62 = —a 2 . \AB\ = \BC\, so 
| 6 3 1 = sin<¿> \BC\ = sin 4> \ AB\ = |a 3 |, and 
\bi\ = cos <¡> \BC\ = cos (j> \ AB\ = |ai|. 

63 k and a 3 k have the same direction, as do bi i and ai i, 
so b = (ai, —a 2 , a 3 ). When the ray hits the other 
mirrors, similar arguments show that these reflections will 
reverse the signs of the other two coordinates, so the final 
reflected ray will be (—ai, —a 2 , —a 3 ) = — a, which is 
parallel to a. 








/ 
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1. (a) a • b is a scalar, and the dot product is defined only for vectors, so (a • b) • c has no meaning. 

(b) (a • b) c is a scalar multiple of a vector, so it does have meaning. 

(c) Both |a| and b • c are scalars, so |a| (b • c) is an ordinary product of real numbers, and has meaning. 

(d) Both a and b + c are vectors, so the dot product a • (b + c) has meaning. 

(e) a • b is a scalar, but c is a vector, and so the two quantities cannot be added and this expression has no meaning. 

(f) |a| is a scalar, and the dot product is defined only for vectors, so |a| • (b + c) has no meaning. 

2. Let the vectors be a and b. Then by Theorem 3, a • b = |a| |b| cos 6 = (6) (§) cos f = \/2. 

3. a • b = (4, -1) • (3,6) = (4) (3) + (-1) (6) = 6 

4. a • b = <§, 4) • (-8, -3) = (§) (-8) + (4) (-3) = -16 

5. a b = (5,0, -2) • (3, -1,10) = (5) (3) + (0) (-1) + (-2) (10) = -5 

6. a • b = (2,6, -3) • (8, -2, -1) = (2) (8) + (6) (-2) + (-3) (-1) = 7 

7. a • b = (i — 2j + 3k) • (5i + 9k) = (1) (5) + (-2) (0) + (3) (9) = 32 

8. a • b = (4j — 3k) • (2i + 4j + 6k) = (0) (2) + (4) (4) + (-3) (6) = -2 

9. Use Theorem 3: a • b = |a| |b| cos 6 = (12) (15) cos f = 180 • ^ = 90\/3 « 155.9 

10. Use Theorem 3: a • b = |a| |b| cos0 = (4) (10) cos 120° = 40 (—|) = —20 

11. u, v, and w are all unit vectors, so the triangle is an equilateral triangle. Thus the angle between u and v is 60 ° and 

u • v = |u| Iv| cos60° = (1) (1) (|) = \. If w is moved so it has the same initial point as u, we can see that the 

angle between them is 120 ° and we have u • w = |u| |w| cos 120 ° = (1) (1) (-|) = 

12. u is a unit vector, so w is also a unit vector, and |v| can be determined by examining the right triangle formed by u 
and v. Since the angle between u and v is 45 °, we have |v| = |u| cos 45 0 = ^.Then 

u • v = |u| |v| cos45° = (1) — Since u and w are orthogonal, u ■ w = 0. 

13. (a) i • j = (1,0,0) • (0,1,0) = (1) (0) + (0) (1) + (0) (0) =0. Similarly j • k = (0) (0) + (1) (0) + (0) (1) =0 

and k • i = (0) (1) + (0) (0) + (1) (0) = 0. 

Another Method: Because i, j, and k are mutually perpendicular, the cosine factor in each dot product is 
cos f = 0. 

(b) By Property #1 of the Dot Product, i • i = |i| 2 = l 2 = 1 since i is a unit vector. Similarly, j • j = |j| 2 = 1 and 
k-k= |k| 2 = 1. 

14. The dot product A • P is 

<a, 6, c) • <2,1.5,1) = a (2) + b (1.5) + c (1) 

= (number of hamburgers sold) (price per hamburger) 

+ (number of hot dogs sold) (price per hot dog) 

+ (number of soft drinks sold) (price per soft drink) 
so it is equal to the vendor’s total revenue for that.day. 



( 
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15 . |a| = i/3 2 + 4 2 = 5, |b| = V5 2 + 12 2 = 13, and a • b = (3) (5) + (4) (12) = 63. Using Corollary 6, we have 

cos 6 = a ', b , = -- 6 ^ ~ = ^. So the angle between a and b is 9 = cos -1 || « 14°. 

|a| |b| 5-13 65 


16. |a| = x/3 2 + l 2 = %/ÍO, |b| = V2 2 + 4 2 = \/20 = 2^5, and a • b = (3) (2) + (1) (4) = 10. Using Corollary 6, 
a k 16 = So the angle between a and b is 9 = cos -1 ^ = 45°. 


we have cos 6 = 


|a||b| %/T0 • 2\/5 


17. |a| = VI 2 + 2 2 + 3 2 = Vl 4 , |b| = ^ 4 2 + 0 2 + (-l) 2 = \/TT, and a • b = (1) ( 4 ) + (2) (0) + (3) (-1) = 1. 


a • b 


Then cos 9 = = ,_* _ and the angle between a and b is 9 = cos 1 - 7 = 

|a| |b| y/U-y/rf \/238 1/238 


i 86°. 


18. |a| = ^ 6 2 + (- 3) 2 + 2 2 = 7, |b| = ^ 2 + l 2 + (-2 ) 2 = 3 , and a • b = ( 6 ) (2) + (-3) (1) + (2) (-2) = 5. 

a • b 


Then cos 0 = 


|a||b| 7-3 21 


^ and 6 = cos 1 « 76°. 


19. |a| = \/0 2 + l 2 + l 2 = \/2, |b| = yi^+í + H^ = VT4, and a • b = (0) (1) + (1) (2) + (1) (-3) = -1. 

_1 (~^f) 


Then cos 6 = 


a • b 


-1 


-1 


|a| |b| V2 • VTÁ 2\/7 


and 6 = cos 


101 °. 


20. |a| = ^+í- 1) 2 + 1 2 = \/ 6 , |b| = ^3 2 + 2 2 + (-l ) 2 = \/l4, and 

a • b 3 


a • b = (2) (3) + (-1) (2) + (1) (-1) = 3. Then cos0 = 
0 = cos_1 i^T« 710 - 


|a||b| \/6-vT4 2V21 


and 


21. Let a, b and c be the angles at vertices A, B and C 

respectively. Then a is the angle between vectors AB and 
AC, b is the angle between vectors BA and BC, and c is 
the angle between vectors CA and CB. Thus 
AB-AC 1 


cos a = 


a = cos 


cos b = 


b = cos 


cosc = 


c = cos 


ab| Uc 

V30 • 29 

■"(-JoH- 

BA-BC 

1 

|b!| |bc 

V30 • 83 

,-i 42 

« 33°, and 

1 -- 

\/249Ü 

CA-CB 

1 

|oa| |cb 

V29 • 83 

-i 41 , 

«33°. 

•/2407 



( 5 ,-1,2)-(-2,-4,-3) = 


1 40 

(5, -1,2) • (-7, -3, -5) = -j== (35 - 3 + 10) = ^==, so 


V249Ü 


V2490’ 


( 2 , 4 , 3 ) • ( 7 ,3,5) = (14 + 12 + 15) = - JL =, so 


V2407 


V24Ü7’ 
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Altemate Solution: Apply the Law of Cosines three times as follows: cos a = 


BC 


AB 


2 \ AB\ 


AC 


AC\ 


cos b = 


AC 


AB 


2 \AB\ 


BC 


-, and cos c = 


BC\ 


AB 

2 

AC 

2 

BC\ 2 

2 j 

BC\ 



22. As in Exercise 21. let p, q and r be the anglesatvertices P, Q and R. Then p is the angle between vectors PQ and 
PR, q is the angle between vectors QP and QR, and r is the angle between vectors RP and RQ. Thus 
PQ PR _ (2,2,-9) • (5,5, -4) = 56 -i 56 

\/89\/66 


cosp = 


\PQ\ |Pñ| 
QP-QR 

|^p||ór| 


,_so p = cos - y=== 

^/5874 75874 


33 


QP • QR (-2, - 2 ,9) • (3,3,5) _ 33 _ cn = rns -t _ 

cos « = - 789743 \/3827 v® 


43°; 

58°; and 


RP RQ (-5, -5,4) • (-3, -3, -5) _ _J0_ cn r = rns -i _i£ = 
cosr = 7=rn=+T — /zz m 72838 72838 


79°. 


\RP\ \RQ\ 


766V^3 


Altemate Solution: Apply the Law of Cosines three times as follows: cosp = 


\QR\ - 


PQ 


2 \PQ\ 


- PP 


PR\ 


|pp | 2 - 1 PQ 

! -l®f .._N’- 

PR 

2 

QR 

2 

cos q— 1 —>i 

2 \PQ\ 

QR.\ ' 2\PR\ 

qr\ 



23. Since a = —2b, a and b are parallel vectors (and thus not orthogonal). 

24. a • b = 8 + (— 8 ) = 0 , so a and b are orthogonal (and not parallel). 

25 a • b = (-5) ( 6 ) + (3) (- 8 ) + (7) (2) = -40 7 0, so a and b are not orthogonal. Also, since a ís not a scalar 

multiple of b, a and b are not parallel. 

26. a • b = ( 6 ) ( 4 ) + (- 1 ) ( 9 ) + ( 5 ) (- 3 ) = 0 , so a and b are orthogonal (and not parallel). 

27 a . b = (- 1 ) ( 3 ) + ( 2 ) ( 4 ) + ( 5 ) (- 1 ) = 0 , so a and b are orthogonal (and not parallel). 


28. Because a = -§b, a and b are parallel. 

29. For the two vectors to be orthogonal, we need (—3x, 2x) • (4, x) = 0 +*• (—3*) (4) + (2x) (x) — 0 4+ 

— 12 x + 2 x 2 = 0 <=> 2 x (x — 6) = 0 <+ x = 0 orx = 6. 


30. (- 6 , 6 , 2 ) and ( 6 , b 2 , 6 ) are orthogonal when 

(- 6 , 6 , 2 ) • (b,b 2 ,b) = 0 <+ (- 6 ) ( 6 ) + ( 6 ) ( 6 2 ) + ( 2 ) ( 6 ) = 0 

fc 3 —46 = 0 <+ 6 (6 + 2 ) (6 — 2 ) = 0 +> 6 = 0 or 6 = ± 2 . 


31 Let a = oii + aij + a 3 k be a vector orthogonal to both i + j and i + k. Then a • (i + j) — 0 <+ ai+a 2 0 

and a • (i + k) = 0 o ai + a 3 = 0, so 0l = -aa = -a 3 - Furthermore a is to be a unit vector, so 

1 = al + a 2 + a| = 3 a 2 implies ai = ±73 


Thn? 


such unit vectors. 
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32. Using Theorem 3, we need 

( 1 , 2 , 1 ) • ( 1 , 0 , c) = |( 1 , 2 , 1 >| |( 1 , 0 , c)| cos60° 1 + c = y/ 6 y/l + &. \ 2(1 + c) = VÜy/TTc 1 . 

Squaring both sides gives 6 (l + c 2 ) = 4 (l + 2c + c 2 ). Thus 6 + 6 c 2 = 4 + 8 c + 4c 2 or 2c 2 — 8 c + 2 = 0 and 

c = ^—- = 2 dt \/3. Each of these values for c can be checked to show it gives a solution. 

33. Since |(1, 2,2)| = y/1 + 4 + 4 = 3, using ( 8 ) and (9) we have cosa = cos/3 = § and cos^ = §, while 
a = cos -1 § « 71° and /3 = 7 = cos -1 | « 48°. 

34. |(—4, —1,2)| = y/16 + 1+4 = y/2Í, so cosa = —cos/3 = -^ 7 = and cos^ = ^|=, while 

a = cos -1 « 151°, /3 = cos -1 « 103° and 7 = cos -1 -^= « 64°. 


35. |— 8i + 3j + 2k| = y/64~+9~+~4: = >/77, so cosa = — -^==, cos/3 = 7 ^== and cos^ = ^=, while 


a = cos 1 « 156°, p = cos 1 -j= « 70° and 7 = 


cos " 1 -^7 ^ 77°. 


36. |3i + 5j — 4k| = y/9 + 25 + 16 = 5\/2, so cosa = cos/3 = and cos^ = — ^=, while 
a = cos -1 ^= « 65°, (3 = cos -1 -^= = 45° and 7 = cos -1 « 124°. 

37. |(2,1.2,0.8)| = V4 + 1.44 + 0.64 = |v^08 = so cosa = ^5 = + 5 , cos/3 = +5 = and 
cos 7 = 7TS5 = ^SS- while Q = cos_1 -M ~ 36 °’ 0 = cos_1 ~ 61 ° and 7 = cos_1 + » 71 °- 

38. Since cos 2 a + cos 2 (3 + cos 2 7 = 1, 

Tl) ” (é ) 2 = T' Th us cos 7 = and 7 = | 


or 7= x- 


39. |a| = y/4 + 9 = a/Í3. The scalar projection of b onto a is comp a b = 


a • b 2 • 4 + 3 • 1 11 


\/l3 \/l3 * 

The vector projection of b onto a is proj a b = ~^= |^| = 7 ^ • (2,3) = §§ (2,3) = ( §§, f|). 


11 a 


40. |a| = y/9 + 1 = y/lÓ. The scalar projection of b onto a is comp a b = ^ =--^==-= —^=. 

The vector projection ofbontoais proj a b= = ‘ ( 3 ’ _1 ) = m (^” 1 ) = 

41. |a| = \/16 + 4 + 0 = 2\/5 so the scalar projection of b onto a is comp a b = (4 + 2 + 0) = - 7 =. 

|a| 2\/5 V5 

3 s. 3 1 

The vector projection of b onto a is proj a b = — — = — • —— (4, 2, 0) = § (6, 3,0) = (|, |, 0). 

V5 l a l v5 2v5 


42. |a| = y/1 +4 + 4 = 3 so the scalar projection of b onto a is comp a b 


a • b —3 + (— 6 ) + 8 1 ... 

= -r-r- = -—— - = Whlle 


L • • • • ^ 1 a 1 (-1,-2,2) o 2V 

the vector projecüon ís proj a b = 


a • b 


43. |a| = >/1 + 0 + 1 = y/2 so the scalar projection of b onto a is comp a b = -- = ^=(1 + 0 + 0) = ^= while 

l a l 


1 a 


the vector projection of b onto a is proj a b = — = -T= • -T= (i + k) = | (i + k) 
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44 . |a| = \/4 + 9 + 1 = >/14, so the scalar projection of b onto a is 

comp a b = = 2 - = --^=L while the vector projection of b onto a is 

. L 18 a 18 2i 3j -h k _ 9 ^ oí Q . 

p,0J * b = ■ vn ñ “ “Tn - -‘ 5 <2 '“ 3J+k) - 

a • b 

45. (ortha b) • a = (b — proj a b) • a = b • a - (proj a b) • a = b • a - —-j-a • a 


= b • a — 


|a| 2 = ba — ab = 0 



So they are orthogonal by (7). 

46. Using the result of Exercise 40, we have 
ortha b = b — proj a b 

= (2,3) — (io5 — 10 ) 

= (1.1,3.3) 


47. comp a b = = 2 ^ a • b = 2 |a| = 2y/W. If b = (bi,b 2 , b 3 ), then we need 36i + 06 2 - lb 3 = 2a/ÍÓ. 

^ l a l 

One possible solution is obtained by taking 61 = 0, 62 = 0, 63 = -2\/IÜ. 

In general, b = (s, t , 3s — 2\/l0), s, t € M. 

48. (a) comp a b = comp b a -í* <=> j^j = ora ’ b = 0 ^ |b| = |a| ora • b = 0. That 

is, if a and b are orthogonal or if they have the same length. 

a • b b • a 


(b) proj a b = proj b a <í=> 


a = 


|b| 2 


a b _ a b 

b <=> a • b = 0 or —^ = 77-^2 • ® ut 772 ” 7772 ^ 


i^r 


it>r 


= l-l => | a | = |b|. Substituting this into the previous equation gives a = b. So proj a b — proj b a 

i a i 2 i b i 2 

& a and b are orthogonal, or they are equal. 

49. Here D = (4 - 2) i + (9 - 3) j + (15 - 0) k = 2i + 6j + 15k so using (12) we have 
W = F • D = 20 + 108 - 90 = 38 joules. 

50. W = |F| |D|cos0 = (20) (4)cos40° 51. W = |F| |D| cos0 = (25) (10)cos20° 

« 61 ft-lb « 235 ft - lb 




52. Here |D| = 100 m, |F| = 50 N, and 9 = 30°. Thus W = |F| |D| cos0 = (50) (100) — 2500^/3 joules. 
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53. First note that n = (a, 6 ) is perpendicular to the line, because if Q\ = (ai, 6 i) and Q 2 = (a 2 , 6 2 ) lie on the line, 

then n • Q 1 Q 2 = a &2 — aai 4 - 66 2 — bb\ = 0 , since aa 2 + 66 2 = — c = aai + 661 from the equation of the line. 
Let P 2 = (x 2 , y/) lie on the line. Then the distance from P\ to the line is the absolute value of the scalar projection 

of P/K onto n. comp (p/p 2 ) = I" ’ ~ Ehül Z Vi>l = l a * 2 ~ axi + tya - 6yi| = lasi+&y 1 + c| 

' ' l n | Va 2 + b 2 y/a? + 6 2 

__2 -|_4 3 _i 5j 

since ax 2 + 6?/2 = —c. The required distance is -- - -- = —. 

x/3 2 + 4 2 5 

54. (r — a) • (r — b) = 0 implies that the vectors r — a and r — b are 
orthogonal. From the diagram (in which A , B and P are the terminal 
points of the vectors), we see that this implies that R lies on a sphere 
whose diameter is the line from A to B. The center of this circle is the 
midpoint of AB, that is, 

\ (a + b) = (¿ (ai + &i), \ (a 2 + 6 2 ), \ (03 + 63 )), and its radius is 



é l a — b| — \ yj (ai — 61 ) 2 + (a 2 — 6 2 ) 2 + (03 — bs ) 2 . 

Or: Expand the given equation, substitute r • r = x 2 + y 2 + z 2 and complete the squares. 

55. For convenience, consider the unit cube positioned so that its back left comer is at the origin, and its edges lie along 
the coordinate axes. The diagonal of the cube that begins at the origin and ends at (1,1,1) has vector representation 
(1,1,1). The angle 6 between this vector and the vector of the edge which also begins at the origin and mns along 


the a:-ax¡s[ÜMtis,(l,0,0)]is given by cos « = ,<)■ ^ 


9 = COS 1 -73 


1 55 


56. Consider a cube with sides of unit length, wholly within the ñrst octant and with edges along each of the three 
coordinate axes. i + j + k and i + j are vector representations of a diagonal of the cube and a diagonal of one of its 

faces. If 6 is the angle between these diagonals, then cos6 = = \ / — => 

' V| |i+j| y/Sy/2 V 3 


|i+j + k|| 


6 = cos 


-'y/i' 


' 35 °. 


57. Consider the H-C-H combination consisting of the sole carbon atom and the two hydrogen atoms that are at (1,0,0) 
and (0,1,0) (or any H-C-H combination, for that matter). Vector representations of the line segments emanating 
from the carbon atom and extending to these two hydrogen atoms are(l-±, 0 -¿, 0 -i) = (±,-§,-±)and 
(0 — 1 — 0 — ^) = (——|). The bond angle, 0 , is therefore given by 

COS 6 - ^ ^ ’ 2 ’ 2 ) ’ 2 '~\) _ 4 4 + 4 _ _ 1 


9 = cos -1 (-1) « 109.5' 


58. Let a be the angle between a and c and /3 be the angle between c and b. We need to show that a = /3. Now 

, , , , . , .| 2 | L»| ÍX * U “T |tl| |U< . 

cos a = i——— 7 = - , , , , 1 1 = —- , , , 1 1 1 = - . 1 1 ' . Similarly, 


a-c __ a • |a| b + a • |b| a |a| a • b + |a | 2 |b| a • b + |a| |b| 
3Q " |a||c| - ' ■' * - ' ^ * 


a c 


a c 


cos/3 = 


_ b c _ |a| |b| + b • a 


|b| |c| |c| 

a = /3 and c bisects the angle between a and b. 


. Thus cos a = cos /3. However 0 ° < a < 180 ° and 0 ° < 0 < 180 °, so 
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59 . Let a = (ai, ao, «3) and = (61 , í>2,63). 

Property 2 : a • b = (01,02,03) • (í>i, 62, ¿>3) = «1^1 + “2^2 + a3Í>3 

= 61 ai + 6202 + £>3<2-3 = (61,62, í>3) • (01,02,03) = b • a 
Property 4: (ca) • b = (cai,ca2,«13) • (fri,í>2,63) = (cai) 61 + (C02) 62 + (003) 63 

= c(aibi + 02&2 +0363) = c(a • b) = oi (cbi) + 02 (062) + «3 (063) 

= (01,02,03) • (c&i,c¿>2,c&3) = a- (cb) 

Property 5 : 0 • a = ( 0 , 0 , 0 ) • (01,02,03) = ( 0 ) (ai) + ( 0 ) (02) + ( 0 ) (03) = 0 

60. Let the figure be called quadrilateral ABCD. The diagonals can be represented by AC and BD. AC = AB + BC 
and BD = BC + CD = BC-DC = BC-AB (Since opposite sides of the object are of the same length and 

parallel, AB = DC.) Thus 

~AC ■ 13D = (AB + BC') ■ (BC - Ab) = AB • (BC - Ab') + BC • (bC - Ab') 

= AB • BC - |ab| 2 + \BC\ 2 ~ AB • BC = |sc| - |ab| 


But | ABp = |bc|” because all sides of the quadrilateral are equal in length. Therefore AC ■ BD — 0, and since 

both of these vectors are nonzero this tells us that the diagonals of the quadrilateral are perpendicular. 

61. |a • b| = | |a| |b| cosé>| = |a| |b| |cos6»|. Since |cos6>| < 1, |a • b| = |a| |b| |cos 6>| < |a| |b|. 

Note: We have equality in the case of cos 9 = ±1, so 6> = 0 or 6> = tr, thus equality when a and b are parallel. 



The Triangle Inequality states that the length of the longest side of 
a triangle is less than or equal to the sum of the lengths of the two 
shortest sides. 


(b) |a + b| 2 = (a + b) • (a + b) = (a • a) + 2 (a • b) + (b • b) = |a| 2 + 2 (a • b) + |b| 2 
< | a | 2 + 2 |a| |b| + |b| 2 (by the Cauchy-Schwartz Inequality) 


= (|a| + |b|) 2 

Thus, taking the square root of both sides, |a + b| < |a| + |b|. 

The Parallelogram Law states that the sum of the squares of the 
lengths of the diagonals of a parallelogram equals the sum of the 
squares of its (four) sides. 


(b) |a + b| 2 = (a + b) • (a + b) = |a| 2 + 2 (a • b) + |b| 2 and 

| a _ b| 2 = (a - b) • (a - b) = |a| 2 - 2 (a • b) + |b| 2 . Adding these two equations gives 

|a + b| 2 + |a — b| 2 = 2 |a| 2 + 2 |b| 2 . 
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The Cross Product 


ET12.4 



2 0 

i — 

1 0 


1 2 


3 1 

0 1 

j + 

0 3 



i j k 

1 . ax b= 1 2 0 

0 3 1 
i j k 

2. a x b = 5 1 4 

-10 2 

= (2 - 0) i - [10 - (-4)] j + [0 - (- 1 )] k = 2i - 14j + k 
i j k 


k = (2 - 0) i - (1 - 0) j + (3 - 0) k = 2i - j + 3k 



1 4 

i — 

5 4 


5 1 


0 2 

-1 2 

j + 

-1 0 



3. a x b = 


1-10 
3 2 1 


-1 0 
2 1 


í — 


1 0 
3 1 


j + 


1 -1 
3 2 


k = (-1 - 0) i-(l - 0) j + [2 - (-3)] k = —i—j+ 5 k 


4. a x b = 


2 2 
3 1 


-3 2 
6 1 


j + 


-3 2 
6 3 


i j k 
-3 2 2 
6 3 1 

= (2 - 6) Í - (-3 - 12) j + (-9 - 12) k = —4i + 15j - 21k 
i j k 

1-1 2-1 21 

k = [2 - (-1)] i-(4 - 0) j + (2 - 0) k = 3i —4j + 2k 



1 -1 

i — 

2 -1 


2 1 

" 

1 2 

0 2 

j + 

0 1 



6 . a x b = 


7. a x b = 


í — 


1 1 
1 1 


j + 


1 -1 
1 1 


5. axb = 2 1 —1 
0 1 2 
i j k 
1 -1 1 
1 1 1 
i j k 
3 2 4 

1 -2 -3 

= [-6 - (- 8 )] i - (-9 - 4) j + (-6 - 2) k = 2i + 13j - 8 k 


-1 1 
1 1 

2 4 
-2 -3 


k = (-1 - 1 ) i - (1 - 1 ) j + [1 - (- 1 )] k = - 2 i + 2 k 


í — 


3 4 
1 -3 


j + 


3 2 
1 -2 


8 . a x b = 


i j k 
1 0 -2 
0 1 1 
= 2 i—j + k 


0 -2 

1 1 


1 -2 

0 1 


j + 


1 0 
0 1 



9. (a) Since b x c is a vector, the dot product a • (b x c) is meaningful and is a scalar. 

(b) b • c is a scalar, so a x (b • c) is meaningless, as the cross product is defined only for two vectors. 
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(c) Since b x c is a vector, the cross product a x (b x c) is meaningful and results in another vector. 

(d) a • b is a scalar, so the cross product (a • b) x c is meaningless. 

(e) Since (a • b) and (c • d) are both scalars, the cross product (a • b) x (c • d) is meaningless. 

(f) a x b and c x d are both vectors, so the dot product (axb)-(cx d) is meaningful and is a scalar. 

10. Using Theorem 6, we have |u x v| = |u| |v| sin6 = (5) (10) sin 60 ° = 25%/3. By the right-hand rule, u x v is 
directed into the page. 

11. If we sketch u and v starting from the same initial point, we see that 
the angle between them is 30 °. Using Theorem 6, we have 
|u x v| = |u| |v| sin 30 ° = (6) (8) (|) = 24. By the right-hand 
rule, u x v is directed into the page. 

12. (a) |a x b| = |a| |b| sin0 = 3 • 2 • sin f =6 

(b) a x b is orthogonal to k, so it lies in the xy-plane, and its 
z-coordinate is 0. By the right-hand rule, its y-component is 
negative and its x-component is positive. 




13. a x b = 


b x a = 


1 2 
1 0 

1 0 
1 2 


0 2 
3 0 

3 0 
0 2 


j + 


j + 


0 1 
3 1 

3 1 
0 1 


i j k 
0 12 
3 1 0 
i j k 
3 10 
0 12 

(and notice a x b = -b x a here, as we know is always true by Theorem 8.) 


14. a x (b x c) = a x 


k = -2i + 6j — 3k 


k = 2i — 6j + 3k 


i 

j 

k 

r 

-1 0 


2 

0 


2 -1 

- 

2 

-1 

0 

= a x 

2 5 

i — 

0 

5 

j + 

0 2 

k 

0 

2 

5 










= a x (—5i - lOj + 4k) 


i j k 

-4 0 3 

-5 -10 4 

i j k 
-4 0 3 

2-10 
i j k 
3 6 4 
0 2 5 

Thus a x (b x c) ^ (a x b) x c. 



0 3 


eo 

1 


o 

1 


-10 4 

i — 

-5 4 

j + 

-5 -10 


k = 30i + j + 40k 


(a x b) x c = 


x c = 


0 3 
-1 0 


-4 3 
2 0 


j + 


-4 0 

2 -1 


x c = (3i + 6j + 4k) x c 



6 4 


3 4 


3 6 


2 5 

i — 

0 5 

j + 

0 2 


k = 22i - 15j + 6k 
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15 . We know that the cross product of two vectors is orthogonal to both. So we calculate 

i J k 


<!,-!,!) x ( 0 , 4 , 4 ) = 


1 -1 1 
0 4 4 


-1 1 
4 4 


1 1 
0 4 


j + 


1 -1 
0 4 


k = — 8i — 4 j + 4 k. So two unit vectors 


orthogonal to both are ±^==^ = ± ( *at is. (-+ +5, and (^, jg,--jg). 

16 . We know that the cross product of two vectors is orthogonal to both. So we calculate 

i j k 


1 1 0 

1 -1 1 


1 0 
-1 1 


1 0 
1 1 


j + 


1 1 
1 -1 


k = i — j — 2 k. Thus, two unit vectors orthogonal to both are 


±78 U.-Í.-2), that^is, and(-^,^,^). 


17 . Let a = (ai, a 2 ,03). Then 0 x a = 


a x 0 = 


i j k 

CL 1 Q>2 CL3 

0 0 0 


CL2 CL3 
0 0 


i j k 
0 0 0 
CLl CL2 03 

CL\ 03 
0 0 


j + 


18 . Let a = (ai, 02, 03) and b = (61,62,63). 
(a x b) • b = 


o 2 03 


01 03 


Oi 02 

62 63 

, 

61 63 


6l 62 


0 0 
CL2 03 

CL\ 02 
0 0 


1 — 


0 0 
CL\ 03 


j + 


0 0 
Oi 02 


k = 0, 


k = 0. 


(61,62, 63) = 


02 03 
62 63 


b\- 


Oi 03 
b\ 63 


62 + 


Oi 02 

b\ 62 


&3 


= (a 2 6 3 6i — a 3 6 2 6i) — (016362 — 036162) + (016263 — 026163) = 0 


19 . a x b = (0263 — 0362,0361 — 0163,0162 — 0261) 

= ((-1) (6203 - 6302), (-1) (6301 - 61 <13), (-1) (6102 - 6201)) 
= — (6203 — 6302,6301 — 6103,6102 — 6201) = —b x a 


20 . ca = (cai, C 02 , 003 ), so 

(ca) X b = (ca 263 — C 03 & 2 , CO 361 — COi 63 , CO 162 — CO 261 ) 

= (0263 — 0362,0361 — 0163,0162 — 0261 ) = c (a x b) 

= (<30263 — 00362,00361 — 00163,00162 — 00261) 

= (02 ( 063 ) — 03 ( 062 ), 03 (c 6 i) — ai ( 063 ), 01 ( 062 ) - 02 (c 6 i)) = a x cb 


21 . a x (b + c) = a x (61 + ci, 62 + c 2 ,63 + c 3 ) 

= (02 (63 + C3) — 03 (62 + c 2 ) , 03 (61 -f Ci) — Oi (63 + C3) , 01 (62 + C 2 ) ~ 02 (61 + Ci)) 
= (0263 + 02C3 — 0362 — 03C2,0361 + 03C1 — 0163 — 01C3,0162 + oic 2 — 0261 — a 2 ci) 
= ((0263 — 0362) + (02C3 — a 3 c 2 ), (0361 — 0163) + (a 3 ci — 01C3), 

(0162 — o 2 6i) + ( 01 C 2 — o 2 Ci)) 

= (o 2 6 3 — 0362,0361 — 0163,0162 — o 2 6 i) + (a 2 c 3 — o 3 c 2 , 03 C 1 — 01 C 3 , 01 C 2 — a 2 ci) 

= (a x b) + (a x c) 
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22. (a + b) x c = -c x (a + b) by Property 1 of Theorem 8 

= — ( C x a -j- c x b) by Property 3 of Theorem 8 

= — (—a x c -f- (—b x c)) by Property 1 of Theorem 8 

= axc-fbxc by Property 2 of Theorem 8 

23. We know that the area of the parallelogram determined by two vectors is equal to the length of the cross product of 
these vectors. The vectors corresponding to AB and AD are a = (3, —1,0) and b = (2, —2,0), so the area of 

j k 

= |(0) i - (0) j + (-6 + 2) k| = | 4k| = 4. 


3-10 
2-2 0 


parallelogram ABCD is |a x b| = 

24. PQ = (5,0,0) and PR = (2,6,6), so the area of parallelogram PQRS is 

= |(0) i - (30) j + (30) k| = | —30j + 30k| = 30^/2- 



i 

j 

k 

|pQ x PP| = 

5 

0 

0 


2 

6 

6 


25. (a) Because the plane through P, Q, and R contains the vectors PQ and PR , a vector orthogonal to both of these 
vectors (such as their cross product) is also orthogonal to the plane. Here PQ = (—1, 2 , 0 ) and 
PR= (- 1 , 0 , 3 ), so 


PQxPR= ((2) (3) - (0) (0), (0) (-1) - (-1) (3), (-1) (0) - (2) (-1)) = (6,3,2) 

Therefore, (6,3,2) (or any scalar multiple thereof) is orthogonal to the plane through P, Q, and R. 

(b) Note that the area of the triangle determined by P, Q, and R is equal to half of the area of the parallelogram 
determined by the three points. From part (a), the area of the parallelogram is 
| PQ x PR | = |(6,3,2) | = V36 + 9 + 4 = 7, so the area of the triangle is \ (7) = f. 

26. (a) PQ = (1,4,6) and PR = (2,1,8), so a vector orthogonal to the plane through P, Q, and R 

is PQ x PR = ((4) (8) - (6) (1), (6) (2) - (1) (8), (1) (1) - (4) (2)) = (26,4, -7) (or any scalar multiple 
thereof). 

(b) The area of the parallelogram determined by PQ and PR is 

| PQ x PP| = | (26,4, -7) | = V676 + 16 + 49 = \/741, so the area of triangle PQR is \ \/74l. 

27. (a) PQ = (1, -1,1) and PP = (4,3,7), so a vector orthogonal to the plane through P, Q, and R is 

PQxPR= ((-1) (7) - (1) (3), (1) (4) - (1) (7), (1) (3) - (-1) (4)) = (-10, -3,7) (or any scalar 
multiple thereof). 

(b) The area of the parallelogram determined by PQ and PR is 

|PQ x Pfí| = [(-10,-3,7)| = >/100 + 9 + 49 = \/Í58, so the areaof triangle PQRis \ VÍ5S. 

28. (a) PQ = (1,1,3) and PP = (3,2,5), so a vector orthogonal to the plane through P, Q, and R is 

PQxPR= ((1) (5) - (3) (2), (3) (3) - (1) (5), (1) (2) - (1) (3)) = (-1,4, -1) (or any scalar multiple 
thereof). 
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(b) The area of the parallelogram determined by PQ and PR is 

\pQ x PR | = |(—1, 4 , —1)| = VTTT 6 TT = y/lS = 3 \/ 2 , so the area of triangle PQR is 
¿ - 3 V 5 = §V2. 

29. We know that the volume of the parallelepiped determined by a, b and c is the magnitude of their scalar triple 
product, which is 


3 -8 
-5 6 


-0 + 6 


10 6 

a • (b x c) = 2 3—8 =1 

8-5 6 

= (18 - 40 ) + 6 (-10 - 24 ) = -226 
Thus the volume of the parallelepiped is |— 226 | = 226 cubic units. 

2 3-2 


2 3 
8 -5 


30. a • (b x c) = 


= 2 


-1 0 
0 3 


-3 


1 0 
2 3 


+ (- 2 ) 


1 -1 
2 0 


1-1 0 
2 0 3 

the parallelepiped determined by a, b and c is | — 19 | = 19 cubic units. 


= —6 — 9 — 4 = — 19 . So the volume of 


31. a = PQ = ( 1 , - 1 , 2 ), b = PR = ( 3 , 0 ,6) and c = PS = ( 2 , - 2 , - 3 ). 
1-1 2 


a • (b x c) = 


= 1 


3 0 6 

2 -2 -3 
of the parallelepiped is 21 cubic units. 


0 6 
-2 -3 


-(- 1 ) 


3 6 
2 -3 


+ 2 


3 0 

2 -2 


= 12 — 21 — 12 = —21, so the volume 


32. a = PQ = ( 2 , 3 , 3 ), b = PR = (-1, -1, -1) and c = PS = (6, - 2 , 2 ). 


a • (b x c) = 


2 3 3 






-1 -1 


-1 -1 


-1 -1 

-1 -1' -1 

= 2 


-3 


+ 3 




-2 2 


6 2 


6 -2 

6-2 2 








= —8 — 12 + 24 = 4 , so the volume of 


the parallelepiped is 4 cubic units. 

2 3 1 

-1 

1 - 10=2 -3 
3 2 

7 3 2 

of the parallelepiped determined by a, b and c is 0, and thus these three vectors are coplanar. 


33. a • (b x c) = 


1 0 
7 2 


+ 1 


1 -1 
7 3 


= —4 — 6+10 = 0, which says that the volume 


a • (b x c) = 


2 -1 
5 2 


—9 — 36 + 45 = 0 , so the volume of the 


34. a = PQ = (1,4,5), b = PR = (2, -1,1) and c = PS = (5,2,7). 

1 4 5 

-11 2 1 

2-11=1 -4 +5 

2 7 5 7 

5 2 7 

parallelepiped determined by a, b and c is 0, which says these vectors lie in the same plane. Therefore, their initial 
and terminal points P, Q, R and S also lie in the same plane. 

35. The magnitude of the torque is 

|r| = |r x F| = |r| |F|sin(9 = (0.18 m) (60 N) sin (70 + 10) ° = 10.8sin80° « 10.6 J. 
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35 | r | _ ^/42 42 _ 4^/2 ft. A line drawn from the point P to the point of application of the force 

makes an angle of 180 0 - (45 + 30) 0 = 105 0 with the force vector. Therefore, 

|r| = |r x F| = |r| |F|sin0 = (4\/2) (36)sinl05° « 197 ft-lb. 


37. Using the notation of the text, r = (0,0.3,0) and F has direction (0,3, -4). The angle 0 between them can be 


(0,0.3,0)-(0,3,-4) _ 

determined by cos 0 = ( ^ ^ Q) ( , (Q> 3> =► 

Then |r| = |r| |F| sin0 => 100 = 0.3 |F| sin53.1 ° => 


0.9 


(0.3) (5) 

|F| «417N. 


cos 0 = 0.6 


0 « 53.1 ( 


38. Since |u x v| = |u| |v| sin 0 ,0 < 9 < tt, |u x v| achieves its maximum value for sin 0 = 1 => 0 = f. m 

which case |u x v| = |u| |v| = 15. The minimum value is zero, which occurs when sin 0 = 0 => 0 = 0 or rr, 

so when u, v are parallel. Thus, when u points in the same direction as v, so u = 3j, |u x v| = 0. As u rotates 
counterclockwise, u x v is directed in the negative z-direction (by the right-hand rule) and the length tncreases until 
q - z , in which case u = -3i and |u x v| = 15. As u rotates to the negative y-axis, u x v remains pointed in the 
negative z-direction and the length of u x v decreases to 0 , after which the direction of u x v reverses to point tn 
the positive z-direction and |u x v| increases. When u = 3i (so 0 = f), |u x v| again reaches íts maximum of 15, 
after which |u x v| decreases to 0 as u rotates to the positive i/-axis. 





The distance between a point and a line is the length of the perpendicular 
from the point to the line, here PS = d. But referring to triangle 
PQS , d = |P5| = |QP| sin# = |b| sin 0. But 0 is the angle between 

QP = b and QR = a. Thus by Theorem 6 , sm 0 = ^ ^ and so 


(b) a = QR - (-1, -2, -1) and b = QP = (1, -5, -7). Then 

a x b = ((-2) (-7) - (-1) (-5), (-1) (1) - (-1) (-7), (-1) (-5) 

distance is d = ^ ,/81 +64 + 49 = \J ^ 


(-2) (1)) = (9, - 8 ,7). Thus the 



The distance between a point and a plane is the length of the 
perpendicular from the point to the plane, here |tp| = d. But TP ts 
parallel to b x a (because b x a is perpendicular to b and a) and 
d — j tp j = the absolute value of the scalar projection of c along 

b x a, which is |c| |cosé>|. (Notice that this is the same setup as the 

development of the.volume of a parallelepiped with h = |c| |cos 0|). 

Thus d = |c| |cos 0\ = h = V/A where A = |a x b|, the area of the 

, V la • (b x c)| 
base. So finally d=^= )a x b | • 
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(b) a = QR = (—1,2,0), b = QS = (-1,0,3) and c = QP = (1,1,4). Then 


and 


Thus < 




-1 2 

0 



a • (b x c) = 

-1 0 

3 

= (- 

- 1 ) 



1 1 

4 




i 

j k 


2 0 


a x b = 

-1 

2 0 

— 

0 3 

i — 


-1 

0 3 




l a ' (b x c)| 

17 


17 


|a x b| V36T9 + 4 


7 * 



0 3 
1 4 


-2 


-1 3 
1 4 


+ 0 = 17 


-1 0 
-1 3 


j + 


-1 2 
-1 0 


k = 6i + 3j 4- 2k 


41. (a-b) x (a + b) = (a-b) xa-f-(a-b) xb 

= a x a -f- (—b) xa + axb-f (-b) x b 
= (a x a) - (b x a) + (a x b) - (b x b) 
= 0 - (b x a) + (a x b) - 0 
= (a x b) + (a x b) 

= 2 (a x b) 


by Theorem 8 #3 
by Theorem 8 #4 
by Theorem 8 #2 
by Example 2 
by Theorem 8 #1 


42 . Let a = (ai,a 2 ,a 3 ), b = (61,62,63) and c = (ci,c 2 ,c 3 ), so b x c = (6 2 c 3 - 6 3 c 2 ,6 3 ci - 6ic 3 ,6ic 2 - 6 2 ci) 
and 

a x (b x c) = (a 2 (61 c 2 — 6 2 ci) — a 3 (6 3 ci - 6ic 3 ) , a 3 (6 2 c 3 - 6 3 c 2 ) — ai (61 c 2 - 6 2 ci) , 

ai (6 3 ci - 61 c 3 ) - a 2 (6 2 c 3 — 6 3 c 2 )) 

= (a 2 6ic 2 — a 2 6 2 ci — a 3 6 3 ci + a 3 6ic 3 , a 3 6 2 c 3 — a 3 6 3 c 2 — ai6ic 2 + ai6 2 ci, 

ai6 3 ci — ai6ic 3 — a 2 6 2 c 3 + a 2 6 3 c 2 ) 

= ((a 2 c 2 + a 3 c 3 ) 61 — (a 2 6 2 + a 3 6 3 ) ci, (aiCi + a 3 c 3 ) 6 2 — (ai6i + a 3 6 3 ) c 2 , 

(aici + a 2 c 2 ) 6 3 — (ai6i + a 2 6 2 ) c 3 ) 

(★) = ((a 2 c 2 + a 3 c 3 ) 61 — (a 2 6 2 + a 3 6 3 ) ci + ai6ici — ai6ici, 

(aici + a 3 c 3 ) 6 2 — (ai6i + a 3 6 3 ) c 2 + a 2 6 2 c 2 — a 2 6 2 c 2 , 

(aiCi + a 2 c 2 ) 6 3 — (ai6i + a 2 6 2 ) c 3 + a 3 6 3 c 3 — a 3 6 3 c 3 ) 

= ((aici + a 2 c 2 + a 3 c 3 ) 61 — (ai6i + a 2 6 2 + a 3 6 3 ) ci, 

(aici + a 2 c 2 + a 3 c 3 ) 6 2 — (0161 + a 2 6 2 + a 3 6 3 ) c 2 , 

(aici + a 2 c 2 + a 3 c 3 ) 6 3 — (ai6i + a 2 6 2 + a 3 6 3 ) c 3 ) 

= (aici + a 2 c 2 +a 3 c 3 ) (6i,6 2 ,6 3 ) — (ai6i +a 2 6 2 +a 3 6 3 ) (ci,c 2 ,c 3 ) 

= (a • c) b - (a • b) c 

(★) Here we look ahead to see what terms are still needed to arrive at the desired equation. By adding and 
subtracting the same terms, we don’t change the value of the component. 
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43. a x (b x c) + b x (c x a) + c x (a x b) 

= [(a-c)b- (a ■ b)c] + [(b • a)c- (b • c)a] + [(c-b)a- (c • a)b] by Exercise42 

= (a • c) b — (a • b) c + (a • b) c — (b • c) a + (b • c) a — (a • c) b = 0 

44. Let c x d = v. Then 

(a x b) • (c x d) = (a x b) • v = a • (b x v) 

= a • [b x (c x d)] 

= a • [(b • d) c — (b • c) d] 

= (b • d) (a • c) - (b • c) (a • d) 
a • c b • c 
a • d b • d 

45. (a) No. If a • b = a • c, then a • (b - c) = 0, so a is perpendicular to b - c, which can happen íf b ^ c. For 

example, let a = (1,1,1), b = (1,0, 0) and c = (0,1,0). 

(b) No. If a x b = a x c then a x (b - c) = 0, which implies that a is parallel to b - c, which of course can 
happen if b ^ c. 

(c) Yes. Since a • c = a • b, a is perpendicular to b — c, by part (a). From part (b), a is also parallel to b — c. 

Thus since a ^ 0 but is both parallel and perpendicular to b - c, we have b - c = 0, so b = c. 


by Theorem 8 #5 

by Exercise 42 
by Theorem 8 #2 


46. (a) k i is perpendicular to v¿ if i j by the definition of k¿ and Theorem 5. 
(b) ki • vi = 
k2 • V2 = 


V 2 X V 3 _ Vj • (V 2 X V 3 ) _ 1 


Vi • (v 2 X V 3 ) 

V 3 X Vi 


• Vi 


Vi • (v 2 x v 3 ) 


v = V2 • (V3 X Vi) _ (v 2 x v 3 ) • yi = I by Theorem 8 #5 
vi • (v 2 x v 3 ) vi • (v 2 x v 3 ) vi • (v 2 x v 3 ) 


(VI x v 2 ) • V3 = VI • ( y 2 x V 3 ) = ibyTheorem 8#5 

VI • (v 2 X V 3 ) Vl • (v 2 X V 3 ) 


(c) ki • (k 2 x k 3 ) 


= ki • ( — 

\vi • 


V 3 X Vl 


Vl X v 2 


(v 2 X V 3 ) VI • (v 2 X 


L—) = 

v 3 )y 


ki 


[vi • (v 2 x v 3 )] 2 


[(v 3 x Vi) x (vi x v 2 )] 


= _-*• • ([(v 3 x vi) • v 2 ] vi - [(v 3 x vi) • vi] v 2 ) by Exercise 42 . 

[vi • (v 2 x v 3 )] 

But (v 3 x vi) • vi = 0 since v 3 x vi is orthogonal to vi, and 

(v 3 x Vi) • v 2 = v 2 • (v 3 x Vi) = (v 2 x v 3 ) • Vi = Vi • (v 2 x v 3 ). Thus 

k, . (k, , h) = |V1 (v % Vi)|j • [V • (V. X v,)] v, = 

_ 1 

_ V i • (v 2 x V 3 ) 


by part (b). 
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Discovery Project □ The Geometry of a Tetrahedron 


1 . Set up a coordinate system so that vertex S is at the origin, R = ( 0 , j/i, 0 ), Q = (x 2 ,y 2 , 0 ), P = (x 3 , y 3 , z 3 ). Then 

SR = ( 0 ,2/1,0), SQ = (#2,2/2, 0 ), SP = (£3,2/3,23), QR = (—£2,2/1 ~ 2/2, 0 ), and 

QP = (x 3 - £2, 2/3 - 2/2,23). 

Let 

vs = QR x QP 

= (2/123 — 2/223) i + X2Z3J + (—X22/3 - £32/1 + £32/2 + Z22/1) k 
Then vs is an outward normal to the face opposite vertex S. Similarly, 

Vj? = SQ x SP = 2/2<23i - £223j + (£ 22/3 — £32/2) k, vq = SP x S'P = -2/123Í + £32/1 k, and 
v P = SRx SQ = -£ 2 2/ik => vs + vh + v Q + v P = 0 . Now 

|vs| = area of the parallelogram determined by QR and QP 
= 2 (area of triangle RQP) 

= 2 | v i| 

So vs = 2 vi, and similarly vp = 2 v 2 , vq = 2 v 3 , v P = 2 v 4 . Thus v x + v 2 + v 3 + v 4 = 0. 


2. (a) Let 5 — (£o, 2/0,20), P — (£1,2/1 ? 21), 0 = (£2,2/2, 22), P = (£3,2/3, 23) be the four vertices. Then 
Volume = | (distance from S to plane RQP) x (area of triangle RQP) 

1 

~ 3 


N -SR 


INI 


- |PQ x itP| 


where N is a vector-which is normal to the face RQP. Thus N = RQ x RP . Therefore 

£0 — £ 2/0 — 2/1 20 — Zi 


V = |f (ÑQxRp') 



x 2 -xi y 2 - yi z 2 - zi 
x 3 —xi y 3 - yi z 3 - zi 


(b) Using the formula from part (a), V = 


1 

6 


1-1 1-2 1-3 
1-1 1-2 2-3 
3-1 - 1-2 2-3 


1 12 ( 1 - 2 )| = 


1 

3 ’ 


3. We define a vector Vj to have length equal to the area of the face opposite vertex P, so we can say |vj | = A, and 
direction perpendicular to the face and pointing outward, as in Problem 1 . Similarly, we define v 2 , v 3 , and v 4 so 
that |v 2 | = B, |v 3 | = C, and v 4 ¡ = D and with the analogous directions. From Problem 1 , we know 

vj+v 2 + v 3 +v 4 =0 =+ v 4 = — (v x + v 2 + v 3 ) => |v 4 | = |-(vj +v 2 +v 3 )| = |vj + v 2 +v 3 | 

=> |v 4 | 2 = |vj +v 2 +v 3 | 2 =+ 

V 4 • v 4 = (vi + v 2 + v 3 ) • (v x + v 2 + v 3 ) 

= Vj • Vj + Vj • V 2 + Vj • V 3 + V 2 • Vj + V 2 • V 2 + V 2 • V 3 + V 3 • Vj + v 3 • v 2 + v 3 • v 3 















SECTION 13.5 EQUATIONS OF LINES AND PLANES ET SECTION 12.5 □ 225 


Since the vertex S is trirectangular, we know the three faces meeting at S are mutually perpendicular, so the vectors 
vi, V2, V3 are also mutually perpendicular. Therefore, • v¿ = 0 for i ^ j and i, j £ { 1 » 2 , 3 }. Thus we have 
v 4 • V4 = vi • vi + V2 • v 2 + V3 • V3 => |v 4 1 2 = | v x | 2 + | v 2 1 2 + | v 3 1 2 => D 2 =A+B+C. 

Another Method: We introduce a coordinate system, as shown. 

Recall that the area of the parallelogram spanned by two vectors is 
equal to the length of their cross product, so since 
u x v = <-g,r, 0 ) x (-q,0,p) = (pr,pq,qr), we have 

|u X v| = (pr) 2 + (pq) 2 + (<¡r) 2 , and therefore 

D 2 = (¿ |u x v|) 2 = \ [( pr ) 2 + (pq) 2 + (qr) 2 ] 

= (\pr) 2 + ( \pq) 2 + (é? r ) 2 = A 2 + B 2 + C 2 . 

A Third Method: We draw a line from S perpendicular to QR, as 
shown. Now D = \ch, so D 2 = \c 2 h 2 . Substituting 
h 2 =p 2 + k 2 , we get D 2 = \c 2 (p 2 + k 2 ) = \c 2 p 2 + \c 2 k 2 . 

But C=\ck, so D 2 = \c 2 p 2 + C 2 . Now substituting 
c 2 = q 2 + r 2 gives 

D 2 = l p 2 q 2 + I ? 2 r 2 +C 2 =A 2 + B 2 + c 2 . 

—13.5 E(^uations^o£Lines^an^Planes 

1 . (a) True; each of the first two lines has a direction vector parallel to the direction vector of the third line, so these 
vectors are each scalar multiples of the third direction vector. Then the first two direction vectors are also scalar 
multiples of each other, so these vectors, and hence the two lines, are parallel. 

(b) False; for example, the x- and y-axes are both perpendicular to the z-axis, yet the x- and y-axes are not parallel. 

(c) True; each of the first two planes has a normal vector parallel to the normal vector of the third plane, so these 
two normal vectors are parallel to each other and the planes are parallel. 

(d) False; for example, the xy- and yz-planes are not parallel, yet they are both perpendicular to the iz-plane. 

(e) False; the x- and y-axes are not parallel, yet they are both parallel to the plane z= 1 . 

(f) True; if each line is perpendicular to a plane, then the lines’ direction vectors are both parallel to a normal vector 
for the plane. Thus, the direction vectors are parallel to each other and the lines are parallel. 

(g) False; the planes y = 1 and z = 1 are not parallel, yet they are both parallel to the x-axis. 

(h) True; if each plane is perpendicular to a line, then any normal vector for each plane is parallel to a direction 
vector for the line. Thus, the normal vectors are parallel to éach other and the planes are parallel. 

(i) True; see Figure 9 and the accompanying discussion. 

(j) False; they can be skew, as in Example 3 . 


ET12.5 
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(k) True. Consider any normal vector for the plane and any direction vector for the line. If the normal vector is 
perpendicular to the direction vector, the line and plane are parallel. Otherwise, the vectors meet at an angle 6, 
0 ° < 6 < 90 °, and the line will intersect the plane at an angle 90 ° — 6. 

2. For this line, we have ro = i — 3 k and v = 2i — 4 j + 5 k, so a vector equation is 

r = r ° v ^ (**“ 3k) + f (2 i — 4 j -f 5 k) = (1 + 2 t) i — 4¿ j -b (—3 + 5 t) k and parametric equations are 
x = 1 + 2¿, y = -4í, z = -3 + 5 t. 

3. For this line, we have ro = —2 i + 4 j + 10 k and v = 3i+j — 8k, soa vector equation is 

r = r o + tv = (—2 i + 4j + 10k) +1 (3i + j — 8k) = (—2 + 3t) i + (4 + 1) j + (10 — 8t) k and parametric 
equations are x = -2 + 3t y y = 4 + t, 2 = 10 - 8t. 


4. This line has the same direction as the given line, v = 2i - j + 3k. Here r 0 = Oi + Oj + Ok, so a vector equation is 

r = (Oi + Oj + Ok) + 1 (2i - j + 3k) = 2ti - tj + 3¿k and parametric equations are x = 2t , y = -t , 2 = 3 1 . 

5. A iine perpendicular to the given plane has the same direction as a normal vector to the plane, such as 
n = (1 5 3,1). So r 0 = i + 6k, and we can take v = i + 3j + k. Then a vector equation is 

r = (i + 6k) + t (i + 3j + k) = (1 + 1) i + 3¿j + (6 + t) k, and parametric equations are 
x = 1 + 1 , y = 3¿, z = 6 + t. 

6. The vector v (1 — 0,2 — 0,3 — 0) = (1,2,3) is parallel to the line. Letting P 0 = (0,0,0), parametric equations 

are x = 0 + 1 ■ t = t, y = 0 2 ■ t = 2t, z = 0 + 3 • t = 3t, while symmetric equations are x = — = —. 

2 3 

7. v = (3 — 3,2 — 1, —6 — (—1)) = (0,1, —5), and letting P 0 = (3,1, —1), parametric equations are x = 3, 

y = l + t,z = -l-5t, while symmetric equations are x = 3,y - l = (z + 1) / (-5). Notice here that the 
direction number a = 0, so rather than writing (x — 3) /0 in the symmetric equation we must write the equation 
x = 3 separately. 


v — y 3 0,3 — 5) — (5, —3, —2), and letting P 0 = (—1,0,5), parametric equations are 

x = —1 y = —3 1, z = 5 — 2t, while symmetric equations are — ^ = -—-5. 


9* v — (2 0,1 — 1, —3 — l) — (2, 1, —4), and letting P 0 = (2,1, —3), parametric equations are x = 2 + 2t, 

V = 1 + \t, z = — 3 — 4t, while symmetric equations are ——- = - ■. ^ ^ or x ~ ^ = 2y — 2 = 

2 1/2 —4 2 —4 

10. Setting x = 0, we see that (0,1,0) satisfies the equations of both planes, so they do in fact have a line of 
intersection. v = m x 112 = (1,1,1) x (1,0,1) = (1,0, -1) is the direction of this line. Taking the point (0,1,0) 
as P 0 , parametric equations are x = t, y = 1, z = —t, and symmetric equations are x = —z, y = 1. 

11. Direction vectors of the lines are vi = (6,9,12) and V 2 = (4,6,8), and since vi = | V 2 , the direction vectors and 
thus the lines are parallel. 

12. Direction vectors of the lines are v x = (1, -2,5) and v 2 = (3,4,1). Since v x . v 2 = 3 - 8 + 5 = 0, the direction 
vectors and thus the lines are perpendicular. 

13. (a) A direction vector of the line with parametric equations x = 1 + 2t, y = 3t, z = 5 — 7t is v = (2,3, — 7) and 

the desired parallel line must also have v as a direction vector. Here P 0 = (0, 2, —1), so symmetric equations 

for the line are - = -—- = — + 1 . 

2 3-7 


3 











(b) The line intersects the xy-plane when 2 = 0, so we need - = — 
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£ = = -L or x = -2 y = & Thus the 

o q _y • • 
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point of intersection with the xy-plane is (- 

n — Izl = £±! 


a: 2 

xz-plane, we need y = 0 - = — « = 


<í=> y = 2, z = -l. 

2 

2 '3 


|~, 0). Similarly for the yz-plane, we need x = 0 <=> 

Thus the line intersects the y 2 ;-plane at (0,2, —1). For the 
: íltl x = 2 = So the line intersects the xz-plane 


at (-|»°> ¥)• 

14. (a) A vector normal to the plane 2x - y + z = 1 is n = (2, -1,1), and since the line is to be perpendicular to the 
plane, n is also a direction vector for the line. Thus parametric equations of the line are x = 5 + 2t , y = 1 - f, 
z = t. 


(b) On the zy-plane, z = 0. So z = t = 0 in the parametric equations of the line, and therefore x — 5 and y - 1, 
giving the point of intersection (5,1,0). For the yz-plane, x = 0 which implies t = — 2 , so y — % an< ^ z — ~ 2 
and the point is (0, \ , - §). For the xz- plane, y = 0 which implies t = 1, so x = 7 and 2 = 1 and the point of 
intersection is (7,0,1). 

15. The lines aren’t parallel since the direction vectors (2,4, -3) and (1,3,2) aren’t parallel, so we check to see if 
the lines intersect. The parametric equations of the lines are L\\ x = 4 + 2t, y = — 5 + 4f, 2 ; = 1 — 3f and 

L 2 - x _ 2 + s, y = -1 + 3s, ^ = 2s. For the lines to intersect we must be able to find one value of t and one value 
of s satisfying the following three equations: 4 + 2t = 2 -1- s, — 5 + At = — 1 4* 3s, 1 — 3t = 2s. Solving the first 
two equations we get t = -5, s = -8 and checking, we see that these values don’t satisfy the third equation. Thus 
Li and L 2 aren’t parallel and don’t intersect, so they must be skew lines. 

16. Since the direction vectors (2,1,4) and (1,2,3) aren’t parallel, the ünes aren’t parallel. Here the parametric 
equations are L x : x = 1 + 2t, y = t, z = Í + 4í; L 2 : * = a, y = -2 + 2s, x =p-2 + 3s. Thus, for the lines to 
intersect, the three equations 1 4- 2t = s, t = — 2 -f- 2s and 1 + 4¿ = — 2 + 3s must be satisfied simultaneously. 
Solving the first two equations gives t = 0, s = 1 and, checking, we see these values do satisfy the third equation, 
so the lines intersect when t = 0 and 5 = 1 , that is, at the point ( 1 , 0 , 1 ). 

17. Since the direction vectors are vi = (—6,9, —3) and v 2 = (2, —3,1), we have vi = —3v 2 so the lines are 


parallel. 

18. Since the direction vectors are (1, —1,3) and (—1,2,1), the lines aren’t parallel. For the lines to intersect, the three 
equations l + t = 2-s, 2-f = l + 2s, 3f = 4 + s must be satisfied simultaneously. Solving the first two 
equations gives t = 1, s = 0 and, checking, we see these values don’t satisfy the third equation. Thus Li and L 2 
aren’t parallel and don’t intersect, so they must be skew lines. 

19. Since the plane is perpendicular to the vector (—2,1,5), we can take (—2,1,5) as a normal vector to the plane. 

(6,3,2) is a point on the plane, so setting a = —2, b = 1, c = 5 and xo = 6, yo = 3, zo = 2 in Equation 6 gives 
-2 (x - 6) + 1 (y - 3) + 5 (z - 2) = 0 or -2x + y + 52: = 1 to be an equation of the plane. 

20. j + 2k = (0,1,2) is a normal vector to the plane and (4,0, —3) is a point on the plane, so setting a = 0, b = 1, 

c = 2, xo = 4, y 0 = 0, z 0 = -3 in Equation 6 gives 0 (x - 4) + 1 (y - 0) + 2 [z — (-3)] = 0 or y + 2z = -6 to 

be an equation of the plane. 

21. i -f j — k = (1,1, —1) is a normal vector to the plane and (1, —1,1) is a point on the plane, so setting a = 1, b = 1, 

c = _i ? Xo = 1 , y 0 = -1, zo = 1 in Equation 6 gives 1 (x — 1) + 1 [y - (-1)] — 1 (2 - 1) = 0 or 

x _|_ y — z — _ 1 to be an equation of the plane. 

22. Since the line is perpendicular to the plane, its direction vector (1,2, -3) is a normal vector to the plane. An 
equation of the plane, then, is 1 [x — (—2)] + 2 (y — 8) — 3 (z — 10) = 0 or x + 2y — 32; = —16. 
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23. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (2, — 1,3), and an 

equation of the plane is 2 (x — 0) — 1 (y — 0) + 3 (z - 0) = 0 or 2x - y + 3z = 0. 

24. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (1,1,1), and an 

equation of the plane is 1 [x — (—1)] + 1 (y — 6) + 1 [z — (—5)] = 0orx + t/ + z = 0. 

25. Since the two planes are parallel, they will have the same normal vectors. So we can take n = (3,0,-7), and an 

equation of the plane is 3 (x — 4) + 0 [y — (—2)] — 7 (z — 3) = 0 or 3x — 7z = —9. 

26. First, a normal vector for the plane 2x + Ay + 8z = 17 is n = (2,4,8). A direction vector for the line is 

v = (2,1, —1), and since n • v = 0 we know the line is perpendicular to n and hence parallel to the plane. Thus, 
there is a parallel plane which contains the line. By putting t = 0, we know the point (3,0,8) is on the line and 
hence the new plane. We can use the same normal vector n = (2,4,8), so an equation of the plane is 
2 (x - 3) + 4 (y — 0) + 8 (z - 8) = 0 or x + 2y + Az = 35. 

27 . Here the vectors a = (1 — 0,0 - 1,1 — 1) = (1, —1,0) and b = (1 - 0,1 — 1,0 - 1) = (1,0, -1) lie in the 

plane, so a x b is a normal vector to the plane. Thus, we can take n = a x b = (1 — 0,0 + 1,0 + 1) = (1,1,1). 

If Po is the point (0,1,1), an equation of the plane is 1 (x — 0) + 1 (y — 1) + 1 (z — 1) = 0 or x + y + 2 = 2. 

28. Here the vectors a = (2, —4,6) and b = (5,1,3) lie in the plane, so 

n = a x b = (—12 — 6,30 — 6, 2 + 20) = (—18,24,22) is a normal vector to the plane and an equation of the 
plane is —18 (x — 0) + 24 (y - 0) + 22 (z - 0) = 0 or -18x + 24 y + 22z = 0. 

29. Here the vectors a = (8 — 3,2 — (—1), 4 — 2) = (5,3,2) and 

b = (—1 — 3, —2 — (—1), —3 — 2) = (—4, —1, —5) lie in the plane, so a normal vector to the plane is 
n = a x b = (—15 + 2, —8 + 25, —5 + 12) = (—13,17,7) and an equation of the plane is 
-13 (x — 3) + 17 [y - (-1)] + 7 (z - 2) = 0 or -13a: + 17 y + 7z = -42. 

30. If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since 
the given line lies in the plane, its direction vector a = (3,1, —1) is one vector in the plane. We can verify that the 
given point (1,2,3) does not lie on this line, so to find another nonparallel vector b which lies in the plane, we can 
pick any point on the liñe and find a vector connecting the points. If we put t = 0, we see that (0,1,2) is on the line, 
so b = (1 — 0,2 — 1,3 — 2) = (1,1,1) and n = a x b = (1 + 1, -1 - 3,3 — 1) = (2, -4,2). Thus, an 
equation of the plane is 2 (x — 1) — 4 (y — 2) + 2 (z — 3) = 0 or 2x — 4y + 2z = 0. (Equivalently, we can write 
x - 2y + 0 = 0.) 

31. If we first find two nonparallel vectors in the plane, their cross product will be a normal vector to the plane. Since 
the given line lies in the plane, its direction vector a = (—2,5,4) is one vector in the plane. We can verify that the 
given point (6,0, —2) does not lie on this line, so to find another nonparallel vector b which lies in the plane, we 
can pick any point on the line and find a vector connecting the points. If we put t = 0, we see 

that (4,3,7) is on the line, so b = (6 — 4,0 — 3, —2 — 7) = (2, —3, —9) and 
n = a x b = (—45 + 12,8 — 18,6 — 10) = (—33, —10, —4). Thus, an equation of the plane is 
-33 (x - 6) - 10 (y - 0) - 4 [z - (-2)] = 0 or 33x + lOy + 4 z = 190. 

32. Since the line x = 2y = 3z, or x = = » ^es the P tane > tts direction vector a=(l,^,|)is parallel to 

the plane. The point (0,0,0) is on the line (put t = 0), and we can verify that the given point (1, — 1,1) in the plane 
is not on the line. The vector connecting these two points, b = (1, — 1,1), is therefore parallel to the plane, but not 
parallel to (1,2,3). Then a x b = + |, | — 1, — 1 — |) = (|, — |, — |) is a normal vector to the plane, and 

an equation of the plane is f (x — 0) — § (y — 0) — § (z — 0) = 0 or 5x — 4y — 9z = 0. 
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33. A direction vector for the line of intersection is a = m x n 2 = (1,1, -1) x (2, -1,3) — {2, 5, 3), and a ís 

parallel to the desired plane. Another vector parallel to the plane is the vector connecting any point on the line of 
intersection to the given point (-1,2,1) in the plane. Settíng x = 0, the equations of the planes reduce to 
y_ z — <l anc ] _y 4 . Sz = 1 with simultaneous solution y = \ and z = §. So a point on the line is (0, |, |) and 
another vector parallel to the plane is (— 1 , — §, — §)• Th en a norrna ' vector to the plane is 

n = ( 2 , -5, -3) x (-1, -f ,) = (-2,4, -8) and an equatíon of the plane is 
—2 (x + 1) + 4 (y — 2) — 8 (z — 1) = 0 or x — 2y + 4z = —1. 

34. m = (1,0, -1) and n 2 = (0,1,2). Setting 2 = 0, it is easy to see that (1,3,0) is a point on the line of íntersection 
0 f x _ z = i and y + 2z = 3. The direction of this line is vi = m x n 2 = (—1,2,1). A second vector parallel to 
the desired plane is v 2 = (1,1, -2), since it is perpendicular to x + y - 2z = 1. Therefore, the normal of the plane 
in question is n = v x X v 2 = (4 - 1,1 + 2,1 + 2) = 3 (1,1,1). Taking (* 0 , Vo, *>) = (1,3,0), the equation we 
are looking for is (i — 1) + (y — 3) + z = 0 o x + y + z = 4. 

35. Substituting the parametric equations of the line into the equation of the plane gives 

x + y + z = l+t + 2t + 3t = \ => f = 0. This value of t corresponds to the point of intersection (1,0,0), 

obtained by substitutíon of t = 0 into the equations of the line. 

36. Substitute the parametric expressions for x, y and z into the equation of the plane: 

2 x — y + z = 2 ( 5 ) — (4 — f) + 2f = 5 => f = -§. Therefore, the point of intersection of the line and the plane 

is given by x = 5, y = 4 — (—g) = and z = 2 (— 5 ) = — 5 . that is, the point (5, -g-, — 5 ). 

37. Substituting the parametric equations of the line into the equation of the plane gives 

2a ; q- j/ — z + 5 = 2 (1 + 2í) + (—1) — f + 5 = 0 =+ 3f + 6 = 0 =+ f =-2. Therefore, the point of 

intersection is x = 1 + 2 (-2) = -3, y = -1 and z = -2 and the point of intersection is (-3, -1, -2). 

38. Substítution into the equation of the plane of the parametric expressions for x, y and z gives 

z = \-2x + y => (1 + í) = 1 — 2 (1 — í) + f => —2 + 2f = 0 => f = 1. Thus, x = 1 - 1, V = 1 

and z = l + l and the point of intersectíon is ( 0 , 1 , 2 ). 

39. Setting x = 0, we see that (0,1,0) satisfies the equations of both planes, so that they do in fact have a line of 
intersection. v = m x n 2 = (1,1,1) x (1,0,1) = (1,0, -1) is the directíon of this line. Therefore, direction 
numbers of the intersecting line are 1 , 0 , - 1 . 

40. The angle between the two planes is the same as the angle between their normal vectors. The normal vectors of the 
two planes are (1,1,1) and (1,2,3). The cosine of the angle 9 between these two planes is 

_ ( 1 , 1 , 1 )-(1,2,3) _ 1+2 + 3 = JL = /f 

CO |(1,1,1)||(1,2,3)| %/l + 1 + 1\/1 +4 + 9 \/42 V 7 

41. The normal vectors to the planes are m = (1,0,1) and n 2 = (0,1,1). Thus the normal vectors (and consequently 
the planes) aren’t parallel. Furthermore, ni • n 2 = 1 / 0 so the planes aren’t perpendicular. Letting 9 be the angle 

between the two planes, we have cos 9 = = = 2 an< * ^ = COS 2 — • 

42. Here the normals are m = (- 8 , - 6 ,2) and n 2 = (4,3, -1). Since m = -2n 2 , the normals (and thus the planes) 
are parallel. 

43. The normals are m = (1,4, -3) and n 2 = (-3, 6 ,7), so the normals (and thus the planes) aren’t parallel. But 
m • n 2 = -3 + 24 - 21 = 0 , so the normals (and thus the planes) are perpendicular. 
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44. The normals are ni = (2,2, —1) and n 2 = (6, —3,2) so the planes aren’t parallel. Furthermore, 
ni • n .2 = 12 — 6 — 2 = 4 ^ 0, so the planes aren’t perpendicular. Then cos 6 = ^ ^ 


6 — cos 1 ^ « 79°. 


— 7 = ~;— = — and 
>/9>/49 21 


45. The normals are ni — (2,4, —2) and n 2 = (—3, —6,3). Since ni = — f n 2 , the normals (and thus the planes) are 
parallel. 

46. The normals are m = (2, -5,1) and n 2 = (4, 2,2). 

ni • n 2 = (2, —5,1) • (4,2,2) = 8 — 10 + 2 = 0, so the normals (and thus the planes) are perpendicular. 

47. (a) To find a point on the line of intersection, set one of the variables equal to a constant, say z = 0. (This will only 

work if the line of intersection crosses the xy- plane; otherwise, try setting x or y equal to 0.) Then the equations 
of the planes reduce to x + y = 2 and 3x — 4y = 6. Solving these two equations gives x = 2, y = 0. 

So a point on the line of intersection is (2,0,0). The direction of the line is 
v = n i x n 2 = (5 — 4, —3 — 5, —4 — 3) = (1, —8, —7), and symmetric equations for the line are 


o_ y _ ^ 

-8 —7* 


(b) The angle between the planes satisfies cos 0 = 
0 = cos -1 (-^) « 119° (or61°). 


n!-n 2 3-4-5 \/6 ^ , 

1— n —r = — r- j — = ——• Therefore 
|ni||n 2 | v/3v/50 5 


8 . (a) x — 2y + z = 1 => ni = (1, —2,1) and 2x + y + z = 1 =» n 2 = (2,1,1). The vector that gives the 

direction of the line of intersection of these two planes isv = ni xn 2 = (—2 — 1,2 — 1,1+4) = (—3,1,5). 
Setting x = y = 0, we see that both planes contain (0,0,1) so that this point must lie on their line of 

intersection. Then symmetric equations for this line are = y = — ~ 1 . 


(b) cos 6 = 


ni • n 2 


2-2 + 1 


1 


|ni||n 2 | V1+4 + 1V/4 + 1 + 1 6 


9 = cos 1 | « 80°. 


49. Setting x = 0, the equations of the two planes become 2 ; = y and 5y + z = — 1, which intersect at y = and 

z = Thus we can choose (x 0 , yo, zo) = (0, — |, -^). The vector giving the direction of this intersecting line, 
v, is perpendicular to the normal vectors of both planes. So v = m x n 2 = (2, -5, -1) x (1,1, -1) = (6,1,7). 
Therefore, by Equations 2, parametric equations for this line are x = 6¿, y = — ^ + f, z = — | + 7t. 

50. Setting y = 0, the equations of the two planes become 2x + 5z = -3 and x + 2 = -3, which intersect at x = - f 

and z = f. Thus we can choose (x 0 , y 0 ,z 0 ) = (—|, 0, f). The vector giving the direction of 

this intersecting line, v, is perpendicular to the normal vectors of both planes. So 

v = m x n 2 = (2,0,5) x (1, —3,1) = (15,5 — 2, —6) = 3 (5,1, —2). Therefore, by Equations 2, parametric 
equations of the line of intersection of the two planes are x = — | + 5f, y = t, z = | — 2t. 


51. 


The plane contains all perpendicular bisectors of the line segment joining (1,1,0) and (0,1,1). All of these 


bisectors pass through the midpoint of this segment 



The direction of this line 


segment (1 - 0,1 - 1,0 - 1) = (1,0, -1) is perpendicular to the plane so that we can choose this to be n. 
Therefore the equation of the plane isl(x-i)+0(i/-l)-l(2-i)=0 ^ x = z. 
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52. The plane will contain all perpendicular bisectors of the line segment joining the two points. Thus, a point in the 
plane is Po = (—1, — 1,2), the midpoint of the line segment joining the two given points, and a normal to the plane 
is n = (6, -6,2), the vector connecting the two points. So an equation of the plane is 

6 (x + 1) - 6 (y + 1) 4- 2 (z - 2) = 0 or 3x - 3y + z = 2. 

53. The plane contains the points (a, 0,0), (0, b, 0) and (0,0, c). Thus the vectors a = (-a, b, 0) and b = (-o, 0, c) 

lie in the plane, and n = a x b = (bc - 0,0 + ac, 0 + ab) = ( bc, ac, ab) is a normal vector to the plane. The 

equation of the plane is therefore bcx + acy + abz = abc + 0 + 0 or bcx + acy + abz = abc. Notice that if a ^ 0, 

b + 0 and c / 0 then we can rewrite the equation as —I- ^ H— = 1. This is a good equation to remember! 

d o c 

54. (a) For the lines to intersect, we must be able to find one value of t and one value of s satisfying the three equations 

1 +1 = 2 - s, 1 -1 = s and 2t = 2. From the third we get t = 1, and putting this in the second gives s = 0. 
These values of s and t do satisfy the first equation, so the lines intersect at the point 


P 0 = (1 + 1,1-1,2(1)) = (2,0,2). 

(b) The direction vectors of the lines are (1, -1,2) and (-1,1,0), so a normal vector for the plane is 
(-1,1,0) x (1, —1,2) = (2,2,0) and it contains the point (2,0,2). Then the equation of the plane is 
2 (a: - 2) + 2 (y - 0) + 0 (z - 2) = 0 +> x + y = 2. 


55. Two vectors which are perpendicular to the required line are the normal of the given plane, (1,1,1), and a direction 
vector for the given line, (1, -1,2). So a direction vector for the required line is 

(1,1,1) x (1, —1,2) = (3, —1, -2). Thus L is given by (x, y, z) = (0,1,2) + t (3, —1, -2), or in parametric 
form, x = 3i, y = 1 — t, z = 2 — 2t. 


56. Let L be the given line. Then (1,1,0) is the point on L corresponding to t = 0. L is in the direction of 
a = (1,—1,2) andb = (-1,0,2) is the vector joining (1,1,0) and (0,1,2). Then 

b - proj tt b = (-1,0,2) - ( 1 , - 1 , 2 ) = (- 1 , 0 , 2 ) - | ( 1 , - 1 ,2) = (-§, |, 1) is a 


direction vector for the required line. Thus 2 l) — (—3,1,2) is also a direction vector, and the line has 

parametric equations x = —31, y = l-\~t, z = 2-\- 2 1. (Notice that this is the same line as in Exercise 55.) 

57. Let P¿ have normal vector n¿. Then ni = (4, —2,6), n 2 = (4, —2, —2), n 3 = (—6,3, —9), n 4 — (2, —1, —1). 
Now ni = —|n 3 , so ni and n 3 are parallel, and hence P\ and P 3 are parallel; similarly P 2 and P 4 are parallel 
because n 2 = 2n 4 . However, m and n 2 are not parallel. (0,0, §) lies on Pi, but not on P 3 , so they are not the 
same plane, but both P 2 and P 4 contain the point (0,0, -3), so these two planes are identical. 


58. Let Li have direction vector v¿. Then vi = (1,1, —5), v 2 — (1,1, —1), v 3 — (1,1, 1), v 4 (2,2, 10). 

v 2 and v 3 are equal so they’re parallel. v 4 = 2vi, so L 4 and Li are parallel. L 3 contains the point (1,4,1), but this 
point does not lie on L 2 , so they’re not equal. (2,1, -3) lies on L 4 , and on Li, with t = 1. So Li and L 4 are 
identical. 

59. Let Q = (2,2,0) and R = (3, -1, 5), points on the line corresponding to t = 0 and t = 1. Let 
P = (1,2,3). Then a = QR = (1, -3,5), b = QP = (-1,0,3). The distance is 

, |axb| |(1, -3,5) x (-1,0,3)| |(-9,-8,-3)| V9 2 + 8 2 + 3 a _ VÍ54 _ /22 

|(1,-3,5)| |(1,-3,5)| VI 2 +32 +5* v/35 V 5 


60. Let Q = (5,0,1) and R = (4,3,3), points on the line corresponding to t = 0 and t = 1. Let 
p = (1) o, _l). Then a = QR= (-1, 3,2) and b = QP = (-4,0, -2). The dist ance is 

|a x b| _ |<—1,3,2) x (-4,0,-2)| |(-6, -10,12)| = 2y/3 2 + 5 2 + 6 2 = 2^/7 0 _ ^ 

| (— 1,3,2)| |(—1,3,2)| VI 2 + 3 2 + 2 2 y/U 
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61. By Equation 8, the distance is D = - 1 [(1) (2) + (-2) (8) + (-2) (5) - 1 ] = —. 

v 1 “I - 4 ~f~ 4 3 


62. By Equation 8, the distance is D 


1 

>/16 + 36 + 1 


[4 (3) + (-6) (-2)+ 1(7)-5] 


26 

V53' 


63. Put y = z = 0 in the equation of the first plane, to get the point (-1,0,0) on the plane. Because the planes are 
paraliel, the distance D between them is the distance from (—1,0,0) to the second plane. By Equation 8 
n |3 (—1) + 6 (0) — 3 (0) — 4| 7 

y ^ 2 + 6 2 + (_ 3 )2 3 ^ 6 ' 


64. Put y = z = 0 in the equation of the first plane to get the point (f, 0,0) on the plane. Because the planes are 
parallel the distance D between them is the distance from (f, 0,0) to the second plane. By Equation 8 , 

„ I 1 (I) +2(0) — 3(0) — 1 [ 1 

^l 2 + 2 2 + (—3 ) 2 

65. The distance between two parallel planes is the same as the distance between a point on one of the planes and the 
other plane. Let P 0 = (a; 0 , 3 / 0 , z 0 ) be a point on the plane given by ax + by + cz + di =0. Then 

ax 0 + by 0 + cz 0 + d\ = 0 and the distance between P 0 and the plane given by ax + by + cz + d 2 =0 is, from 

Equation 8 , D = l aa: o + by 0 + czq + d 2 \ _ |-di +d 2 | _ \<h - <¿ 2 ! 

V tt 2 + 6 2 + c 2 Va? + b 2 + c 2 Va 2 + 6 2 + c 2 

66 . The planes must have parallel normal vectors, so if ax + by + cz + d = 0 is such a plane, then for some t f 0, 

(a, b, c) = t (1,2, -2) = ( t , 2i, -2 1). So this plane is given by the equation x + 2y — 2z + e = 0, where e = d/t. 

By Exercise 65, the distance between the planes is 2 = 6 = |l-e| +i> e = 7 or -5 

^l 2 + 2 2 + (- 2) 2 

So the desired planes have equations x + 2y - 2z = 7 and x + 2y - 2z = - 5 . 

67. Li'. x = y = z => x = y (1). L 2 : x + 1 = y/2 = z/3 => x + 1 = y/2 (2). The solution of (1) and (2) is 
^ y ^ * However, when x 2, x = z => z = 2, but x + 1 = z /3 => z -— —3, a contradiction. 
Hence the lines do not intersect. For L u vi = (1,1,1), and for L 2 , v 2 = (1,2,3), so the lines are not parallel. 
Thus the lines are skew lines. If two lines are skew, they can be viewed as lying in two parallel planes and so the 
distance between the skew lines would be the same as the distance between these parallel planes. The common 
normal vector to the planes must be perpendicular to both (1,1,1) and (1,2,3), the direction vectors of the two 
ünes. So set n = (1,1,1) x (1,2,3) = (3 — 2, —3 + 1,2 — 1) = (1, —2,1). From above, we know that 

( — 2> ~2, —2) and (—2, —2, —3) are points of L\ and L 2 respectively. So in the notation of Equation 7, 

1 (-2) - 2 (-2) + 1 (-2) + di = 0 => di = 0 and 1 (-2) - 2 (-2) + 1 (-3) + d 2 = 0 => d 2 = 1. By 

Exercise 65, the distance between these two skew lines is D = ~ — — -i—. 

Vi + 4 + i Vq 

Altemate solution (without reference to planes); A vector which is perpendicular to both of the lines is 
n = (1> 1> 1) x (1> 2,3) = (1, -2,1). Pick any point on each of the lines, say (-2, -2, -2) and (-2, -2, -3), 
and form the vector b = (0,0,1) connecting the two points. The distance between the two skew lines is the 

absolute value of the scalar projection of b along n, that is, D = ÍIL-M _ jj- 0 - 2 • 0 + 1 • 1| _ _1_ 

|n| Vl+4 + 1 V 6 ' 
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8. First notice that if two lines are skew, they can be viewed as lying in two parallel planes and so the distance between 
the skew lines would be the same as the distance between these parallel planes. The common normal vector to the 
planes must be perpendicular to both vi = (1,6,2) and v 2 = (2,15,6), the direction vectors of the two lines 
respectively. Thus set n = v, x v 2 = (36 - 30,4 - 6,15 - 12) = (6, -2,3). Setting t = 0 and a = 0 gives the 
points (1,1,0) and (1,5, -2). So in the notation of Equation 7, 6 - 2 + 0 + d\ = 0 =+ d x = -4 and 
6 - 10 - 6 + d 2 = 0 => d 2 = 10. Then by Exercise 65, the distance between the two skew lines is given by 


D = 


1-4-101 _ 14 _ 0 

\/36 + 4 + 9 7 


Altemate solution (without reference to plaries): We already know that the direction vectors of the two lines are 


vi = (1,6,2) and v 2 = (2,15,6). Then n = vi x v 2 = (6, -2,3) is perpendicular to both lines. Pick any point 
on each of the lines, say (1,1,0) and (1,5, -2), and form the vector b = (0,4, -2) connecting the two points. 
Then the distance between the two skew lines is the absolute value of the scalar projection of b along n, that is, 


D = 


l n ' b| 

|n| 


1 14 

1 | 0 - 8 - 6 | = ^ = 2 . 
V36 + 4 + 9 7 


69. If o 0, then ax + by + cz + d = 0 => a (x + d/a) + b(y - 0) + c(z - 0) = 0 whichby (6)is thescalar 

equation of the plane through the point {-d/a, 0,0) with normal vector (a, b , c). Similarly, if b ± 0 (or if c / 0) 
the equation of the plane can be rewritten as a (x — 0) + b (y + d/b) + c (z — 0) = 0 [or as 
a (a; _ o) + b (y - 0) + c (z + d/c) = 0] which by (6) is the scalar equation of a plane through the point 
(0, -d/b, 0) [or the point (0,0, -d/c)] with normal vector (a, b, c). 


70. (a) The planes x + y + z = c have normal vector (1,1,1), so they are all 
parallel. Their x-, y-, and z-intercepts are all c. When c > 0 their 
intersection with the first octant is an equilateral triangle and when c < 0 
their intersection with the octant diagonally opposite the first is an 
equilateral triangle. 



(b) The planes x + y + cz = 1 have x-intercept 1, y-intercept 1, and z-intercept 1/c. The plane with c — 0 is 
parallel to the z-axis. As c gets larger, the planes get closer to the xy-plane. 

(c) The planes y cos 9 + z cos 9 = 1 have normal vectors (0, cos 9, sin 9), which are perpendicular to the x-axis, 
and so the planes are parallel to the x-axis. We look at their intersection with the yz-plane. These are lines that 
are perpendicular to (cos 9, sin 9) and pass through (cos 9, sin 9), since cos 2 9 + sin 2 9 = 1. So these are the 
tangent lines to the unit circle. Thus the family consists of all planes tangent to the circular cylinder with 
radius 1 and axis the x-axis. 


6 Cylinders and Quadric Surfaces 


ET 12.6 


rggf gaaam ir T »nr w ii !!■ 


1. (a) In E 2 , the equation y = x 2 represents a parabola. 


y 
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(b) In M 3 , the equation y = x 2 doesn’t involve z , so any 
horizontal plane with equation z = k intersects the graph 
in a curve with equation y = x 2 . Thus, the surface is a 
parabolic cylinder, made up of infinitely many shifted 
copies of the same parabola. The rulings are parallel to 
the ^-axis. 



(c) In R 3 , the equation z = y 2 also represents a parabolic 
cylinder. Since x doesn’t appear, the graph is formed by 
moving the parabola z = y 2 in the direction of the x-axis. 
Thus, the rulings of the cylinder are parallel to the x-axis. 



2. (a) 



(b) Since the equation y = e x doesn’t 
involve z, horizontal traces are 
copies of the curve y = e x . The 
rulings are parallel to the z-axis. 



(c) The equation z = e v doesn’t 
involve x , so vertical traces in 
x = k (parallel to the yz-plane) 
are copies of the curve z = e v . 
The rulings are parallel to the 
x-axis. 



3. Since x is missing from the equation, the vertical traces y 2 + 4z 2 - 4, x = k, are copies of the same ellipse in the 
plane x — k. Thus, the surface y 2 + 4z 2 = 4 is an elliptic cylinder with rulings parallel to the a:-axis. 
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4. Since y is missing from the equation, each vertical 
trace = 4 — x 2 , y = k, is a copy of the same 
parabola in the plane y = fc. Thus, the surface 
z = 4 — x 2 isa. parabolic cylinder with rulings 
parallel to the y-axis. 



5. Since 2 is missing, each horizontal trace x = y 2 , 
z = k, is a copy of the same parabola in the 
plane z = k. Thus, the surface x — y 2 = 0 is a 
parabolic cylinder with rulings parallel to the z-axis. 



6 . Since x is missing, each vertical trace yz = 4, x = k is a 
copy of the same hyperbola in the plane x = k. Thus, the 
surface yz = 4 is a hyperbolic cylinder with rulings 
parallel to the x-axis. 



7. Since y is missing, each vertical trace z = cos x , 
y = k is a copy of a cosine curve in the plane 
y = k. Thus, the surface z = cos x is a cylindrical 
surface with rulings parallel to the y-axis. 



8 . Since 2 ; is missing, each horizontal trace 
x 2 — y 2 = 1, 2 ; = k is a copy of the same 
hyperbola in the plane z = k. Thus, the surface 
x 2 - y 2 = 1 is a hyperbolic cylinder with rulings 
parallel to the 2 -axis. 
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9. The trace in any plane x = k is given by z 2 - y 2 = 1 - k 2 , x = k 
whose graph is a hyperbola. The trace in any plane y = kis the circle 
given by x 2 + z 2 = 1 + k 2 , y = k, and the trace in any plane z = k is 
the hyperbola given by x 2 - y 2 = 1 — k 2 , z = k. Thus the surface is a 
hyperboloid of one sheet with axis the y-axis. 


10. Traces: x = k,Ay = k 2 + z 2 , a parabola; y = k, 4k = x 2 + z 2 , a 
circle for k > 0; z = k, 4y = x 2 + k 2 a parabola. Thus the surface is a 
circular paraboloid with axis the t/-axis and vertex at (0,0,0). 


11. Traces: x = k, 9 y 2 + 36z 2 = 36 - 4 k 2 , an ellipse for |fc| <3;y = k, 
4x 2 + 36z 2 = 36 - 9 k 2 , an elhpse for |fc| <2 ; z = k, 

4- 7 ' + 9j/ 2 = 36 (l — k 2 }, an ellipse for |A:| < 1. Thus the surface is an 
ellipsoid with center at the origin and axes along the x-, y- and z-axes. 

I 

12. Traces: x = k, z - k 2 = -y 2 , a parabola; y = k, z + k 2 = x 2 ,a 
parabola; z = k, x 2 — y 2 = k, a hyperbola. Thus the surface is a 
hyperbolic paraboloid with saddle point (0, 0, 0) (and since c > 0, the 
saddle is upside down). x 


13. Traces: x = k, 4z 2 - y 2 = 1 + k 2 , a hyperbola; y = k, 

4z 2 -x 2 = 1 + k 2 , a hyperbola; z = k, -x 2 - y 2 = 1 - 4k 2 or 
x + y = 4k 2 — 1, a circle for k > ^ or k < — Thus the surface is 
a hyperboloid of two sheets with axis the z-axis. 


14. Traces: x = k, 25 y 2 + z 2 = 100 + 4k 2 , an ellipse; y = k, 

25k + z = 100 + 4x 2 or z 2 — 4x 2 = 100 — 25 k 2 , a hyperbola for 
1^1 < 2 \z = k, 25 y 2 + k 2 = 100 + 4x 2 or 25y 2 - 4x 2 = 100 - k 2 , a 
hyperbola for |fc| < 10. Thus the surface is a hyperboloid of one sheet 
with axis the x-axis. 
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15. Traces: x = k, y 2 = k 2 + z 2 or y 2 - z 2 = k 2 , a hyperbola for fc ^ 0 
and two intersecting lines for k = 0; y = k, x 2 + z 2 = k 2 , a circle for 
k ^ 0; ^ = k, y 2 = x 2 + k 2 or y 2 - x 2 = k 2 , a hyperbola for k ^ 0 
and two intersecting lines for k = 0. Thus the surface is a cone (right 
circular) with axis the y- axis and vertex the origin. 

16. Traces: x = k, y 2 + z 2 = 9 (k 2 - l), a circle for \k\ > 1; y = k, 

9x 2 — z 2 = 9 -f- k 2 y a hyperbola; z = k, 9x 2 - y 2 = 9 + A: 2 , a 
hyperbola. Thus the surface is a hyperboloid of two sheets with 
axis the x-axis. 


17. Traces: x = k, k 2 + 4 z 2 - y = 0ory-k 2 = 4 z 2 , a parabola; 
y = k, x 2 -f 42: 2 = k, an ellipse for fc > 0; z = /c, 
x 2 -f 4A: 2 — y = 0 or y — 4 k 2 = x 2 , a parabola. Thus the surface 
is an elliptic paraboloid with axis the y-axis and vertex the origin. 


z 2 k 2 

18. Traces: x = k y \k\<2 => y 2 + — = 1 - —, ellipses; 

y = k, \k\ < 1 => x 2 + z 2 = 4 (l - k 2 ), circles; z = k, 

2 l.2 

\k\ < 2 =» — + y 2 = 1 - —, ellipses. x 2 + Ay 2 + z 2 = 4 

x 2 íy 2 z 2 

+ — = 1, which is the equation of an ellipsoid. 

2 2 l 2 2 2 

19. Traces: x = k => y = z 2 — k 2 , parabolas; 

y = k => k = z 2 — x 2 , hyperbolas on the z-axis for k > 0, 

and hyperbolas on the x-axis for k < 0; 

z 2 x 2 

z = k => y = k 2 - x 2 , parabolas. Thus, y = * s a 

hyperbolic paraboloid. 

20. Traces: x = k => y 2 + 4z 2 = 16/c 2 , ellipses; 

y = k => 16x 2 — 4 z 2 = k 2 , hyperbolas if k ^ 0 and two 

intersecting lines if k = 0; z = k => 16x 2 — y 2 = 4 k 2 , 

hyperbolas if k ^ 0 and two intersecting lines if k = 0. 

2 z 2 

16x 2 = y 2 + 4z 2 x 2 = ~ + ^ isan elliptic cone with 

axis the i-axis and vertex the origin. 
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21 . 


22 . 


23. 

24. 

25. 


26. 


27. 

28. 

29. 


30. 


31. 


This is the equation of an ellipsoid: x 2 -h 4 y 2 + 9 z 2 = x 2 + 


y 


(1/2)" (1/3)- 


= 1, with x-intercepts ±1, 


y-intercepts ±1 and 2 :-intercepts ±|. So the major axis is the x-axis and the only possible graph is VII. 


This is the equation of an ellipsoid: 9x 2 ± 4 y 2 + z 2 = — - —« H- -— ^ + z 2 = 1, with x-intercepts +^, 

(1/3) 2 (1/2) 2 3 

y-intercepts ±^ and z-intercepts ±1. So the major axis is the z-axis and the only possible graph is IV. 

This is the equation of a hyperboloid of one sheet, with a = b = c = 1. Since the coefficient of y 2 is negative, the 
axis of the hyperboloid is the y- axis, hence the correct graph is II. 

This is a hyperboloid of two sheets, with a = b = c = 1. This surface does not intersect the xz- plane at all, so the 
axis of the hyperboloid is the y-axis and the graph is III. 


There are no real values of x and z that satisfy this equation for y < 0, so this surface does not extend to the left of 
the xz- plane. The surface intersects the plane y = k > 0 in an ellipse. Notice that y occurs to the first power 
whereas x and 2 occur to the second power. So the surface is an elliptic paraboloid with axis the y- axis. Its graph 
is VI. 


This is the equation of a cone with axis the y-axis, so the graph is I. 


This surface is a cylinder because the variable y is missing from the equation. The intersection of the surface and the 
xz -plane is an ellipse. So the graph is VIII. 

This is the equation of a hyperbolic paraboloid. The trace in the xy-plane is the parabola y = x 2 . So the correct 
graph is V. 


z 2 = Sx 2 ± 4y 2 - 12 or 3x 2 + 4y 2 - z 2 = 12 or ~ = 1 

x 2 y 2 z 2 

or — + ^ = 1 represents a hyperboloid of one sheet 

with axis the 2 -axis. 


4x 2 — 9 y 2 + z 2 + 36 = 0 or — 4x 2 + 9 y 2 — z 2 = 36 or 
x 2 v 2 z 2 

— — + ^- = l,a hyperboloid of two sheets with axis the y-axis. 


z = x 2 + y 2 + 1 or z — 1 = x 2 + y 2 , a circular paraboloid with axis 
the 2 -axis and vertex (0, 0,1). 
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32. Completing the square in x gives (x — l) 2 + 4 y 2 + z 2 = 1 or 
2 

(x - l) 2 H-- —2 + = 1» an ellipsoid with center (1, 0, 0) and 

(1/2) 

intercepts (0, 0, 0), (2, 0, 0). 


33. Completing the square in all three variables gives 
(* + 2) 2 + (y - 3) 2 - 4 (z + l) 2 = 13 + 9 or 
(x + 2) 2 (y — 3) 2 (z + l) 2 =1 

(1/22 ) 2 (v ^ 2 (§\/ 22) 2 

a hyperboloid of one sheet with center (—2,3, —1) and axis the vertical 
line y = 3, x = —2. 


34. 4 x = y 2 — 2 z 2 or x = --— 2» a hyperbolic paraboloid with 

2 (y/2) 

saddle point (0, 0, 0). The traces in the xy -, yz-, and xz-planes are 

,2 ^2 


/II2 -!/•“ 2“ 

respectively x = ^ (a parabola), ^ = 7 ' /- ""2 (^ 0 ^ nter ‘ 
2 2 (V2) 


secting lines), and x = — 


(a parabola). 


(V2) 2 

35. Completing the square in y gives a: 2 — (y - 2) 2 + 2 = 4 - 4 = 0 or 
z = (y — 2) 2 — x 2 , a hyperbolic paraboloid with center at (0, 2, 0). 


36. Completing the squares in y and z gives 
9x 2 + (y - l) 2 - (z - l) 2 = 1 - 1 = 0 or 


(^- 1) 2 = 


(l/3) 2 

the z-axis and vertex (0,1,1). 


+ (y - l) 2 , an elliptic cone with axis parallel to 


37. 



c. 





2 


2 
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38. 


z 0 


-4 


39. 


-5 

-4 
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* 



x ° 4 —4 ° y 



y° 4 

■ 

o 


In Section 17.6 [ET 16.6], we will be able to graph ellipsoids 
without gaps; see Exercise 17.6.45 [ET 16.6.45]. 



To restrict the z-range as in the second graph, we can use the option view = -2 . . 2 in Maple’s plot3d 
command, or PlotRange -> {-2,2} in Mathematica’s Plot3D command. 



43. The surface is a paraboloid of revolution (circular 
paraboloid) with vertex at the origin, axis the 
y-axis and opens to the right. Thus the trace in 
the yz -plane is also a parabola: y = z 2 , x = 0. 
The equation is y = x 2 + z 2 . 



44. The surface is a right circular cone with vertex at 

(0, 0, 0) and axis the x-axis. For x = k ^ 0, the 

trace is a circle with center (fc, 0, 0) and radius 

x k _ . 

r = y = — = —. Thus the equation ís 
ó ó 

12 2.2 
= y ¿ + Z. 
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45. Let P = ( x , y, z ) be an arbitrary point equidistant from (-1, 0, 0) and the plane x = 1. Then the distance from P 


to (-1, 0, 0) is \J(x + l) 2 + j/ 2 + z 2 and the distance from P to the plane x = 1 is \x - 1| /%/í 5 = \x - 1| (by 

Equation 13.5.8 [ET 12.5.8]). So |* - 1| = \f(x + l) 2 + j/ 2 + z 2 (x - l) 2 = (x +1) 2 + y 2 + z 2 O 

X 2 - 2x 4-1 = X 2 -h 2x + 1 -h y 2 + Z 2 » —4x = y 2 -h z 2 . Thus the collectíon of all such points P is a 

circular paraboloid with vertex at the origin, axis the x-axis, which opens in the negatíve directíon. 


46. Let P = (x, 2 /, z) be an arbitrary point whose distance from the x-axis is twice its distance from the yz- plane. The 

distance from P to the x-axis is \f(x - xf f y 2 + z 2 = y/y 2 + z 2 and the distance from P to the yz-plance 

(x = 0) is |*| /1 = |x|. Thus vV + z 2 =2\x\ +> y 2 + z 2 = 4a: 2 & x 2 = (y 2 / 2 2 ) + (z 2 /2 2 ). So the 

surface is a right circular cone with vertex the origin and axis the x-axis. 

47. If (a, b, c) satisfies z = y 2 - x 2 , then c = 6 2 - a 2 . Li: x = a + £, y = b -h 2 = c + 2 (6 - a) f, L 2 : x = a +1, 

2/ = 6 — £, z = c — 2 (b -h a) t. Substitute the parametric equatíons of L\ into the equation of the 

hyperbolic paraboloid in order to find the points of intersection: z = y 2 - x 2 => 

c -h 2 (b - a) t = (b -h t) 2 - (a + 1) 2 = b 2 - a 2 -h 2 (6 - a) t => c = 6 2 - a 2 . As this is true for all values of t, 
L\ lies on z = y 2 — x 2 . Performing similar operations with L 2 gives: z = y 2 — x 2 => 

c - 2 (6 -h a) f = (b - t) 2 - (a -h t) 2 = 6 2 - a 2 - 2 (6 + a) t => c = b 2 - a 2 . This tells us that aU of L 2 also 
lies on z = y 2 — x 2 . 

48. Any point on the curve of intersection must satisfy both 2x 2 -h 4y 2 — 2^ 2 -h 6x = 2 and 

2x 2 -h 4y 2 - 2 z 2 - by = 0. Subtractíng, we get 6x + 5y = 2, which is linear and therefore the equation of a plane. 
Thus the curve of intersectíon lies in this plane. 

The curve of intersection looks like a bent ellipse. The projection 
of this curve onto the xy-plane is the set of points (x, y, 0) which 
satísfy x 2 -h y 2 = 1 — y 2 ^ x 2 -h 2 y 2 = 1 <=> 

v 2 

x 2 H- - —0 = 1. This is an equation of an ellipse. 

(1/V2) 



—-^■7 Cylindrical and Spherical Coordinates 


ET12.7 

—«wa —wíi «i m 11 n r 1 r- ---r, ~, 


1. See Figure 1 and the accompanying discussion; see the paragraph accompanying Figure 3. 

2. See Figure 5 and the accompanying discussion. 
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3. 



x = 3 cos f = 0, y = 3 sin f =3, and 2 = 1, 
so the point is (0,3,1) in rectangular 
coordinates. 


ET CHAPTER12 



x = y/2 cos f = 1, y = >/2 sin f = 1, 
2 = \/2, so the point is (l, 1, \/2) in 
rectangular coordinates. 


5. 



x = 3 cos 0 = 3, y = 3 sin 0 = 0, and 
2 = —6, so the point is (3,0, —6) in 
rectangular coordinates. 



y = 4sin (—f) = — 2\/3, and 2 = 5, so the 
point is (2, —2\/3,5) in rectangular 
coordinates. 



x = 1 cos 7r = — 1, y = 1 sin n = 0, and 
2 = e, so the point is (—1,0, e) in rectangular 
coordinates. 



and 2 = 6, so the point is , §, 6^ in 
rectangular coordinates. 


9. r 2 = x 2 -i- y 2 = l 2 + (—l) 2 = 2 so r = \/2; tan0 = — = —= —1 and the point (1, —1) is in the fourth 

x 1 

quadrant of the xy- plane, so 6 = + 2mr\ 2 = 4. Thus, one set of cylindrical coordinates is (\/2, j,4). 

10. r 2 = x 2 + y 2 = 3 2 + 3 2 = 18 so r = \/l8 = 3\/2; tan 0 = — = ^ = 1 and the point (3,3) is in the first 

x 3 

quadrant of the xy- plane, so 9 = f 4 - 2n7r; z = —2. Thus, one set of cylindrical coordinates is (3\/2, f, —2). 
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11 . r 2 = (_i) 2 -}- (-\/3) 2 = 4 so r = 2; tan 6 = =& = \/3 and the point (-1,-\/3) isin the third quadrant of the 

xy-plane, so 0 = + 2n7r; z = 2. Thus, one set of cylindrical coordinates is (2, , 2). 

12. r 2 = 3 2 + 4 2 = 25 so r = 5; tan 6 = f and the point (3,4) is in the first quadrant of the xy-plane, so 
6 = tan -1 | H- 2n7r « 0.93 + 2n7r; z = 5. Thus, one set of cylindrical coordinates is 

(5,tan -1 |,5) « (5,0.93,5). 


13. 



x = p sin <¡> cos 6 = (1) sin 0 cos 0 = 0, 
y = psin</>sin0 = (1) sinOsinO = 0, and 
z = p cos <f> = (1) cos 0 = 1 so the point is 
(0,0,1) in rectangular coordinates. 


15. 



x = sin ■ 

z = cos f = so the point is in 

rectangular coordinates. 



x = 3 sin 7 T cos 0 = 0, y = 3 sin 7r sin 0 = 0, 
z = 3 cos7r = —3 and in rectangular 
coordinates the point is (0,0, — 3). 



x = 5sin f cos7r = -5, y = 5sin f sin7T = 0, 
z = 5 cos f = 0 so the point is (—5,0,0) in 
rectangular coordinates. 



x = 2 sin j cos f = y = 2sin f sin f = 

z = 2cos f = \/2 so the point is in rectangular 

coordinates. 
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18. 



x = 2 sin f cos f y = 2 sin sin f 

2 : = 2cos f = 1 so the point is in 

rectangular coordinates. 


-3 


19. p — y/9 + 0 + 0 = 3, cos 0 = |= Oso</)=f, and cos 0 = , ^ n = — 1 so 0 = 7r, thus spherical coordinates 


are (3 ,tt, f). 


3sin f 


\/2 


20. p = \/H- 1 + 2 = 2, cos 0 = — so <j> = f, and cos 0 = ——— = — so 0 = f, thus in spherical coordinates 

2 2sinj >/2 

thepoint is (2, f, f). 

j 1 # 2 

21. p = \/3 + 1 = 2, cos 4> = | so </> = f, and cos 0 = ——— =-— = 1 so 0 = 0, thus the point is (2,0, f) in 

2sin -g 2 • v3 

spherical coordinates. 

Note: It is also apparent that 0 = 0 since the point is in the xz-plane and x > 0. 

_ /q /q Q 

22. p = \/3 + 9 -f 4 = 4, cos0 = -| = -¿ so </> = ^, andcos 0 =- ; —— - 7 = = and y = —3 so 


4sin^ 4 • y/3 


0 = . Thus in spherical coordinates the point is (4, ^f). 


23. p = \/x 2 + y 2 -I- z 2 = \/r 2 -b z 2 = >/2 + 0 = >/2; 0 = f; 2 : = p cos <j> = \/2cos <j> = 0 so (j> = f and the point 

is (V2,f.f)- 

24. p = \/r 2 + z 2 = >/1 + 1 = \/2, z = 1 = >/2 cos 0, so 0 = f, 0 = f and the point is (\/2, f, f) • 

25. p = y/r 2 + z 2 = \/4 2 + 4 2 = 4\/2; 0 = f; 2 : = 4 = 4\/2 cos <£ so cos <j> = f and the point is 

(4v/2,f,f). 

26. p = y/r 2 + 2 : 2 = \/12 2 + 5 2 = 13, 2 : = 5 = 13 cos <f>,so <¡> = cos -1 0 = 7r and the point is 
(l3, 7T, COS _1 ^). 

27. 2 : = pcos <¡) = 2cos0 = 2, p 2 = x 2 + y 2 + z 2 = r 2 + z 2 => r = >/p 2 — z 2 = y/2 2 — 2 2 = 0, 

(or r = 2 sin 0 = 0), 0 = 0 and the point is (0,0,2). 

28. z = 2\/2 cos f = 0, r = 2y/2 sin f = 2>/2, 0 = and the point is (2>/2, “, 0). 

29. z = 8 cos f = 0, r = 8 sin f = 8, 0 = f and the point is (8, f, 0). 

30. z = 4 cos f = 2, r = 4 sin f = 2>/3, 0 = f and the point is (2\/3, f, 2). 

31. Since r = 3, x 2 + y 2 =9 and the surface is a cylinder with radius 3 and axis the 2 :-axis. 

32. Since p = 3, x 2 + y 2 + z 2 = 9 and the surface is a sphere with center the origin and radius 3. 

33. Since <¡> = 0, x = 0 and y = 0 while z = p > 0. Thus the “surface” is the positive 2 :-axis including the origin. 

34. Since <¡> = f, 2 : = 0 but there are no restrictions on x and y (x = p cos 6, y = p sin 0). Thus the surface is the 
xy- plane. 
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35. Since 4 = f, the surface is one frustum of the right circular cone with vertex at the origin and axis the positive 
z-axis. 

36. Whether spherical or cylindrical coordinates, since 9 = f the surface is a half-plane including the z- axis and 
intersecting the xy- plane in the half-line y = %/3x, x > 0. 

37. 2 = r 2 = x 2 + y 2 , so the surface is a circular paraboloid with vertex at the origin and axis the positive z- axis. 

38. Since r = 4 sin 9 and y = r sin 9, y = 4sin 2 9. Also r 2 = x 2 + y 2 so x 2 + y 2 = 16 sin 2 9. Thus 

x 2 +y 2 - 4y = 16 sin 2 9 - 16 sin 2 9 = 0 or x 2 -f (y - 2) 2 = 4, a circular cylinder of radius 2 and with axis 
parallel to the 2 -axis. 

39. 2 = p cos (j) = z is a plane through the point (0,0, 2) and parallel to the zy-plane. 

40. Since p sin (f> = 2 and x = p sin (f> cos 9, x = 2 cos 9. Also y = p sin (f> sin 9 so y = 2 sin 9. Then 
x 2 + y 2 = 4 cos 2 9 + 4 sin 2 9 = 4, a circular cylinder of radius 2 about the z-axis. 

41. r = 2cos 9 => r 2 = x 2 + y 2 = 2r cos9 = 2x ( x - l) 2 +y 2 = 1, which is the equation of a circular 

cylinder with radius 1, whose axis is the vertical line x = l,y = 0, z = z. 

42. p = 2 cos <j> => p 2 = 2/9COS0 = 2z <=> x 2 + y 2 + z 2 = 2z <# x 2 +y 2 + (z - l) 2 = 1. Therefore, the 

surface is a sphere of radius 1 centered at (0,0,1). 

43. Since r 2 + z 2 = 25 and r 2 = x 2 + y 2 , we have x 2 + y 2 + z 2 = 25, a sphere with radius 5 and center at the origin. 

44. Since r 2 - 2z 2 = 4 and r 2 = x 2 + y 2 , we have x 2 + y 2 - 2z 2 = 4 or \x 2 + \y 2 - \z 2 = 1, a hyperboloid of 
one sheet with axis the z-axis. 

45. Since x 2 = p 2 sin 2 (j) cos 2 9 and z 2 = p 2 cos 2 (f> , the equation of the surface in rectangular coordinates is 
x 2 + z 2 = 4. Thus the surface is a circular cylinder of radius 2 about the y-axis. 

46. Since p 2 (sin 2 (f> — 4 cos 2 (f >) = 1, p 2 (sin 2 (f> — 4 cos 2 (f> ) + p 2 cos 2 (f> — p 2 cos 2 (f> = 1 or 

p 2 (sin 2 (f> + cos 2 (p - 5cos 2 (f>) = 1 orp 2 (l - 5cos 2 (f)) = 1. Butp 2 = x 2 +y 2 + z 2 and z 2 = p 2 cos 2 (f), so we 

can rewrite the equation of the surface as x 2 + y 2 + z 2 — 5 z 2 = 1 or x 2 + y 2 — 4 z 2 = 1. Thus the surface is a 

hyperboloid of one sheet with axis the z-axis. 

47. Since r 2 - r = 0, r = 0 or r = 1. But x 2 + y 2 = r 2 . Thus the surface consists of the right circular cylinder of 
radius 1 and axis the z-axis along with the surface given by x 2 + y 2 = 0, that is, the z-axis. 

48. Since p 2 - 6p + 8 = 0, either p = 2 or p = 4. Thus the surface consists of two concentric spheres (centered at the 
origin), one with radius 2 and the other with radius 4. 

49. (a) r 2 = x 2 + y 2 , so r 2 + z 2 = 16. 

(b) p 2 = x 2 + y 2 + z 2 , so p 2 = 16 or p = 4. 

50. (a) r 2 — z 2 = 16 

(b) x 2 + y 2 - z 2 = x 2 + y 2 + z 2 - 2z 2 , so p 2 - 2p 2 cos 2 (f> = 16 or p 2 (l - 2 cos 2 (f>) = 16. 

51. (a) r cos 9 + 2r sin 9 + 3z = 6 

(b) p sin (f> cos 9 + 2p sin (f> sin 9 + 3p cos </> = 6 or p (sin (f> cos 9 + 2 sin (f) sin 9 + 3 cos (f> ) = 6. 

52. (a) r 2 = 2z 

(b) p 2 sin 2 (j> cos 2 9 + p 2 sin 2 4> sin 2 9 = 2p cos <f> or p 2 sin 2 4> ■ = 2p cos 4> or p sin 2 4> = 2 cos 4>. 

53. (a) r 2 (cos 2 9 - sin 2 9) - 2z 2 = 4 or 2z 2 = r 2 cos 29 - 4. 

(b) p 2 (sin 2 4> cos 2 9 - sin 2 <f> sin 2 9-2 cos 2 4>) = 4 or p 2 (sin 2 4> cos 29-2 cos 2 4>) = 4. 
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54. (a) r 2 sin 2 0 + z 2 = 1 

(b) p 2 sin 2 0 sin 2 0 + p 2 cos 2 (j> = 1 or p 2 (sin 2 <¡> sin 2 0 + cos 2 <t>) = 1. 

55. (a) r 2 = 2r sin 0 or r = 2 sin 0. 


(b) p 2 sin 2 <j> (cos 2 0 + sin 2 0) = 2p sin <j) sin 0 or p sin 2 <j> 

56. (a) z = r 2 (cos 2 0 — sin 2 0) or z = r 2 cos 20. 

(b) p cos <f) = p 2 sin 2 <(> (cos 2 0 — sin 2 0) or cos <¡) = p sin 2 

57. 



z = r 2 = x 2 + y 2 is a circular paraboloid with 
vertex (0,0,0), opening upward. z = 2 — r 2 =» 
2 ; — 2 = — (x 2 + y 2 ) is a circular paraboloid with 
vertex (0,0,2) opening downward. Thus 
r 2 < z <2 — r 2 is the solid region enclosed by 
these two surfaces. 


= 2 sin <¡) sin 0 or p sin <t> = 2 sin 0. 


<j) cos 20. 



z — r — y/x 2 + y 2 is a cone that opens upward. 
Thus r < 2 < 2 is the region above this cone and 
beneath the horizontal plane z = 2.O<0<f 
restricts the solid to that part of this region in the first 
octant. 


59. 



— f < 0 < f restricts the solid to the 4 octants in 
which x is positive. p = sec <j) => 

p cos <f> = z = 1, which is the equation of a 
horizontal plane. 0 < <t> < f describes a cone, 
opening upward. So the solid lies above the cone 
<j> = f and below the plane z = 1. 


60. 



p = 2 <=> x 2 + y 2 + z 2 = 4, which is a sphere of 

radius 2, centered at the origin. Hence p < 2 is this 
sphere and its interior. 0 < 0 < f restricts the solid 
to that section of this ball that lies above the cone 



61 . z > \Jx 2 + y 2 because the solid lies above the cone. Squaring both sides of this inequality gives z 2 > x 2 + y 2 
=> 2 z 2 > x 2 +y 2 + z 2 = p 2 => z 2 = p 2 cos 2 <j)>\p 2 => cos 2 <j> > The cone opens upward so that 

the inequality is cos0 > ^,or equivalently 0 < 0 < f. In spherical coordinates the sphere z = x 2 + y 2 + z 2 is 
p cos 0 = p 2 => p = cos 0. 0 < p < cos 0 because the solid lies below the sphere. The solid can therefore be 
described as the region in spherical coordinates satisfying 0 < p < cos 0, 0 < <j> < f. 
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/ 

62. In cylindrical coordinates, the equations are z = r 2 and z = h — r 2 . The curve of intersection is r 2 = 5 — r 2 or 
r = </5/2. So we graph the surfaces in cylindrical coordinates, with 0 < r < ^/5/2. In Maple, we can use either 
the coords=cylindrical option in a regular plot command, or the plots [cylinderplot ] command. 
In Mathematica, we can use ParametricPlot3d. 



63. In cylindrical coordinates, the equation of the cylinder is r = 3, 

0 < 2 < 10. The hemisphere is the upper part of the sphere radius 3, 
center (0,0,10), equation r 2 + [z — 10) 2 = 3 2 , z > 10. In Maple, we 
can use either the coords=cylindrical option in a regular plot 
command, or theplots [cylinderplot] command. In 
Mathematica, we can use ParametricPlot3d. 



f 


64. We begin by finding the positions of Los Angeles and Montréal in spherical coordinates, using the method described 
in the exercise: 


Montréal 

Los Angeles 

io = 3960 mi 

e = 360 ° - 73.60 ° = 286.40 ° 

</, = 90°- 45.50° =44.50° 

p = 3960 mi 

6 = 360° - 118.25° = 241.75° 

<¿ = 90°— 34.06° =55.94° 


Now we change the above to Cartesian coordinates using x = p cos 6 sin <f>, y = p sin 9 sin <j> and z = p cos <¡> to get 
two position vectors of length 3960 mi (since both cities must lie on the surface of the Earth). In particular: 

Montréal: (783.67,-2662.67,2824.47) Los Angeles: (-1552.80,-2889.91,2217.84) 

To find the angle a between these two vectors we use the dot product: 

(783.67, -2662.67,2824.47) • (-1552.80, -2889.91,2217.84) = (3960) 2 cosa =► cosa » 0.8126 =► 
a ~ 0.6223 rad. The great circle distance between the cities is s = p6 « 3960 (0.6223) ~ 2464 mi. 
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Laboratory Project □ Families of Surfaces 

1. f (x, y) = ( ax 2 + by 2 ) e ~ x2 ~ y2 . There are only three basic shapes which can be obtained (the fourth and fifth 
graphs are the reflections of the first and second ones in the xy-plane). Interchanging a and b rotates the graph by 
90 ° about the 2 :-axis. 



If a and b are both positive (a ^ h), we see that the graph has two maximum points whose height increases as a and 
b increase. If a and b have opposite signs, the graph has two maximum points and two minimum points, and if a and 
b are both negative, the graph has one maximum point and two minimum points. 
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z — x 2 + y 2 + cxy. When c < —2, the surface intersects the plane z = k ^ 0 in a hyperbola. (See graph below.) It 
intersects the plane x — y in the parabola z = (2 + c) x 2 , and the plane x = — y in the parabola z = (2 — c) x 2 . 
These parabolas open in opposite directions, so the surface is a hyperbolic paraboloid. 

When c = —2 the surface is z = x 2 + y 2 - 2 xy = (x - y) 2 . So the surface is constant along each line x-y = k. 
That is, the surface is a cylinder with axis x — y = 0, z = 0. The shape of the cylinder is determined by its 
intersection with the plane x + y = 0, where 2 = 4x 2 , and hence the cylinder is parabolic with minima of 0 on the 
line y = x. 



When —2 < c < 0, z > 0 for all x and y. If x and y have the same sign, then 

x 2 -\-y 2 + cxy > x 2 + y 2 — 2 xy = (x — y) 2 > 0. If they have opposite signs, then cxy > 0. The intersection with 
the surface and the plane z = k > 0 is an ellipse (see graph below). The intersection with the surface and the planes 
x = 0 and y = 0 are parabolas z = y 2 and z = x 2 respectively, so the surface is an elliptic paraboloid. 

When c > 0 the graphs have the same shape, but are reflected in the plane x = 0, because 

x 2 _j_ y 2 _j_ cxy = (-x) 2 + y 2 + (-c) (—x) y. That is, the value of z is the same for c at (x, y) as it is for -c at 


2 




So the surface is an elliptic paraboloid for 0 < c < 2, a parabolic cylinder for c = 2, and a hyperbolic paraboloid 


for c > 2. 
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3. p = 1 + 0.2 sin mO sin n(j). If we start with m = 1, n = 1 the equation is p = 1 + 0.2 sin 0 sin 0, whose graph 
appears spherical or nearly spherical in shape. First we investigate varying just m. Values of m > 1 produce vertical 
ridges in the sphere, the number of ridges corresponding to the value of m. We graph two examples. 



rn = 4, n = 1 m = 7, n = 1 


If we leave m fixed at 1 and vary n, we see horizontal ridges that span half the sphere arranged in a staggered 
fashion. Again, the number of “bumps” coincides with the value of n. 



77i = 1, n = 5 777, = 1, n = 10 

If we allow both m and n to vary, we get combinations of the vertical and horizontal bumps. 



77i = 4, n = 5 77i = 7, n = 10 


The graph on the left shows m = 4, n = 5. Looking at the top of the bumpy sphere, we can see the 4 vertical ridges 
which become perturbed horizontally as they progress down the sphere. We can also see the 5 horizontal rows of 
bumps. (Consequently, there are 20 bumps on the surface.) The graph on the right shows m = 7, n = 10 which 
should have 70 bumps. 
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CONCEPTCHECK 
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3S5B 


1. A scalar is a real number, while a vector is a quantity that has both a real-valued magnitude and a direction. 

2. To add two vectors geometrically, we can use either the Triangle Law or the Parallelogram Law, as illustrated in 
Figures 4 and 5 in Section 13.2 [ ET 12.2]. Algebraically, we add the corresponding components of the vectors. 

3. For c > 0, ca is a vector with the same direction as a and length c times the length of a. If c < 0, ca points in the 
opposite direction as a and has length |c| times the length of a. (See Figures 6 and 7 in Section 13.2 [ET 12.2].) 
Algebraically, to find ca we multiply each component of a by c. 

4. See (1) in Section 13.2 [ET 12.2]. 

5. See Theorem 13.3.3 [ET 12.3.3] and Definition 13.3.1 [ET 12.3.1]. 

6. The dot product can be used to find the angle between two vectors and the scalar projection of one vector onto 
another. In particular, the dot product can determine if two vectors are orthogonal. Also, the dot product can be used 
to determine the work done moving an object given the force and displacement vectors. 

7. See the boxed equations on page 835 [ET 801] as well as Figures 3 and 4 and the accompanying discussion on 
page 834 [ET 800]. 

8 . See Theorem 13.4.6 [ET 12.4.6] and the preceding discussion; use either (1) or (4) in Section 13.4 [ET 12.4]. 

9. The cross product can be used to create a vector orthogonal to two given vectors as well as to determine if two 
vectors are parallel. The cross product can also be used to find the area of a parallelogram determined by two 
vectors. In addition, the cross product can be used to determine torque if the force and position vectors are known. 

10. (a) The area of the parallelogram determined by a and b is the length of the cross product: |a x b|. 

(b) The volume of the parallelepiped determined by a, b, and c is the magnitude of their scalar triple product: 
l a * (b x c)|. 

11. If an equation of the plane is known, it can be written as ax -F by -f cz + d = 0. A normal vector, which is 

perpendicular to the plane, is (a, 6, c) (or any scalar multiple of (a, 6, c)). If an equation is not known, we can use 

points on the plane to find two non-parallel vectors which lie in the plane. The cross product of these vectors is a 
vector perpendicular to the plane. 

12. The angle between two intersecting planes is defined as the acute angle between their normal vectors. We can find 
this angle using Corollary 13.3.6 [ET 12.3.6]. 

13. See (1), (2), and (3) in Section 13.5 [ET 12.5]. 

14. See (4), (5), and (6) in Section 13.5 [ET 12.5]. 

15. (a) Determine the vectors PQ = (ai, a2, az) and PR = (6i, 62,63). If there is a scalar t such that 

(ai, a 2 , a 3 ) = t (bi , 62,63), then the vectors are parallel and the points must all lie on the same iine. 

Altematively, if PQ x PR = 0, then PQ and PR are parallel, so P, Q, and R are collinear. 

Thirdly, an algebraic method is to determine an equation of the line joining two of the points, and then check 
whether or not the third point satisfies this equation. 

(b) Find the vectors PQ = a, PR = b, PS = c. a x b is normal to the plane formed by P, Q and P, and so S 
lies on this plane if a x b and c are orthogonal, that is, if (a x b) • c = 0. (Or use the reasoning in Example 4 in 
Section 13.4 [ET 12.4].) 

Altematively, find an equation for the plane determined by three of the points and check whether or not the 
fourth point satisfies this equation. 





252 


□ CHAPTER13 VECTORS AND THE GEOMETRY OF SPACE ETCHAPTER 12 


16. (a) See Exercise 13.4.39 [ET 12.4.39]. 

(b) See Example 8 in Section 13.5 [ET 12.5]. 

(c) See Example 10 in Section 13.5 [ET 12.5]. 

17. The traces of a surface are the curves of intersection of the surface with planes parallel to the coordinate planes. We 
can find the trace in the plane x = k (parallel to the yz- plane) by setting x = k and determining the curve 
represented by the resulting equation. Traces in the planes y = k (parallel to the xz- plane) and z = k (parallel to 
the xy- plane) are found similarly. 

18. SeeTable 1 in Section 13.6 [ET 12.6]. 

19. (a) See (1) and the discussion accompanying Figure 3 in Section 13.7 [ET 12.7]. 

(b) See (3) and Figures 6-8, and the accompanying discussion, in Section 13.7 [ET 12.7]. 

■ ■ — TRUE-FALSE QUIZ » . 

1. True, by Theorem 13.3.2 [ET 12.3.2] #2. 

2. False. Theorem 13.4.8 [ET 12.4.8] #1 says that u x v = —v x u. 

3. True. If 9 is the angle between u and v, then by Theorem 13.4.6 [ET 12.4.6], 

|u x v| = |u| |v| sin# = |v| |u| sin0 = |v x u|. 

(Or, by Theorem 13.4.8 [ET 12.4.8], |u x v| = |-v x u| = |-1| |v x u| = |v x u|.) 

4. This is true by Theorem 13.3.2 [ET 12.3.2] #4. 

5. Theorem 13.4.8 [ET 12.4.8] #2 tells us that this is true. 

6 . This is true by Theorem 13.4.8 [ET 12.4.8] #4. 

7. This is true by Theorem 13.4.8 [ET 12.4.8] #5. 

8. In general, this assertion is false; a counterexample is i x (i x j) ^ (i x i) x j. (See the paragraph preceding 
Theorem 13.4.8 [ET 12.4.8].) 

9. This is true because u x v is orthogonal to u (see Theorem 13.4.5 [ET 12.4.5]), and the dot product of two 
orthogonal vectors is 0. 

10. (u + v) x v = u x v + v x v (by Theorem 13.4.8 [ET 12.4.8] #4) 

= u x v + 0 (by Example 13.4.2 [ET 12.4.2]) 

= u x v, so this is true. 

11. If |u| = 1, |v| = 1 and 9 is the angle between these two vectors (so 0 < 0 < 7r), then by 

Theorem 13.4.6 [ ET 12.4.6], |u x v| = |u| |v| sin 9 = sin 6, which is equal to 1 if and only if 9 = f (that is, if and 

only if the two vectors are orthogonal). Therefore, the assertion that the cross product of two unit vectors is a unit 
vector is false. 

12. This is false, because according to Equation 13.5.7 [ET 12.5.7], ax + by + cz + d = 0 is the general equation of a 
plane. 

13. This is false. In E 2 , x 2 +y 2 = 1 represents a circle, but {(x, y, z) \ x 2 + y 2 = l} represents a three-dimensional 
surface, namely, a circular cylinder with axis the z-axis. 
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EXERCISES 


1. (a) By the formula for an equation of a sphere (see Section 13.1 [ ET 12.1]), an equation of the sphere with center 
(1, -1,2) and radius 3 is (x - l) 2 + (y + l) 2 + (z — 2) 2 = 9. 

(b) Completing squares gives (x + 2) 2 + (y + 3) 2 + (z — 5) 2 = —2 + 4 + 9 + 25 = 36. Thus, the sphere is 
centered at (-2, -3,5) and has radius 6. 





3. u • v = |u| |v| cos45 0 = (2) (3) ^ = 3v/2. |u x v| = |u| |v| sin45 ° = (2) (3) $ = 3^2. By the right-hand 
rule, u x v is directed out of the page. 

4. (a) 2a + 3b = 2i + 2j — 4k + 9i — 6j + 3k = lli — 4j — k 

(b) |b| = V9 + 4 + 1 = Vl4 

(c) a • b = (1) (3) + (1) (-2) + (-2) (1) = -1 


(d) a x b = 


(e) b x c = 


(f) a • (b x c) = 


i j k 
1 1 -2 
3-2 1 
i J k 
3-2 1 

0 1-5 

1 1 
3 -2 
0 1 


= (1 - 4) i - (1 + 6) j + (-2 - 3) k = -3i - 7j - 5k 


= 9i + 15j + 3k, |b x c| = 3\/9 + 25 + 1 — 3\/35 


-2 

1 

-5 


-2 1 
1 -5 


3 1 
0 -5 


-2 


3 -2 
0 1 


(g) c x c = 0 for any c. 


= 9 + 15-6 = 18 
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(h) From part (e), 


a x (b x c) = a x (9i + 15j + 3k) = 


1 1 -2 
9 15 3 


= (3 + 30) i - (3 -h 18) j + (15 - 9) k 


= 33i - 21j + 6 k. 

(i) The scalar projection is comp a b = |b| cos0 = a • b/ |a| = — 

(j) The vector projection is proj a b = -^ (a/ |a|) = -¿ (i + j - 2k). 

/n * a-b -1 

(k) cos 0 — 


|a| |b| y/6y/u 2 v/ 2 l 


and 0 = cos 1 —— 


2x/2l 


; 96 °. 


5. For the two vectors to be orthogonal, we need (3,2, x) > (2x, 4, x) = 0 +> 

(3) ( 2x ) + (2) (4) + (a?) (x) — 0 <=> x 2 + 6x + 8 = 0 & (x + 2) (x + 4) = 0 x = —2 or 

x = —4. 


6 . We know that the cross product of two vectors is orthogonal to both. So we calculate 

(j + 2k) x (i — 2j + 3k) = [3 — (—4)] i - (0 - 2) j + (0 — 1) k = 7i + 2j — k. Then two unit vectors orthogonal 

7i + 2j — k 1 . , . 7 , 9 , .. 

= ^3^ 71 + 2j _ k ^’ 1,1311S ’ sTe 1 + “ 37e k and 


to both given vectors are ± 


7 : _2_• ,_l_i_ 

3 V 6 1 3n/6 J ~ + ’ 3n/6 K ’ 


sJt 2 +2 2 + (— 1 ) : 


7. (a) (u x v) • w = u • (v x w) = 2 

(b) u • (w x v) = u • [— (v x w)] = —u • (v x w) = — 2 

(c) v • (u x w) = (v x u) • w = — (u x v) • w = — 2 

(d) (u x v) • v = u • (v x v) = u • 0 = 0 


8 . (a x b) • [(b x c) x (c x a)] = (a x b) • ([(b x c) • a] c - [(b x c) • c] a) 

(see Exercise 13.4.42 [ET 12.4.42]) 
= (a x b) • [(b x c) • a] c = [a • (b x c)] (a x b) • c 


= [a • (b x c)] [a • (b x c)] = [a • (b x c)] 2 

9. For simplicity, consider a unit cube positioned with its back left comer at the origin. Vector representations of the 
diagonals joining the points (0,0,0) to (1,1, 1 ) and ( 1 ,0,0) to ( 0 , 1 , 1 ) are ( 1 , 1 , 1 ) and (- 1 , 1 , 1 ). Let 0 be the 
angle between these two vectors. ( 1 , 1 , 1 ) • (- 1 , 1 , 1 > = —1 + 1 + 1 = 1 = |< 1 , 1 , 1 )| |(- 1 , 1 , l)|cos 0 = 3 cos 0 
=> cos 0=| =+ 0 = cos -1 1 « 71 °. 


10. AB = (1,3, —1), AC = (—2, 1 ,3) and AD = (-1,3,1). By Equation 13.4.10 [ET 12.4.10], 

= —8 — 3 + 5 = — 6 . The volume is 



1 3 -1 




✓ ) — y \ 



1 3 


-2 3 


-2 1 

(AC x AD ) = 

-2 1 3 

= 


-3 


_ 


V / 



3 1 


-1 1 


-1 3 


-13 1 








| AB • (^AC x AD^j | = 6 cubic units. 
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11. AB = ( 1 , 0 , - 1 ), AC = (0,4,3), so 

(a) a vector perpendicular to the plane is AB x AC = (0 + 4, — (3 -f 0), 4 — 0) = (4, —3,4). 

(b) ¿ \AB x AC\ = ¿^/16 + 9 + 16 = 

12. D = 4i + 3j + 6 k, W = F • D = 12 + 15 + 60 = 87 joules 

13. Let Fi be the magnitude of the force directed 20 ° away from the direction of shore, and let F 2 be the magnitude of 

the other force. Separating these forces into components parallel to the direction of the resultant force and 
perpendicular to it gives Fi cos 20 0 + F 2 cos 30 0 = 255 (1), and Fi sin 20 0 — F 2 sin 30 0 = 0 => 

Fi = F 2 S * n ^ o (2). Substituting ( 2 ) into ( 1 ) gives F 2 (sin 30 0 cot 20 0 + cos 30 °) = 255 => F 2 « 114 N. 

Substituting this into (2) gives Fi « 166 N. 

14. |r| = |r| |F|sin 9 = (0.40) (50)sin(90° - 30°) « 17.3 joules 

15. x = 1 + 2t, y = 2 — t, z = 4 4 - 3t 

16. v = ( 8 , — 2 ,5), so x = — 6 + 8 ¿, y = — 1 — 2 1 and z = 5 1. 

17. v = (4, —3,5), so x = 1 + 4í, y = —3f, 2 = 1 + 5t. 

18. 2 (x — 4) 4- 6 (y + 1) — 3 (z + 1) = 0 or 2x + 6y — 3z = 5. 

19. Since the two planes are parallel, they will have the same normal vectors. So se can take n = (1,2,5) and an 

equation of the plane is 1 [x — (—4)] + 2 (y — 1) + 5 (z — 2) = 0 or x + 2y + 5z = 8 . 

20. Here the vectors a = (2 - (-1), 0 - 2,1 - 0) = (3, -2,1) and b = (-5 - (-1), 3 - 2,1 - 0) = (-4,1,1) He 

in the plane, so n = a x b = (—3, —7, —5) is a normal vector to the plane and an equation of the plane is 

-3 [x - (-1)] - 7 (y - 2) - 5 (z - 0) = 0 or 3x -f 7y 4- 5z = 11. 

21. Substitution of the parametric equations into the equation of the plane gives 

2x - y -b z = 2 (2 - t) - (1 + 3f) + 4t = 2 => -¿ + 3 = 2 => t = 1. When t = 1, the parametric 

equations give x = 2 — 1 = 1, i/ = l + 3 = 4 and z = 4. Therefore, the point of intersection is (1,4,4). 

22. Use the formula proven in Exercise 13.4.39 [ET 12.4.39]. In the notation used in that exercise, a is just 
the direction of the line; that is, a = (1, —1,2). A point on the line is (1,2, —1) 

(setting t = 0), and therefore b = (1 — 0,2 — 0, —1 — 0) = (1,2, —1). Hence 



23. Since the direction vectors (2,3,4) and (6, —1,2) aren’t parallel, neither are the lines. For the lines to intersect, the 
three equations 1 + 2t = -1 + 6 s, 2 + 3í = 3 — s, 3 + 4í = -5 + 2s must be satisfied simultaneously. Solving 
the first two equations gives t = s = § and checking we see these values don’t satisfy the third equation. Thus 
the lines aren’t parallel and they don’t intersect, so they must be skew. 

24. (a) The normal vectors are (1,1, -1) and (2, -3,4). Since these vectors aren’t parallel, neither are the planes 

parallel. Also (1,1, —1) • (2, -3,4) = 2 — 3 - 4 = -5 ^ 0 so the normal vectors, and thus the planes, are not 
perpendicular. 


(b) cos 6 = 



122 0 (or we can say « 58 °). 


25. By Exercise 13.6.65 [ET 12.6.65], D = 


12 - 241 22 

13.6.65 [ET 12.6.65], D = [ = - 7 =. 
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26. The equation x = 3 represents a plane parallel to 
the yz -plane and 3 units in front of it. 



28. An equivalent equation is 

(x/2) + (y/ 3) + (z/ 4) = 1 and thus a plane with 
x—, y—, ^-intercepts 2, 3, and 4. 



30. An equivalent equation'is + + = 1, an 

2o y 

ellipsoid with center the origin. 



27. The equation x — z represents a plane 

perpendicular to the xz-plane and intersecting the 
xz-plane in the line x = z, y = 0. 



29. A circular paraboloid with vertex the origin and 
axis the y-axis. 



31. A (right elliptical) cone with vertex at the origin 
and axis the x-axis. 



32. A hyperboloid of one sheet with axis the x-axis; traces paraüel to 
the yj^-plane are circles. 
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33. An equivalent equation is — x 2 + — z 2 = 1 , a 

hyperboloid of two sheets with axis the y-axis. For 
|y| > 2 , traces parallel to the xz-plane are circles. 



34. A parabolic cylinder whose trace in the rrz-plane 
is the x-axis and which opens to the right. 



X V Z 

35. 4x 2 +y 2 = 16 ec * uanon ttle e ^P so ^ is — -F = s * nce horizontal 

trace in the plane z = 0 must be the original ellipse. The traces of the ellipsoid in the yz-plane must be circles since 
the surface is obtained by rotation about the x-axis. Therefore, c 2 = 16 and the equation of the ellipsoid is 

+ = l 4x 2 + y 2 + z 2 = 16 . 

4 16 16 

36. The distance from a point P (x, y, z) to the plane y - 1 is \y - 1|, so the given condition becomes 

\y - 1 | = 2yJ{x - 0) 2 + (i/ + l ) 2 + {z- 0) 2 =► |y-l| = 2 ^++ (y + l ) 2 + =► 

(y - l ) 2 = 4x 2 + 4 (y + l ) 2 + 4z 2 -3 = 4x 2 + (3 y 2 + lOy) + 4z 2 & 

^ = 4z 2 + 3 (y + |) 2 + 4z 2 \x 2 + ^ (y + |) 2 + \z 2 = 1. This is the equation of an ellipsoid whose 

center is ( 0 , — |, 0 ). 

37. x = 2 cos f = y/3, y = 2 sin f = 1 , 2 = 2 , so in rectangular coordinates the point is (\/3, 1 , 2 ). 

p = y/3 + 1+4 = 2 \/ 2 , o = f, and cos <\> — zjp = - 4 =, so <j> = f and the spherical coordinates are 

( 2 V 2 , f, f). 

38. r = y/A + 4 = 2 \/ 2 , 2 : = - 1 , cosfl = ^ so 0 = f and in cylindrical coordinates the point is 

(2\/2, f, -l). p = \/4 + 4 + 1 = 3, cos<f) = -§, sothe spherical coordinates are (3, f ,cos _1 (~-|)). 

39 . x = 4 sin f cos f = 1 , y = 4 sin f sin f = \/3, 2 ; = 4 cos f = 2\/3 so in rectangular coordinates the point is 
(l, \/3,2\/3). r 2 = x 2 + y 2 = 4, r = 2, so the cylindrical coordinates are (2, f, 2\/3). 

40. <¡) = f. This is one frustum of a circular cone with vertex the origin and axis the positive 2 ;-axis. 

41. 0 = f. In spherical coordinates, this is a half-plane including the 2 -axis and intersecting the xy-plane in the 
half-line x = t/, x > 0 . 

42. Since r = cos 6 and x = r cos 6, x = cos 2 0. Also r 2 = x 2 + y 2 so x 2 + y 2 = 2 cos 2 9. Thus x 2 + y 2 — 2x = 0 
or (x — l ) 2 + y 2 = 1. Thus the surface is a circular cylinder with axis the line x = 1, y = 0, z = z. 

43. Since p = 3 sec <j >, pcos <¡> = 3 or 2 = 3. Thus the surface is a plane parallel to the xy-plane and through the point 
(0,0,3). 

44. x 2 + y 2 = 4. In cylindrical coordinates: r 2 = 4. In spherical coordinates: p 2 — z 2 = 4 or p 2 — p 2 cos 2 <f> = 4 or 
p 2 sin 2 <j) = 4 or p sin <j) = 2. 

45. x 2 + y 2 + z 2 = 4. In cylindrical coordinates, this becomes r 2 + z 2 = 4. In spherical coordinates, it becomes 
p 2 = 4 or p = 2. 
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46. In cylindrical coordinates: r 2 + z 2 = 2r cos 0 or z 2 = r (2 cos 0 — r). 

In spherical coordinates: p 2 = 2p sin (j> cos 0 or p = 2 sin 0 cos 0. 

47. The resulting surface is a circular paraboloid with equation 2 = 4x 2 -f 4y 2 . Changing to cylindrical coordinates we 
have 2 = 4 (x 2 + y 2 ) = 4r 2 . 

48. p = 2 cos <f> => p 2 = 2p cos (¡> => x 2 + j/ 2 + z 2 = 2z => 
a; 2 T- y 2 + (2 — l) 2 = 1. This is the equation of a sphere with radius 1, 
centered at (0,0,1). Therefore, 0 < p < 2 cos </> is the solid ball whose 
boundary is this sphere. 0 < 0 < f and 0 < 0 < f restrict the solid to the 
section of this ball that lies above the cone </> = and is in the first octant. 

X 




Problems Plus 


1. Since three-dimensional situations are often difficult to visualize and work with, 
let us first try to find an analogous problem in two dimensions. The analogue of 
a cube is a square and the analogue of a sphere is a circle. Thus a similar 
problem in two dimensions is the following: if five circles with the same radius 
r are contained in a square of side 1 m so that the circles touch each other and 
four of the circles touch two sides of the square, find r. 

The diagonal of the square is \/2. The diagonal is also 4 r + 2x. But x is the diagonal of a smaller square of side r. 
Therefore x = \¡2 r => y/2 = 4r -f 2x = 4r + 2 \/2 r = (4 -f 2\/2) r => r = 4 * 

Let us use these ideas to solve the original three-dimensional problem. The diagonal of the cube is 

\/l 2 + l 2 -b l 2 = \/3. The diagonal of the cube is also 4r + 2x where x is the diagonal of a smaller cube with 

edge r. Therefore x = y/r 2 + r 2 + r 2 = \/3 r => y/3 = 4r + 2x = 4r -f 2\/3 r = (4 -f 2\/3) r. Thus 



x/3 

4 -f 2\/3 


2\/3 - 3 


. The radius of each ball is (\/3 — |) m. 


2. Try an analogous problem in two dimensions. Consider a rectangle with 
length L and width W and find the area of S in terms of L and W. Since 
S contains B , it has area 

A(S) = LW + the area of two Lxl rectangles 
+ the area of two 1 xW rectangles 



1 

L 

1 



w 


W 


\1 

1 

L 

1 

y 


+ the area of four quarter-circles of radius 1 

as seen in the diagram. So A (S) = LW + 2L + 2 W + n • l 2 . 

Now in three dimensions, the volume of S is 

LWH + 2(LxWxl) + 2(lxWxH) + 2(LxlxH) 


+ the volume of 4 quarter-cylinders with radius 1 and height W 
+ the volume of 4 quarter-cylinders with radius 1 and height L 

+ the volume of 4 quarter-cylinders with radius 1 and height H 


So 


+ the volume of 8 eighths of a sphere of radius 1 


V (5) = LWH + 2LW + 2 WH + 2 LH + n • l 2 • W + n ■ l 2 • L + tt • l 2 • H + |tt • l 3 
= LWH + 2 (LW + WH + LH) + n {L + W + H) + |tt. 
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3. (a) We find the line of intersection L as in Example 13.5.7(b) [ ET 12.5.7(b)]. Observe that the point (—1, c, c) lies 
on both planes. Now since L lies in both planes, it is perpendicular to both of the normal vectors ni and n2, and 

i j k 
c 1 1 
1 —c 


thus parallel to their cross product m x n2 = 


= (2c, —c 2 H- 1, —c 2 — l). So symmetric equations 


QJ _J_ | 2/ _ Q £ _ Q 

of L can be written as —— = —-- = ——provided that c^ 0, ±1. 

If c = 0, then the two planes are given by y -f z = 0 and x = — 1, so symmetric equations of L are x = — 1, 
y = ->2. If c = — 1, then the twoplanes aregiven by-x-by + z = — 1 andx + y + z = -1, and they intersect 
in the line x = 0, y = — z — 1. If c = 1, then the two planes are given byx + y + z = l and x — y + z = 1, 
and they intersect in the line y = 0, x = 1 — z. 


(t — c ) f-2c) 

(b) If we set z = t in the symmetric equations and solve for x and y separately, we get x + 1 = ----, 

c 2 + 1 


(t-^c) (c 2 - 1) 
V c 2 +1 


_ —2 ct + (c 2 - 1) _ (c 2 - 1) t + 2c 


c 2 + 1 


y = 


c 2 + 1 


-. Eliminating c from these 


equations, we have x 2 +y 2 = t 2 + 1. So the curve traced out by L in the plane z = t is a circle with center at 
(0,0, t ) and radius y/t 2 + 1. 


(c) The area of a horizontal cross-section of the solid is A (z) = n (z 2 + l), so 


4. (a) We consider velocity vectors for the plane and the wind. Let v, be the 

initial, intended velocity for the plane and v g the actual velocity relative to 
the ground. If w is the velocity of the wind, is the resultant, that is, the 
vector sum v¿ + w as shown in the figure. We know Vi = 180j, and since 
the plane actually flew 80 km in \ hour, \v g \ = 160. Thus 
v p = (160cos85°)i + (160sin85°)j » 13.9i + 159.4j. Finally, 
ví + w = v g , so w = v g — ví « 13.9i — 20.6j. Thus, the wind velocity 
is about 13.9i — 20.6j, and the wind speed is 

|w| « yj (13.9) 2 + (—20.6) 2 « 24.9 kmyTi. 

(b) Let v be the velocity the pilot should take. With the effect of wind, the actual velocity 
(with respect to the ground) will be v + w, which we want to be Vi. Thus 

v = Vi — w « 180j — (13.9i — 20.6j) « —13.9i + 200.6j. The angle for this vector can be found by 
tan 6 « 2 °°g => 6 « 94.0 °, or 4.0 ° west of north. 
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5. (a) When 0 = Q S , the block is not moving, so the sum of the forces on the 

block must be 0, thus N + F + W = 0. This relationship is illustrated 

geometrically in the figure. Since the vectors form a right triangle, we have 

tan (f) \ |F| fKn 

tan ( 0s)- | N |- n “ 



N 

w 

fP 




(b) We place the block at the origin and sketch the force vectors acting on the block, including the additional 
horizontal force H, with initial points at the origin. We then rotate this system so that F lies along the positive 
rr-axis and the inclined plane is parallel to the x-axis. 




|F| is maximal, so |F| = \i a n for 0 > 0 S . Then the vectors, in terms of components parallel and perpendicular 
to the inclined plane, are 

N = n j F = (/x s n) i 


W = (—mg sin 0) i +• (~mg cos 0) j 
H = (hmin cos 6) Í + (-hmxn SÍn0) j 

Equating components, we have 

H 3 n — mgsinQ -h hmin cosQ = 0 => h m in cosQ + ji s n = mgsinQ (1) 

n — mg cos Q — h m in sin Q = 0 => h m in sin Q + mg cos 0 = n (2) 

(c) Since (2) is solved for n, we substitute into (1): 

hmin COS 0 + /1 3 (hmin sin 0 + mg cos Q) = mg sin Q => 

hmin COS Q + hminfis sin Q = mg sin Q - mg\i 3 cos Q => 


hmin — m>g 


( sin^-- J u s cos^\ _ / tan Q - fi 3 \ 

\cos Q + \i s sin Q) \l + /¿ a tan Q) 


, . , , ( tan0-tan0 s \ , . 

From part (a) we know \i s = tan Q s , so this becomes h m in = mg ( ^ tan q tan q ) and usin S a 

trigonometric identity, this is mg tan (Q - Q s ) as desired. 
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Note for 0 = 0 S , h m \ n = rng tan 0 = 0, which makes sense since the block is at rest for Q s , thus no additional 
force H is necessary to prevent it from moving. As 0 increases, the factor tan (0 — Q s )> and hence the value of 
/i m in» increases slowly for small values of 0 — 0 S but much more rapidly as 0 — 0 S becomes significant. This 
seems reasonable, as the steeper the inclined plane, the less the horizontal components of the various forces 
affect the movement of the block, so we would need a much larger magnitude of horizontal force to keep the 
block motionless. If we allow 0 —► 90 °, corresponding to the inclined plane being placed vertically, the value of 
/imin is quite large; this is to be expected, as it takes a great amount of horizontal force to keep an object from 
moving vertically. In fact, without friction (so 0 S = 0), we would have 0 — * 90 ° => h m \ n — ► oo, and it 

would be impossible to keep the block from slipping. 

(d) Since h maiX is the largest value of h that keeps the block from slipping, the force of friction is keeping the block 
from moving up the inclined plane; thus, F is directed down the plane. Our system of forces is similar to that in 
part (b), then, except that we have F = — (fi s n) i. (Note that |F| is again maximal.) Following our procedure in 
parts (b) and (c), we equate components: 

— p s n — mgsinO + h meLX cosQ = 0 => h m3iX cos0 — p, s n = mgsmO 

n — mg cos 0 — h mSiX sin 0 = 0 => h m3iX sin 0 + mg cos 0 = n 

Then substituting, 

fi-max cos 0 — p s (/i m ax sin 0 + mg cos 0) = mg sin 0 => 


p 3 sm0 = mgsmQ + mgp 3 cosO => 


/imax COS 0 h\ 




We would expect h max to increase as 0 increases, with similar behavior as we established for h m \ n , but with 
/imax values always larger than h mm . We can see that this is the case if we graph h max as a function of 0 , as the 
curve is the graph of h mm translated 2 0 S to the left, so the equation does seem reasonable. Notice that the 
equation predicts h mAX —> oo as 0 (90 ° - 0 3 ). In fact, as h m8iX increases, the normal force increases as 

well. When (90 ° — 0 S ) < 0 < 90 °, the horizontal force is completely counteracted by the sum of the normal 
and frictional forces, so no part of the horizontal force contributes to moving the block up the plane no matter 
how large its magnitude. 





Vector Functions 



—14.1 Vector Functions and Space Curves 


ET13.1 

—— a—aüiwnn «n i ifnm sgaa::.-' 


1. The component functions t 2 , y/t — 1, and \/5 — í are all defined when f — 1>0 => t > 1 and 5 t > 0 => 

t < 5, so the domain of r (t) is [1,5]. 

2. The component functions lnf, and e_ * are all defined when í > 0 and f # 1, so the domain of r (f) is 

(0,1) U (1, oo). 

3. lim cosf = cosO = 1, lim sinf = sinO = 0, lini f lnf = lim - = lim /. 2 = l ina ~t = 0 (by 

t _ 0 + t—o+ t—o+ t-*o+ l/t t—»o+ — i/t t-»o+ 

l’Hospital’sRule). Thus lim (cost,sint,tlnt) = ( lim cost, lim sint, lim tlnt) = (1,0,0). 

r ¿—+0+ \t—+0+ t—*o+ t—*o+ / 


4. lim 

t-+o 

lim 
t—»o 


e É - 1 e 


= lim — = 1 (using l’Hospital’s Rule), 
t—*o 1 


VT-R-1 


= lim 
t-*o 


yT+t-1 Vl+t+1_ 


= lim 


= lim ■ 


VT+7+l ‘-.0 71+7+1 2’t-ol+t 


= 3. Thus, the given limit 


equals (l, ^,3). 


5. lim 7í+ 3 = 2, lim ^ — T = , lin ? 7TT 

t-+l t-+l t 2 — 1 t-+l t + 1 

Thus the given limit equals (2, tan l). 


= -, lim 


( tan t\ 


2 t—i y t 


= tan 1 


6. lim e“‘ = 0. lim -— \ - 1, lim tan -1 1 = f, so the given limit equals (0,1, f). 

t—+oo Í-+0O t + 1 t-*o o 

7. x = cos 41, y = t, z = sin 4f. At any point (x, y, 2 ) on the curve, x 2 4* z 2 = cos 2 4t -h sin 2 4¿ = 1. So the curve 
lies on a circular cylinder with axis the y-axis. Since y = t, this is a helix. So the graph is V. 

8. x = t 2 - 2,1/ = t 3 , 2 = t 4 + 1. Note that z > 0 for all f, and rr > 0 for |t| > \/2, so most of the graph must lie 
where x and 2 are positive. As t —► 00, (rr, 2/, z) —> (00,00,00), and as t —► —00, (x, y, 2) —> (00, —00,00). So 
the graph is VI. 

g, x = t,y = 1/ (l + t 2 ),z = t 2 . Note that y and z are positive for all t. The curve passes through (0,1,0) when 
t = 0. As t -> 00 , (x, y , z) -+ ( 00 ,0, 00 ), and as t -> - 00 , (x, 1 /, z) (- 00 ,0, 00 ). So the graph is I. 

10. x = sin 3t cos t, y = sin 3f sin t,z = t. The curve passes through the origin when f = 0. The values of x and y are 
periodic, and since 2 = t, the curve is periodic in the 2 -direction. So the graph is III. 

11. X = cos f, 1 / = sin f, 2 = sin 5 1. x 2 +y 2 = cos 2 1 + sin 2 1 = 1, so the curve lies on a circular cylinder with axis 
the 2 -axis. Each of x, y and 2 is periodic, and at t = 0 and t = 2tt the curve passes through the same point, so the 
curve repeats itself and the graph is IV. 

12. x = cost, y = sin t, 2 = ln t. x 2 + y 2 = cos 2 t + sin 2 1 = 1, so the curve lies on a circular cylinder with axis the 
2 -axis. As t —► 0, 2 —► - 00 , so the graph is II. 
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13. The parametric equations for this curve are x = t 4 + 1, 

y = t. We can make a table of values, or we can eliminate the 
parameter: t = y => x = y 4 + 1, with y e R. By 
comparing different values of t , we find the direction in 
which t increases as indicated in the graph. 



14. The parametric equations for this curve are x = t 3 , y = t 2 . 
We can make a table of values, or we can eliminate the 
parameter: x = t 3 => t = %/x => 

y = t 2 = (x/x)^ = x 2 / 3 , with t e R => x e R. By 
comparing different values of t, we find the direction in 

j -1 

which t increases as indicated in the graph. 



15. The corresponding parametric equations are x = t, y = —t, 
z = 2 1, which are parametric equations of a line through the 
origin and with direction vector (1, —1,2). 



16. The parametric equations give 

x 2 + z 2 = sin 2 t + cos 2 1 = 1, y = f, so the curve lies on 
the cylinder x 2 + z 2 = 1. Since y = t , the curve is a helix. 



17. The parametric equations give 

x 2 + z 2 = sin 2 1 + cos 2 1 = 1, y = 3, which is a circle of 
radius 1, center (0,3,0) in the plane y = 3. 
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18. The parametric equations are x = t, y = t, z = cos t. Thus 
x = y, so the curve must lie in the plane x = y. Combine 
this with z = cos t to determine that the curve traces out the 
cosine curve in the vertical plane x = y. 



19. The parametric equations are x = t 2 > y = t 4 , z = t 6 . These 
are positive for t ^ 0 and 0 when t = 0. So the curve lies 
entirely in the first quadrant. The projection of the graph onto 
the xy-plane is y = x 2 , y > 0, a half parabola. On the 
rcz-plane z = x 3 , z > 0, a half cubic, and the yz- plane, 



20. The parametric equations give 

x 2 + y 2 + z 2 = 2 sin 2 1 + 2 cos 2 t = 2, so the curve lies on 
the sphere with radius >/2 and center (0,0,0). Furthermore 
x = y = sin t , so the curve is the intersection of this sphere 
with the plane x = y, that is, the curve is the circle of radius 
y/2, center (0,0,0) in the plane x = y. 



21. If x = t cos t,y = t sint, and z = t, then 

x 2 +y 2 = t 2 cos 2 t + t 2 sin 2 1 = t 2 = z 2 , so the curve lies 
on the cone z 2 = x 2 + y 2 . Since z = t, the curve is a spiral 
on this cone. 



22. Here x 2 = sin 2 t = z and x 2 +y 2 = sin 2 1 + cos 2 1 = 1, so 
the curve is the intersection of the parabolic cylinder z = x 2 
with the circular cylinder x 2 + y 2 = 1. 
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26. We have the computer plot the parametric equations x = sin t,y = sin 2 1> z = sin 3¿, 0 < t < 27t. The shape of 
the curve is not clear from just one viewpoint, so we include a second plot drawn ffom a different angle. 






x = (1 + cos 16f) cos t, y = (1 -f cos 16¿) sin t , 

z = 1 + cos 16í. At any point on the graph, 

x 2 + y 2 = (1 + cos 16¿) 2 cos 2 1 + (1 + cos 16f) 2 sin 2 1 

= (1 + cos 16f) 2 = z 2 , so the graph lies on the cone 

x 2 + y 2 = z 2 . From the graph at left, we see that this curve looks 
like the projection of a leaved two-dimensional curve onto a cone. 


x = y/\ — 0.25 cos 2 lOf cos t,y = \/l — 0.25 cos 2 10 1 sin t , 

2; = 0.5 cos 10¿. At any point on the graph, 

x 2 + y 2 + z 2 = (l — 0.25 cos 2 lOt) cos 2 1 

+ (l — 0.25 cos 2 lOf) sin 2 1 + 0.25 cos 2 1 
= 1 — 0.25 cos 2 lOt + 0.25 cos 2 lOf = 1, 
so the graph lies on the sphere x 2 + y 2 + z 2 = 1, and since 
z = 0.5 cos 10 1 the graph resembles a trigonometric curve with 
ten peaks projected onto the sphere. The graph is generated by 
t € [0, 27t]. 
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29. If t = — 1, then x = 1, y = 4 ,2 = 0, so the curve passes through the point (1, 4, 0). If t = 3, then 

x = 9, y = —8 ,2 = 28, so the curve passes through the point (9, -8,28). For the point (4,7, —6) to be on the 
curve, we require y = 1 — 3t = 7 =>■ t = —2. But then z = 1 H- (—2) 3 = —7 ^ —6, so (4, 7, —6) is not on the 
curve. 

30. The projection of the curve C of intersection onto the xy -plane is the circle x 2 + y 2 = 4, z = 0. Then we can write 
x = 2 cos t, y = 2 sin t, 0 < t < 2 tt. Since C also lies on the surface z = xy, we have 

z — xy = (2 cos í) (2 sin t) = 4 cos t sin t , or 2 sin (2£). Then parametric equations for C are 
x = 2cos t,y = 2sint,z = 2 sin(2¿),0 < t < 27 t, and the corresponding vector function is 
r (£) = 2 cos í i + 2 sin ¿ j + 2 sin (2£) k, 0 < t < 2n r. 


31. Both equations are solved for z, so we can substitute to eliminate z\ yjx 1 + y 2 = 1 + y =>■ 

x 2 -F y 2 = 1 + 2y + y 2 => x 2 = 1 + 2y =*► y = | (x 2 - l). We can form parametric equations for the 
curve C of intersection by choosing a parameter x = t, then y = \ (t 2 — \) and 
2 ; = 1 + y = 1 + \ (t 2 - l) = \ (t 2 4-1). Thus a vector function representing C is 
r (f) = t i + \ (t 2 - l) j + \ (t 2 + l) k. 

32. The projection of the curve C of intersection onto the xy-plane is the parabola y = x 2 , z = 0. Then we can choose 
the parameter x = t =>• y = t 2 . Since C also lies on the surface 2 : = 4x 2 + y 2 , we have 

z = 4x 2 + y 2 = 41 2 + (t 2 ) 2 . Then parametric equations for C are x = t, y = t 2 , z = 4t 2 + 1 4 , and the 
corresponding vector function is r (t) = t i + t 2 j + (4t 2 + £ 4 ) k. 


33. 




The projection of the curve C of intersection onto 
the xy-plane is the circle x 2 + y 2 = 4, z = 0. 
Then we can write x = 2 cos t, y = 2 sin t , 

0 < f < 27 t. Since C also lies on the surface 
z = x 2 , we have z = x 2 = (2 cos t) 2 = 4 cos 2 1. 
Then parametric equations for C are x = 2 cos t , 
y = 2 sin t , z = 4 cos 2 1, 0 < t < 2i r. 


34. 




x = t => y = t 2 => 4z 2 = 16 - x 2 - 4j/ 2 = 16 - t 2 - 4í 4 =}> z = y^4- (|í) 2 -< 4 . Note that z is 

positive because the intersection is with the top half of the ellipsoid. Hence the curve is given by x = t, y = t 2 , 


Z = yjá - \t 2 -t 4 . 
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35 . Let u (í) = (u\ ( t ), i¿2 ( t ), m (t)) and v ( t ) = ( v\ ( t ), v 2 (t ), v$ (t)). In each part of this problem the basic 
procedure is to use Equation 1 and then analyze the individual component functions using the limit properties we 
have already developed for real-valued functions. 

(a) lim u (t) 4 - lim v (t) = /lim u\ (t ), lim u 2 (t ), lim U3 (t)\ + /lim v\ (t ), lim v 2 (t ), lim V3 (t)) and the 

t—*a t—*a \t—*a t—*a t—*a / \t—*a t—*a t—*a / 

limits of these component functions must each exist since the vector functions both possess limits as t —► a. 
Then adding the two vectors and using the addition property of limits for real-valued functions, we have that 

lim u (t) -f- lim v (t) = /lim u\ (t) + lim v\ (t ), lim u 2 (t) + lim v 2 (t ), lim U3 (t) + lim V3 (t)\ 

t—*a t—*a \ t—*a t—*a t—*a t—*a t—*a t—*a / 

= (lim [ui ( t) + vi (í)], lim [u 2 ( í) + v 2 (í)], lim [u 3 (t) + v 3 (í)]\ 

= lim {ui ( t) + V\ (f), u 2 ( t ) + v 2 (t ), u 3 (t ) + v 3 (i t)) [using ( 1 ) backward] 

= lim [u (t) + v (í)] 

c—►a 

(b) lim cu (í) = lim (cu\ (t ), cu 2 (t ), CU3 (t)) = /lim cu\ (t ), lim cu 2 (t ), lim CU3 (t)\ 

t—*a t—*a \i—ta t—♦a t—+a ¡ 

= /c lim u\ (t ), c lim u 2 (t ), c lim U3 (f)) = c /lim u\ (t ), lim u 2 (f), lim U3 (t)\ 

\ t—*a t—*a t—*a / \t—*a t—*a t—*a / 

= c lim (t¿i (t ), u 2 (t ), U3 (t)) = c lim u (t) 

t—*a t—*a 

(c) lim u (í) • lim V (t) = (lim ui (í) , lim u 2 (í) , lim u 3 (t)) ■ (lim Vi (t) , lim v 2 (t) , lim v 3 (í)\ 

t—*a, t—*a \t—*a t—*a t—*a / \t—*a t—*a t—*a / 

= []™ W] ( ¿ )] + [lim u 2 (f)] j^lim v 2 (f)] + jjim U3 (f)] [^lim V3 (í)] 

= lim u\ (t) v\ (t) + lim i¿2 (t) v 2 (t) + lim U3 (t) V3 (t) 

t—*a t—*a t—*a 

, = lim [u\ (t) V\ (t) + u 2 (t) v 2 (t) + i¿3 (t) V3 (¿)] = lim [u (t) • v (t)] 

t * a t—*a 

(d) lim u (t) x lim v (f) = /lim i¿i (t ), lim u 2 (t ), iim U3 (t) \ x (lim ui (t), lim v 2 (t ), lim V3 (t)\ 

t~*a t—*a \t—*a t—*a t—*a / \t—*a t—*a ' t—*a / 

= ( fe U2 W] fe U3 - fe U3 (*)] (*)] - 

[limu 3 (t)] [limui (t)] - [limui (t)] [limu 3 (t)] , 

fa ui (*)] te "»(*)] - fc “>(*)] ^]) 

= (lim [u 2 (t) v 3 (t) - u 3 (t) v 2 (t)], lim [u 3 (í) v\ (t) — u\ (t) v 3 (t)], 
lim [ui (í) v 2 (t) - u 2 (t) vi (t)]^ 

= lim (u 2 (t) v 3 (t) - u 3 (t) v 2 (t) , w 3 (t) vi (t) - ui (t) v 3 (t) , 

Ui (t) v 2 (t) - u 2 (t) vi (t)) 

= lim [u (t) X v (£)] 

t—►a 
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36. The projection of the curve onto the xy-plane is given by the parametric equations x = (2 + cos 1.5£) cos t , 
y = (2 + cos 1.5t) sin t. If we convert to polar coordinates, we have 


r 2 = x 2 + y 2 = [(2 + cos 1.5t) cost] 2 + [(2 + cos 1.5t) sint] 2 = (2 + cos 1.5t) 2 (cos 2 1 + sin 2 t) 
= (2 + cos 1.5t) 2 


r = 2 + cos 1.5t. Also, tan 6 = — = 

x 


(2 + cos 1.5t) sint 
(2 + cos 1.5t) cost 


= tan t 


e = t. 


Thus the polar equation of the curve is r = 2 + cos 1.50. At 
0 = 0, we have r = 3, and r decreases to 1 as 0 increases to 
For ~ < 6 < r increases to 3; r decreases to 1 again 
at 6 = 27t, increases to 3 at 0 = decreases to 1 at 6 = 
and completes the closed curve by increasing to 3 at 0 = 47t. 
We sketch an approximate graph as shown in the figure. 



We can determine how the curve passes over itself by 
investigating the maximum and minimum values of z for 
t = 0 e [0,47r]. Since z = sin 1.5 1, z is maximized where 
sin 1.5í = 1 => 1.5í = f, ^,or ^ =» 
t = f, T", or z * s where sin 1.5í = — 1 => 

1.5í = ^, ^, or ^ => í = 7r, ^,or Notethat 

these are precisely the values for which cos 1.5í = 0 => 

r = 2, and on the graph of the projection, these six points 
appear to be at the three self-intersections we see. Comparing 
the maximum and minimum values of z at these intersections, 
we can determine where the curve passes over itself, as 
indicated in the figure. 



We show a computer-drawn graph of the curve from above, as well as views from the front and from the right side. 




Top view 


Front view 


Side view 
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The top view graph shows a more accurate representation of the projection of the trefoil knot on the xy -plane (the 
axes are rotated 90 °). Notice the indentations the graph exhibits at the points corresponding to r = 1. Finally, we 
graph several additional viewpoints of the trefoil knot, along with two plots showing a tube of radius 0.2 around the 
curve. 



37. Let r ( t ) = (/ ( t ) ,g(t),h ( t )) and b = (&i, 62,63). If lim r (t) = b, then lim r (t) exists, so by (1), 

t—*a t—*a 

b = lim r (¿) = ( lim / (t) , lim g (t), lim h (t )). By the definition of equal vectors we have lim / (í) = &i, 

t—*a \t—*a t—*a t—*a / t—*a 

lim g (t) = &2 and lim h (t) = 63. But these are limits of real-valued functions, so by the definition of limits, for 

t—>a t—*a 

every e > 0 there exists <5i > 0, <5 2 > 0, <5 3 > 0 so |/ (f) — 6i | < e/3 whenever 0 < |í - o| < <5i, 

\g (f) - 621 < e/3 whenever 0 < \t - a| < 62 , and \h (t) - i> 3 | < e/3 whenever 0 < |í - a| < <5 3 . Letting 
6 = minimum of {<5 i,< 5 2 , <5 3 }, we have |/ (f) - 611 + \g (f) - b 2 \ + |/i (f) - 631 < e/3 + e/3 + e/3 = e whenever 
0 < |f -a| < <5. But |r(f) - b| = |(/(f) - bi,g(t) - b 2 ,h(t) - 6 3 )| 

= y/(f (*) - M 2 + (9 (f) - i > 2 ) 2 + (h (f) - 6 3 ) 2 < y/[f (f) - 61] 2 + y¡\g (f) - b 2 ] 2 + y¡(h (f) - 63] 2 

= |/ (t) — bi | -F \g (t) — 621 4- | h (t) — 63). Thus for every e > 0 there exists 6 > 0 such that 

|r (í) — &| < |/ (t) - &i| + (¿) - &2I + |h (t) - &3I < e whenever 0 < |¿ — a\ < 6 . Conversely, if for every 

e > 0, there exists 6 > 0 such that |r (t) — b| < e whenever 0 < |í a\ < <5, then 

\(f(t)-bi,g(t)-b 2 l h(t)-b 3 )\ <e ,J\f (f) - 61] 2 + \g (f) - & 2 ] 2 + [fe (f) - f> 3 ] 2 < e 

[/ (f) — 61] 2 + [g (t) — 6 2 ] 2 + [/i (f) — b 3 } 2 < e 2 whenever 0 < |f — a| < 6 . But each term on the left side of this 

inequality is positive so [/ (f) - 6i] 2 < e 2 , [3 (f) - 6 2 ] 2 < e 2 and [/1 (f) - 6 3 ] 2 < e 2 whenever 0 < |f - a| < <5, or 
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! 


taking the square root of both sides in each of the above we have |/ (f) - 6i | < e, |g (t) - 621 < e and 
| h (t) - 63 1 < e whenever 0 < |f - a| < < 5 . And by definition of limits of real-valued functions we have 

lim / (f) = 61, lim g (t) = 62 and lim h (t) = 63. But by ( 1 ), lim r (f) = (lim / (f), lim g (t ), lim h 

t—+a t—*a t—*a t—>a \t—*a t—*a t —*a 

lim r ( t ) = (61,62, 63) = b. 

t—* a 



so 


■2 Derivatives and Integrals of Vector Functions 

---——————. 


ET 13.2 


■atORanHni 



same direction but with twice the length of the vector 


r (4.5) - r (4). r ^ 4 ' 2 ^ - ^ 4 - = 5 [r (4.2) - r (4)], so we draw 

\J.Jb 

a vector in the same direction but with 5 times the length of the 
vector r (4.2) — r (4). 


(c) By Definition 1, r' (4) = lim r ^ ^ 


T(4) = 


r'(4) 
l r ' (4)1 ’ 



(d) T (4) is a unit vector in the same direction as r' (4), that is, parallel to the tangent line to the curve at r (4) with 
length 1. 
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2. (a) The curve can be represented by the parametric equations x = t 2 , y = t, 0 < t < 2. Eliminating the parameter, 
we have x = y 2 , 0 < y < 2, a portion of which we graph here, along with the vectors r (1), r (1.1), and 
r(l.l) -r(l). 



(b) Since r (f) = (f 2 , f), we differentiate components, giving r' (t) = (21), so r' (1) = (2,1). 

r ^''^" r ^ = < L21,L1 ) ~ ^ 1 ’ 1 ) = 10 ( 0 . 21 , 0 . 1 ) = ( 2 . 1 , 1 ). 

0.1 0.1 \ . / \ » / 



As we can see from the graph, these vectors are very close in length and direction. r' (1) is defined to be 
lim ^ ^ — r - — ■, and we recognize r ^ — LÍll as the expression after the limit sign with h = 0.1. 


h-+0 


0.1 


Since h is close to 0, we would expect r ^^ r to be a vector close to r' (1). 












SECTION 14.2 DERIVATIVES ANDINTE6RALS OF VECTOR FUNCTIONS ET SECTION 13.2 □ 273 


3. (a), (c) 



(b) r' ( t) = (— sin¿,cos¿) 


5. Since (x - l) 2 = t 2 = y, the curve is a 
parabola. 


(a), (c) 



4. (a), (c) 


(b) r' (t) 



6. x = 2 sin t,y = 3 cos t , so 

(rr/2) 2 + (y/ 3) 2 = sin 2 t + cos 2 1 = 1 and the curve 
is an ellipse. 


(a), (c) 



(b) r' (t) = i + 2¿j 


7. 


(a), (c) 


e 2t = y, so y = 1/x 2 , x > 0. 



(b) r' (t) = e*i - 2e _2t j 


(b) r' ( t ) = 2 cos í i — 3 sin t j 

8 . x 2 —y 2 = sec 2 1 — tan 2 1 = 1, so the curve is a 
hyperbola. 

(a), (c) 


(b) r' ( t ) = sec ¿ tan t i -f sec 2 í j 



10. r (í) = (cos 3í, t, sin 3i) 

11. r(í) =i-j + e 4t k => 


N Vi) 

=>■ r' (t) = (— 3 sin 3t, 1 ,3 cos 3t) 
r' (t) = 0 i + 0 j -f 4e 4t k = 4e 4t k 


12. r (t) = sin 1 1 i + \/l - t 2 j -f k => r' (t) = -j==\ - -^===j 


13. r' (t) = - 


2t 


i-f 


4 -1 2 2VTTÍ 


j - 12e 3í k 


14. r' (t) = — e 4 (cos t -f sin t) i + e É (cos t — sin t) j + - k 


15. r' (t) = 0 + b + 2ct = b + 2tc by Formulas 1 and 3 of Theorem3. 
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16 . To find r' (t), we first expand r (t) = t a x (b +1 c) = t (a x b) + t 2 (a x c), so r' (t) = a x b + 2 1 (a x c). 

17 . r' (t) = (30¿ 4 ,12¿ 2 ,2) =¡> r' (1) = (30,12,2). So |r' (1)| = \/30 2 4- 12 2 + 2 2 = y/lÓ48 = 2>/262 and 

í ’ 7262)* 


T(1) = j^ = ^ (30 ’ 12 ’ 2) = (- 


15 6 

/ 262 ’ >/ 262 ’ 


r' (1) = (I, -1, i). Thus |r' (1)| = y'(i) 2 + (-l) 2 + (i) 2 = 


andT{l) = | r , (a. -1 . 2) = (éV’f5\/f) = 7ñ)- 

19 . r' (t) = i + 2cosíj — 3siní k, r' (-|) = i + \/3j — | k. Thus 


T(f) = 


(i + Aí - f k) = 575 (i + \/3j - f k) = § i + j - f k. 


y l2 + (^ +( _ 3/2 )2 V'T v«J 2^ -5/2 

20. r' (í) = 2e 2t (cost i + siní j + k) + e 2t (— siní i + cosí j) = e 2t [(2cost — sint) i + (2sint + cosí) j + 2k] 
r' (f) = e"- (-i + 2 j + 2 lc) 

Thus T (f) = (—* + 2 j + 2k) = -f i + f j + f k. 


21 . r (í) = (t,f 2 ,f 3 ) =* r'(t) = (l, 2t, 3í 2 ). Then r' (1) = (1,2,3) and|r'(l)| = VW+W+W = %/Í4, so 

T(1) = |r' (1)| Vñ ( ll2 > 3 ) = (vft’ 4?’ ' T " ( ¿ ) = (°> 2 > 6í )> so 


i 

J 

k 


2 1 

co 

to 


1 

3f 2 


1 

2 1 

1 

2 1 

3 1 2 

= 



i — 



j + 







2 

6f 


0 

6í 

0 

2 

0 

2 

6t 











= (l2í 2 - 61 2 ) i - (6í - 0) j + (2 - 0) k = (6t 2 , -6í, 2) . 

22. r (t) = (e 2í , e" 24 , íe 2t ) =í> r' (t) = (2e 2t , -2e- 2t , (2t + 1) e 2t ) =¡> 

r' (0) = (2e°, — 2e°, (0 + 1) e°) = (2, -2,1) and |r' (0)| = ^/2 2 + (-2) 2 + l 2 = 3. Then 

T (0) = Vm = 5 <2> -2> 1) = (!> !)• r" (í) = (4e 2t ,4e- 2t , (4t + 4) e 2t ) =+ 

r" (0) = (4e°, 4e°, (0 + 4) e°) = (4,4,4). 

r' (t) ■ r" (f) = (2e 2t , -2e _2t , (2í + 1) e 2t ) • (4e 2t , 4e~ 2t , (4t + 4) e 2t ) 

= (2e 2t ) (4e 2t ) + (-2e" 2t ) (4e~ 2t ) + ((2t+ l)e 2t ) ((4t + 4)e 2t ) 


= 8e 4t - 8e _4t + (8t 2 + 12í + 4) e 4t = (8t 2 + 12í + 12) e 4t - 8e _4t 

23 . The vector equation for the curve is r (í) = (t s , í 4 , t 3 ), so r' (t) = (5t 4 ,4t 3 ,3t 2 ). The point (1,1,1) corresponds 
to t = 1, so the tangent vector there is r' (1) = (5,4,3). Thus, the tangent line goes through the point (1,1,1) and 
is parallel to the vector (5,4,3). Parametric equations are x = 1 4* y = 1 + 4£, z = 1 + 3¿. 

24 . The vector equation for the curve is r ( t ) = (t 2 — 1, t 2 4* 1, t 4-1), so r' ( t) = (21,21). The point (—1,1,1) 
corresponds to t = 0, so the tangent vector there is r' (0) = (0,0,1). Thus, the tangent line is parallel to the vector 
(0,0,1) and parametric equations are x = — 1 + 0¿ = —1, y = 1 4- 0t = 1, z = l + l- t = l + t. 
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25. r(t) = (t cos 2irt, t sin 27r£, 4£), r' (t) = (cos2ttí - 2ttí sin 2?rt, sin 2ttí + 2?rt cos 2ttí, 4). At (0, f, l), t = \ 
and r' (^) = (0 — f , 1 + 0,4) = (-f, 1, 4). Thus, parametric equations of the tangent line are x = -f t, 
y = \ + t, z = 1 + 4t. 


y 4 -r x, — x -r 

26. r (t) = (sin 7 rf, \/í, cos 7 rf), r' (f) = (7rcos7rí, 1/ (2\/í) , —7rsin7rf). At (0,1, —1), t = 1 and 

r' (1) = (— 7 T, f, 0). Thus, parametric equations of the tangent line are x = —nt, y = 1 + \t, z = —1. 


27. r (t) = (t , V% cos t , \/2 sin t ) 

r' (í) = (l, — \/2sin¿, \/2cosf). At (f, 1, l), t = f and 
r' (f) = (l,—1,1). Thus, parametric equations of the tangent line 
area; = f+t, y = l — 1 9 z = l+t. 


28. r (t) = (cost, 3e 2t , 3e _2t ), r' (t) = (-sint, 6e 2t ,-6e" 2t ). At 
(1,3,3), t = 0 and r' (0) = (0,6, -6). Thus, parametric equations 
of the tangent line are x = 1, y = 3 + 6t, z = 3 — 6t. 




29. (a) r (t) = (t 3 , t 4 , t 5 ) => r' (t) = (3t 2 ,4í 3 ,51 4 ), and since r' (0) = (0,0,0) = 0, the curve is not smooth. 

(b) r (t) = ( t 3 +1, t 4 , t 5 ) => r' (t) = (31 2 + 1,4t 3 ,5t 4 ). r' (t) is continuous since its component functions 

are continuous. Also, r' (t) ^ 0, as the y - and z-components are 0 only for t = 0, but r' (0) = (1,0,0) ^ 0. 
Thus, the curve is smooth. 

(c) r (t) = (cos 3 1, sin 3 t) => r' (t) = (-3cos 2 tsint, 3sin 2 tcost). Since 

r' (0) = (-3 cos 2 0 sin 0,3 sin 2 0 cos 0) = (0,0) = 0, the curve is not smooth. 

30. (a) The tangent line at t = 0 is the line through the point with 

position vector r (0) = (sin 0,2 sin 0, cos 0) = (0,0,1), 
and in the direction of the tangent vector, 
r' (0) = (7rcos0, 27rcos0, —7rsinO)=(7r,27T, 0). 

So an equation of the line is 

(x, 2 /, z) = r (0) + ur' (0) = (0 + 7ru, 0 + 27n¿, 1) = (7rt¿, 2tzu, 1) 



r (¿) = (smf,2sinf,cosf) = (l,2,0),r' (f) = (ttcos f, 2 ttcos f,-Trsin f) = (0,0, -n). 

So the equation of the second line is (x, y, z) = (1,2,0) + v (0,0, —n) = (1,2, — nv). The lines intersect 
where (nu, 2nu, 1) = (1,2, -nv), so the point of intersection is (1,2,1). 

31. The angle of intersection of the two curves is the angle between the two tangent vectors to the curves at the point of 
intersection. Since ri (f) = (l, 2f, 3f 2 ) and f = 0 at (0,0,0), ri (0) = (1,0,0) is a tangent vector to n at 
(0,0,0). Similarly, r' 2 (f) = (cosf, 2 cos 2f, 1) and since r 2 (0) = (0,0,0), r' 2 (0) = (1,2,1) is a tangent vector to 
r 2 at (0,0,0). If 9 is the angle between these two tangent vectors, then cos 0 = (1,0,0) • (1,2,1) = ^ and 

9 = cos -1 ^ «66°. 
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32. To find the point of intersection, we must find the values of t and s which satisfy the following three equations 
simultaneously: t = 3 — s, 1 — t = s — 2, 3 + t 2 = s 2 . Solving the last two equations gives t = 1 , s = 2 (check 
these in the first equation). Thus the point of intersection is (1,0,4). To find the angle 6 of intersection, we proceed 
as in Exercise 31. The tangent vectors to the respective curves at (1,0,4) are ri (1) = (1, —1,2) and 
r 2 (2) = (-1,1,4). So cos 6 = (-1 - 1 + 8) = 575 = 75 = cos -1 ^ «55°. 

Note: In Exercise 31, the curves intersect when the value of both parameters is zero. However, as seen in this 
exercise, it is not necessary for the parameters to be of equal value at the point of intersection. 


L 2j 0 


i + 


í31 1 


r+4 


j + 


33. (íi + í 2 j + í 3 k) dt = (/o¿dí) i+ (/o'í 2 dí)j+ (f¿t 3 dt) k = 

= 5 Í + |j + j k 

34. // [(1 +t 2 ) i - 4í 4 j - (f 2 - 1) k] dt = |í + i t 3 ) i - |i 5 j - (ií 3 - í) k] 2 

= [(2 + f) i - J - (f - 2) k] - [(1 + i) i _ | j _ (i _ 1) k] = | k 

35. /;/ 4 (cos 2 1 i + sin 2t j + t sin t k) dt = sin 2t i — \ cos 2t j] * /4 + |j —t cos t ]* /4 + /; /4 cos t dt j k 

= 3Í + 5J+ [-f cos ? + sin f] k =é i +U + 72 ( 1 -f) k =3 i + 5J +4^i k 


36 . fi (y/ti + te 4 j+f 2 k) dt = [§t 3/2 i - t 1 kj ^ + ^[—te e ] 4 + / 4 e 1 dt'j $ 

= (f " I) 1 " (l " 1) k + (-^" 4 + - e- 4 + e" 1 ) j = % i + e" 1 (2 - 5e" 3 ) j + f k 

37. / (e* i + 2t j + ln t k) dt = (/ e É dt) i + (/ 2t dt) j + (/ ln t dt) k = e É i + 1 2 j + (t ln t — t ) k + C, where C is 

a vector constant of integration. 

38 . / (cos7rfi + sin7rtj+f k) dt = (/cos7r tdt) i+(/sin7rf dt) j+ (/ tdt) k =£ sin7rti— ¿ cos7rf j+^f 2 k+C 

39. r' (t) = t 2 i + 4t 3 j — t 2 k => r (f) = |f 3 i +1 4 j — |t 3 k + C, where C is a constant vector. But 
j = r (0) = (0) i + (0) j - (0) k + C. Thus C = j and 

r(¿) = i¿ 3 i + ¿ 4 j - |t 3 k+j = ~f 3 i+ (t 4 + l)j - ^t 3 k. 

40. r' (í) = sint i — cosf j + 2¿k => r ( t ) = (— cos¿) i - (sinf) j + t 2 k + C. But 
i + j + 2k = r (0) = — i + (0) j + (0) k + C. Thus C = 2i+j + 2k and 

r (£) = (2 — cos t) i + (1 — sin t) j + (2 + 1 2 ) k. 

For Exercises 41 — 44 , letu (t) = (ui(t),i¿2(¿), t¿3(¿)) and v(t) = (vi(t),v 2 (t),v 3 (t)). In each of these exercises, the procedure 
is to apply Theorem 2 so that the corresponding properties of derivatives of real-valued functions can be used. 

j j 

41. — [u (t) + V (t)] = — (ui (t) + Vi (f), U 2 (í) + V 2 (t) , Uz ( t) + v 3 (t)) 

= (| [«1 (t) + VI (t)] , | [113 (t) + V2 (t)] , | [118 (t) + t; 3 (t)]) 

= (u'i (t) + ví (t) , «2 (í) + V<2 (t) , U3 (t) + V3 (t)) 

= (t¿i (t) , U 2 (*) . U 3 (í)) + (VÍ (t) , 1*2 (t) , V 3 (t)) = U' (t) + V' (t). 








SECTION 14.2 DERIVATIVES AND INTEGRALS OF VECTOR FUNCTIONS ET SECTION 13.2 O 277 


42. It V ® u ^ = Tt ^ ^ Ul ^^ u2 ^ ^ ^ W3 ^ 

= (| [/ W (*)] . | [/ (*) «2 (í)] , | [/ (í) «3 (t)]^} 


= (/' (í) IX! (t) + / (/) Ui (t) , /' (t) U 2 (t) + / (t) 1I& (í) , /' (*) «3 (í) + / (*) «3 (*)) 
= /' (í) («1 ( t ) , W 2 (í) , U3 (t)) + / (t) (lii (t) , W 2 (t) , «3 (t)) 


= /' (t) U (í) + / (t) u' (t) 


43. |[u(t)xv(t)] 

= (ll 2 (t) V 3 ( t ) — 1¿3 (í) V 2 ( t ) , 1X3 (í) Vl (í) - 1X1 ( t ) IX 3 (í) , tii (í) V3 (t) — 1X 2 (í) Vl (t)) 

at 

= (u' 2 V3 (t) + U 2 (t) V ' 3 (t) - U 3 (t) 1?2 (t) - Us (t) V 2 (t) , 

u's (t) VI (t) + U 3 (t) v[ (t) - u'i (t) V 3 (t) - UI (t) V 3 (t) , 

u'i (t) V 2 (t) + Wi (t) V 2 (t) - U 2 (t) Vi (t) - U 2 (t) v[ (t)) 

= (t ¿2 (t) V 3 (t) ~ U 3 (t) V 2 (t) , 143 (t) V 1 (t) - Ui (t) V 3 (t) , 14Í (t) V 2 (t) - U 2 (t) V\ (t)) 

+ (U 2 (t) V 3 (t) - U 3 (t) V 2 (t) , U 3 (t) V[ (t) - Ui (t) V 3 (t) , Ul (t) V 2 (t) - U 2 (t) v[ (t)) 

= u' (t) X V (t) + U (t) X v' (t) 

Altemate Solution: Let r (t) = u (t) x v (t). Then 
r (t + h) — r (t) = [u (t + h) x v (t + h )] — [u (t) x v (t)] 

= [u (t + h) x v (t + h)] - [u (t) x v (t)] + [u (t + h) x v (t)] - [u (t + h) x v (t)] 

= u (t + h) x [v (t + h) — v (t)] + [u (í + h) — u (t)] x v (t) 

(Be careful of the order of the cross product.) 

Dividing through by h and taking the limit as h —► 0 we have 

r / , t) = lim u (t + h) x [v(i + fe) - v(i)] + lim [u(i + fe)-u(i)] xv(i) 

^ ' h-^o h h ->o h 

= u (t) x v' (t) + u' (t) x v (t) 
by Exercise 14.1.35(a) [ET 13.1.35(a)] and Definitíon 1. 

44. J t [u (/ m = | (“1 (/ (*)) . «2 (/ (í)) , U3 (/ (í))) 

-(ÍMm.ÍMm.iiMim) 

= (/' (*) «i (/ (i)), /' (í) u ' 2 (/ (í)), /' (í) ix ' 3 (/ (í))) 

= /'(i)u'(i) 
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45. D t [u ( t) • v ( t )] = u' ( t ) • v (t) + u (t) • v' ( t ) by Formula 4 of Theorem 3 

= (—4t j -f 9 t 2 k) • (t i + costj -f sintk) + (i - 2t 2 j + 3 1 3 k) • (i — sinf j + cosf k) 

= —4 1 cos t + 9 1 2 sin t + 1 + 2 1 2 sin t + 3t 3 cos t 
= 1 — cos t + llt 2 sin t + 3 1 3 cos t 

46. D t [u (t) x v ( t )] = u' ( t) xv(í) + u (f) x v' ( t ) by Formula 5 of Theorem 3 

= (—4f j + 9 1 2 k) x (t i + cos t j + sin t k) + (i — 2t 2 j + 3 1 3 k) x (i — sin t j + cos t k) 

= (—4tsin t - 9 1 2 cos t) i + (9t 3 — 0) j + (0 + 4¿ 2 ) k 

+ (—2t 2 cos t + 3 1 3 sin f) i + (3 1 3 — cos t) j + (— sin t + 2 1 2 ) k 
= [(sint) (3 1 3 — 4 1) — 11 1 2 cosf] i + (l2f 3 — cost) j + (6¿ 2 — sint) k 

47. ^ [r (t) x r' ( t )] = r' ( t) x r' (f) + r (t) x r" ( t) by Formula 5 of Theorem 3. But r' ( t ) x r' ( t) = 0 (see 

Example 13.4.2 [ET 12.4.2]). Thus, ^ [r (f) x r' (t)] = r (í) x r" (t). 

4*- Jt (u (í) ‘ t v (*) x w (*)]) = u ' (*) • I v (*) x w (*)] + u (*)' J t t v ( 4 ) x w (*)1 

= u' (í) • [v (í) x w (t)] + u (t) • [v' (t) x w (t) + v (í) x w' (í)] 

= u' (í) • [v (t) x w (f)] + u (t) • [v' (í) x w (f)] + u (t) • [v (í) x w' (f)] 

= u' (í) • [v (í) x w (f)] - v' (í) • [u (t) x w (f)] + w' (í) • [u (t) x v (t)] 

49 ‘ Jt |r (í)l = 1 [r (í) ’ r (í)]1/2 = 3 (r (í) • r (í)]_1/2 (2r (í) ’ r ' (í)] = 

50. Since r (í) • r' (t) = 0, we have 0 = 2r (t) • r' (t) = — [r (í) • r (t)] = |r (t)| 2 . Thus |r (t)| 2 , and so |r (í)|, is a 

OjL cll 

constant, and hence the curve lies on a sphere with center the origin. 

51. Since u (t) = r (t) • [r' (t) x r" (£)], 

U' (t) = r' (í) • [r' (í) x r" (t)] + r (í) • | [r' (t) x r" (t)] 

= 0 + r (í) • [r" (í) x r" (f) + r' (t) x r'" (t)] 


= r (í) • [r' (í) x r'" (t)] 


[since r'(t) ± r' (t) x r" (t)] 
[since r" (í) x r" (í) = 0] 
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Arc Length and Curvature 


ET 13.3 


1. r' (t) = (2cos t, 5, -2sin t) =4* |r'(t)| = y+Zcosf ) 2 + 5 2 + (-2sinf ) 2 = \/29. Then using Formula 3, we 

have L = ff° 0 |r' (í)| dt = f™ 0 V29 dt = V29t] “ 0 = 20^/29. 


2 . r' (t) = {2t , cos t + t sin t — cos í, — sin t + 1 cos t + sin £) = ( 2 t, t sin £, í cos t) 


|r'(*)l = 


^(2 ¿) 2 + ( t sin í ) 2 + ( t cos t) 2 = yj 4t 2 -f- 1 2 (sin 2 t + cos 2 1) = \/5 |í| = \/5 1 for 0 < í < n. Then using 


+21 


Formula 3, we have L = f* |r' (t)| dt = f* y/Etdt = y/E — 


J o 


_ ^ 2 
-T ft 


3. r' (t) = \/2i + e 4 j-e *k => 

|r' (í)| = (\/2) 2 + (e‘) 2 + (—e -t ) 2 = </2 + e 2t + e“ 2 * = (e* + e~‘) 2 = e É + e _t (since e‘ + e -t > 0). 

Then L = fo l r ' (*)l dt = fo ( e ‘ + e_ ‘) dt = [ e ‘ “ e_ ‘]¿ = e - e -1 . 

4. r' (t) = <24, 2, 1/4), |r' (4)| = ^4í 2 + 4 + (1 /í) 2 = far 1 < t < e. 

L = J* dt = J' (¿ + 2í) dí = [Iní + í 2 ] * = e 2 

5. The point (2,4, 8) corresponds to t = 2, so by Equation 2, L = / Q 2 ^/ (l) 2 + (2í) 2 + (3t 2 ) 2 dt. 

If / (f) = Vl + 4t 2 + 9f 4 , then Simpson’s Rule gives 

L w ^ (°) + 4 f (°‘ 2 ) + (°‘ 4 ) + • • • + 4 / (1-8) + f (2)1 » 9.5706. 

6. Here are two views of the curve with parametric equations x = cos t , y = sin 3£, = sin f: 




The complete curve is given by the parameter interval [0, 2n\, so 
L = / Q 27r (— siní ) 2 + (3cos3 ¿) 2 + (cos t) 2 dt = / Q 27r y/T+~9cos^3t dt « 13.9744. 


7 . r' (t) = e É (cos t + sin t) i + e 1 (cos t — sin t ) j, 

ds/dt = |r' (f)| = e É (cosf + sin t ) 2 + (cos t — sint ) 2 = e *\/2 cos 2 f + 2 sin 2 1 = \/ 2 e £ . 

5 W — fo l r/ (w)| du = f* \/2e u du = \/2 (e É — l) => + 1 = e É => t (s) = ln . 

Therefore, r (t (s)) = (75 s + x ) [ sin (75 s + X )) 1 + cos ( ln (75 s + 0 ) j] • 

8. r' (t) = 2 i + j — 5 k, ds/dt = |r' (í)| = + 1 + 25 = %/30 and s (í) = f¿ |r' (u)| du = f 0 VSÓdu = s/30t 

=► * (*) = Therefore, r (í (*)) = (l + +s) i + (3 + «) j - +« k. 
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9. |r' (t)| = sj (3 cos í ) 2 + 16 + (—3 sin í ) 2 = ^9 + 16 = 5 and s (t) = / 0 4 |r' (u)| du = f* 5 du = 5t => 
í (s) = js. Therefore, r (í (s)) = 3sin (|s) i + |sj + 3cos (|s) k. 


10 . r' (t) = 


—4t . , 
(t 2 + 1) 2 * 


- 21 2 + 2 . 
(t 2 +1) 2 J ’ 


ds 

dt 


= |r'(í)| = 


—4t 

2 

+ 

— 2 í 2 + 2 

2= v 

1 4t 4 + 8 t 2 + 4 

/ 4(í 2 + l ) 2 

L(t 2 + i) 2 J 

L(t 2 + 1) 2 J 

(t 2 + 1) 4 V 

(í 2 + l ) 4 


(t 2 + l ) 2 


2 

t 2 + 1 


Since the initial point (1,0) corresponds to t = 0, the arc length function 


1 (t) = / |r' (u)| du = - 


- du = 2 arctan t. Then arctan t = ¿ 5 
2 - 1-1 J 


t = tan 1$. Substituting, we 


have 


r(t( 5 )) = 


tan 2 (¿ 5 ) 4-1 


- 1 


. . 2 tan(¿s) . 
tan 2 (^s) + 1 J 


1 — tan 2 (|s) . 2 tan(|s) . 
1 + tan 2 (| 5 ) 1_ ^~ sec 2 ( 1 5 ) J 


= 1 sel 2 ^!)^ 1 + 2tan C ° s2 (i - ) j 

= [cos 2 (| 5 ) — sin 2 (|s)] i + 2sin (1 5 ) cos (^ 5 ) j = cos 5 i + sin 5 j 

With this parametrization, we recognize the function as representing the unit circle. Note here that the curve 
approaches, but does not include, the point (—1,0), since cos 5 = —lfor 5 = 7r + 2kir ( k an integer) but then 
t = tan (^ 5 ) is undefined. 


11. (a) r' (t) = (2cosí, 5, —2sint) => |r' (t)| = y/ 4 cos 2 t + 25 + 4 sin 2 1 = y/29. Then 

T (í) = F(i)T = ^5 < 2cosí ’ 5 ’ - 2siní > or (+ cosí > J 9 . -jn siní )- 


T ( (*) = + (-2sm¿,0, -2cosí) => |T' (í)| = \J 4sin 2 f + 0 + 4cos 2 f = -fy. Thus 


N(í) = 


_ T' (t) _ l/y/29 


|T'(t)| 2/V29 


(— 2 sint, 0 , — 2 cost) = (—siní, 0 , — cost). 


(b) k (í) = 


|T' (t) | _ 2/\/29 _ 2_ 
|r'(í)| “ y/29 “29' 


12. (a) r' (t) = ( 2 í, í siní, t cos t) =>' |r' (t)| = y/ 41 2 + í 2 sin 2 1 + 1 2 cos 2 1 = VÜt 2 = \/51 (since 

t > 0). Then T (t) = (2í,ísint, tcost) = ^ 7 - (2,siní,cost). 

T' (í) = (0, cos t, — siní) => |T' (t)| = \/0 + cos 2 1 + sin 2 1 = Thus 


N (í) = 


T' (t) l/\/5 

|T'(t)| i/V5 


( 0 , cos t, — sin í) = ( 0 , cosi, — siní). 


(b) k (t) = 


]T'(t)| í/VE 1 
|r'(í)| \/5t 5t' 
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13. (a) r' (í) = (t 2 ,2t, 2) => |r' (í)| = >/f 4 + 4t 2 + 4 = yj (f 2 + 2 ) 2 = f 2 + 2. Then 


T' (t) = 


(t 2 ,2 1 ,2) + —¡-5 <24,2,0) (by Theorem 14.2.3 [ ET 13.2.3] #3) 


(í 2 + 2) 2X ' ’ ' f 2 + 2 


= ( í2 + 2 ) 2 _4<2 ’ ~ 4Í ^ + ( í ~+ 2) 2 ^ 2¿3 + 4Í ’^ + 4 ’°) _ ( t 2 + 2) 2 ^ 4 *’ 4 _ 2¿2 > -4Í ) 

|T< (t)l = (PTif ^ 16 * 2 + (16 - 16¿2 + 4¿4) +16¿2 = (¿ 2 + 2) 2 V4¿4 + m +16 
= (^T2f ^ (í2 +2)2 = ^+^ = ^T2 

m “ S N W = i^il " WíC <4t ’ 4 ■ 2 ‘ 2 ' _4,> = < 2< ’ 2 - ‘ 2 . - 2i >- 


14. (a) T (t) = rj-— 


<24,2, l/t) = 


1*1 


(2í,2,1/í). Butsincethe 


r ' ^)! -^/ 4 í 2 + 4 + ( 1 /í ) 2 ' 2 Í 2 + 1 

k-component is lní, t is positive, |í| = í and T (í) = ^ ( 2 í 2 , 2 í, l). Then 


T' (í) = 


2 í 2 + 1 


(4t, 2,0) - (2t 2 + 1) 2 (4f) (2t 2 ,2f, 1) = 


( 2 í 2 + 1 )- 


(4t, 2 — 4t 2 , —4í), so 


Nft) = JELí*L = <4t’ 2 — 4t 2 , —4t) = _J_ (2t x _ 2í2 _ 2í v 

l T '^)l (4t) 2 + (2 - 4í 2 ) 2 + (—4t) 2 2í2 + ! 


rhi.-m l T '(t)l - 2 

(b) /í(t) - . . .. — 


|r' (t)| 2 í 2 + 1 


( 2 t 2 + 1 ) 


2 í 


(2t 2 + 2) 


15. r' (t) = 2í i + k, r" (t) = 2i, |r' (t)| = ^/(2t) 2 + 0 2 + l 2 = V4t 2 + 1, r' (t) x r" (í) = 2j, 

|r' (t) x r" (4)| = 2. Then k (t) = * r ' ^ ^ = 2 — - 3 =- 375 • 

1 W |r'(t)| 3 ( V 'it r +T) 3 (4t 2 + l) 3/2 


16. r' (í) = i + j + 2ík, r" (t) = 2k, |r' (í)| = ^l 2 + l 2 + (2í) 2 = v^f 2 + 2, 

r' (t) x r" (t) = 2i - 2j, |r' (t) x r" (t)| = V2 2 + 2 2 + 0 2 = v/8 = 2>/5. Then 

2\/2 1 


= |r' (t) x r" (t)| = 2_V2 = 

U l r ' (t )| 3 (VW+2) 3 (V2V2F+1) 3 ( 2 í 2 + 1 ) 


3/2 • 


17. r' ( t ) = (cosí, — siní, cost), r" (í) = (— sint, — cosí, — sint), |r' (t )| 3 = (\/cos 2 t 4- l) 3 , 

y/2 

(1 + cos 2 1) 3//2 


i r< «>» (01 - 1 ( 1 , 0 , -DI - a »(«) - | r , w (, ) | , 3 mi = tttVj 
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18. r' ( t ) = (e* cos t — e* sint, e l cos t -f e* siní, l). The point (1,0,0) corresponds to t = 0, and 
r' ( 0 ) = ( 1 , 1 , 1 ) =► |r' ( 0 )| = Vl 2 + l 2 + l 2 = \/3. 

r" ( t ) = (e É cos t — e* sin t — é cos t — e £ sin t , e* cos ¿ — e ¿ sin t -f- e* cos t + e ¿ sin í, 0 ) 

= (— 2 e É sint, 2 e £ cosí, 0 ) => r" ( 0 ) = ( 0 , 2 , 0 ). r' ( 0 ) x r" ( 0 ) = (- 2 , 0 , 2 ). 

|r'(0) x r" (0)| = ^/(-2 ) 2 +0 2 +2 2 = \/8 = 2\/2. Then/c(0) = ^ 13 ^ 


or 


2 V 6 


19. r' (í) = (\/2, e*, -e É ). The point (0,1,1) corresponds to t = 0, and 

r'(0) = (V2,l,-l) |r'(0)| = ^/(v^) a + l 2 + (-l) a = 2. 

r" (í) = (0, e‘, e-‘) r" (0) = (0,1 , 1). r' (0) x r" (0) = (2, -y/2, V2), 

l r ' (0) x r" (0)| = ^2 2 + (-V2) 2 + (%/2 f = \/8 = 2\/2. Then «(0) = 

r(í) = (t,4t 3/2 ,-t 2S ) => r' (í) = (l, 6 Í 1 / 2 , —2í^, 

r" (í) = (o, 3í" 1/2 , —2^, |r' (í)| 3 = (l + 36í + 4í 2 ) 3/2 , 
r' (í) x r" (í) = (—12i 1/2 + 6í 1/2 ,2,3t _1/2 ^ =+ 

|r' (i) x r" (í)| = V36Í + 4 + 9Í- 1 = + 4t + ' 



\/ 36í 2 + 4í + 9 


V t ) (1+36í+ 4t 2 ) 3/2 Í 1 / 2 (1 + 36í + 4 í 2 ) 3/2 ' 

\/36 + 4 + 9 


(1 + 36 + 4 ) 3/2 41\/4T' 


The point (1,4, —1) corresponds to í = 1, so the curvature at this point is k (1) = 

21. /(X) = x 3 , f (X) = 3x 2 , /" (X) = 6x, K (x) = [l + ^ ( ( ^ 2] 3 /2 = ^^372 

22 V >-J- V »- _L_ K(x) - \£M - 1 1 -2_ 

y ~ 2y/x’ ^ ~ 4(x) 3/2> ( ’ [l + (y> (x)) 2 ] 3/2 “ 4 I* 3/2 I [1 + l/(4x)] 3/2 (4x + 1) 3/2 


23. y¡ = cos x , y" = — sin x , « (x) = 


24. j/ = ¿ y" = 




sinx 


[l + (y' (x)) 2 ] 3/2 (l + cos 2 x) 


2 -rW* 


X 

K (x) = 


\£M 


[1 + (y' (x)) 2 ] 


21 3/2 


1 (* 2 ) 


21 3/2 


1*1 


(1 + 1 /x 2 ) 3/2 (x 2 + i) 3 / 2 (x 2 + 1) 3/2 (x 2 + 1) 3/2 


(since x > 0). To find the maximum curvature, we first find the critical numbers of k ( x ): 

, f \ (x 2 + 1) 3/2 - x (f) (x 2 + 1) 1/2 (2x) (x 2 + 1 ) 1/2 [(* 2 + 1 ) - 3x 2 ] 1 - 2x 2 

Mal) " [(x 2 + 1) 3/2 ] 2 _ (- 2 + D 3 “(* 2 + l) 5/2> 
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(x) = 0 => 1 — 2x 2 = 0, so the only critical number in the domain is x = ^=. Since k' (x) > 0 for 

0 < x < and k' (x) <0forx> k (x) attains its maximum at x = ^=. Thus, the maximum curvature 

occurs at ln . Since lim ^ 2 ^) 3 /^ = K ( x ) a PP roac hes 0 as x 


oo. 


25. Since y' = y" = e x , the curvature is k (x) = 




= e x (l + e 2x )" 3/2 .Tofind 


[1 + (y'(x)) 2 ] 3/2 (1 + e 2x ) 3/2 

the maximum curvature, we first find the critical numbers of k (x): 


2*\-3/2^^x f_3\ (1 _ Lo 2x\-h/'¡ ( 0e 2x\ ^ 1 + e *—3£_1 _ e * _J— 2e 


„ 2 * 


k' (*) =e x {l+ e 2x ) -3/2 + e 1 (-§) (l + e 2x ) 5/¿ ( 2 e 2x ) = 


(1 + e 2l ) 5/2 (1 + e 2x ) s/2 


/c' (a;) = 0 when 1 - 2e 2x = 0, so e 2x = § or x = ln2. And since 1 - 2e 2x > 0 for x < ln2 and 
1 — 2 e 2x < 0 for x > — \ ln 2 , the maximum curvature is attained at the point 

(-i ln2,e (-ln2)/2 ) = (—5 ln2, . Since lirn^e 1 (l +e 2x )~ 3/2 = 0, k(x) approaches0asa: -» oo. 

26. We can take the parabola as having its vertex at the origin and opening upward, so the equation is 

o , v \f"(x)\ | 2 a| 2 a 

f (.) -«*.«> a Then b, E,u.,i„n !..«(•)- [l + (/ , (l)ñ W = [l + (iax? f> = (1 + 4 .V)»' 

thus k (0) = 2a. We want k (0) = 4, so a = 2 and the equation is y = 2x 2 . 

27. (a) C appears to be changing direction more quickly at P than Q, so we would expect the curvature to be greater 

at P. 

(b) First we sketch approximate osculating circles at P and Q. 

Using the axes scale as a guide, we measure the radius of the 
osculating circle at P to be approximately 0.8 units, thus 

p = - =s> k = - & — « 1.3. Similarly, we estimate 

k p 0.8 

the radius of the osculating circle at Q to be 1.4 units, so 

K = - « -k « 0.7. 
p 1.4 



28. y = xe~ 
k (x) = 


=Í, y' = e x (1 - x ), y" = e x (x - 2 ), and 
|y"| e~ x [s- 2 | 


. The graph of 


[l + (y ') 2 ] 3/2 [l + e -2 * (1 — a :) 2 ] 3/2 
the curvature here is what we would expect. The graph of xe~ x is 
bending most sharply slightly to the right of the origin. As x —► oo, 
the graph of xe~ x is asymptotic to the x-axis, and so the curvature 
approaches zero. 



1.5 


-3 
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29. y — x 4 => y' — 4x 3 , y" — 12x 2 , and k (x ) = -—- ^ ——. The appearance of the two 

[1 + (y') ] 7 (1 + I6x6) 3 / 2 

humps in this graph is perhaps a little surprising, but it is explained by the fact that y = x 4 is very flat around the 
origin, and so here the curvature is zero. 



-0.5 


30. Here r (t) = (f (t) , g (t)) f r' (t) = (/' (t) , g' (t)), r" (t) = (/" (t), g" (t)) 9 

k' (í)l 3 = [\/(/'(i)) 2 + (fl'(í)) 2 ] 3 = [(/' (í)) 2 + (g' (í)) 2 ] 3/2 = (* 2 + y 2 ) 3/2 , and 

|r' (í) x r" (í)| = |(0,0, /' (t)ff" (í) — /" (t)p' (t))| = [(¿y — xy) 2 ] 1/2 = — xy\. 

Thus K (t) = 

u (x 2 + y 2 ) 3/2 


31 K- (f)= ~ _ |(3t 2 ) (2) - (61) (2t)| _6í 2 _ 6í 2 

( x 2 + j / 2 ) 3/2 (9í 4 + 4í 2 ) 3/2 (í 2 ) 3/2 (9í 2 + 4) 3/2 _ | t | 3 (9t 2 + 4) 3/2 

_ 6 
|í| (9t 2 + 4) 3/2 


32 K u\ — |xj/ — xy\ _ |(siní +1 cosí) (—2 sint — í cos t) — (2 cosí — tsin í) (cosí — t sin t)| 
(x 2 + y 2 ) 3/2 _ (¿ 2 +j/ 2 ) 3/2 


| (-2 sin 2 1 - 3t sin t cos t - t 2 cos 2 t) - (2 cos 2 1 - 3t cos t sin t +1 2 sin 2 t)| 

(x 2 +j / 2 ) 3/2 


|— (sin 2 í + cos 2 í) (2 + í 2 ) | 


2 +1 2 


(sin 2 í + 2t cos t sin t + cos 2 1 +1 2 cos 2 1 — 2t siní cos t +1 2 sin t) 3/2 (1 +1 2 ) 3/2 

33. (l, §, 1) corresponds to t = 1. T (t) = = ( 2 ^’ 2í ’ l)— _ ( 2 t.2t , l) rp /2 2 1 \ 

V 3 W V; |r (í)| v/4í 2 + 4í 4 +1 2t 2 + l ’ v / \ 3 ’ 3 ’ 3 /* 

T' (í) = — 4í (21 2 + l) -2 (2í,2t 2 ,l) + (2í 2 + 1) _1 (2,4í, 0) (ByTheorem 14.2.3 [ET 13.2.3] #3) 

= (2í 2 + 1)~ 2 (-8í 2 + 4í 2 + 2, — 8í 3 + 8í 3 + 4í, -4í) = 2 (2í 2 + l) -2 (l - 2í 2 ,2í, -2t) 

N(i) = T'(t) = 2 (2t 2 + l)~ 2 (l — 2t 2 ,2t, —2t) = (l — 2t 2 ,2t, —2t) 

^'(^l 2 (2í 2 + l) -2 ~2t 2 ) 2 ^f-72t) 2 T(—2Í) 2 \/l - 4í 2 + 4í 4 + 8í 2 

_ (l — 2í 2 ,2í, —2t) 

“ 1 + 2t 2 

N(l) = (-if’-f) andB(l)=T(l)xN(l) = (—§ — §,-(_| + I), | + |) = (_2, i,¡). 
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34. ( 1 ,0,1) corresponds to t = 0. r ( t) = e É (1, sint, cos t), so 

r' ( t ) = e É (l,sin¿, cosí) + e É ( 0 ,cos¿, — siní) = e É ( 1 , sint + cost, cos¿ — sint) and 

r ' (t) _ e É (l,sin£ + cosí, cost — sin¿) 

l r ' (*)l e É y/l + sin 2 t + 2 sin t cos t + cos 2 t + cos 2 t — 2 sin t cos t -+* sin 2 t 

( 1 , sin t -f cos t, cos t — sin t) 

= (tS’TI’Ti)- T,= 7 f (0 > cos t — siní, — sin t — cosf),so 




( 0 , cos t — sin — sin t — cos t) 


|T'(¿)| -±= y/o 2 + cos 2 í — 2 cos¿sint + sin 2 1 + sin 2 1 + 2 sin¿cos t + cos 2 t 

= ( 0 , cos t — sin £, — sin t — cos í). 

N (0) = (0, -j¡) and B (0) = T (0) x N (0) = (- + + ^). 


35. (0,7r, —2) corresponds to t = 7r. r (t) = (2 sin 3 1, t, 2 cos 3 1) => 

T (t) = , = (6cos3¿, 1, 6sin3¿) _ _i (g cos 3 ¿ j — 6sin3t). T ( 7 r) = -4= (—6,1,0) 

w l r Wl >/36cos2 3t + l + 36sin 3 3t 757 ' 757 7 

is a normal vector for the normal plane, and so (—6,1,0) is also normal. Thus an equation for the plane is 

—6 (x — 0) + 1 (y — 7r) + 0 (z + 2) = 0 or y — 6x = 7r. T' (t ) = ^== (—18 sin 3t , 0,-18 cos 3¿) => 

/,\ | \/l8 2 sin 2 3 1 + 18 2 cos 2 3 1 18 T ' (t) . . 0jt n c 

T (t)\ = - -t= - = — F= =» N(í) = T^TTTTT = (- sin3t, 0, - cos3t). So 

1 Wl \/S7 y/37 W |T'(t)| x 7 

N (7r) = (0,0,1) and B (7r) = (-6,1,0) x (0,0,1) = -J= (1,6,0). Since B ( 7 r) is a normal to the 

osculating plane, so is (1,6,0) and an equation for the plane is 1 (x — 0) + 6 (y — n) + 0 (z + 2) = 0 or 

x + 6y = 67 t. 


36. t = 1 at (1,1,1). r' (t) = (l, 2t, 3t 2 ). r' (1) = (1,2,3) is normal to the normal plane, so an equation for this 
plane is 1 (x — 1) + 2 (y — 1) + 3 (z — 1) = 0, or x + 2y + 3z = 6 . 

l!M _ 1 /1 o* 0+2\ 


T(t)= ^ 
T' (t) = 


r'(í)i yr+w+w 


(l, 2 1, 3f 2 ). Using the product rule on each term of T (t) gives 


(l + 4f 2 +9f 4 ) 3/2 


(-¿ ( 8 f + 36f 3 ), 2 (1 + 4f 2 + 9f 4 ) - 5 ( 8 f + 36f 3 ) 2f, 


6 f (1 + 4f 2 + 9f 4 ) - 5 ( 8 f + 36í 3 ) 3f 2 ) 

=--- 577 (-4f- 18f 3 ,2- 18f 4 ,6f + 12f 3 ) = ~ 0/ , (11,8, -9) whenf = 1. 

(1 + 4f 2 + 9f 4 ) 3/2 X ■ ' (14) 3/2 

N ( 1 ) || T' (1) || ( 11 , 8 , —9) and T (1) || r' ( 1 ) = ( 1 ,2,3) => a normal vector to the osculating plane is 

(11, 8 , —9) x (1,2,3) = (42, —42,14) or equivalently (3, —3,1). An equation for the plane is 

3 (x — 1) — 3 (y — 1) + (z — 1) = 0 or 3x — 3y +. z = 1. 
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37. The ellipse is given by the parametric equations x = 2 cos t,y = 3 sin t, so using the result from Exercise 30, 
. . \xy — xy\ |(—2sinf) (—3siní) — (3cosf) (—2cosf)| _ 6 

K W “ /,.o , • o\3/2 — /. . o . . ^ O , \ 3/2 — 


(¿ 2 + y 2 ) 3/2 (4sin 2 í-h 9cos 2 f ) 3/2 

At (2,0), t = 0. Now «(0) = ^ = §, so the radius of the osculating 
circle is 1/k (0) = § and its center is (—|, 0). Its equation is 
therefore (z + §) 2 + y 2 = At (0,3), ¿ = f, and 
K (f) = I = f-Sothe radius of the osculating circle is § and its 
center is (0, |). Hence its equation is x 2 + (y — |) 2 = ~. 


(4 sin 2 t -h 9 cos 2 t) 


3/2 • 



2.5 


38. y = \x 2 


y' = x and y" = 1, so Formula 11 gives k ( x ) = 


1 


So the curvature at (0,0) is 


2 * y — y — x,owxviiiiui« xx 51^00,^0,, — o\3/2* 

(1 + X*) 

k (0) = 1 and the osculating circle has radius 1 and center (0,1), and hence equation x 2 -h (y — l ) 2 = 1. The 
curvature at (l, \) is k ( 1 ) =--—ttt = —^=. 

v 2) ' (1 -h 1 2 ) 3/2 2 V 2 

The tangent line to the parabola at (l, §) has slope 1, so the normal 
line has slope — 1 . Thus the center of the osculating circle lies in the 

direction of the unit vector ^ J The circle has radius 2\/2, 

so its center has position vector 

( 1 , ¿) + 2 %/ 2 (— 73 , 75 ) = <-l. |). So the equation of the circle 
is (x -h l ) 2 ~h ( 2 / — f ) 2 = 8 . 

39. The tangent vector is normal to the normal plane, and the vector ( 6 , 6 , — 8 ) is normal to the given plane. But 
T ( t ) || r' (f) and ( 6 , 6 , - 8 ) || (3,3, —4), so we need to find t such that r' (t) || (3,3, —4). r (f) = (t 3 ,3f, t 4 ) 
r' ( t ) = (3£ 2 ,3,4f 3 ) || (3,3, -4) when t = —1. So the planes are parallel at the point r (-1) = (—1, —3,1). 



40. To find the osculating plane, we first calculate the tangent and normal vectors. 

In Maple, we set x: = t~3; y: = 3 *t; and z : = t^4; and then calculate the components of the tangent vector 


(3t 2 , 3,4f 3 ) 

T (t) using the di f f command. We find that T (t) = —--- 


Differentiating the components of T (t), 


we find that N (t) = 


Vl6t 6 -h 9 ¿ 4 -h 9 

_ (- 6 t (8 1 6 - 9) , 3 (48¿ 5 + 18¿ 3 ) , 36¿ 2 (t 4 -h 3)) _ 

l T, (*)l yj 144f 2 ( 8 t 6 - 9 ) 2 -h 9 (96t 5 + 36f 3 ) 2 + 5,184f 12 + 31,104t 8 + 46,656¿ 4 


T' (t) 


In Maple, we can calculate B (t) = T (t) x N (t) using the linalg package. First we define T 
and N using T: =array ( [ f , g, h] ) ; and N : =array ( [F # G, H] ) ; where f , g, h, F, G, and H are the 
components of T and N. Then we use the command B: =crossprod (T, N) ;. After normalization and 
simplification, we find that B (t) = b ( 6t , —2t 3 , —3), where 
, Wl6t 6 + 9t 4 + 9 

b = ■ .- .- ~ ' - • 

yjist 2 (8 1 6 - 9 ) 2 + (96¿ 5 + 36¿ 3 ) 2 -h 576¿ 12 -h 3456t 8 + 5184t 4 

In Mathematica, we use the command Dt to differentiate the components of r (t) and subsequently T (t), and then 
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load the vector analysis package with the command <<Calculus ' VectorAnalysis '. After setting 
T= {f, g/ h} and N= {F, G, H}, we use CrossProduct [T, N] to find B (before normalization). 

Now B (í) is parallel to (61, —21 3 , —3), so if B (t) is parallel to (1,1,1) for some t , then 6t = 1 => t = but 

—2 (|) 3 1. So there is no such osculating plane. 


41. k = 


dT 


dT/dt 

_ \dT/dt\ n _ dT/dt 

dT 

dt 

dT 

dt dT/dt 

ds 


ds/dt 

ds/dt \dT/dt\' N 

dT 

ds ds/dt 





dt 

dt 


ds 


42. For a plane curve, T = |T| cos 0 i + |T| sin <\> j = cos </) i + sin <j> j. Then 


f-=(S) (S)= (t) 

a plane curve, the curvature is k = |d0/ds|. 


dT 


ds 


= | — sin </> i + cos<£j| 


d¿ 


d<j) 

ds 


ds 


Hence for 


43. (a) |B| = 1 =► B B = 1 => 
(b) B = T x N => 


S (B.B)=0 


2^ B = 0 
ds 


^ ±B 
ds 


dH d /rr\ ^ T \ / __ - T v 1 

~ds = ds ( X ' l = dí^ TxN ^ dsTdí 


= ! (TxN) f k 


[(T'x N) + (T x N')] |r , (í) | - ( T ' x | T /|) +( TxN ') | r /(í)| _ | r '(í)| 

=> ?1T 

ds 

(c) B = TxN => T±N, B±T and B _L N. So B, T and N form an orthogonal set of vectors in the 
three-dimensional space R 3 . From parts (a) and (b), dB/ds is perpendicular to both B and T, so dB/ds is 
parallel to N. Therefore, dB/ds = —r (s) N, where r (s) is a scalar. 

(d) Since B = TxN, T_LN and both T and N are unit vectors, B is a unit vector mutually perpendicular to 
both T and N. For a plane curve, T and N always lie in the plane of the curve, so that B is a constant unit 
vector always perpendicular to the plane. Thus dB/ds = 0, but dB/ds = —r (s) N and N ^ 0, so r (s) = 0. 

44. N = B x T => 

^=j(BxT) = jxT + Bxy (by Theorem 14.2.3 [ ET 13.2.3] #5) 
as as as as 

= —rN x T + B x /cN (by Formulas 3 and 1) 


= -r (N x T) + /c (B x N) (by Theorem 13.4.8 [ET 12.4.8] #2) 

But B x N = B x (B x T) = (B • T) B - (B • B) T (by Theorem 13.4.8 [12.4.8] #6) = -T => 

dN/ds = r (T x N) - /cT = -kT + tB. 

45. (a) r' = s'T => r" = s"T + s'T' = s"T + s' ^s' = s"T + /c (s') 2 N by the first Serret-Frenet formula. 

ds 

(b) Using part (a), we have 

r' x r" = (s'T) x [s"T + /c (s') 2 n] 

= [(s'T) x (s"T)j + [(s'T) x (k (s') 2 N)] (By Theorem 13.4.8 [ET 12.4.8] #3) 

= (s's") (T x T) + k (s') 3 (T x N) = 0 + /c (s') 3 B = /c (s') 3 B 































/ 
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(c) Using part (a), we have 

r" = [*"T + k (s') 2 n] ' = s '"T + s" T' + k' (s') 2 N + 2«s's"N + k (s') 2 N' 

= s'" T + s"y-s' + K (s') 2 N + 2ks's"N + K (s') 2 ^V 
as v J v J ds 

= s'"T + s's'k N + (s') 2 N + 2/cs's"N + /c (s') 3 (— kT + rB) (by the second formula) 

= js'" - /c 2 (s') 3 ] T + [3 ks's" + k (s') 2 ] N + kt (s') 3 B 

(d) Using parts (b) and (c) and the facts that B • T = 0, B • N = 0, and B • B = 1, we get 


(r' x r") • r'" K ( s ') 3 B • [ [s'" - k 2 (s') 3 

T + 

3 ks’s" + k’ (s') 2 ] N + KT (s') 3 b| 

|r' x r"| 2 

M«') 3 b| 2 


k (s') 3 kt (s') 3 


46. First we find the quantities required to compute k: 

T ' ( ¿ ) = (~ a sin a cos b) => r" (f) = (—a cos t, — a sin ¿, 0) => r'" (f) = ( a sin t , — a cos f , 0) 


V (*)| = y(—asiní) 2 + (acosf) 2 + b 2 = y/a 2 +b 2 
r'(t)xr"(í) = 


i j k 

—asin¿ acost b 
—acost —asint 0 


= ab sin ¿ i — ab cos t j + a ¿ k 


|r' (f) x r" (í)| = (absiní) 2 + (- abcost ) 2 + (a 2 ) 2 = \/a 2 6 2 + a 4 
(r' (f) x r" (¿)) • r'" (f) = (a&sinf) (asinf) + (-abcosf) (—acos¿) + (a 2 ) (0) = a 2 b 
Then by Theorem 10, 


K _ |r' (t) x r" ( t)\ _ \/a 2 b 2 + q 4 _ ay/a 2 + b 2 _ a 

|r'(í)| 3 (V'a 2 +fc 2 ) 3 _ (\/a 2 +6 2 ) 3 ~ ^+^ 2 

which is a constant. 

From Exercise 45(d), the torsion r is given by 


r = (r' x r") . r'" = a 2 b b 

|r' x r"| 2 (Va 2 6 2 +a 4 ) 2 a 2 + 6 2 

which is also a constant. 

47. r = (t, ií 2 , |í 3 ) =4- r' = (l,f, í 2 ), r" = (0,1,2í), r'" = (0,0,2) => r' x r" = (í 2 , -2i, l) 

_ (r' x r") • r'" (< 2 , -2í, l) • (0,0, 2) 2 

T ~ |r' x r"| 2 “ í 4 + 4í 2 + 1 “ t 4 + 4t 2 + 1 
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48. r = (sinh t, cosh t, t) 


r' = (cosh t, sinh t, 1), r" = (sinh¿, cosht, 0), r'" = (coshí, sinh¿, 0) 


r' x r" = ( — cosh t, sinh t, cosh 2 1 — sinh 2 1 ) = (— cosh t, sinh t, 1) => 

_ |r' x r"| _ |(—coshí, sinhí, 1)| _ \J cosh 2 t + sinh 2 t + 1 _1__ 1 

K ~ |r'| 3 _ |(coshí,sinhí, 1>| 3 _ (cosh 2 í + sinh 2 t + l) 3/2 cosh 2 t + sinh 2 t + 1 2cosh 2 í’ 

(r' X r") • r'" _ (—coshí,sinhí, 1) • (cosh í, sinh í, 0) _ — cosh 2 t + sinh 2 t _ —1 

T_ |r' x r"| 2 _ cosh 2 í + sinh 2 t + l 2cosh 2 t 2cosh 2 i 

So at the point (0,1,0), t = 0, and k = \ and r = — \. 

49. For one helix, the vector equation is r (t) = (lOcost, lOsint, 34t/ (27 t)) (measuring in angstroms), because the 
radius of each helix is 10 angstroms, and z increases by 34 angstroms for each increase of 27r in t. Using the arc 
length formula, letting t go from 0 to 2.9 x 10 8 x 27 t, we find the approximate length of each helix to be 


-L 

-L 


2.9xl0 8 x27r 


r' ( t ) | dt 


2.9X10 8 x2tt 


= VÍoo + (Ífi 


(—lOsinf) 2 + (lOcost) 2 4- (§£) 2 dt 

2.9x10 8 x2t r 


= 2.9 x 10 8 x 2ny/l00 + (II) 2 
« 2.07 x 10 10 Á — more than two meters! 


50. (a) For the function F (x) = < 


0 


if x < 0 


P (x) if 0 < x < 1 to be continuous, we must have P (0) = 0 and 
1 if x > 1 

P (1) = 1. For jF' to be continuous, we must have P' (0) = P' (1) = 0. The curvature of the curve y = F (x) 

\ F " (g)l 


at the point ( x, F (x)) is k (a:) = 


-. For k ( x ) to be continuous, we must have 


(1 + [F'(x)] 2 ) 3/2 ' 

P" (0) = P" (1) = 0. Write P (x) = ax 5 + bx i + cx 3 + dx 2 +ex + f. Then 

P' (i) = 5 ax 4 + 4&x 3 + 3cx 2 + 2 dx + e and P" (x) = 20aa; 3 + 126a; 2 + 6cx + 2 d. Our six conditions are: 


P (0) = 0 


/ = o 

0) 

P(l) = l 


a + b + c + d + e + f = 1 

(2) 

P' (0) = 0 


e = 0 

(3) 

P' (1) = 0 


5a + 46 + 3c + 2d + e = 0 

(4) 

P" (0) = 0 


o 

II 

^3 

(5) 

P"(1)=0 


20a ~h 12¿? + 6c -|- 2cZ — 0 

(6) 


From (1), (3), and (5), we have d = e = / = 0. Thus (2), (4) and (6) become (7) a + b + c = 1, 

(8) 5a + 46 + 3c = 0, and (9) 10a + 66 + 3c.= 0. Subtracting (8) from (9) gives (10) 5a + 2b = 0. 
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Multiplying (7) by 3 and subtracting from (8) gives (11) 2 a + b = —3. Multiplying (11) by 2 and subtracting 
from (10) gives o = 6. By (10), b = -15. By (7), c = 10. Thus, P (x) = 6x 5 - 15a: 4 + lOx 3 . 




Motion in Space: Velocity and Acceleration 


ET 13.4 


1. (a) If r (í) = x (t) i + y (t) j 4- 2 ( t ) k is the position vector of the particle at time r, then the average velocity over 
the time interval [0,1] is 

v.„ = = (4.5i + 6.0 ^+Jt.Qk) —^(2.7i + 9.8J + 3.7k) _ , 8| . , 8j . „ 7J[ stoiMy , 

over the other intervals we have 


[0.5,1]: 


[ 1 , 2 ]: 

[1,1.5]: 


r(l) - 

r (0.5) 

(4.5 i + 6.0 j + 3.0 k) 

— (3.5 i + 7.2 j + 3.3 k) 

1 - 

0.5 

0.5 

2.0 i- 

2-4 j - 

0.6 k 


r(2)- 

r(l) 

(7.3i + 7.8j + 2.7k) — 

(4.5 i + 6.0j + 3.0 k) 

2- 

1 

1 


2.8 i + 

1-8 j — 

0.3 k 


r(1.5) 

— r (1) 

(5.9 i + 6.4j + 2.8 k) 

- (4.5 i + 6.0j + 3.0 k) 

1.5 

- 1 

0.5 


= 2.8 i + 0.8 j — 0.4 k 


(b) We can estimate the velocity at t = 1 by averaging the average velocities over the time intervals [0.5,1] and 
[1,1.5]: v (1) « i [(2 i — 2.4j - 0.6 k) + (2.8 i + 0.8 j - 0.4 k)] = 2.4 i - 0.8 j - 0.5 k. Then the speedis 

|v (1)| « \J (2.4) 2 + (—0.8) 2 + (—0.5) 2 « 2.58. 


2. (a) The average velocity over 2 < t < 2.4 is 

r = 2.5 [r (2.4) — r (2)], so we sketch a 

vector in the same direction but 2.5 times the length of 
[r (2.4) — r (2)]. 

(b) The average velocity over 1.5 < t < 2 is 

— r = 2 [r (2) - r (1.5)], so we sketch a vector 

2 — 1.5 

in the same direction but twice the length of [r (2) — r (1.5)]. 
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(c) Using Equation 2 we have v (2) = liin 


r (2 + h) - r (2) 
h 


(d) v(2) is tangent to the curve at r (2) and points in the direction of 
increasing t. Its length is the speed of the particle at t = 2. We can 
estimate the speed by averaging the lengths of the vectors found in 
parts (a) and (b) which represent the average speed over 2 < t < 2.4 
and 1.5 < t < 2 respectively. Using the axes scale as a guide, we 
estimate the vectors to have lengths 2.8 and 2.7. Thus, we estimate 
the speed at t = 2 to be |v (2)| « \ (2.8 + 2.7) = 2.75 and we draw 
the velocity vector v (2) with this length. 



3. r (f) = (t 2 — 1, t) => 
v(t) = r' (t) = (2t, 1), 
a(t) = r" (t) = (2,0), 
|v (t)\ = \/4 1 2 -f 1 


4. r (t) = (y/t, 1 - t) =» 
v(t) = (£t -1/2 ,-l), 
a (t) = (-|t - 3 / 2 .o), 

|v(í)l = V^í -1 + 1 


5. r(t) =e‘i + e *j =i> 
v(í) = e‘i-e _t j, 
a(t) =e‘i + e -t j 


Atí = 1: 
v (1) = (2,1) 
a (l) = (2,0) 


At t = 1: 
v(l) = (§,-l) 

a (l) = (“3,0) 


, but x = Vt, so x > 0. 

At t = 0: 
v (0) = i — j, 
a (0) = i+j 





|v (t) | = \Je 2t + e -2t = e *\/e 4¿ + 1 

Since x = e ¿ , t = Inx and y = e -t = e -lnx = 1/x, and 

x > 0, y > 0. 


Since x 2 =t, y = 1 — t = l — x 4 
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6. r ( t ) = (sin t , 2 cos t) => 

v(t) = (cost,-2sint), v(f) = ^,-1^ 
a (t) = (-sint, —2cos¿), a (f) = -y/3) 

|v (t)| = \/ cos 2 t -h 4sin 2 t = \/l + 3sin 2 1 
And x 2 -f y 2 /4 = sin 2 t + cos 2 t = 1, an ellipse. 

7. r(t) = (sin t, t, cos ¿) => 

v (í) = (cosí, 1, -sint), v (0) = (1,1,0) 
a ( t ) = (— sin £, 0, — cos t), a (0) = (0,0, -1) 

|v (t) | = \/ cos 2 t -f 1 -f sin 2 t = \/2 

Since x 2 -f 2 2 = 1, y = the path of the particle is a helix about the 
y-axis. 

8. r(t) = (t,¿ 2 ,¿ 3 ) =* 

v (t) = (l, 2t, 3t 2 ), v (1) = (1,2,3) 
a (t) = (0,2,6t), a (1) = (0,2,6) 

|v (í)| = \/r+"4£ 2 "T"9F 

The path is a “twisted cubic” (see Example 14.1.6 [ET 13.1.6]). 

9. r (t) = (f, t 2 , t 3 ) => v (¿) = r' (í) = (1,21,3f 2 ), a (í) = v' (t) = (0,2,6¿), 

|v (í)| = sjl* + (2 í) 2 + (3í 2 ) 2 = Vl + 4Í 2 + 9í 4 . 

10. r (t) = (2 cost, 3t, 2 sin t) v(f) = r' (t) = (-2sin¿, 3,2cost), a (t) = v' (t) = (-2cosf, 0, -2sin¿), 

I v (t) I = \/4 sin 2 1 -f 9 -f 4 cos 2 1 = \/Í3. 

11. r (í) = \/2¿i -f e* j -f e _í k => v (f) = r' (t) = \/2 i + e* j - e _É k, a(£) = v' (t) = e ¿ j -f e _t k, 

|v (f)| = y/2 + e 2t -f e~ 2t = yj (e £ -f e _í ) 2 = e ¿ -f e _t . 

-» 

12 . r (t) = t 2 i -f lnt j -f t k =*► v (t) = r' (f) = 2t i + í _1 j + k, a (t) = v' (t) = 2i - t~ 2 j, 

| v (t)| = \/4f 2 -f + 1. 

13. r (t) = e É (cosf, sint, t) =¿> 

v (t) = r' (t) = e ¿ (cos ¿, sin t, t) -f e É (— sin t, cos ¿,1) = e ¿ (cos t — sin t , sin t -f cos t, t -f 1) 

a (t) = v' (t) = e ¿ (cos f — sin t — sin t — cos £, sin t -f cos t -f cos f — sin f, t -f 1 -f 1) 

= e* (—2 sin t , 2 cos í, ¿ -f 2) 

| v (t) | = e l \/ cos 2 t -f sin 2 1 — 2 cos t sin t -f sin 2 1 -f cos 2 t -f 2 sin ¿ cos t + t 2 -f 2t -f 1 
= e/yjt 2 -f 2 1 +~3 
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14. r (t) = t sin t i + t cos t j + t 2 k =» v (t) = r' (£) = (sin t -f t cos t) i + (cos t — t sin t) j + 2t k, 
a(t) = v' ( t) = (2cos t - tsint) i -f (—2siní - ícosí) j -f 2k, 

|v (t) | = yj (sin 2 t -f 2t sin t cos t f t 2 cos 2 t ) + (cos 2 t — 2t sin t cos t -f t 2 sin 2 t) -f 4 1 2 = y/5t 2 + 1. 

15. a (t) = k => v (t) = f a(t) dt = f kdt = ¿k f ci and i — j = v (0) = Ok + ci, so ci = i — j and 

v (t) = i — j -f t k. r (t) = f v (t) dt = f (i — j -f t k) dt = t i — t j + \t 2 k + C 2 . But 0 = r (0) = 0 -f C 2 , so 
C 2 = 0 and r (t) = t i — t j -f \t 2 k. 

16. a ( t ) = —10 k =>- v (t) = f (—lOk) dt = —lOí k -f ci, and i -f j — k = v (0) = 0 -f ci, so ci = i -f j — k 
and v (t) = i -f j — (10 1 + 1) k. 

r (í) = / [i + j — (10t + 1) k] dt = t i + 1 j — (5£ 2 + t) k + C 2 . But 2 i + 3j = r (0) = 0 + C 2 , so C 2 = 2 i + 3j 
and r (t) = (£ + 2) i + (t + 3) j — (5 1 2 + 1) k. 


17. (a) a (t) = i + 2 j + 2t k => 

v (t) = f (i + 2j + 2tk) dt = t i + 2t j +1 2 k + ci, and 
0 = v (0) = 0 + ci, so ci =0 and v (t) = i + 2t j + 1 2 k. 

r(t) = f (t i + 2tj + t 2 k) dt = \t 2 i + ¿ 2 j + \t 3 k + c 2 . 
But i + k = r (0) = 0 + c 2 , so c 2 = i + k and 
r (t) = (1 + \t 2 ) i + ¿ 2 j + (1 + \t 3 ) k. 


(b) 



18 . (a) a(¿) = t i + t 2 j + cos2tk => 

v (t) = f (t i + t 2 j + cos 2 1 k) dt 

t 2 , t 3 . sin2í 
= T 1+ 3- J + ^- k + Cl 
and i + k = v (0) = 0 + ci, so ci = i + k and 

v (t) = (\t 2 + l) i + \t 3 j + (l + \ sin2 1) k. 
r(t) = f [(\t 2 + 1) i+ \t 3 j + (l + \ sin 2t) k] dt 


(b) 



= (\t 3 + 1 ) i+ ¿í 4 j + (t - \ cos 2t) k + c 2 
But j = r (0) = — - k + c 2 , so c 2 = j + \ k and 
r (t) = (\t 3 +t) i+ (1 + ¿t 4 ) j + (i +t- \ cos 2t) k. 

19. r ( t ) = (í 2 ,5t, t 2 — 16¿) => v (t) = (2£, 5,2 1 - 16), 

|v (t)\ = y/+t 2 + 25 + 4 1 2 - 64 1 + 256 = VSt 2 - 64 1 + 281 and 

~ |v (t)\ = \ (8 1 2 — 64 1 + 28l)~ 1/2 (1 6t — 64). This is zero if and only if the numerator is zero, that is, 

16¿ — 64 = 0 or t = 4. Since |v (t)| < 0 for t < 4 and ~ |v (t) I > 0 for t > 4, the minimum speed of >/153 is 

dt dt . 

attained at t = 4 units of time. 


20. Since r (f) = t 3 i + t 2 j + t 3 k, a (f) = r " (t) = 6t i + 2 j + 6t k. By Newton’s Second Law, 
F (t) = m a (t) = 6 mt i + 2m j + 6mt k is the required force. 
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21. |F (í)| = 20 N in the direction of the positive z- axis, so F ( t) = 20 k. Also m = 4 kg, r (0) = 0 and v (0) = i - j. 
Since 20k = F (t) = 4 a (t), a (í) = 5 k. Then v (t ) = 5¿ k + ci where ci = i - j so v (t) = i - j + 5¿ k and the 
speed is |v (f)| = \/l + 1 + 25¿ 2 = \/25 1 2 + 2. Also r (f) = t i - t j + |f 2 k -h C 2 and 0 = r (0), so C 2 = O and 
r(t) = t i - fj + f t 2 k. 

22. The argument here is the same as that in Example 14.2.5 [ET 13.2.5] with r (t) replaced by v (t) and r' (t) replaced 
bya (t). 


23. |v (0)| = 500 m/s and since the angle of elevation is 30 °, the direction of the velocity is \ (\/3 i + j). Thus 
v (0) = 250 (\/3 i-i- j) and if we set up the axes so the projectile starts at the origin, then r (0) = 0. Ignoring air 
resistance, the only force is that due to gravity, so F (t) = —mg j where g « 9.8 m/s 2 . Thus a (t) = —g j and 
v (t) = -gtj + ci. But 250 (\/3i + j) = v (0) = ci, so v (t) = 250\/3i + (250 — gt) j and 
r (t) = 250\/3 1 i + (250f — ^ < 7 ¿ 2 ) j + c 2 where 0 = r (0) = C 2 . Thus r (t) = 250\/3 1 i + (250t — \gt 2 ) j. 


(a) Setting 250t — \gt 2 = 0 gives t = 0 or t = « 51.0 s. So the range is 250\/3 • ^ « 22 km. 

(b) 0 = ~ (250t — \gt 2 ) = 250 — gt implies that the maximum height is attained when t = 250 /g « 25.5 s. 
Thus, the maximum height is (250) (250/<?) — g (250 /g) 2 \ = (250) 2 / (2 g) « 3.2 km. 


(c) From part (a), impact occurs at t = 500 /g « 51.0. Thus, the velocity at impact is 
v (500/^) = 250\/3i + [250 — g (500/p)] j = 250\/3i - 250 j and the speed is 
|v (500/p)| = 250\/3~+T = 500 m/s. 


24. As in Exercise 23, v (t) = 250\/3 i + (250 - gt) j and r (t) = 250\/3 1 i + (250t - \gt 2 ) j + c 2 . But 
r (0) = 200 j, so c 2 = 200 j and r (t) = 250\/3 1 i + (200 + 250¿ - \gt 2 ) j. 


- 0 9 500 ± \/500 2 + 1600p ^ ,. , 

(a) 200 + 250f — \gt 2 = 0 implies that gt 2 — 500 1 — 400 = 0 or t = ---. Taking the 

¿9 

poshive íj/-value gives t = 500 + VHtWXIU + Iti OOg ^ g s Thus the range is 

(aovs) „ 22 4 ^ 


(b) 0 = — (200 + 250¿ - \gt 2 ) = 250 - gt implies that the maximum height is attained 
when t = 250/<7 « 25.5 s and thus the maximum height is 




= 200 + « 3.4km. 

2 9 


Altemate Solution: Because the projectile is fired in the same direction and with the same velocity as in 
Exercise 23, but from a point 200 m higher, the maximum height reached is 200 m higher than that found in 
Exercise 23, that is, 3.2 km + 200 m = 3.4 km. 


(c) From part (a), impact occurs at t = 


500 + \/250,000 + 1600 <7 


2 9 


. Thus the velocity at impact is 


250%/3i + 


250-g 


500 + v/250,000 + I 6 OO 3 
2 9 


j, so |v| « ^SO ) 2 (3) + (250 - 51 . 83) 2 » 504 m/s. 
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25. As in Example 5, r (t) = ( v 0 cos45°) t i + [(vosin45°) t - \gt 2 ] j = \ [v 0 y/2t i + ( v 0 \/2t - gt 2 ) j]. Then 
the ball lands at t = v °-- s. Now since it lands 90 m away, 90 = \v 0 y/2 V °^ or v 0 = 90y and the initial 

g 9 

velocity is = /90g « 30 m/s. 

26. Here the initial speed v 0 = 120 m/s; let a be the angle of elevation. Assuming the object is lying flat on the ground, 

240sina , _ _ . _ (120) 2 sin2a 

the object will be hit at time t =---s (again refer to Example 5). Then ---- = 500 or 

sin 2a = = -^77 and 2a = sin -1 « 19.9 °soa«9.9°. 

(120) 2 144 144 


27. From (4), x = (vo cos a) t or t = 


v 0 cos a 
2 


-. Thus 


y = ( v 0 sina) — -^ (—-—^ = (tana) x — 2 9 -z — x 2 . Thus 

v 0 cos a 2 \v 0 cos a ) 2v¿ cos 2 a 

the trajectory is a parabola. Continuing by completing the square, we see that 


(tan 2 a) v 0 cos 2 a g 

2g 2 vq cos 2 a 


(tan a) v 0 (cos 2 a) 


or 


y- 


2 • 2 
v 0 sm a 

2 g 


2v% cos 2 


— — V ?- Sm a CQS Q ^ . Thus the vertex of the parabola lies 


at 


v 0 sin 2 a 

2 g 


/vnsinacosa t;oSÍn 2 a\ . . , . , . 

—-, - , so the maximum height ís y = 

\ g 2p ) 

28. r(í) = (l+t)i+ (í 2 — 2í)j =► r' (í) = i + (2 1 - 2) j, |r' (t)| = ^/l 2 + (2í - 2) 2 = s/W - 8< + 5, 

r" (t) = 2j, r' (t) x r" (í) — 2k. Then Equation 9 gives a T = r \ , A y~~ = ■ ¿-= == and Equation 10 

|r v 4í^ — 8t -f- 5 

|r' (í) x r" (i)| 2 

gIV6S = |r' (t)| = 5 - 

29. r (í) = (3í - í 3 ) i + 3í 2 j =+ r' (t) = (3 - 3í 2 ) i + 6í j, 

|r' (t)| = ^/(3-3t 2 ) 2 + (6t) 2 = %/9 + 18t 2 + 9t 4 = /(3 + 3Í 2 ) 2 = 3 + 3t 2 , 

r" (í) = — 6t i + 6j, r' (t) x r" (t) = (18 + 18t 2 ) k. Then Equation 9 gives 

= ^tl^t) = (3 — 3t 2 ) (—6t) + (6t) (6) = lSt + 18t 3 = , ^ (l. t g) =6t(orbyEquation8 , 
|r'(t)| 3 + 31 2 3 + 3t 2 3 (1 + í 2 ) 

/ d r 21 „ Jr , . . |r' (t) x r" (í)| 18 + 18Í 2 18(l+t 2 ) 

a T =-u' = —[3 + 3í 2 ] = 6í) and Equaüon 10 gives a N = | r , ( ^| - L = 3 = 3(1 = 6. 

30. r (t) = í i + í 2 j + 3í k =+ r' (t) = i + 2í j + 3k, |r' (t)| = ■/l 2 + (2í) 2 + 3 2 = a/4í 2 + 10, r" (t) = 2j, 

r' (í) x r" (t) = —6i + 2k. Then a T = - — ‘ - — -— 


CLT 


|r'(í)| 


V4t 2 +10 


|r' (í) x r" (t)| 2\/Í0 

ana cln —- . . -— —7====. 

|r'(í)| x/4 í 2 + 10 


31. r (¿) = cosí i -|- siní j -|-1 k => r' ( t ) = — sint i 4- cost j 4- k, |r' (t)\ = y/ sin 2 t -f cos 2 t + 1 = \/2, 
r" (t) = — cos t i — sin t j, r' (t) x r" (£) = sin t i — cos t j + k. 
r' (t) • r" (t) sin ¿ cos t — sin t cos t _ , 

¿Wi --°“ Kl 


CLN 


|r' ( t ) x r" (¿)| __ \/sin 2 1 + cos 2 ¿ + 1 _V2_ 

- \FM “ V2 " V2~ ‘ 
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32. r (t) = t i + cos 2 t j + sin 2 1 k => r' (t) = i — 2 cos t sin t j + 2 sin t cos ¿ k = i — sin 2t j + sin 2£ k, 

|r' ( t) | = y/l + 2 sin 2 2t, r" (t) = 2 (sin 2 1 - cos 2 1) j + 2 (cos 2 1 - sin 2 1) k = -2 cos 2t j + 2 cos 2t k. So 

2 sin 2t cos 2í + 2 sin 2t cos 2t 4sin2écos2t , |—2cos2tj — 2cos2tk| 2\/2|cos2t| 

clt =- — -= . — and cln = J - -===== - 1 = , =• 

\/l + 2sin 2 21 \/l + 2 sin 2 2t \/l + 2sin 2 2t \/l + 2sin 2 t 


33. r (t) = e* i + \/2t j + e É k 


r' (t) = e É i + \/2 j - e É k, 


|r (t)| = \/e 2¿ + 2 + e~ 2t = yj(e* + e *) 2 = e É + e É , r" (t) = e É i + e É k. 


Then ar 


= e2t _ e -, = (et+e - t ) (et - e - t ) =et _ e , t = 2si 


e ¿ + e~ 


e* + e - 


|\/2e - ‘i - 2j - \/2e‘k| ^/2 (e- 2 * + 2 + e 2 ‘) 

e* + e —1 e* + e —¿ 


2 sinh t and 


¿ i —t 

= V2 = V2. 

e t _f_ g-t 


34. L (t) = m r (t) x v (t) => 

L' (t) = m [r' (í) x v (t) + r (t) x v' (t)] (by Theorem 14.2.3 [ET 13.2.3] #5) 

= m [v (t) x v (t) + r (t) x v' (t)] = m [0 + r (t) x a (t)] = r (t) 

So if the torque is always 0, then L' (t) = 0 for all t, and so L (t) is constant. 


35. If the engines are tumed off at time t, then the spacecraft will continue to travel in the direction of v (t), so we need 

1 8t 

a t such that for some scalar s > 0, r (t) + s v (í) = (6,4,9). v (t) = r' (t) = i + - j + ———^ k => 

t (t J + 1) 

=>► 3 +1 + 5 = 6 => s = 3 — t, so 


r(í) + sv(t) = (3 + t + s,2 + lnt + -,7 — ^ + 


8st 


(t 2 + 1)^ 


7- 


4 8 (3 - t) t _ „ .. 24t — 12t 2 - 4 


t 2 + 1 (t 2 + l) 2 


= 9 <+ 


(t 2 +1)" 


= 2 +> t 4 + 8t 2 - 12t + 3 = 0. It is easily seen that 


3-1 


í = 1 is a root of this polynomial. Also 2 + ln H-— = 4, so t = 1 is the desired solution. 

36. (a) m— = — v e +> ^ ^ v e . Integrating both sides of this equation with respect to t gives 

dt dt dt m dt 


f m(É) dm 


(Substitution Rule) 


f 1 dv . í É ldm, _ /* V(É) . r 

/ — du = v e I -— du => / av = v e / 

7o 7o ^ Jv(0) imi 

v(t)-v(0)=ln(^)v. =» v(t) = v(0)-ln(^M)v e . 

(b) |v (í)| =2 |v e |, and |v (0)| = 0. Therefore, by part (a), 2 |v e | = — ln 

2 |v e | = ln (~^|) l v =l- [Mrfe: m (0) > m (t) so that ln ( m (0) /m ( t )) >0] => m(t) = e~ 2 m (0). 

Thus — ^ — % . — — = 1 — e -2 is the fraction of the initial mass that is bumed as fuel. 
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1. With r = (r cos 0) i -f (r sin 0) j and h = a k where a > 0, 


(a) h = r x r' = [(r cos0) i + (rsin0) j] x 


^r' cos0 — rsin#^^ i H- ^r'sin# + r cos O^jpj j 


rr' cos 0 sin 0 + r 2 cos 2 0^ - rr' cos 0 sin 0 -f- r 2 sin 2 0^ 
dt at 


2 


k = r 


(b) Since h = ak,a>0,a= |h|. But by part (a), a = |h| = r 2 (dO/dt). 

(c) -4 (t) = ^ // q |r| 2 dO = ¿ / ¿o r 2 (dO/dt) dt in polar coordinates. Thus, by the Fundamental Theorem 

ofCalculus, ^ 

dt 2 dt 

dA r 2 dO h . .. , , , 

(d) — = —— = -= constant since h ís a constant vector and h = h . 
dt ¿ dt 2 

2. (a) Since dA/dt = a constant, 4. (í) = |/i¿ + ci. But A (0) = 0, so A (í) = \ht. But A (T) = 
area of the ellipse = 7r ab and A (T) = \hT , so T = 2nab/h. 

(b) /i 2 / (GM) = ed where e is the eccentricity of the ellipse. But o = ed/ (l - e 2 ) or ed = a (l - e 2 ) and 
1 - e 2 = b 2 /a 2 . Hence h 2 / ( GM ) = ed = b 2 /a. 

, . 47T0 2 6 2 . 2 2,2 a 47T 2 o 

(C) T ~ — = i * a b GM P “ 6S* 


3. From Problem 2, T 2 = ^-a 3 . T « 365.25 days x 24 • 60 2 Se ^° n ° S « 3.1558 x 10 7 seconds. Therefore 
GM day 

: 3.348 x 10 33 m 3 =► 


seconds 


7\2 


3 GMT 2 (6.67 x 10" 11 ) (1.99 x 10 30 ) (3.1558 x 10 7 ) 

a “ 4 tt 2 ^ 4t r 2 

a « 1.496 x 10 11 m. Thus, the length of the major axis of the earth’s orbit (that is, 2o) is approximately 
2.99 x 10 11 m = 2.99 x 10 8 km. 


4. We can adapt the equation T 2 = Qj^ a3 fr° m Problem 2(c) with Earth at the center of the system, so T is the 

period of the satellite’s orbit about Earth, M is the mass of Earth, and a is the length of the semimajor axis of the 
satellite’s orbit (measured from Earth’s center). Since we want the satellite to remain fixed above a particular point 
on Earth’s equator, T must coincide with the period of Earth’s own rotation, so T = 24 h = 86,400 s. 

The mass of Earth is M = 5.98 x 10 24 kg (see Exercise 6.4.26 [ET 6.4.26]), so 


-o 


/ T a GM \ 1/3 _ 

" (86,400) 2 (6.67 x 10 -11 ) (5.98 x 10 24 )" 

{ 4n 2 J ~ 

47T 2 


: 4.23 x 10 7 m. If we assume a circular 


orbit, the radius of the orbit is a, and since the radius of Earth is approximately 6.37 x 10 6 m (again see 
Exercise 6.4.26 [ ET 6.4.26]), the required altitude above Earth’s surface for the satellite is 
4.23 x 10 7 - 6.37 x 10 6 « 3.59 x 10 7 m, or 35,900 km. 
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Review 


ET13 


CONCEPT CHECK 


1. A vector function is a function whose domain is a set of real numbers and whose range is a set of vectors. To find 
the derivative or integral, we can differentiate or integrate each component of the vector function. 

2. The tip of the moving vector r ( t ) of a continuous vector function traces out a space curve. 

3. (a) A curve represented by the vector function r ( t) is smooth if r' (t) is continuous and r' (t ) ^ 0 on its parametric 

domain (except possibly at the endpoints). 

(b) The tangent vector to a smooth curve at a point P with position vector r (t) is the vector r' (¿). The tangent line 

r'(t) 


at P is the line through P parallel to the tangent vector r' (t). The unit tangent vector is T (f) = 

4. (a)-(f) SeeTheorem 14.2.3 [ET 13.2.3]. 

5. Use Formula 14.3.2 [ET 13.3.2], or equivalently 14.3.3 [ET 13.3.3]. 

dT 


Ir'WI' 


6. (a) The curvature of a curve is k, = 
(b )*(*) = 


ds 


T' (t) 

r' (í) 


where T is the unit tangent vector. 

(d) K ( X) - 


(c) k (í) - IeIííIííiIMI 

<C)K(Í) - |r'«)|> 


irwi 


[1 + (/' (x)) 2 ] 


2T 3/2 


7. (a) The unit normal vector: N (t) = 


T' (t) 


. The binormal vector: B (t) = T (t) x N (f). 


|T' (í)| 

(b) See the discussion preceding Example 7 in Section 14.3 [ET 13.3]. 

8 . (a) If r (f) is the position vector of the particle on the space curve, the velocity v (t) = r' (f), the speed is given by 

|v (t)|, and the acceleration a (t) = v' (t) = r" (f). 

(b) a = < 2 tT + awN where ar = v' and cln = kv 2 . 

9. See the statement of Kepler’s Laws on page 897 [ ET 863]. 


—.—. TRUE-FALSE QUIZ . - 

1. True. If we reparametrize the curve by replacing u = f 3 , we have r (u) = u i + 2u j + 3u k, which is a line through 
the origin with direction vector i + 2 j + 3 k. 

2. True. r' (t) = (l, 3t 2 ,5f 4 ) is continuous for all t (since its component functions are each continuous) and since 
x' (t) = 1, we have r' (t) ^ 0 for all t. 

3. False. r' (t) = sinf, 2£, 4f 3 ), and since r' (0) = (0,0,0) = 0, the curve is not smooth. 

4. True. SeeTheorem 14.2.2 [ET 13.2.2]. 

5. False. By Formula 5 of Theorem 14.2.3 [ET 13.2.3], [u (t) x v (t)] = u' (t) x v (t) + u (t) x v' (t). 

dt 

6. False. For example, let r (t) = (cosf, sinf). Then |r (t)\ = y/ cos 2 1 + sin 2 1 = 1 => — |r (t)\ = 0, but 

|r' (t )| = |(— sinf,cos¿)| = yj (—sin t) 2 + cos 2 t = 1. 

7. False. k is the magnitude of the rate of change of the unit tangent vector T with respect to arc length s, not with 
respect to t . 

8 . False. The binormal vector, by the definition given in Section 14.3 [ET 13.3], is 
B (t) = T (t) x N (t) = - [N (t) x T (t)]. 
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9. True. See the discussion preceding Example 7 in Section 14.3 [ET 13.3]. 

10. False. For example, n (t) = (t, t) and n (t) = (2t, 2 1) both represent the same plane curve (the line y = x ), but 
the tangent vector ri (t) = (1,1) for all t, while r' 2 ( t ) = (2,2). In fact, different parametrizations give parallel 
tangent vectors at a point, but their magnitudes may differ. 


EXERCISES 


1. (a) Since x = 2 and y 2 + z 2 = 1, the curve is a circle in the plane x = 2 with 
center (2,0,0) and radius 1. 

(b) r' (í) = cosf j - sinf k => r" ( t ) = -sintj - costk 



2. r ( t ) = (t 3 , \/t -F 2, (sin¿) /¿) 

(a) The expressions t 3 , \/t + 2, and (sin t) /t are all defined when ¿ + 2>0 => ¿ > — 2 and ¿ 0, so the 

domain is [-2,0) U (0, oo). 

(b) lim r (t) = / lim ¿ 3 , lim \/¿ + 2, lim \ = (o, \/2, l) (using Equation 3.5.2 [ET 3.4.2] for the 

t-+ 0 \t-+o t—o t->o t / x 7 

z-component). 


(c) r' (t) = 


— t' 


d 


dt ’ dt 


y/t + 2, 


d sin¿\ 
dt t / 



1 

2\/í +~2 


t cos ¿ — sin t \ 
* / 


3. The projection of the curve C of intersection onto the xy -plane is the circle x 2 + y 2 = 16 ,2 = 0. So we can write 
x = 4 cos t,y = 4 sin ¿, 0 < ¿ < 27 t. From the equation of the plane, we have z = 5 — x = 5 — 4 cos t , so 
parametric equations for C are x = 4 cos í, y = 4 sin t, z = 5 — 4 cos t, 0 < t < 27r, and the corresponding vector 
function is r (t) = 4 cos t i + 4 sin t j + (5 — 4 cos t) k, 0 < t < 2ir. 


4. The curve is given by r ( t ) = (t 2 , t 4 * 6 , t 3 ), so 

r' ( t) = (21,4¿ 3 ,3¿ 2 ). The point (1,1,1) corresponds to t = 1, 
so the tangent vector there is r' (1) = (2,4,3). Then the tangent 
line has direction vector (2,4,3) and includes the point (1,1,1), 
so parametric equations are 
x = 1 + 2¿, y = 1 + 4¿, z = 1 + 3¿. 



5 - lo [(* + í 2 ) i + (2 + í 3 ) j + í 4 k] dt = [(|í 2 + 5 í 3 )i+( 2 í+¿t 4 )j+(ií s )k]¿ = fi + f j + ¿k 


6. (a) C intersects the xz-plane where y = 0 =>• 2t — 1 = 0 => t = |, so the point is 

( 2 -m 3 ,0,lnl) = (f |0 ,-ln2). 

(b) The curve is given by r (¿) = (2 — t 3 , 2t — 1, lnt), so r' (t) = (—3t 2 ,2,1/t). The point (1,1,0) corresponds 
to t = 1, so the tangent vector there is r' (1) = (-3,2,1). Then the tangent line has direction vector (-3,2,1) 
and includes the point (1,1,0), so parametric equations are x = 1 — 3t, y = 1 + 2t, z = t. 


(c) The normal plane has normal vector r' (1) = (-3,2,1) and equation — 3 (x — 1) + 2 (y — 1) + 2 = 0 or 
3x — 2y — 2 = 1. 
















/ 
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7. t = 1 at (1,4, 2) and t = 4 at (2,1,17), so 




4£^ dt 


4- i 
' 3-4 


: 15.9241 


¿ + 16 + 4 + 4 • + 7^4 + 4 (I) 2 + 2 • 4 + 4 (x) 


+ 4 . /_í_|_—- 4 TZsT® + ./ —í—|- — + 4 • 4 2 

+ 4 Y 4, f (t) 4 + V 4-4 4 4 


8. r' (í) = — 2sin2£, 2cos2t^, |r' (t)| = y^9t + 4 (sin 2 2t -h cos 2 2¿) = \/9M-4. Thus 

¿ = f 0 ' V9t + 4dt = /“ = } . }«*'=]” = * (rf'* - 8). 

9. The angle of intersection of the two curves, 6, is the angle between their respective tangents at the point of 
intersection. For both curves the point (1,0,0) occurs when t = 0. ri (f) = — sin t i + cos t j + k =$■ 

rí (0) = j + k and r' 2 (t) = i + 2t j + 3t 2 k r 2 (0) = i. rí (0) • r 2 (0) = (j + k) • i = 0. Therefore, the 

curves intersect in a right angle, that is, 9 = 

10. The parametric value corresponding to the point (1,0,1) is t = 0. 
r' (f) = e ¿ i + é (cos t + siní) j + e* (cosf - sint) k 

=> |r' (t) I = e É yjl + (cos t + sin t ) 2 + (cosf — sinf) 2 = V3e É 

and s (f) = / 0 É e u \/3 du = >/3 (e É - l) =í> t = ln (l + . Therefore, 

r (*(«)) = (l + 75 «) i+ (l + 75«) « inln (l + 75«) J + (*• + 75«) cosln ( x + 75«) k - 

i, (a)Tffl - - <f^) _ Í Í> h SL- 

(a) w " |r'(01 " i>l Ví++í 2 TT 

(b) T' (f) = -¿ (t 4 + t 2 + l) _3/2 (4í 3 + 21) (í 2 ,t, 1) + (í 4 + t 2 + 1)~ 1/2 <2t, 1,0) 

—2f 3 - t 


.0) 


- (í 4 + i2 + 1)3/ 2 (í2 ’ ^ ^ + (f4 + t* + l) 1 / 2 <2Í ’ ^ 

_ (—2t 5 - t 3 , — 2f 4 - t 2 , — 2t 3 - t) + (2t 5 + 2t 3 + 2t, t 4 +1 2 + 1,0) 

(t 4 + í 2 + 1) 3/2 

_ (2f, -t 4 + 1, — 2t 3 - t) 

(t 4 + í 2 + 1) 3/2 

_ V4f 2 + t 8 - 2t 4 + 1 + 4t 6 + 4t 4 + t 2 _ Vt a + 4f 6 + 2t 4 + 5t 2 
_ (í 4 +1 2 + 1) 3/2 _ (í 4 +1 2 + 1) 3/2 

N (t) - ( 2 *. 1 ~ ¿4 . ~ 2¿3 ~ *) 

1 ; Ví 8 + 4í 6 + 2í 4 + 5í 2 ' 


f \ _ |T' (t)[ _ -v/t 8 + 4f 6 + 2t 4 + 5t 2 

() () “ ,r' (01 “ (t 4 +t 2 + l) 2 





































CHAPTER14 REVIEW ETCHAPTER 13 □ 301 


12. Using Exercise 14.3.30 [ET 13.3.30], we have r' (£) = (—3sint, 4cosí), r" (£) = (—3cosí, —4siní), 
|r' (í)| 3 = ^ y/9 sin 2 t -f 4 cos 2 and then 

K (t)— l(- 3sin¿ ) (-48m¿) - (-3c° s ¿) (4c° s ¿)| _ 12 

(9 sin 2 1 + 16 cos 2 1) 3/2 (9 sin 2 1 + 16 cos 2 1) 3/2 

At (3,0), t = 0 and /c (0) = 12/ (16) 3/2 = M = At (0,4), t = f and ac (f) = 12/9 3/2 = 

13. = 4l 3 , y" = 12x 2 (.) = + “ 

[12x 2 -2| 


( 17 ) 3 / 2 ' 


14. /c ( x ) = 


/c (0) = 2. So the osculating 


[1 + (4x 3 - 2a :) 2 ] 3/2 
circle has radius 1 and center (0, — |). Thus its equation is 

* 2 + (y + h ) 2 = \- 


0.55 



1.2 


15. r (t) = (sin2¿,í, cos2t) => r' (t) = (2cos2í, 1, — 2sin2¿) =>► T (í) = (2cos2¿, 1, — 2sin2¿) =¿> 

T'(í) = (—4sin2£,0, —4cos 2t) => N(í) = (-sin2¿,0, -cos2í). SoN = N(tt) = (0,0, —1) and 

B = TxN = -^ (-1,2,0). So a normal to the osculating plane is (-1, 2,0) and an equation is 

-1 (x — 0) -I- 2 (y — 7 r) -I- 0 (z — 1) = 0 or x — 2y + 27 t = 0. 

16. (a) The average velocity over [3,3.2] is given by 

r = 5 [r (3.2) - r (3)], so we draw a 

vector with the same direction but 5 times the length of 
the vector [r (3.2) — r (3)]. 

(b) V (3) = r' (3) = lim r ( 3 + ~ r ( 3 ) 

. h —»0 h 

r' (3) 

(c) T (3) = ' , a unit vector in the same direction as r' (3), that is, 

l r Wl 

parallel to the tangent line to the curve at r ( 3 ), pointing in the 
direction corresponding to increasing t , and with length 1 . 




17. v(¿) = 2v/2i + 2e 2t j - 2e" 2t k, |v (í)| = s/8 + 4e 4t + 4e- 4t = 2 (e 2t + e~ 2t ), a (t) = 4e 2t j + 4e“ 2t k 

18. v(í) = / (ti + j +i 2 k) dt = |í 2 i + íj + 5 Í 3 k + ci, but i + 2 j + k = v ( 0 ) = 0 + ci, so 
ci = i + 2 j + k and v (í) = (l + §í 2 ) i + (2 + í) j + (l + 5 Í 3 ) k. 

r (í) = / v (í) dt = (í + gí 3 ) i + (2í + 5Í 2 ) j + (t + ^í 4 ) k + C 2 . But r (0) = 0, so C 2 =0 and 
r (*) = (t+ gí 3 ) i + ( 2 í + ¿t 2 ) j + (í + ^í 4 ) k. 
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19. We set up the axes so that the shot leaves the athlete’s hand 7 ft above the origin. Then we are given r (0) = 7j, 

| v (0)| = 43 ft/s, and v (0) has direction given by a 45 ° angle of elevation. Then a unit vector in the direction of 
v (0) is ”^= (i ~h j) => v (0) = (i + j). Assuming air resistance is negligible, the only extemal force is due 

to gravity, so as in Example 14.4.5 [ET 13.4.5] we have a = —g j where here g « 32 ft/s 2 . Since v' (f) = a (f), 
we integrate, giving v ( t) = -gt j + C where C = v (0) = (i + j) => v (t) = -^ i + - gt') j. Since 

r' ( t) = v ( t) we integrate again, so r (f) = -^t i + t - \gt j + D. But 
D = r (0) = 7j => r(t) =-^ti+(^-^t-\gt 2 + 7^)j. 

(a) At 2 seconds, the shot is at r (2) = (2) i + (2) - \g (2) 2 + 7^ j » 60.8 i + 3.8 j, so the shot is about 

3.8 ft above the ground, at a horizontal distance of 60.8 ft from the athlete. 

(b) The shot reaches its maximum height when the vertical component of velocity is 0: — gt = 0 => 

43 

t = -=- « 0.95 s. Then r (0.95) « 28.9 i + 21.4 j, so the maximum height is approximately 21.4 ft. 

V2 g 

(c) The shot hits the ground when the vertical component of r (t) is 0, so -^=t — \gt 2 + 7 = 0 => 

—16t 2 + -j=t + 7 = 0 => t « 2.11 s. r (2.11) « 64.2 i - 0.08 j, thus the shot lands approximately 64.2 ft 
from the athlete. 


20. r' (f) = i + 2j + 2t k, r" (t) = 2k, |r' (t )| = y/1 + 4 + 4¿ 2 = V4í 2 + 5. 

_ 4 1 , |4i — 2j| 2^/5 

Then ar = y and cln = , = , n 

V4 1 2 + 5 y/4 í 2 + 5 V4t 2 + 5 

21. (a) Instead of proceeding directly, we use Formula 3 of Theorem 14.2.3 [ET 13.2.3]: r (£) = t R (t) => 

v = r' ( t) =R(í)+¿R' (t) = cosujti + sinujt j + t v<¿. 

(b) Using the same method as in part (a) and starting with v = R (t) + t R' (f), we have 
a = v' = R' (t) + R' (í) + íR" (t) = 2R' (f) + f R" (í) = 2v d + ía d . 


(c) Here we have r (t) = e * cos u>t i + e É sin ut j = e * R (t). So, as in parts (a) and (b), 
v = r' (t) = e- É R' (t) - e~* R (t) = e“ 4 [R' (t) - R (t)] =+ 
a = v' = e"* [R" (t) - R' (t)] - e~ É [R' (t) - R (t)] = e' 4 [R" (t) - 2 R' (t) + R (t)] 

= e _í a¿ — 2e _É v d + e _¿ R 

Thus, the Coriolis acceleration (the sum of the “extra” terms not involving a¿) is —2e _í v^ + e _í R. 


22. (a) F (x) = < 


if x < 0 

if0<x < 7a 


\/l — X 2 
-x + </2 if x > 


F'(x) = l 


0 if x < 0 

—x/y/1 — x 2 if 0 < x < -^- 

_1 ifx> 72 


F" (x) = < 


0 


-1/(1-x 2 ) 


, 2 \ 3/2 


Íf (E < 0 
if 0 < x < -j= 


„ 0 if 1 > 75 

since ^ x (l — x 2 ) _1/2 ] = — (l — x 2 ) 1/2 — x 2 (l — x 2 ) 3/2 = — (l — x 2 ) 3/2 . 

Now lim 71 - x 2 = 1 = F (0) and lim 7l - x 2 = 7= = F f ], so F is continuous. Also, since 

*—o+ *-(i/V5)“ ^ / 
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lim F' (x) = 0 = lim F' (x) and lim F' (x) = -1 = lim F' (x), F' is continuous. But 

x-»0+ x-*0~ x—>(l/\/2) *-*(l/\/2) 

lim F" (x) = -1 0 = lim F" (x), so F" is not continuous at x = 0. (The same is true at x = ^.) So 

!-0+ *—o- 

F does not have continuous curvature. 


(b) Set P (x) = ax 5 + bx 4 + cx 3 + dx 2 + ex + /. The continuity conditions on P are P (0) = 0, P (1) - 1, 
p' (o) = 0 and P' (1) = 1. Also the curvature must be continuous. For x < 0 and x > 1, k (x) = 0; elsewhere 


k (x) =- ^ — tjk, so we need P" (0) = 0 and P" (1) = 0. 

(1 + [ F '( x )] 2 ) 3/2 

The conditions P (0) = P ' (0) = P" (0) = 0 imply that d = e = / = 0. 
The other conditions imply that a + 6 + c= 1, 5a + 46 + 3c = 1, and 
10a66 -f 3c = 0. From these, we find that a = 3, 6 = —8, and c = 6. 
Therefore P ( x ) = 3z 5 - 8x 4 + 6x 3 . Since there was no solution with 
a = 0, this could not have been done with a polynomial of degree 4. 


1.3 






Problems Plus 


1. (a) r (£) = Rcosujt i + Rsmut] => v = r'(t) =—ujRsmujti + ufRcosujtj, so r — R(cosu>ti + sincjti) 
and v = ujR (— sin ujt i + cosujtj). v • r = ujR? (— coscjtsinc^t + sinc ot cosc ot) = 0, so v _L r. Since r 
points along a radius of the circle, and v J_ r, v is tangent to the circle. Because it is a velocity vector, v points 
in the direction of motion. 

(b) In (a), we wrote v in the form loR u, where u is the unit vector - sin c ot i -f cos j. Clearly 
|v| = ujR |u| = ujR. At speed ujR, the particle completes one revolution, a distance 2nR , in time 
^ _ 2nR _ 2n 
u jR uj ’ 


(C ) a= = —o) 2 ñcoswt i — u> 2 Rsinuitj = -u> 2 R(cosu>t i + sinwtj), so a = -w 2 r. This shows that a is 
dt 

proportional to r and points in the opposite direction (toward the origin). Also, |a| = u? |r| = lo R. 

(d) By Newton’s Second Law (see Section 14.4 [ET 13.4]), F = ma, so 

. . . , 2 m(ujR) 2 m\v\ 2 

|F| = m |a| = mRu? = - y - = — 


2. (a) Dividing the equation |F| sin 9 = the equation |F| cos 0 = mg, we obtain tan 6 = -j^, so 

v R = Rg tan 6 . 

(b) R = 400 ft and 6 = 12 °, so v R = y/RgtsmG » >/400 • 32 • tan 12 ° » 52.16 ft/s w 36 mi/h. 

(c) We want to choose a new radius R\ for which the new rated speed is § of the old one: 
y/R\gtnn 12 ° = § y/Rg tanl2°. Squaring, we get R\g tan 12 ° = f Rg tan 12 °, so 
R 1 = lR=% (400) = 900 ft. 


3. (a) The projectile reaches maximum height when 0 = ^ [(vo sin a)t- \gt 2 ] = vo sin a - gt\ that is, 

vosina . . . . /t>osin a\ 1 /uosina\ 2 Vo sin 2 a 

when t = -and y = (vo sina) ^—-— J — ~g ^— - J = -^—* ^ 1S 1S maximum 

height attained when the projectile is fired with an angle of elevation a. This maximum height is largest when 

Vq 

a = f. In that case, sin a = 1 and the maximum height ís —. 


(b) Let R = vl/g. We are asked to consider the parabola x 2 + 2 Ry - R 2 = 0 which can be rewritten as 
1 R 

y = - x 2 H-. The points on or inside this parabola are those for which —R<x<R and 

2 R 2 

_-I o 

0 < y < — x 2 H-. When the projectile is fired at angle of elevation a, the points (x, y) along its path 

2 R 2 

satisfy the relations x = (vo cos a) t and y = (vo sin a)t — \gt 2 , where 0 < t < (2vo sin a) /g (as in 


Example 5 in Section 14.4 [ET 13.4]). Thus \x\ < 
shows that — R < x < R. 


/ 2vo sin a \ 
vo cos a - 

_ 

— sin 2a 

< 

yo 

V 9 J 


9 


9 


= |jR|. This 
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For t in the specified range, we also have y = t (v 0 sin a - \gt) = \gt ^ 2<u ° s * na - t'j > 0 and 

y = (vo sina) —--f (—- —) = (tana)x - 2 9 2 ~ x 2 = - 1 o x 2 + (tana)x. Thus 

y ; cos a 2 \ uo cos a) 2v¿ cos 2 a 2R cos 2 a 


y ~{ú x2 + %) = 


— 1 2 . 1 2 • /• \ 


2 i? cos 2 a 


x + —a: + (tan a)x — — 


x 2 ( l \ . R x 2 (l — sec 2 a) +2R(taxia)x — R 2 

- 2R - 


— (tan 2 a) x 2 + 2 R (tan a)x — R 2 _ — [(tan a)x — R] 2 


2 R 


2 R 


< 0 


We have shown that every target that can be hit by the projectile lies on or inside the parabola 

y = —— x 2 + —. Now let (a, b) be any point on or inside the parabola y = --^x 2 + tt- Th en 
2 R 2 2 

1 R 

-R < a < R and 0 < 6 <--a 2 + —. We seek an angle a such that (a, b ) lies in the path of the projectile; 

2R 2 

that is, we wish to find an angle a such that b = — — 5 —a 2 -f (tana) a or 

2 R cos 2 a 

equivalently b = —¿ (tan 2 a + l) a 2 + (tan a) a. Rearranging this equation we get 
2R 

tan 2 a — atana + = ^ ora2 (^ ana ) 2 — 2aií(tana) + (a 2 + 2bR) = 0 (★). This 

quadratic equation for tan a has real solutions exactly when the discriminant is nonnegative. Now 
B 2 - 4 AC >0<¿> (- 2 aR) 2 - 4a 2 (a 2 + 2bR) > 0 <=> 4a 2 (ií 2 - a 2 - 2W?) > 0 4=> 

-a 2 - 2bR + R 2 > 0 4 =S> b < — (R 2 - a 2 ) +> 6 < — a 2 + —. This condition is satisfied since 

2 R ' 7 2 

1 i£ 

(a, &) is on or inside the parabola y = — —x 2 + —. It follows that (a, b) lies in the path of the projectile when 

2 ix 2 

2ai?± JAa 2 (R 2 - a 2 - 2bR) R± y/R? - 2bR - a? 
tan a satisfies (★), that is, when tana =- ^2 - = -“-* 



If the gun is pointed at a target with height h at a distance D downrange, then 
tan a = h/D. When the projectile reaches a distance D downrange 
(remember we are assuming that it doesn’t hit the ground first), we have 


D = x = (v 0 cos a) t,sot = 


D 


vo cos a 


and 


v = (vo sina) t- ^qt 2 = Dtana - „ 0 — . Meanwhile, the target, whose x-coordinate is also D, has 

v ’ 2 2i?ocos 2 a 


9D 2 


fallen from height h to height h- \gt ¿ = D tana - —£——. Thus the projectile hits the target. 

Z'Uq cos a 
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4. (a) As in Problem 3, r (í) = (v 0 cos a) t i + [(v 0 sin a) t - \gt 2 ] j, so x = (v 0 cos a) t and 

y = (v 0 sin a)t - \gt 2 . The difference here is that the projectile travels until it reaches a point where x > 0 

X 

and y = - (tan 9) x (Here 0 < 9 < f.) From the parametric equations, we obtain t =-and 


vq cos a 


(v 0S ma)x _ gx 2 gx 2 

vq cos a 2vq cos ¿ a 


2vq cos 2 a * 


ax ¿ 

Thus the projectile hits the inclined plane at the point where (tan a) x — —^- 5 — = — ( tan x * s i nce 

aUq cos a 


— „ = (tan a + tan 0) x and x > 0, we must have „ = tan a + tan 6. It follows 

2 vl cos 2 a K ' 2tcos 2 a 


that 


2vl cos 2 a , . . «v , . íc 

X = — -(tan a + tan 9) and t = 


2t;o cos a 


parametric equations are defined for t in the interval 


Vo cos a g 

2vo cos a 


0 , 


(tan a + tan 9). This means that the 
(tan a + tan 6) . 



(b) The downhill range (that is, the distance to the projectile’s landing point as 
measured along the inclined plane) is R (a) = x sec 0 , where x is the 

coordinate of the landing point calculated in part (a). Thus 

, 2v 0 cos 2 a t m „ 2vl /'sinacosa , cos 2 asin0^ 

R(a) = — -(tan a + tan 0) sec 9 =- - - -1-— ye — 

v ' g v 7 g \ cos 9 cos ¿ 9 ) 

2u 0 cos a,. „ . . „ x 2v 0 cos a sin (a + 6) 

= —-—r— (sm a cos 9 + cos a sm 9) =- rr - 

g cos 2 9 v gcos 2 9 


R (a) is maximized when 

e\ 2 

0 = R' (a) =- rrr [— sin a sin (a + 9) + cos a cos (a + 9)] 

g cos 2 9 


2vl u ^ 2uq cos (2a + 9) 

g cos 2 9 LV gcos 2 9 

This condition implies that cos (2a + 0) = 0 => 2a + 9 = f => a = | (f — 9). 

(c) The solution is similar to the solutions to parts (a) and (b). This time the projectile travels until it reaches a point 
where x > 0 and y = (tan 9) x. Since tan 9 = - tan (- 9 ), we obtain the solution from the previous one by 
replacing 9 with —9. The desired angle is a = \ (f + 9 ). 

5. (a) m < ^J r = ~ m 9Í ~ ^ =0 m ~dt ~^~ m ^J = c ( c is a 

constant vector in the xy-plane). At t = 0, this says that rav (0) + /cR (0) = c. Since v (0) = v 0 and 

_ dR k _ ,. (¿R t k . 

R (0) = 0, we have c = mv 0 . Therefore —— H-R + gt j = v 0 , or -r- H-R — v 0 — gt j. 

v ' dt m at m 

(b) Multiplying by e (k/m)t gives e(fc/m) ‘^r + ^e (fc/m)t R = e(fc/m) ‘ v o - gte (k/m)t j or 

^ (e (fc/m)t R) = e (fc/m)t v 0 - gte (k/m)t j. Integrating gives 

j + b for some constant vector b. Setting t = 0 


e (fc/"*)t R _ üi e (fc/"*)t vo _ 
k 


rng te (k/m)t _ m 9 c (k/m)t 
k k 2 
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yields the relation R(O) = ™v 0 + + b, so b = -™v 0 - j. Thus 


k 2 


e (k/m)t R 


= j [e (fc / m )‘ - lj v 0 - ^ íe (fc / m )‘ - ^ ^ e (fc /"*)t _ ^ j 


j and 




6. By the Fundamental Theorem of Calculus, r' ( t ) = (sin (ttí 2 /2) , cos (7rf 2 /2)), |r' (t)\ = 1 and so T (t) = r' (t). 

Thus T' (t) = 7 rt (sin (nt 2 /2) , cos (irt 2 /2) ) and the curvature is k = |T' (í)| = (nt) 2 (1) = 7 T |t|. 

7. (a) a = —g j => v = v 0 - gtj = 2 i - gtj => s = s 0 + 2t i - \gt 2 j = 3.5j + 2t i - \gt 2 j =;► 

s = 2t i + (3.5 — ^gt 2 ) j. Therefore y = 0 when t = y/7/g seconds. At that instant, the ball is 

2\/7/g ~ 0.94 ft to the right of the table top. Its coordinates (relative to an origin on the floor directly under the 

table’s edge) are (0.94,0). At impact, the velocity is v = 2 i — y/7gj, so the speed is 

|v| = + 7g « 15 ft/s. 


(b) The slope of Ihe co„e when < = ^/¿ i« jg - = -f 5 - -^¡ - Thos cot > - JTg/ 2 

and 6 « 7.6°. 

(c) From (a), Iv| = V 4 + 7g. So the ball rebounds with speed 0.8^4 + 7 g « 12.08 ft/s at angle of inclination 

90 — 9 « 82.3886 °. By Example 14.4.5 [ET 13.4.5], the horizontal distance traveled between bounces is 
, t>oSÍn2 ol 

d — ~ » where t>o & 12.08 ft/s and a ~ 82.3886 °. Therefore, d « 1.197 ft. So the ball strikes the floor 


at about 2 y/7/g + 1.197 « 2.13 ft to the right of the table’s edge. 

8 . As the cable is wrapped around the spool, think of the top or bottom 
of the cable forming a helix of radius R + r. Let h be the vertical 
distance between coils. Then, from similar triangles, 

2 r _ 2n (r 4- R) 


\Jh? — 4r 2 h 

^ ^ _ 27rr (r + R) 

Jñ 2 (r + ñ) 2 - r 2 


h 2 r 2 = 7 r 2 (r + R) 2 ( h 2 - 4r 2 ) 



\¡h 2 — 4r 2 


If we parametrize the helix by x (t) — (R + r) cos t , y (t) = (R + r) sin t , then we must have z (t) = [h/ (2tt)\ t. 
The length of one complete cycle is 


í = f Q \J l x ’ W] 2 + [y' (*)] 2 + [z' (í)] 2 dt = J q y(-ñ + >") 2 + dt = 27r^/(R + r) 2 H- (A) 


= 2tt J(R + r ) ¿ + 


r 2 (R + r) 2 
7r 2 (R + r) 2 — r 2 


= 2n(R + r) . 1 + 


2tt 2 (R + r) 2 


* 2 (R + r) — r 2 ^2 ( ñ + r) 2 _ r 2 


The number of complete cycles is JL//], and so the shortest length along the spool is 


[L' 

27rr (ií + r) 

'l^/tt 2 (i? + r) 2 — r 2 J 


^Ar 2 (i? + r) 2 - r 2 

27t 2 (ií+ r) 2 








































Partial Derivatives 


■HhS.1 Functions of Several Variables 


1. (a) From Table 1, / (8,60) = -7, which means that if the temperature is 8 °C and the wind speed is 60 km/h, then 

the air would feel equivalent to approximately — 7 °C without wind. 

(b) The question is asking: when the temperature is —12 °C, what wind speed gives a wind-chill index of —26 C? 
From Table 1, the speed is 20 km/h. 

(c) The question is asking: when the wind speed is 80 km/h, what temperature gives a wind-chill index of -14 °C? 
From Table 1, the temperature is 4 °C. 

(d) The function I = / (-4, v) means that we fix T at -4 and allow v to vary, resulting in a function of one 
variable. In other words, the function gives wind-chill index values for different wind speeds when the 
temperature is -4 °C. From Table 1 (look at the row corresponding to T = -4), the function decreases and 
appears to approach a constant value as v increases. 

(e) The function I = / (T, 50) means that we fix v at 50 and allow T to vary, again giving a function of one 
variable. In other words, the function gives wind-chill index values for different temperatures when the wind 
speed is 50 km/h. From Table 1 (look at the column corresponding to v = 50), the function increases almost 
linearly as T increases. 

2. (a) From the table, / (95,70) = 124, which means that when the actual temperature is 95 °F and the relative 

humidity is 70%, the perceived air temperature is approximately 124 °F. 

(b) Looking at the row corresponding to T = 90, we see that / (90, h) = 100 when h = 60. 

(c) Looking at the column corresponding to h = 50, we see that / (T, 50) = 88 when T = 85. 

(d) I = / (80, h) means that T is fixed at 80 and h is allowed to vary, resulting in a function of h that gives the 
humidex values for different relative humidities when the actual temperature is 80 °F. Similarly, I = f (100, h) 
is a function of one variable that gives the humidex values for different relative humidities when the actual 
temperature is 100 °F. Looking at the rows of the table corresponding to T = 80 and T = 100, we see that 

/ (80, h) increases at a relatively constant rate of approximately 1 °F per 10% relative humidity, while 
/ (100, h) increases more quickly (at first with an average rate of change of 5 °F per 10% relative humidity) and 
at an increasing rate (approximately 12 °F per 10% relative humidity for larger values of h). 

3. If the amounts of labor and capital are both doubled, we replace L, K in the function with 2L, 2 K, giving 

P (2L, 2 K) = 1.01 (2L) 0 ' 75 (2K) 0 25 = 1.01 (2 0 ' 75 ) (2 0 ' 25 ) L °' 75 K 0 25 = (2 1 ) Í.OIL 0 ' 75 ^ 0 ' 25 
= 2 P (L, K) 

Thus, the production is doubled. It is also true for the general case P (L, K) = bL a K 1 ~ a \ 

P (2 L, 2 K) = b (2 L) a (2 Kf- a = b ( 2 a ) (2 1 "*) L a K x ~ a = (2 tt+1 “ a ) 6L Q LT 1_Q! = 2P (L, K). 
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4. We compare the values for the temperature-humidity index given by Table 3 with those given by the model function: 


Modeled Humidex Values I (T, h) 
Relative humidity (%) 


h 

r\ 

20 

30 

40 

50 

60 

70 

80 

78.6 

79.2 

79.9 

80.8 

81.8 

83.0 

85 

82.0 

82.9 

84.3 

86.5 

89.3 

92.7 

90 

86.3 

87.9 

90.7 

94.6 

99.7 

105.9 

95 

91.5 

94.4 

99.0 

105.2 

113.1 

122.6 

100 

97.5 

102.3 

109.3 

118.3 

129.5 

142.8 


& 

e 

B 

■a 

3 


Although the model is not a perfect fit, the values it gives appear to be fairly close to the vaiues in Table 3, usually 
within 2 °F. For most purposes, the numerical representation of the function is much more convenient. 

5. (a) According to the table, / (40,15) = 25, which means that if a 40-knot wind has been blowing in the open sea 
for 15 hours, it will create waves with estimated heights of 25 feet. 

(b) h = / (30, t) means we fix v at 30 and allow t to vary, resulting in a function of one variable. Thus here, 

h = / (30, t) gives the wave heights produced by 30-knot winds blowing for t hours. From the table (look at the 
row corresponding to v = 30), the function increases but at a declining rate as t increases. In fact, the function 
values appear to be approaching a limiting value of approximately 19, which suggests that 30-knot winds cannot 
produce waves higher than about 19 feet. 

(c) h = / (v, 30) means we fix t at 30, again giving a function of one variable. So, h = f (v , 30) gives the wave 
heights produced by winds of speed v blowing for 30 hours. From the table (look at the column corresponding 
to t = 30), the function appears to increase at an increasing rate, with no apparent limiting value. This suggests 
that faster winds (lasting 30 hours) always create higher waves. 


6. (a) / (1,1) = ln (1 + 1 - 1) = In 1 = 0 

(b) / (e, 1) = ln (e + 1 - 1) = ln e = 1 

(c) ln (x + y — 1) is defined only when x + y — 1 >0, that is, y > 1 — x. So the domain of / is 
{(x,y)\y> 1-x}. 

(d) Since In (x + y — 1) can be any real number, the range is R. 

7. (a) / (2,4) = e 22-4 = e° = 1. 

2 

(b) The exponential function is defined everywhere, so no matter what values of x and y we use, e x ~ y is defined. 
So the domain of / is R 2 . 

(c) Because the range of g (x, y) = x 2 - y is R, and the range of e x is (0, oo), the range of e p(x,y) = e x2 ~ y is 
{z | z > 0}. 
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8 . (a) s(l,2) = ^36 — 9 (l) 2 - 4 (2) 2 = VÜ 

(b) For the square root to be defined, we need 36 - 9z 2 - 4 y 2 > 0 or 
\x 2 + \y 2 < 1. Thus the domain is {(a:,j/) | \x 2 + |y 2 < l}, 
the points on or inside the ellipse \x 2 + \y 2 = 1. 

(c) Since 0 < \/36 - 9a: 2 - 4j/ 2 < 6, the range is {z | 0 < z < 6}. 



9. (a) / (3,6,4) = 3 2 ln (3 - 6 + 4) = 9 ln 1 = 0. 

(b) For the logarithmic function to be defined, we need x — y + z > 0. Thus the domain of / is 
{(x,y,z) | a : + z>y). 

(c) Since x 2 \n(x — y + z) can be any real number, the range of / is R. 


10 . (a) / (1,3, —4) = 1 j \J\? + 3 2 + (— 4) 2 —'1 = + - 5- 

(b) The domain of / is { (x, y, z) | x 2 + y 2 + z 2 > 1}, the exterior of the sphere 

(c) Since \Zx 2 +y 2 + z 2 - l > 0, the range of / is (0, 00 ). 


11 . y/x + y is defined only when x + y > 0, or 
y > —x. So the domain of / is 
{(x,y) I y > -*}. 



x 2 + y 2 + z 2 = 1. 

12. We need x > 0 and y > 0, so 

D = {( 1 , y) | x > 0 and y > 0}, the first 
quadrant. 



0 x 


13. ln (9 — x 2 — 9 y 2 ) is defined only when 9 — x 2 — 9 y 2 > 0, or \x 2 + y 2 < 1. So the domain of / is 
{(x, y) | \x 2 + y 2 < l}, the interior of an ellipse. 
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H' x is defined only when x + 3y 0, or x ^ —3 y. So the domain of / is {(a:, y) | x ^ —3 y }. 


3" 

jc = -3y 


0 

r-- > 


A 


15. y ^ 4 * s ^ e fi nec ^ °nly when 

x 2 + y 2 — 4 ^ 0, or x 2 + y 2 ^ 4. So the domain 
of /is {(x,y) | x 2 +y 2 ^ 4}. 


/ 

1 

. .+ 2 + y 2 = 4 

\ 

» 

1 0 

\ 

\ 

\ 

\ 



16. Weneed y — x >0ory > x and y + x > 0 or 
x > —y. Thus 

D = {(*, y) I -y < X < y, y > 0}. 



17. D = {(x,y) | x 2 +2/ > 0} = 

{(*»y) I 2/ > -^ 2 } 



18. / is defined only when x 2 +y 2 — 1 > 0 
=> x 2 + y 2 > 1 and 
4 — x 2 — y 2 > 0 => x 2 + i/ 2 < 4. Thus 

D = {(x, y) | 1 < x 2 +y 2 < 4}. 
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/ 


19. We need 1 — x 2 — y 2 - z 2 > 0 or 
x 2 + y 2 + z 2 < 1, so 

D = {(x, y, z) | x 2 + y 2 + z 2 < 1} (the points 
inside or on the sphere of radius 1, center the 
origin). 



20. / is defined only when 16 — 4x 2 — 4 y 2 — z 2 > 0 


t 2 v 2 2 2 

T + \ + h < L Thus ’ 

4 4 16 


D=j(*,y,z) X + í + á <l}’thatis, 

2 2 2 
x* y z 

the points inside the ellipsoid — 4- = 



21. z = 3, a horizontal plane through the point 
(0,0,3). 



22. z = x, 2 l plane which intersects the xz-plane in the 
line z = x,y = 0. The portion of this plane that 
lies in the first octant is shown. 



23. z = 1 — x — yorx + y + z=l, a plane with 24. z = sin y , a “wave.” 



(Tao) 


X 
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25. z = 1 — x 2 , a parabolic cylinder. 



26. 2 = 3 — x 2 — y 2 , a circular paraboloid with vertex 
at (0,0,3). 



27. z = x 2 - f- 9y 2 , an elliptic paraboloid with vertex 
the origin. 



28. z = y/16 — x 2 — 16y 2 so 2 ; > 0 and 

+ a; 2 + 16y 2 = 16, the top half of an ellipsoid. 



29 • z = \A 2 + 2/ 2 so a: 2 + 2/ 2 = 2 2 and z > 0, the top half 
of a right circular cone. 


30. All six graphs have different traces in the planes x — 0 and y = 0, so we investigate these for each function. 

( a ) / (#, y ) = |x| + \y\. The trace in x = 0 is z = |y|, and in y = 0 is z = |x|, so it must be graph VI. 

(b) / (x, y) = \xy\. The trace in x = 0 is 2 = 0, and in y = 0 is 2 = 0, so it must be graph V. 

( c ) / (#i y) = , 2 i.r trace in x = 0 is 2 = —-—and in y = 0 is 2 : = -——In addition, we can 

1 - 1 - x -j-y 1 + y z 1 + x 2 

see that / is close to 0 for large values of x and y, so this is graph I. 

(d) / (*! y) = (x 2 - y 2 ) 2 . The trace in a; = 0 isz = y 4 , and in y = 0 is z = x 4 . Both graph II and graph IV seem 

plausible; notice the trace in z = 0 is 0 = (j' 2 — y 2 ) 2 => y = ±x, so it must be graph IV. 

(e) / (x, y) = (x- yf. The trace in x = 0 is ¿ = y 2 , and in y = 0 is z = x 2 . Both graph II and graph IV seem 

plausible; notice the trace in z = 0 is 0 = (a: — y)~ => y = x. so il must be graph II. 

(f) / (x, y) = sin (|x| + |s/|). The trace in x = 0 is z = sin |y|, and in y = 0 is ¿ = sin |ar|. In addition, notíce that 
the oscillating nature of the graph is characteristíc of trigonometric functíons. So this is graph III. 
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31. The point (—3,3) lies between the level curves with 2 -values 50 and 60. Since the point is a little closer to the level 
curve with 2 = 60, we estimate that / (-3,3) « 56. The point (3, -2) appears to be just about halfway between 
the level curves with z-values 30 and 40, so we estimate / (3, -2) « 35. The graph rises as we approach the origin, 
gradually from above, steeply ffom below. 

32. If we start at the origin and move along the x-axis, for example, the z-values of a cone centered at the origin 
increase at a constant rate, so we would expect its level curves to be equally spaced. A paraboloid with vertex the 
origin, on the other hand, has z-values which change slowly near the origin and more quickly as we move farther 
away. Thus, we would expect its level curves near the origin to be spaced more widely apart than those farther from 
the origin. Therefore contour map I must correspond to the paraboloid, and contour map II the cone. 

33. Near A , the level curves are very close together, 
indicating that the terrain is quite steep. At B, the 
level curves are much farther apart, so we would 
expect the terrain to be much less steep than 
near A , perhaps almost flat. 



35. The level curves are xy = k. For k = 0 the curves 
are the coordinate axis; if A: > 0, they are 
hyperbolas in the first and third quadrants; if 
k < 0, they are hyperbolas in the second and 
fourth quadrants. 



36. The level curves are k = x 2 — y 2 . When k = 0, 
these are the lines y = ±x. When k > 0, the 
curves are hyperbolas with axis the x-axis and 
when k < 0, they are hyperbolas with axis the 
y- axis. 
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37. k = x/y or x = ky is a family of lines without 
the point (0,0). 



38. k = is a family of lines with slope ^^ 

x y k H - 1 

(for k — 1) without the origin. For k = — 1, the 

curve is the y-axis without the origin. 




41. k = x — y 2 , or x — k = y 2 , a family of parabolas with vertex (fc, 0). 



42. k = e 1 /( x +2/ ), thus k > 1 and 1 /(x 2 + t/ 2 ) = ln k or x 2 + y 2 = 1 /ln k , a family of circles. 
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43. The contour map consists of the level curves k = x 2 + 9y 2 , a family of ellipses with major axis the x-axis. 

(Or, if k = 0, the origin.) 

The graph of / (x, y) is the surface z = x 2 + 9y 2 , an elliptic paraboloid. 



If we visualize lifting each ellipse k = x 2 + 9 y 2 of the contour map to the plane z — /c, we have horizontal traces 
that indicate the shape of the graph of /. 


44. The contour map consists of the level curves k = \/36 — 9x 2 — 4 y 2 => 9x 2 -f 4 y 2 = 36 — k 2 , k > 0, a family 
of ellipses with major axis the y- axis. (Or, if k = 6, the origin.) 

The graph of / (x, y) is the surface 2 = y/36 — 9x 2 — 4y 2 , or equivalently the upper half of the ellipsoid 
9x 2 + 4 y 2 + z 2 = 36. 



If we visualize lifting each ellipse k = ^/36 - 9x 2 - 4 y 2 of the contour map to the plane z = k y we have 
horizontal traces that indicate the shape of the graph of /. 




























318 □ CHAPTER15 PARTIAL DERIVATIVES ET CHAPTER14 


45. The isothermals are given by fc = 100/ (l + x 2 + 2 y 2 ) or a; 2 + 2 y 2 = (100 - k) /k (0 < k < 100), a family of 
ellipses. 



46. The equipotential curves ar ek = c /yV 2 - - y 2 or x 2 + y 2 =r 2 - ( c/k ) 2 , a family of circles (fc > c/r). 

Note: As k —> oo, the radius of the circle approaches r. 



47 - / (*> y) = X 3 + y 3 



Note that the function is 0 along the line y = -x. 
48- / (z, y) = sin ( ye ~ x ) 




-2 



Cross-sections parallel to the yz-plane (such as the left-front trace in the first graph above) are sine-like curves. The 
periods of these curves decrease as x decreases. 







































The cross-sections parallel to the yz-plane (such as the left-front trace in the graph above) are parabolas; those 
parallel to the xz- plane (such as the right-front trace) are cubic curves. The surface is called a monkey saddle 
because a monkey sitting on the surface near the origin has places for both legs and tail to rest. 

50. / (x, y) = xy 3 - yx 3 




-2 

The cross-sections parallel to either the yz-plane or the xz- plane are cubic curves. 

Reasons: This function is constant on any circle centered at the origin, a description which matches 
only B and III. 

Reasons: This function is the same if x is interchanged with y, so its graph is symmetric about the 
plane x = y. Also, z( 0,0) = 0 and the values of approach 0 as we use points farther 
from the origin. These conditions are satisfied only by C and n. 

Reasons: z increases without bound as we use points closer to the origin, a condition satisfied only 
by F and V. 

Reasons: Along the lines y = zt^=x and x = 0, this function is 0. 

Reasons: This function is periodic in both x and y, with period 2ir in each variable. 

Reasons: This function is periodic along the x-axis, and increases as \y\ increases. 


51. (a) 

B 

(b) 

III 

52. (a) 

C 

(b) 

II 

53. (a) 

F 

(b) 

V 

54. (a) 

A 

(b) 

VI 

55. (a) 

D 

(b) 

IV 

56. (a) 

E 

(b) 

I 


58. k = x 2 + 3y 2 -f 5 z 2 is a family of ellipsoids for k > 0 and the origin for k = 0. 
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59. k = x — y + z 2 are the equations of the level surfaces. For k = 0, the surface is a right circular cone with vertex 
the origin and axis the y-axis. For k > 0, we have a family of hyperboloids of one sheet with axis the y-axis. For 

k < 0, we have a family of hyperboloids of two sheets with axis the y- axis. 

60. k = x 2 — y 2 is a family of hyperbolic cylinders. The cross section of this family in the xy-plane has the same graph 
as the level curves in Exercise 36. 



r Three-dimensional view Front view 


It does appear that the function has a maximum value, at the higher of the two “hilltops.” From the ffont view graph, 
the maximum value appears to be approximately 15. Both hilltops could be considered local maximum points, as 
the values of / there are larger than at the neighboring points. There does not appear to be any local minimum point; 
although the valley shape between the two peaks looks like a minimum of some kind, some neighboring points have 
lower function values. 


62. / (x, y) = xye x2 y2 




Three-dimensional view 


Front view 


The function does have a maximum value, which it appears to achieve at two different points (the two “hilltops.”) 
From the ffont view graph, we can estimate the maximum value to be approximately 0.18. These same two points 
can also be considered local maximum points. The two “valley bottoms” visible in the graph can be considered local 
minimum points, as all the neighboring points give greater values of /. 


63 . 



-2 


x -j- y 

f y ) = ~ 2 ~ 2 • As both x and y bec onie large, the function 

x ~v y 

values appear to approach 0, regardless of which direction is 
considered. As (x, y) approaches the origin, the graph exhibits 
asymptotic behavior. From some directions, / (x, y) —> oo, while 
in others / (x, y) —> —oo. (These are the vertical spikes visible in 
the graph.) If the graph is examined carefully, however, one can 
see that / (x, y) approaches 0 along the line y = -x. 
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64. 



f = :xy The graph exhibits different limiting values as x and y become large or as (x, y) approaches 

x -j ~ y 

the origin, depending on the direction being examined. For example, although / is undefined at the origin, the 
function values appear to be \ along the line y = x, regardless of the distance from the origin. Along the line 


y = —x, the value is always Along the axes, / (x, y) = 0 for all values of (x, y) except the origin. Other 
directions, heading toward the origin or away from the origin, give various iimiting values between — ^ and ^. 


65. / (x, y) = e cx2+y2 . First, if c = 0, the graph is the cylindrical surface z = e y (whose level curves are parallel 
lines). When c > 0, the vertical trace above the y -axis remains fixed while the sides of the surface in the x-direction 
“curl” upward, giving the graph a shape resembling an elliptic paraboloid. The level curves of the surface are 
ellipses centered at the origin. 



c = 0 


For 0 < c < 1, the ellipses have major axis the x-axis and the eccentricity increases as c 0. 


1.2 




k- 

J 



c = 0.5 (level curves in increments of 1) 
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For c = 1 the level curves are circles centered at the origin. 




- 1.2 


c = 1 (level curves in increments of 1) 


When c > 1, the level curves are ellipses with major axis the y-axis, and the eccentricity increases as c increases. 




c = 2 (level curves in increments of 4) 


For values of c < 0, the sides of the surface in the x-direction curl downward and approach the xy-plane (while the 
vertical trace x = 0 remains fixed), giving a saddle-shaped appearance to the graph near the point (0,0,1). The 
level curves consist of a family of hyperbolas. As c decreases, the surface becomes flatter in the x-direction and the 
surface’s approach to the curve in the trace x = 0 becomes steeper, as the graphs demonstrate. 



c = —0.5 (level curves in increments of 0.25) 
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66. First, we graph / (x, y) = ^/x 2 +y 2 . As an altemative, the x 2 + y 2 expression suggests that cylindrical 
coordinates may be appropriate, giving the equivalent equation 2 = Vr 2 = r, r > 0 which we graph as well. 
Notice that the graph in cylindrical coordinates better demonstrates the symmetry of the surface. 



Graphs of the other four functions follow. 
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Notice that each graph / (z, y) — g (yjx 2 + y 2 ^j exhibits radial symmetry about the 2 :-axis and the trace in the 

x 2 -plane for x > 0 is the graph oi z = g (x), x > 0. This suggests that the graph of / (x, y) = g (y/x 2 + y 2 ) is 
obtained from the graph of g by graphing z = g (x) in the xz-plane and rotating the curve about the a:-axis. 

G7. (.) P = bL“K la - L, bL . K ~ * (>■(£)") - 

ln|-l»6 + aln(|) 


(b) We list the values for ln (L/K) and ln ( P/K ) for the years 1899-1922. (Historically, these values were rounded 
to 2 decimal places.) 


Year 

x = ln (L/K) 

y = \n(P/K) 

1899 

0 

0 

1900 

-0.02 

-0.06 

1901 

-0.04 

-0.02 

1902 

-0.04 

0 

1903 

-0.07 

-0.05 

1904 

-0.13 

-0.12 

1905 

-0.18 

-0.04 

1906 

-0.20 

-0.07 

1907 

-0.23 

-0.15 

1908 

-0.41 

-0.38 

1909 

-0.33 

-0.24 

1910 

-0.35 

-0.27 


Year 

x = ln ( L/K) 

j/ = ln (P/ K) 

1911 

-0.38 

-0.34 

1912 

-0.38 

-0.24 

1913 

-0.41 

-0.25 

1914 

-0.47 

-0.37 

1915 

-0.53 

-0.34 

1916 

-0.49 

-0.28 

1917 

-0.53 

-0.39 

1918 

-0.60 

-0.50 

1919 

-0.68 

-0.57 

1920 

-0.74 

-0.57 

1921 

-1.05 

-0.85 

1922 

-0.98 

-0.59 


After entering the (a;, y) pairs into a calculator or CAS, the resulting least squares regression line through the 
points is approximately y = 0.75136a; + 0.01053, which we round to y = 0.75x + 0.01. 

(c) Comparing the regression line from part (b) to the equation y = ln6 + ax with x = ln ( L/K ) and 
V = ln (P/K), we have a = 0.75 and ln b = 0.01 => b = e 0 01 «1.01. Thus, the Cobb-Douglas 
production function is P = bL a K x ~ a = Í.OIL 0 ' 75 # 0 ’ 25 . 






















—35.2 Limits and Continuity 


SECTION 15.2 LIMITS AND CONTINUITY ETSECTION 14.2 □ 325 

ET14.2 




1 . In general, we can’t say anything about / (3,1)! lim / (a;, y) = 6 means that the values of / (x, y) approach 
6 as ( x, y) approaches, but is not equal to, (3,1). If / is continuous, we know that ^ ^ f (x, y) = / (a, b), so 

lim l / (x, y) = f (3,1) = 6. 

(*, y )->( 3 , i ) 


2. (a) The outdoor temperature as a function of longitude, latitude, and time is continuous. Small changes in longitude, 
latitude, or time can produce only small changes in temperature, as the temperature doesn t jump abruptly from 
one value to another. 

(b) Elevation is not necessarily continuous. If we think of a cliff with a sudden drop-off, a very small change in 
longitude or latitude can produce a comparatively large change in elevation, without all the intermediate values 
being attained. Elevation can jump from one value to another. 

(c) The cost of a taxi ride is usually discontinuous. The cost normally increases in jumps, so small changes in 
distance traveled or time can produce a jump in cost. A graph of the function would show breaks in the surface. 


3. We make a table of values of / (x, y) 


x 2 y z + x 3 y 2 - 5 
2 -xy 


for a set of (x, y) points near the origin. 


X \ 

- 0.2 

- 0.1 

- 0.05 

0 

0.05 

0.1 

0.2 

- 0.2 

- 2.551 

- 2.525 

- 2.513 

- 2.500 

- 2.488 

- 2.475 

- 2.451 

- 0.1 

- 2.525 

- 2.513 

- 2.506 

- 2.500 

- 2.494 

- 2.488 

- 2.475 

- 0.05 

- 2.513 

- 2.506 

- 2.503 

- 2.500 

- 2.497 

- 2.494 

- 2.488 

0 

- 2.500 

- 2.500 

- 2.500 


- 2.500 

- 2.500 

- 2.500 

0.05 

- 2.488 

- 2.494 

- 2.497 

- 2.500 

- 2.503 

- 2.506 

- 2.513 

0.1 

- 2.475 

- 2.488 

- 2.494 

- 2.500 

- 2.506 

- 2.513 

- 2.525 

0.2 

- 2.451 

- 2.475 

- 2.488 

- 2.500 

- 2.513 

- 2.525 

- 2.551 


As the table shows, the values of / (x, y) seem to approach -2.5 as (x, y) approaches the origin from a variety of 

different directions. This suggests that lim / (x, y) = —2.5. 

( x »y)—>(o,o) 

Since / is a rational function, it is continuous on its domain. / is defined at (0,0), so we can use direct substitution 


to establish that lim / (x, y) 

( x , v )-( 0 , 0 ) 


0 2 0 3 + 0 3 0 2 - 5 


5 

2 ’ 


verifying our guess. 


2 - 0-0 
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2 xy 


4. We make a table of values of / (a:, y) = 2 2 for a set of (a:, y) points near the origin. 

X ~r ¿ y 


\y 

X \ 

- 0.3 

- 0.2 

- 0.1 

0 

0.1 

0.2 

0.3 

- 0.3 

0.667 

0.706 

0.545 

0.000 

- 0.545 

- 0.706 

- 0.667 

- 0.2 

0.545 

0.667 

0.667 

0.000 

- 0.667 

- 0.667 

- 0.545 

- 0.1 

0.316 

0.444 

0.667 

0.000 

- 0.667 

- 0.444 

- 0.316 

0 

0.000 

0.000 

0.000 


0.000 

0.000 

0.000 

0.1 

- 0.316 

- 0.444 

- 0.667 

0.000 

0.667 

0.444 

0.316 

0.2 

- 0.545 

- 0.667 

- 0.667 

0.000 

0.667 

0.667 

0.545 

0.3 

- 0.667 

- 0.706 

- 0.545 

0.000 

0.545 

0.706 

0.667 


It appears from the table that the values of / (x, y) are not approaching a single value as (x, y) approaches the 
origin. For verification, if we first approach (0,0) along the a:-axis, we have / ( x , 0) = 0, so / (x, y) —» 0. But if 

2x 2 2 

we approach (0,0) along the line y = x, f (x, x) = -j— ■■ = - (x jí 0), so f(x,y)-> |. Since / approaches 

X “t~ ZX* o 

different values along different paths to the origin, this limit does not exist. 

5. / (x, y) = x 5 + 4x 3 y — 5xy 2 is a polynomial, and hence continuous, so 

lim / (x, y) = f (5, —2) = 5® -I- 4 (5 ) 3 (—2) — 5 (5) (—2 ) 2 = 2025. 

>( 5 , — 2 ) 

6 . x — 2y is a polynomial and therefore continuous. Since cos t is a continuous function, the composition cos (x — 2 y) 
is also continuous. xy is also a polynomial, and hence continuous, so the product / (x, y) = xy cos (x — 2 y) is a 
continuous function. Then ^ lirn^ ^ f (x, y) = f ( 6 ,3) = ( 6 ) (3) cos (6 - 2 • 3) = 18. 

7. / (x, y) = x 2 / (x 2 +y 2 ). First approach (0,0) along the x-axis. Then / (x, 0) = x 2 /x 2 = 1 for x 0, so 

/ (x, y) -> 1. Now approach (0,0) along the y-axis. Then for 3 / #"0, / (0, y) = 0, so / (x, y) -> 0. Since / has 
two different limits along two different lines, the limit does not exist. 

8 - / (z> y) = (x + y) 2 / (x 2 + y 2 ). As (x, y) -> (0,0) along the x-axis, / (x, y) -> 1. But as (x, y) -> (0,0) along 
the line y = x, f (x, x) = 4x 2 / (2x 2 ) = 2 for x j 0, so / (x, y) —> 2. Thus, the limit does not exist. 

9- / (^, y) = 8 CC 2 ?/ 2 / (x 4 + y 4 ). Approaching (0,0) along the x-axis gives / (x, y) —> 0. Approaching (0,0) along 
the line y = x, / (x, x) = Sx 4 /2x 4 = 4 for x / 0, so along this line / (x, y) -► 4 as (x, y) (0,0). Thus the 
limit doesn’t exist. 

10. lim (x 3 + xy 2 ) / (x 2 + y 2 ) = lim x = 0 

(*,y)-(0,0) V J V ^ (x,y)—»(0,0) 


11 -f(x,y) = 


— xy 


= . We can see that the limit along any line through (0,0) is 0, as well as along other paths 


y/x 2 +y 2 

through (0,0) such as x = y 2 and y = x 2 . S o we suspect that the limit exists and equals 0; we use the Squeeze 

xy 


Theorem to prove our assertion. 0 < 

So lim / (x, y) = 0. 
(*,y)-(o,o) v 


yjx 2 + y 2 


< \x\ since \y\ < yjx 2 + y 2 , and \x\ —► 0 as (x, y) —> ( 0 , 0 ). 


xy —|— 1 0 -f - 1 

12 . Since — 5 —- is a rational function defined at (0,0) the limit is -= 1 . 

x 2 +y 2 +1 v,/ o + 0 + l 
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13. Let / (x, y) = . Then / (x, 0) = 0 for x ± 0, so / (x, y) - 0 as (*, y) -» (0,0) along the x-axis. But 

x H- y 

f (x, X 2 ) = ^ = 1 for X ± 0, so / (x, y) -> 1 as (x, y) -+ (0,0) along the parabola y = x 2 . Thus the limit 


doesn’t exist. 


3 2 I I 

14. / (x, y) = 2 . We use the Squeeze Theorem: 0 < ^ 2 — ^ 2 < |x 3 1 since y 2 < x 2 4- y 2 . and |x 3 1 —> 0 as 


(x,y)-(0,0). So ( Jim o o) /(x,y) = 0. 


15. lim 


x 2 + y 2 


= lim 


x 2 + y 2 


^/x 2 + y 2 + 1 + 1 

(*,v)—(o.o) yj x 2 + y 2 -+ 1 - 1 (*.v)-(o.o) ^/x 2 + y 2 + 1 - 1 a/x 2 + 1/ 2 + 1 + 1 

(x 2 + y 2 ) (v^TF+T + l) 

— lim 1 ñ ;—5- 

(*, y )U( 0 , 0 ) X 2 + y ¿ 

= lim ( Wx 2 + y 2 + 1 + l) = 2 
( x , y )-( 0 , 0 ) V v / 


16 f(xv) = -———-= - — —Then / (x, 0) = 0 for x ± 2, so / (x, y) -♦ 0 as (x, j/) -» (2,0) 

ÍC 2 -|- y2 — 4 X + 4 y*+( X -2) 2 

along the x-axis. But / (x, x - 2) = = 2(x - 2 ) 2 = 2 for 35 ^ 2 ’ S ° ^ 5 as 

(x, y) -> (2,0) along the line y = x - 2 (x / 2). Thus, the limit doesn’t exist. 

17. e~ xy and sin (nz/2) are each compositions of continuous functions, and hence continuous, so their product 
/ (x, y , 0 ) = e“ xy sin ( nz/2 ) is a continuous function. Then 

lim / (x, y,z) = f ( 3 , 0 , 1 ) = e _(3)(0) sin (tt • 1 / 2 ) = 1 . 

(*,»,*)-.(3,0,l) 


x 2 + 2y 2 + 3z 2 

x 2 + y 2 4- ^ 2 


18. / (x, y, z) = * • Then / (x, 0,0) = 


x 2 + 0 + 0 
x 2 + 0 + 0 


= 1 for x / 0 , so / (x, y, z) —» 1 as 


(x, y, z) —► (0,0,0) along the x-axis. But / (0, y, 0) = ^ 2 — 2 for y / 0, so / (x, y, z) -* 2 as 

(x, y, z) -> (0,0,0) along the y-axis. Thus, the limit doesn’t exist. 


19. / (x, y, z) = XV J~ yZ y 2 + • Then / (x, 0,0) = 0/x 2 = 0 for x ^ 0, so as (x, y. z) ,-».(0, 0,0), along the „ 


x-axis, / (x, 1 é,0)^V i -í tovJLrí, 

y = x, z = 0, / (x,y,z) —> 5 . Thus the limit doesn’t exist. 


20. / (x, y, z) = Xy + yZ , +Z 4 - Then / (x, 0,0) = 0 for x # 0, so as (x, y, z) -> (0,0,0) along the x-axis, 

J v * 7 x 2 4 - y 2 + z ¿ 

f (x, y, z) -> 0. But / (x, x, 0) = x 2 / (2x 2 ) = | for x # 0, so as (x, y, z) -> (0,0,0) along the line y = x, 

z = 0, / (x, y, z) —> \. Thus the limit doesn’t exist. 

























328 □ CHAPTER15 PARTIAL DERIVATIVES ET CHAPTER14 




From the ridges on the graph, we see that as ( x, y) —> (0,0) along 
the lines under the two ridges, / ( x, y) approaches different 
values. So the limit does not exist. 


From the graph, it appears that as we approach the origin along the 
lines x = 0 or y = 0, the function is everywhere 0, whereas if we 
approach the origin along a certain curve it has a constant value of 
about \. [In fact, / (y 3 , y) = y 6 / (2y 6 ) = \ for y / 0, so 
/ (x, y) —> ¿ as (x, y) —> (0,0) along the curve x = y 3 .] Since 
the function approaches different values depending on the path of 
approach, the limit does not exist. 


23. h (x, y) = g(f (x, y)) = (2x + 3 y — 6) 2 + yJ2x + 3y — 6. Since / is a polynomial, it is continuous on R 2 and 

g is continuous on its domain {t \ t > 0}. Thus h is continuous on its domain 

D = {(x, y) | 2x + 3y - 6 > 0} = { (x, y) | y > — f x + 2}, which consists of all points on and above the line 
V = ~\ x + 2 . 

24. h (x, y) = g(f (x, y)) = (y/x 2 - y - l) j (y/x 2 - y + l) . Since / is a polynomial, it is continuous on R 2 and 

g is continuous on its domain {t | t > 0}. Thus h is continuous on its domain 

D = { (x, y) | x 2 — y > 0} = {(x, y) | y < x 2 } which consists of all points below or on the parabola y = x 2 . 


25. 



From the graph, it appears that / is discontinuous along the line 
y = x. If we consider / (x, y) = e 1/(x-v) as a composition of 
functions, g (x, y) = 1/ (x — y) is a rational fiinction and 
therefore continuous except where x — y = 0 => y = x. Since 

the function h (t) = é is continuous everywhere, the composition 
h (g (x, y)) = = / (x, y) is continuous except along the 

line y = x, as we suspected. 


26 . 


z 0 



We can see a circular break in the graph, corresponding 
approximately to the unit circle, where / is discontinuous. 

[Note: For a more accurate graph, try converting to cylindrical 

coordinates first.] Since / (x, y) = - -^-r- is a rational 

1 — x 2 — y 2 

function, it is continuous except where 1 — x 2 — y 2 = 0 => 

x 2 + y 2 = 1, confirming our observation that / is discontinuous 
on the circle x 2 + y 2 = 1. 
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27. F(x,y) = 
{( x,y ) | x 2 


-is a rational function and thus is continuous on its domain 

x 2 - y 

-yzfz 0} = {(x,y) | y x 2 }, so F is continuous on M 2 except the parabola y = 


x 


2 


28 F (x y) = —-—-— is a rational function and thus is continuous on its domain R 2 (since the denominator is 
v ' 1 + x 2 4-y 2 

never zero). 

29. F (x, y) = arctan(x + y/y) = g (f (x, y)) where f(x,y) = x + Jy, continuous on its domain {(x, y)\y> 0}, 
and g (t) = arctan t is continuous everywhere. Thus F is continuous on its domain {(x, y) \ y > 0 }. 

30. F (x, y) = ln (2x + 3 y) = g (f (x, y)) where / (x, y) = 2 x + 3 y, conünuous on M 2 and g (t) = lnt, continuous 
on its domain [t 1 1 > 0}. Thus F is continuous on its domain D = {(i, y) \ 2x + 3y > 0}. 

31. G (x, y) = gi (fi (x, y)) - gi (/2 (*. V )) where h (x,y) = x+y and / 2 (x, y) = x-y, both of which are 
polynomials so continuous on R 2 , and gi (t) = Vt, g¡ (s) = \/s, both of which are continuous on their respective 
domains {t \ t > 0} and {s | s > 0}. Thus gi o /i is continuous on its domain 

Di = {(x, y) | x + y > 0} = {(x, y) | y > -x} and g 2 ° /2 is continuous on its domain 

Di = {(x, y) | x - y > 0} = {(x, y) \ y < x}. Then G, being the difference of these two composite functions, is 

continuous on its domain D = Di D D 2 = {(x, y) | —x < y < x} = {(x, y) | |y| < x}. 

32. G (x, y) = g(f (x, y)) where / (x, y) = x 2 + y 2 , continuous on R 2 , and g (t) = sin - 1 1, 
continuous on its domain {f|-l<f<l}. Thus G is continuous on its domain 

D = {(x.y) | -1 < x 2 +y 2 < 1} = {(x,j/) | x 2 +y 2 < l}, insideandon thecircle x 2 +y 2 = 1. 

33 f (x v z) = --is a rational function and thus is continuous on its domain 

J v ’ a ' x 2 +y 2 — z 

{(x,y,z) | x 2 + 1/ 2 - z / 0 } = {(x, y,z) | z # x 2 + y 2 }, so / is continuous on R 3 except on the circular 
paraboloid z = x 2 +y 2 . 

34. / (x, y, z) = yjx + y + z = h(g (x, y, z)) where g (x,y, z) = x + y + z, continuous everywhere, and h(t) = Vt 
is continuous on its domain {f | f > 0}. Thus / is continuous on its domain {(x, y, z) | x + y + z > 0}, so / is 
continuous on and above the plane z = — x — y. 


35. / (x, y) = < 


’ xV 

2x 2 + y 2 ' f ^ ^ 0 ’ The first piece of / is a rational function defined everywhere except 
1 if (x, y) = ( 0 , 0 ) 

at the origin, so / is continuous on R 2 except possibly at the origin. Since x 2 < 2 x 2 + y 2 , we have 
\x 2 y 3 / (2x 2 + y 2 ) \ < |j/ 3 |. We know that |t/ 3 | -> 0 as (x, y) — (0,0). So, by the Squeeze Theorem, 

2 3 

lim / (x, y) = lim n * V -^ = 0. But / (0,0) = 1, so / is discontinuous at (0,0). Therefore, / is 
(*,v)-*( 0 , 0 ) v ' (*,»)-( 0 , 0 ) 2 x 2 + y 2 

continuous on the set {(x, y) | (x, y) V ( 0 . 0 )}- 
( -- if (x, y) V ( 0 . 0 ) 

35 f y ) = J x 2 + xy + y 2 The first piece of / is a rational function defined everywhere 

(0 if (x,y) = ( 0 , 0 ) 

except at the origin, so / is continuous on R 2 except possibly at the origin. / (x, 0) = 0/x 2 = 0 for x # 0 , so 
f ( X) y) _* 0 as (x, y) -» (0,0) along the x-axis. But / (x, x) = x 2 / (3x 2 ) = ¿ for x V 0, so / (x, y) — | as 
(x v) -*■ (0,0) along the line y = x. Thus lim / (x, y) doesn’t exist, so / is not continuous at (0,0) and the 

V ' v 7 ( x , y )-+( 0 , 0 ) 


largest set on which / is condnuous is {(x, y) \ (x,.y) ^ ( 0 , 0 )}. 










330 □ CHAPTER 15 PARTIAL DERIVATIVES ETCHAPTER 14 

„3 , „.3 /_/i\3 , /.. n\3 


37 


+ y 3 v __ (r cos0) 3 + (r sin0) 3 , a ^ Q N 

( J %, 0 ) ~ r— »o+ J5-- (r COS 9 + r sin 6) = 0 


^ 8 - , l im , n T + y 2 ) ln (a: 2 + y 2 ) = lim r 2 lnr 2 = lim 

»(0,0) r—»0+ r—»0+ l/r^ 


39. lim 


(l/r 2 )(2r) 

= lim i_-TTi—(using 1’HospitaTs Rule) = lim (-r 2 ) = 0 

r-»o+ —2/r a r—»o+ v y 

X V Z _ v _ (p sin <f) cos (?) (p sin (f) sin (?) (p cos ($>) 

.2 I ii 2 . y 2 - Aim -- 


(x,v,z)-»(0,0,0) X 2 4- y 2 -f- z 2 p—.0+ 


= lim (psin 2 

p—»o+ v 


(j> cos (p sin 6 cos 0) 


0 


« 0 . lim ^f + f> - l! ~ 
(x,y)— (o,o) x 2 +y 2 


= lim - ^which is an 


-»o+ 


indeterminate form of type 0/0. Using l’Hospital’s Rule, we get 

sin (r 2 ) H 2rcos(r 2 ) „ 

ilm — -s — = lim ---i— = lim cos (r 2 ) = 1. 

t * — . O +■ r ¿ - ,n+ 9r _ ~_L v / 


r—»0+ 

Or: Use the fact that lim _ i 

9~>o e 



41. Since |x - a| 2 = |x| 2 + |a| 2 - 2 |x| |a| cos<? > |x| 2 + |a| 2 - 2 |x| |a| = (|x| - |a|) 2 , we have 
ll x l — l a ll < |x — a|. Let e > 0 be given and set 6 = e. Then whenever 0 < |x — a| < <5, 

ll x l — l a ll ^ l x ~ a l < ^ = €- Hence lim x _ a |x| = |a| and / (x) = |x| is continuous on R n . 

42. Let e > 0 be given. We need to find S > 0 such that |/ (x) - / (a)| < e whenever |x - a| < 6 or 

|c * x c • a| < e whenever |x - a| < 6. But |c • x - c • a| = |c • (x - a)| and |c • (x - a)| < |c| |x - a| by 
Exercise 13.3.61 [ET 12.3.61] (the Cauchy-Schwartz Inequality). Let e > 0 be given and set 6 = e/ |c|. Then 
whenever 0 < |x - a| < tf f |/ (x) - / (a)| = |c • x - c » a| < |c| |x - a| < |c| ó = |c| (e/ |c|) = e. So / is 
continuous on R n . 



Partial Derivatives 


ET14.3 

■4—11 Aim. aiss-r 


1. (a) dT/dx represents the rate of change of T when we fix y and t and consider T as a function of the single 

variable x, which describes how quickly the temperature changes when longitude changes but latitude and time 
are constant. dT/dy represents the rate of change of T when we fix x and t and consider T as a function of y, 
which describes how quickly the temperature changes when latitude changes but longitude and time are 
constant. dT/dt represents the rate of change of T when we fix x and y and consider Tas a function of t, 
which describes how quickiy the temperature changes over time for a constant longitude and latitude. 

(b) fx (158,21,9) represents the rate of change of temperature at longitude 158 ° W, Iatitude 21 ° N at 9:00 a.m. 
when only longitude varies. Since the air is warmer to the west than to the east, increasing longitude results in an 
increased air temperature, so we would expect f x (158,21,9) to be positive. f v (158,21,9) represents the rate 
of change of temperature at the same time and location when only latitude varies. Since the air is warmer to the 
south and cooler to the north, increasing latitude results in a decreased air temperature, so we would expect 
fv (158,21,9) to be negative. ft (158,21,9) represents the rate of change of temperature at the same time and 
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locatíon when only time varies. Since typically air temperature increases from the moming to the aftemoon as 
the sun warms it, we would expect f t (158,21,9) to be positíve. 


2. By Definition 4, f T (92,60) = lim ^ + h i 60') — f(9 2,60 )^ we can a pp rox i ma t e by considering h = 2 

h—*0 h 

and h = — 2 and using the values given in Table 1: f T (92,60) « / (94 ^ 60) m = 3 ? 

z z 

fr (92,60) « / (9Q^ 6Q ) — ^/ ( 92 , 60 ) _ 100 ^105 _ ^ 5 Averaging these values, we estimate /t (92,60) to be 

approximately 2.75. Thus, when the actual temperature is 92 °F and the relative humidity is 60%, the apparent 
temperature rises by about 2.75 °F for every degree that the actual temperature rises. 

Similarly, Jh (92,60) ?= lim / + — / (92,60) we can approximate by considering 

h — h 


h = 5anáh = -5: f H (92,60) 


/ (92,65) - / (92,60) _ 108 - 105 


= 0 . 6 , 


f H (92,60) 


/(92,55) -/(92,60) _ 103 - 105 _ 


= 0.4. Averaging these values, we estímate f H (92,60) to 


-5 -5 

be approximately 0.5. Thus, when the actual temperature is 92 °F and the relatíve humidity is 60%, the apparent 
temperature rises by about 0.5 °F for every percent that the relative humidity increases. 


3. (a) By Definitíon 4, f T (12,20) = lim ^ (3? + 2 — ^^ which we can approximate by considering 

h = 4 and h = —4 and using the values given in the table: 

M 12 , 20 ) -/(!«.»)-/(».»)■ . . !. 5 , 

/t (12,20) « ^ ^^ = 1-25. Averaging these values, we estimate f T (12,20) to be 

approximately 1.375. Thus, when the actual temperature is 12 °C and the wind speed is 20 km/h, the apparent 
temperature rises by about 1.375 °C for every degree that the actual temperature rises. 

Similarly, f v (12, 20) = lim / ^0 + hj^ — /(12, 20) we can a pp rox imate by considering 

* = 10„d* = -10: 20) „ /(^.3°)-/(^.M) = ^ = =0 . 2 , 

f v (12,20) « /(12,10) ^/( 12,20) _ 9 _ 5 _ _q ^ Averaging these values, we estimate f v (12,20) to be 

approximately —0.3. Thus, when the actual temperature is 12 °C and the wind speed is 20 km/h, the apparent 
temperature decreases by about 0.3 °C for every km/h that the wind speed increases. 

(b) For a fixed wind speed v , the values of the wind-chill index I increase as temperature T increases (look at a 

dI 

column of the table), so — is positive. For a fixed temperature T, the values of I decrease (or remain constant) 
oT 

dl 

as v increases (look at a row of the table), so — is negative (or perhaps 0). 

ov 

(c) For fixed values of T, the function values / (T, v) appear to become constant (or nearly constant) as v increases, 

so the corresponding rate of change is 0 or near 0 as v increases. This suggests that lim ~ 0- 
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4. (a) dh/dv represents the rate of change of h when we fix t and consider h as a function of v y which describes how 
quickly the wave heights change when the wind speed changes for a fixed time duration. dh/dt represents the 
rate of change of h when we fix v and consider h as a function of which describes how quickly the wave 
heights change when the duration of time changes, but the wind speed is constant. 

j / 

(b) By Definition 4, f v (40,15) = lim / — f ) . which we can approximate by considering 

h—>0 h 

h = 10 and h = —10 and using the values given in the table: 

u (40, 45 ) „ / (5°, 16) -/(40,1») . ^ , 1 . 1 , 

f v (40,15) w ^ ^ ^ ^ = 0.9. Averaging these values, we have f v (40,15) « 1.0. 


Thus, when a 40-knot wind has been blowing for 15 hours, the wave heights should increase by about 1 foot for 
every knot that the wind speed increases (with the same time duration). Similarly, 


ft (40,15) = lim 


/(40,15 + /i) — / (40,15) 


h-+ o 


which we can approximate by considering 


fc = 5 and fc = -5: /, (40,15) * / (*>.») - / (40,15) = 28-25 = ^ 


ft (40,15) 


/(40,10) -/(40,15) _ 21 - 25 


-5 


-5 


= 0.8. Averaging these values, we have f t (40,15) « 0.7. 


Thus, when a 40-knot wind has been blowing for 15 hours, the wave heights increase by about 0.7 feet for every 
additional hour that the wind blows. 

(c) For fixed values of v , the function values f (y,t) appear to increase in smaller and smaller increments, 
becoming nearly constant as t increases. Thus, the corresponding rate of change is nearly 0 as t increases, 
suggesting that lim ( dh/dt ) = 0. 

t —* oo 


5. First of all, if we start at the point (3, —3) and move in the positive y-direction, we see that both b and c decrease, 
while a increases. Both b and c have a low point at about (3, —1.5), while a is 0 at this point. So a is definitely the 
graph of fy , and one of b and c is the graph of /. To see which is which, we start at the point (—3, —1.5) and move 
in the positive x-direction. b traces out a line with negative slope, while c traces out a parabola opening downward. 
This tells us that b is the x-derivative of c. So c is the graph of /, b is the graph of / x , and a is the graph of f y . 

6. f x (2,1) is the rate of change of / at (2,1) in the x-direction. Fixing y at 1 and moving along the contour map in 
the positive x-direction around x = 2, it appears that / increases about 4 units for each unit increase in x , so 

f x (2,1) w 4. Similarly fixing x at 2 and moving along the contour map in the positive y-direction around y = 1, it 
appears that / decreases about 2 units for each unit increase in y, so f y (2,1) « —2. 

7. f(x,y) = 16-4x 2 -y 2 => f x (x, y) = -8x and f y (x, y) = -2y => f x (1,2) = -8 and 

f y (1,2) = —4. The graph of / is the paraboloid z = 16 — Ax 2 — y 2 and the vertical plane y = 2 intersects it in the 
parabola z = 12 — 4x 2 , y = 2 (the curve C\ in the first figure). 
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The slope of the tangent line to this parabola at (1,2,8) is f x (1,2) = —8. Similarly the plane x = 1 intersects the 
paraboloid in the parabola z = 12 — y 2 , x = 1 (the curve C 2 in the second figure) and the slope of the tangent line 
at (1,2,8) is f y (1,2) = —4. 




., 2 ^ -!/2 


and 


fy (z, y) = -4t/ (4 - X 2 - 4y 2 ) ' =4- f x (1,0) = } v (1,0) = 0. The graph of / is the upper half of 

the ellipsoid z 2 + x 2 + Ay 2 = 4 and the plane y = 0 



intersects the graph in the semicircle x 2 + z 2 = 4, z > 0 and the slope of the tangent line T\ to this semicircle at 
(l,0,v/3)is/x(l,0) = Similarly the plane x = 1 intersects the graph in the semi-ellipse z 2 + 4 y 2 = 3, 

z >0 and the slope of the tangent line T 2 to this semi-ellipse at (l, 0, y/3) is f y (1,0) =0. 

9. /(x, y) = x 2 + y 2 -}- x 2 y => f x = 2x + 2 xy, f y = 2y + x 2 



Note that the traces of / in planes parallel to the xz -plane are parabolas which open downward for y < — 1 and 
upward for y > — 1, and the traces of f x in these planes are straight lines, which have negative slopes for y < — 1 
and positive slopes for y > — 1. The traces of / in planes parallel to the yz -plane are parabolas which always open 
upward, and the traces of f y in these planes are strajght lines with positive slopes. 



























334 □ CHAPTER15 PARTIAL DERIVATIVES ET CHAPTER14 



Note that traces of / in planes parallel to the x 2 :-plane have two extreme values, while traces of f x in these planes 
have two zeros. Traces of / in planes parallel to the yz- plane have only one extreme value (a minimum if x < 0, a 
maximum if x > 0), and traces of / y in these planes have only one zero (going from negative to positive if x < 0 
and from positive to negative if x >0). 


11- f(x t y) = 3x-2y 4 => f x (x, y) = 3 - 0 = 3, f y (x, y) = 0 - 8y 3 = -8y 3 

12. / (x, y) = x 5 + 3x 3 y 2 + 3xy 4 => fx(x,y) = 5x 4 + 3 • 3x 2 ■ y 2 + 3 • 1 • y 4 = 5x 4 + 9x 2 y 2 + 3y 4 , 
fv (*, y) = 0 + 3z 3 • 2y + 3x ■ 4y 3 = &x z y + 12 xy 3 . 


13. z = xe 3y 

14. z = ylnx 




dz 

dx 


V dz 

= lnrr 

x oy 


= Ifí * /. (»,»>- (1) ( * zSízmi = 


x + y 


/,(«,») = ízl K* + y)-(*-i/)(i) = _ 


(x + y) 2 


(x + vY 

2x 

(x + yf 


(x + y) 


16. / (x, y) = x v 


fx (x, y) = yx y , fy (x, y) = x v ln x 


17. w = smacos/3 => — = cos a cos /5, — = - sm a sin 6 

da d(3 ^ 


18. /(«,*) = 


sV 


s 2 +1 2 

,2 


t 2 ( a 2 +¿ 2 )- 5 t 2 (2s) _ d - 
M ’ j d 2 +í2) 2 d 2 + í 2 ) 2 ’ 


, _ 2st(s 2 + t 2 ) -st 2 (2t) _ 2s 3 t 

ft{S ' (s 2 +í 2 ) 2 _ (s 2 +t 2 ) 2 


19. f (u,v) = tan 1 ( —) => / u (u, v) = --- x (L^ = - (—--^ = —-— 

' v ' l + (u/v ) 2 \v) V\U 2 +V 2 J u 2 +v 2 ' 


í u \ 

u 1 

( v * \ 

( V 2 ) = 

v 2 1 

l u 2 +v 2 J 
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= => / x (*,t) = e» in <‘/*>cos(V) (-¿) =-tcos Q) 


/‘ (*•*)= e8in(t/x) cos (!) (!) = e W COS (!) 

21. z = ln (* + %Jx 2 + y 2 ^j =>• 

1 r _!/•> n (\A 2 + 3/ 2 + *) /%/a: 2 + 3/ 2 i 

■== [l + i(x 2 +í/ 2 )- -(2*)]= = — 


dz 

dx x + -Jx 2 +y' 

— =- , X í V (x 2 +y 2 )- 1/2 (2y) = 

dy x + y/x 2 + y 2 \ 2 / 


(x + \Jx 2 + y 2 ^ V x2 + 2/ 2 


22 


xyjx^ + y 2 + x 2 + y 2 

f x d f x 

/ (x, y)= cos (í 2 ) dt =>• /a: (x, y) = — cos (t 2 ) dt = cos (x 2 ) by the Fundamental Theorem of 

«/y -/y 

Calculus, Part 1; f y (x, y) = -J- J cos (f 2 ) dt = --^J cos (f 2 ) dt = — cos (y 2 ). 

23. / («, y, 2 ) = zyV + 3y^ => f x (x, y, z) = y 2 z z , f y (x, y, z) = 2 xyz 3 + 3z , / 2 (x, y, z) = 3xy 2 z 2 + 3 y 

24. / (x, y, z) = x 2 e yz =► / x (x, y, 2 ;) = 2xe y;!: , f y (x, y, z) = x 2 e y * (z) = x 2 2 e yz , 

/* (®, y,«) = zV z (y) = x 2 ye yz . 


25. tu = ln (x + 2y + 3 z) => = 


dw 


dw 


dx x + 2y + 3z' dy x + 2y + 3z'dz x + 2y + 3z 


26. w = y/r 2 + s 2 + t 2 => ^ = \ (r 2 + s 2 + 1 2 ) 1/2 (2 r) = 


dw 


y/r 2 + s 2 + t 2 ' ds y/r 2 + s 2 + 1 2 


dw 


t 


dt y/r 2 + s 2 + 1 2 


__ _ t . _ du _ t . n du -t • /1 d u -t /1 

27. u = xe sin 6 => — = e sin 6 , — = —xe sin 6 , — = xe cos 9 

dx ot 06 

7/ 1 / 7 *V/ Z —n, VX V ¡ Z 

28. i¿ = x y,z => i¿ x = -x^/^ -1 , u y = x y,z lnx • - =-lnx, u z = x y,z lnx • — =-— lnx 


29. f(x,y,z,t) = 


x-y 
z — t 


—' 1 1 
/x (x, y, z, t) = -—-, f y (x, y, z,t) = — 
z — t 


z — t' 


fz ( X , y, z, t) = (* - y) (-1) (z - í) 2 = -f -—+ - and 

(z-t) 

ft(x,y,z,t) = (*-y)(-l)( 2 -t) -2 (-1) = 


(z-í) 2 ‘ 

30. / (*, y, z, t) = xy 2 z 3 t 4 => / x (*, y, z, t) = y 2 z 3 t 4 , f y (*, y, z, t) = 2 xyz 3 t 4 , f z (*, y, z, t) = 3 xy 2 z 2 t 4 , and 

ft (x,y,z,t) = 4 xy 2 z 3 t 3 . 


31. U = y/ X l+ X 2~l -1" 3?n* Fo r eac h ¿ = 1, • • • , 


1¿ Xi = ^ (Xi + X 2 + * * * + Xn) ! (2 Xi) — 


Xi 


\Jx\ +x\ H- \-x 2 

32. u = sin (zi + 2x2 H-b nx n ). For each ¿ = 1,... , n, u Xi = i cos (xi + 2x2 H-h nx n ). 


33. /(*,») =► /x(x,y) = i(* 2 +í/ 2 )- 1/2 (2*) = 


■ y /* 2 + y 2 


, so / x (3,4) — 


\/3 2 + 4 2 


co |io 









































I 
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34. f(x,y) = sin (2x + 3 y) >+ f y (x, y) = cos (2x + 3 y) -3 = 3 cos (2x + 3 y), so 

f y (-6,4) = 3 cos [2 (-6) + 3 (4)] = 3 cos 0 = 3. 

35. f(x,y,z) = —= x(y + z) _1 =+ fz (x, y, z) = x (-1) (y + z)~ 2 = - / 2 ,so 

y + z (y + z) 


/,(3,2,1) = - 


3 

(2 + l ) 2 


1 


3' 


36. / (u, v,w) =w tan (uv) => f v (u, v, w) = w sec 2 (uv) ■ u = uw sec 2 (uv), so 
/„(2,0,3) = (2) (3) sec 2 (2 • 0) = 6. 

37. / (x, y) = x 2 - xy + 2y 2 =*■ 


f x ( X ,y) = lim ÜE+JhÍLLlSfhÉ. = i ta (x + Kf ~(x + h)y + 2y 2 - (x 2 - xy + 2 y 2 ) 
J v h-to h h-+ 0 h 

_ lim ^ + = lim (2x — y + /i) = 2x — y 

h-+ o h h—*0 

* , , / (x, y + h) - f (x, y) v _ x 2 - x (t/ + /i) + 2 (y + /i) 2 - (x 2 - x?/ + 2?/ 2 ) 

/ v (x, y) = lim- - -= lim- - 

= lim hS+y — / + = lim (4 y — x + 2h) = 4 y — x 

h—o h h-o v 


38. / (x, y) = y/3x - y => 


fx(x,y)= liin 

h —t-U 


f(x + h,y)-f (x,y) 
h 


y/3 (x + h) —y — \/3x - y t/3 (x + /i) - y + V3x - y 
/ >—o h ^/3 (x + /i) - y + /3x - y 


>'-'0 ^/3 (x + h) - y + /3x - y 2/3x - y 


fy (x, y) = üm 

tt — 


f (x,y + h) - f (x, y) 
h 


\/3x - (y + h) - /3x - y /3x - (y + h) + /3x - y 
¿S h y/3x — (y + h) + /3x - y 


= lim 

h —>0 


_-1_ 

a/3x - (y + h) + %/3x - y 


-1 

2\/2>x — y 


39. xy + yz = xz 


d_ 

dx 


(xy + v z ) = fa. ( xz ) 


dz 

<+ y + y-Q- x 


dz 

z + x— 
ox 


( \ ® z 
(y- X )— = z -y, 


dz 

dx 


z — v d , x d , v dz dz , x dz , , * 

—M-.-( X y + y Z ) = -(xz) * x + Z + y-=z X - * (y - X ) - = - (x + z), SO 


dz _ x + z 
dy x-y' 


so 
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d d 

40. xyz = cos (x + y + z) => — (xyz) = — [cos (x + y + z)} 

ox ox 

yz + = [- sin (x + y + z)\ , [xy + sin (x + y + z)\ = - [yz + sin (x + y + z)\, so 

Tx “ Ty < ISi) *!;('“(*+»+*» ««>«y ‘y™*«y, 

dz _ xz + sin (x + y + z) 
dy xy + sin (x + y + z) ’ 

41. x 2 +y 2 - z 2 =2x(y + z) <=$• Jj; (x 2 + y 2 - z 2 ) = [2x (y + z)] O 

2x-2zf x =2(y + z) + 2xf x « 2 (x + z) g = 2 (, - y - «). so | = 

[2*(, + .)] «. 2„-2,|=2+(l + |) » 2(* + *)|-J(»-*).» 

dz _ y — x 
dy x + z' 


. V - '* 


42. xy 2 z 3 + = x + y + z ==> — 

2/ 2 2t 3 + 3 xy 2 z 2 ^ + 3x 2 y 2 z + = 1 + so (3 xy 2 z 2 + x 3 y 2 -1)^ = 1- y 2 z 3 - 3 x 2 y 2 z and 

~ - O Q „ O O 


_ 1 - y 2 z 3 - 3 o; 2 i/ 2 z 
'¿xy 2 z 2 + x 3 y 2 — 1' 

^(iy¥ + ®Ví) = |j(í + y+í) 
(3xy 2 z 2 + x 


2 xyz 3 + Sxy 2 z 2 g + 2x z yz + x 3 y 2 |p 
dy dy 

32 ,\ dz , „ 3 „ 3 jáz 1- 2xyz 3 - 2x 3 yz 

* 3 y 2 -l)^=l-lxyz — 2x yz and — = ¿ X yZ z 2 + X 3 y 2 — 1 ' 


3 odz , dz 

^- =1+ w so 


43. (a ) z = f (x) + g(y) => = f' (* )< = 9 ' ( V ) 

(b) 2 = / (* + y). Let u = x + y. Then g = |;g = £ (1) = /' (u) = f (x + y). 


dz 

dy 


df du 
du dy 


= %■. (!) = /' («) = /'(* + y)- 


44. (a ) z = f (x) g (y) 


!§ = /' (x)g(y),^=f(x)g' (y) 


(b) z = f (xy). Let u = xy. Then g = y an d g = *. Hence g = ^ = ^-■ y = yf (u) = yf (xy) 
and % = 1 % =£ • 1= xf {u)=xf {xy) ■ 

(c) z = f(*).l J¡t u= X .Tbenp = ± a nd% = -^.Hence^ = fp = f'(u)± = £^ a nd 

\y) y dx y dy y 2 ox auox y V 

dz df_du _ í_+\ _ x f' ( x /y) 

dy dudy \ y 2 ) V 2 

45. / (x, y) = x 4 - 3 x 2 y 3 => f x (x, y) = 4x 3 - 6xy 3 , f y (x, y) = -9 x 2 y 2 . Then f xx (x, y) = 12x 2 - 6 y 3 , 

fx y (x,y) = -18 xy 2 , f yx (x,y) = -ISxy 2 , and f yy (x,y) = -18 x 2 y. 
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46. / (x, y) = ln (3x + 5 y) 


fx (x,y) = — 3 fy (X,y ) = _ 5 - . Then 


/x, (*,y) = 3(-l)(3a: + 5y)- J (3) = - 


3x + 5y + 5y 

_ 2 9 . , v 15 


(3a; + 5j/) 


' i (*, 2 /) — 


(3x + 5 y) 


f, /ya: (*, 2/) — 


15 


(3® + 5y)" 


and f yy (x,y) = — 


25 


(3x + 5 y) 2 

M. z =—^—= x (x + y)~ l => z x - 1 ( a + 3/) .— H 31 ) = -—= x(-l) (x + y)~ 2 = - 


(x + y) 2 (x + yf'^ (x + y ) 2 " 

2 y _ _ 1 (x + y ) 2 - y ( 2 ) (x + y) _ x_+yj-2y _ x - y 

[(x + y) 2 ] 2 (x + yf (x + yf 


x + y 

Then z X x = y (—2) (x + y) = — - ■ ■=, z xy = — ,, 2 — ~~/ i \3 /_ , _.\3 

(x + y) u ~ ' -' 21 


1 (* + yf -x(2) (x_+y) _ -x 2 + xy + j / 2 _ (x + y) (x - y) _ x-jy and 

' 212 (x + yf (x + yf (x + yf' 


[(z + y)T 

z yy = ~x(~2) (x + y)~ 3 = 


2 x 


(x + yf 

48. 2 = j/tan2x => z x = 3 /sec 2 (2x) • 2 = 2y sec 2 (2x), 2 y = tan2x. Then 

2 X x = 2y ( 2 ) sec ( 2 x) • sec ( 2 x) tan ( 2 x) -2 = 8 y sec 2 ( 2 x) tan ( 2 x), z xy = 2 sec 2 ( 2 x), 
z yx = sec 2 ( 2 x) • 2 = 2 sec 2 ( 2 x), and z yy = 0 . 

49. u = e~ a siní =► u s = —e~’ siní, ut = e~“ cos t. Then u ss = e~ a siní, u st = —e~ a cost, 
u ts = —e~ a cos t, and u tt = —e~ a siní. 


2 \-l /2 


50. v = \fx + j / 2 => v x = 5 (x + y 2 ) 

~ r y 

v y = \(x + y 2 ) 1/2 (2y) = —j===. Then v xx = 5 (— 5 ) (x + y 2 ) 3/ = - 4 ( x + J/ 2 ) 3 / 2 ’ 

, 21 - 3/2 


Ux W = 5 (- 5 ) (* + 2 / 2 ) ( 2 1 /) = “ 


2\fx + y 2 ’ 

(x + y 2 ) _3/2 

,%x (x + y 2 ) _3/2 


= 


2(x + j/3) 3/2 

_ 1 fx + yij-yjf) (x + j/ 2 )- 1/2 (2y) _ (x + j/ 2 ) - j/ 2 _ x 

(v^+V ) 2 " (* + i / 2 ) 3/2 ~ (ai + y 2 ) 3/2 ' 


2 (x + y 2 ) 3/2 


, and 


51. n = x 5 2/ 4 - 3x 2 y 3 -f 2x 2 => tta: = 5x 4 y 4 - 6 xy 3 -f 4x, u xy = 20x 4 y 3 — 18x?/ 2 and 

= 4x 5 ?/ 3 — 9 x 2 y 2 ,Uy X — 20x 4 y 3 — 18xy 2 . Thus u xy = u yx . 

52. u = sin 2 x cos y => u x = 2 sin x cos x cos y, u xy = — 2 sin x cos x sin y and u y = — sin 2 x sin y , 
u yx = — 2 sin x cos x sin y. Thus u xy = u yx . 


53. u = ln fj? + y 2 = ln (x 2 + y 2 f /2 = \ ln (x 2 + y 2 ) =► u x = ^ x2 + y2 ~ 2x = 3.2 f ~ 2 


1 1 


Uxy = x (- 1 ) (x 2 + y 2 ) 2 ( 2 y) = - 


2xy 


u yx = y (- 1 ) (x 2 + y 2 ) 2 ( 2 x) = — 


(x 2 + y 2 ) 
2 xy 


2 and % = k :—“ 


2 x 2 -f y 2 
-. Thus u xy — u yx . 


2 y = 


y 


x 2 +y ¿ 


(x 2 + J/ 2 ) 2 

54. u = xye v => u x = ye y , i¿ xy = ye y -f e v = (y -f 1 ) e y and u y = x (ye v -f e y ) = x (y -f 1 ) e y , 
u yx —— (j/ - 1 - l) e y . Thus u xy — u yx . 

55. / (x, y) = xV - 2x 4 j/ => /x = 2 xj / 3 - 8x 3 j/, / XI = 2j/ 3 - 24 x 2 j/, / xxx = -48xj/ 

56. / (x, y) = e ly2 =► /. = j/V* 2 , f xx = y 4 e* y \ f xxy = 4J/V » 2 + 2xj/V * 2 = 2y 3 e ^ 2 (2 + xj/ 2 ) 
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57. / ( x , y , z) = x 5 - h x 4 y 4 z 3 -h t/ 2: 2 => f x = bx 4 4* 4x 3 y 4 z 3 , f xy = 1 6x 3 y 3 z 3 , and f xyz = 48 x d y d z 

58. / (*, y, z) = e xyz => f y = xze xyz , f yz = xe xyz + xz (xy) e xyz = xe xyz (1 + yxz), and 
f yzy = x ( xz) e xyz (1 + xyz) + xe xyz (xz) = x 2 z (2 + xyz) e xyz . 

cn . dz d 2 z d 3 z 

59. 2 = xsin y =► ^^smy^^cosy.and^^-smj/. 


60. J 2 = ln sin (x — y) => — = — 


d 2 z 


dx - sin (x - y) COS {x ~ y)= COt {x - y) '^ = ~ CS ° 2 (X - y) and 


fl 3 * 
dydx 2 


= —2 csc (x — 2 /) [— csc ( x — y) cot ( x — y) (—1)] = —2 csc 2 (x — y) cot (x — y). 


61. u = ln (x + 2y 2 + 3z 3 ) =» ^-r-r (9z 2 ) = -—|——r, 

' ' dz x + 2y 2 + 3z 3 ^ ' a: + 2y 2 + 3;z 3 


a 2 




= —9z 2 (x + 2y 2 + 3 z 3 ) 2 (4y) = - 


36yz 2 


r , and 


d 3 u 


12yz 2 


(x + 22/ 2 + 3,z 3 ) 2 ’ dxdydz ( x + 2y 2 + 3z 3 ) 


3 * 


62. u = x a y b z c . If a = 0, or if b = 0 or 1, or if c = 0, 1, or 2, then 


d 6 u 


dx dy 1 dz 3 


= 0. Otherwise 


Tz =cxyz ’ dz 2 


du 
z 

d 4 u 
dy dz z 
d 6 u 


a " b ~ c ~ 1 — = C (c - 1) x a y b z c ~ 2 , |pf = c (c - 1) (c - 2) x a y 6 z c - 3 , 


= bc (c — 1) (c — 2) x a y b l z c 3 , 


d 5 u 


dx dy 2 dz 3 


dy 2 dz 3 

= ab (b — 1) c (c — 1) (c — 2) x a ~ l y b ~ 2 z c ~ 3 . 


= b(b — 1) c(c — 1) (c — 2) x a y b 2 z c 3 , and 


63. By Definition 4, f x (3,2) = liin / ( 3 ^ — f (^’ w hich we can approximate by considering h = 0.5 

andft = —0.5: /i(3,2) ss ‘íM-JM = »+-1™ = 9 . 8 , 


0.5 


0.5 


/ x (3,2) « / (2-5,2) / (3,2) _ 10,2 — 14.6. Averaging these values, we estimate f x (3,2) to be 

—0.5 —0.5 

r /<^ _|_ ^ 2 2)_/ (3 2 2) 

approximately 12.2. Similarly, f x (3, 2.2) = lim — -— ’-j- -which we can approximate by 

h—>0 h 


considering h = 0.5 and h = —0.5: f x (3,2.2) 


/(3.5, 2.2)-/(3,2.2) _ 26.1 - 15.9 


0.5 


0.5 


= 20.4, 


f x (3,2.2) « / _ (2-5> 2 ‘ 2 ) J (3> = ^ = 13.2. Averaging these values, we have f x (3,2.2) « 16.8. 

—0.5 —0.5 

To estimate f xy (3, 2), we first need an estimate for f x (3,1.8): 

f /(3.5,1.8) -/(3,1.8) 20.0-18.1 OG 

/x (3,1.8)- —- - - -- - ¿X’ 


0.5 


0.5 


/ x (3,1.8) « / ( 2 - 5 ? / (3> !.^) _ 12,5 ■ =11.2. Averaging these values, we get f x (3,1.8) « 7.5. 

—0.5 —0.5 

Q 

Now fxy (X, y) = — [/ x (x, y)] and f x (z, y) is itself a function of 2 variables, so Definition 4 says that 
óy 

Uv (», y) = ^ [/, (x, y)] = lim fx (x ’ y + ft ¿~ /a (l ’ y) => /, v (3,2 ) = lim (3 ’ 2 + ^ ~ /x (3 ’ 2) . 
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We can estimate this value using our previous work with h = 0.2 and h = —0.2: 

f x (3,2.2) - U (3,2) _ 16.8 - 12.2 _ 

/xy(3,2)~ o.2 0.2 09 

f xy (3,2) « /^ (3?( 3 ! ., 2 ) — 7-5 _ * 2 : ? - = 23.5. Averaging these values, we estimate f xy (3,2) to be 


approximately 23.25. 


64. (a) If we fix y and allow x to vary, the level curves indicate that the value of / decreases as we move through P in 
the positive x-direction, so f x is negative at P. 


(b) If we fix x and allow y to vary, the level curves indicate that the value of / increases as we move through P in 
the positive y-direction, so f y is positive at P. 

Q 

(c) fxx = — (/ x ), so if we fix y and allow x to vary, f xx is the rate of change of f x as x increases. Note that at 

ox 

points to the right of P the level curves are spaced farther apart (in the x-direction) than at points to the left of 
P, demonstrating that / decreases less quickly with respect to x to the right of P. So as we move through P in 

the positive x-direction the (negative) value of f x increases, hence — ( f x ) = f X x is positive at P. 


Q 

(d) f xy = — (f x ), so if we fix x and allow y to vary, f xy is the rate of change of f x as y increases. The level 
oy 

curves are closer together (in the x-direction) at points above P than at those below P, demonstrating that / 
decreases more quickly with respect to x for y-w alues above P. So as we move through P in the positive 
2 /-direction, the (negative) value of f x decreases, hence fxy is negative. 


(e) f yy = — ( f y ), so if we fix x and allow y to vary, fyy is the rate of change of f y as y increases. The level 

oy 

curves are closer together (in the ^/-direction) at points above P than at those below P, demonstrating that / 
increases more quickly with respect to y above P. So as we move through P in the positive y-direction the 

q 

(positive) value of f y increases, hence — ( f y ) = fvv is positive at P. 

65. u = e~ a2fc2 * sin kx => u x = fce“ Q2fc2t cos kx, u xx = -/c 2 e“ Q2fc2t sin kx, and u t = -a 2 A; 2 e“ Q2fc2t sin kx . 
Thus a 2 u xx = u t . 


66. (a) u = x 2 + y 2 => u x = 2x, u xx = 2; u y = 2 y, u yy = 2. Thus u xx +u yy ^ 0 and u = x 2 + y 2 does not 
satisfy Laplace’s Equation. 

(b) u = x 2 — y 2 is a solution: u xx = 2, u yy = — 2 so u xx -h u yy = 0. 

(c) u = x 3 + 3 xy 2 is not a solution: u x = 3x 2 + 3 y 2 , u xx = 6x; u y = 6xy, u yy = 6x. 


(d) 


u = ln 7x2+ 1 / 2 is a solution: u x = -j=^== Q j (x 2 + y 2 ) 1/2 (2x) = ¿ 2^ 2 


u xx — 


_ (x 2 + j/ 2 ) - x(2x) _ y 2 - X 


.. 2 

x -y 


, , ; o \2 -- , 2 ó ~ \ ~ 2 • By symmetry, u vv = so + u vv = 0- 

(x 2 + y 2 ) (x 2 + y 2 ) (x 2 + y 2 ) 


(e) u = sin x cosh y + cos x sinh y is a solution: 

u x = cos x cosh y — sin x sinh y, i¿ X x = — sin x cosh y — cos x sinh y, and u y = sin x sinh y + cos x cosh y, 
u yv = sin x cosh y + cos x sinh y. 

(f) u = e“ x cos y — e~ y cos x is a solution: u x = —e“ x cos y + e“ y sin x, t¿ xx = e“ x cos y + e“ y cos x, and 
u y = —e“ x sin y + e“ y cos x, u yy = —e“ x cos y — e~ v cos x. 
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67. u = 


Ux = (-§) (x 2 + y 2 + z 2 y 3/2 ( 2 *) = -x [x 2 +y 2 + z 2 ) 
,2 . , 2 \~ 5/2 


2N-3/2 


2 a : 2 — y 2 — z 2 


\/x 2 + y 2 +z i 

».. = - ++v> + ñ- >n - * (-«(** + y % + ñ~‘ n P*> - (x T + ;/ + ; a >/» - 

2z 2 — X 2 —y 2 


and 


2 t 7 2 — x' 2 — z 2 

By symmetry, u yy = —>--- „; —/ó an ^ u zz = 


. Thus 


Uxx ”1“ Uyy + U ZZ - 


(x 2 + y 2 + z 2 f /2 “ (x 2 + y 2 + z 2 f' 2 

2 x 2 - y 2 - z 2 + 2 y 2 - a: 2 - z 2 + 2 z 2 - x 2 - ;/ 2 _ Q 

(a : 2 + y 2 + z 2 f /2 


68 . (a) u = sin (kx) sin (akt) =+ u t = ak sin (kx) cos (akt), u tt = -a 2 k 2 sin (kx) sin (akt), 
u x = fccos (fca:) sin (akt), u xx = —k 2 sin (fcx) sin (akt). Thus u tt = a 2 u xx • 


(b )u = 


t 


a 2 t 2 — x 2 


(a 2 t 2 — x 2 ) — t (2a 2 t) _ a 2 t 2 + x 2 
Ut ~ (a 2 t 2 — x 2 ) 2 ~ (a 2 t 2 — x 2 ) 2 ’ 


- 2 aH (a 2 t 2 - x 2 ) 2 + (g 2 ¿ 2 + x 2 ) ( 2 ) (a 2 ¿ 2 - x 2 ) (2a 2 t) 2a 4 t 3 + 6 a 2 tx 2 

Utt ~ (a 2 t 2 - x 2 ) 4 a 2 t 2 - x 2 

„2.2 ^2\~2/« x 2ÍX 


u x = t (- 1 ) (a 2 t 2 — x 2 ) ( 2 x) = 


(a 2 t 2 - x 2 ) 2 ’ 


2 1 (a 2 t 2 - x 2 ) 2 - 2tx ( 2 ) (a 2 t 2 - x 2 ) (~2x) _ 2a 2 t 3 - 2 tx 2 + 8 ¿x 2 _ 2a 2 t 3 + 


■ 6tx ¿ 


Uxx — 


Thus Utt = QTUxx . 


(a 2 t 2 - x 2 ) 4 


(a 2 t 2 — x 2 ) 3 (a 2 t 2 -x 2 ) 4 


(c) u = (x — at ) 6 + (x -h at) 6 => Ut = — 6 a (x — at) 5 + 6 a (x + a¿) 5 , 
i¿ tt = 30a 2 (x - at) 4 + 30a 2 (x + at) 4 , u x = 6 (x - a ¿) 5 + 6 (x + at) 5 , 

= 30 (x - a ¿) 4 + 30 (x + a£) 4 . Thus 11 « = a 2 u xx * 

(d) u = sin (x — at) + ln (x + a£) => i¿¿ = — a cos (x — at) + ^ Utt ~ ~°^ s * n — a “ 

= cos (x — at) + * a X x = — sin (x — at) — 7 —^—^• Thus = a 2 u xx * 


(x + at) 


x + at 


(x + aí) 


_ d f/ (v) + g (u;)] df (v) dv , dg (w) dw , . ,, A 

69. Let v = x + at,w = x- at. Then u t = dt "" ~ = ¿foQÍ + dw ~dt = ^ ^ _ ^ and 

utt = d ^ ^~ ag ^ - 1 = a [af" (v) + ag" (tu)] = a 2 [/" (v) + g" (w)]. Similarly, by using the Chain Rule 
ot 

we have u x = f (v) + g' (uj) and u xx = f" (v) + g" (w). Thus u tt = a 2 u xx . 

70. Foreach i,i = l ,... ,n, du/dxi = ai e a ' x '+ a2X2+ ‘'' +anXn and d^u/dxj = a 2 ie aixl+a2X2+ - +anXn . Then 


d 2 t¿ , d 2 u 


d 2 u 


2 ^ ^aixi+a2X2H-Ha n *n _ gai*l+°2®2H-_ 


u since 


OU t UU U U / 2 , 2 , , 2 \ 

áíf + dx¡ + ''' + dñ ~ (ai + “ 2 + "'' + °“) 

a 2 + a 2 + • • • + a 2 = 1. 

71. z x =e v + ye x , z xx = ye x , d 3 z/dx 3 = ye x . By symmetry z y = xe v + e x , z yv = xe y and d 3 z/dy 3 = xe v . 
Then d 3 z/dxdy 2 = e v and d 3 z/dx 2 dy = e x . Thus z = xe v + ye x satisfies the given partial differential 
equation. 
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72. P = bL a K 0 , so = abL a ~ 1 K 13 and = (3bL a K B ~' í . Then 

oL oí\ 


Lj£ + K^ = L (abL a ~ 1 K 13 ) + K (j3bL a K 0 ' 1 ^ = abL^+^K 0 + / 3bL a K 1+0-1 
= (a + /3)bL a K 0 = (a + /3)P 

dP P 

73. If we fix K = K 0 , P (L, K 0 ) is a function of a single variable L, and — = a— is a separable differential 

dL L 

equation. Then p- = o~- => J p- = J => ln |P| = aln |L| + C (LTo), where C ( Kq) can 
depend on Kq. Then |P| = e Qln l L l + c(k 0 )^ anc j s j nce p > q and L > 0, we have 

p = gOt ln L ^C(Kq) = e C(K 0 ) e \nL« = ^ ^ j* where ^ = e ^(^o) ( 

74. (a) 8T/dx = -60 (2x) / (l + x 2 + y 2 ) 2 , so at (2,1), T x = -240/ (1 + 4 + l) 2 = -f. 

(b) dT/dy = -60 (2?/) / (l + x 2 + t/ 2 ) 2 , so at (2,1), T y = -120/36 = -^. Thus from the point (2,1) the 
temperature is decreasing at a rate of ~ °C /m in the x-direction and is decreasing at a rate of ^ °C /m in 
y-direction. 

75. By the Chain Rule, taking the partial derivative of both sides with respect to R\ gives 
dR- 1 8R d [(1/Ri) + (1/R 2 ) + (l/fls)] t>— 2 dR 

—— =-— -or —ri 


r 1 

dR dRi 


dRi 


__2 ^ dR R 2 
dRi ~ 1 ' US dRi ~ Rj ' 


„ mRT dP -mRT T , mRT dV mR _ PV dT V _ 
76 .P = __ so _ = ___ ;V =— t so—= —;T=—,s°- = —. Thus 


dP dV dT _ —mRT mR V _ -mRT 
dV 8T dP~ V 2 P mR~ PV 


= — 1, since PV = mRT. 


__ dK J ..2 dK _. d 2 K 12 „ 

77. —— = £ V , -— = mV, — r - = m. Thus —— • = -kV m = K. 


78. The Law of Cosines says that a 2 = 6 2 + c 2 — 2bc cos i4. Thus 


d (a 2 ) 5 ( 6 2 + c 2 — 2 ab cos A) 

<9a <9a 


dA a 

2a = —26c (— sin ^4) , implying that = 7 — : — 7. Taking the partial derivative of both sides with respect to 

oa oa ocsini 

, . „ ^ , . 4X dA dA ccosA-b _ dA bcosA — c 

b gives 0 = 2b — 2c (cos A) — 2 bc (— smA —Thus - 7 — = —— : ——. By symmetry - 7 — = —— : ——. 

& v J v 1 db db bcsmA dc bcsinA 

79. f x (x, y) = x + 4y => f xy (x, y) = 4 and f y (x, y) = 3x - y => f yx (x, y) = 3. Since f xy and f yx are 
continuous everywhere but f xy (x,y) ^ f yx (x,y), Clairaut’s Theorem implies that such a function f (x,y) does 
not exist. 

80. Setting x = 1, the equation of the parabola of intersection isz = 6 — 1 — 1- 2 y 2 = 4 — 2 y 2 . The slope of the 
tangent is dz/dy = —4 y, so at (1,2, -4) the slope is - 8 . Parametric equations for the line are therefore x = 1, 
y = 2 + 1, z = —4 — 8 £. 
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81. By the geometry of partial derivatives, the slope of the tangent line is f x (1,2). By implicit differentiation of 

Ax 2 + 2y 2 + z 2 = 16, we get 8x + 2z (dz/dx ) = 0 => dz/dx = —4 x/z, so when x = 1 and 2 = 2 we have 

dz/dx = —2. So the slope is f x (1,2) = -2. Thus the tangent line is given by 2 ; — 2 = -2 (x - 1), y = 2. Taking 
the parameter to be t = x — 1 , we can write parametric equations for this line: x = 1 + t , y = 2 , z = 2 — 2t. 

82. T (x, t) = To + T\e~ Xx sin (cot — Xx) 

(a) dT/dx = T\e~ Xx [cos (c ot — Xx) (—A)] + T\ (—Xe~ Xx ) sin (cut — Xx) 

= —XT\e~ Xx [sin (cut — Xx) + cos (ut — Ax)] 

This quantity represents the rate of change of temperature with respect to depth below the surface, at a given 
time t. 

(b) dT/dt = T\e~ Xx [cos (vt - Xx) (o;)] = uT\e~ Xx cos (u)t - Xx). This quantity represents the rate of change 
of temperature with respect to time at a fixed depth x. 

= ~ATi (e~ Xx [cos (üjí — Xx) (-A) — sin (cot — Xx) (—A)] 

+ e~ Xx (—A) [sin (u)t — Xx) + cos (u)t — Ax)]) 

= 2X 2 T\e~ Xx cos (u)t — Xx) 

But from part (b), T t = u)T\e~ Xx cos (u)t — Xx) = -^T xx . So with k = , the function T satisfies the 

ZÁ ZÁ 

heat equation. 



Note that near the surface (that is, for small x) the temperature varies greatly as t changes, but deeper 
(for large x) the temperature is more stable. 

(e) The term — Xx is a phase shift: it represents the fact that since heat diffuses slowly through soil, it takes time for 
changes in the surface temperature to affect the temperature at deeper points. As x increases, the phase shift also 
increases. For example, at the surface the highest temperature is reached at t « 100, whereas at a depth of 5 feet 
the peak temperature is attained at t « 150, and at a depth of 10 feet, at t « 220. 

83. By Clairaut’s Theorem, f xyy = (fx y ) y — (f y x) y = f y x y = (f y ) xy = (fy) yx = fvyv 

84. (a) Since we are differentiating n times, with two choices of variable at each differentiation, there are 2 n nth order 

partial derivatives. 

(b) If these partial derivatives are all continuous, then the order in which the partials are taken doesn’t affect the 
value of the result, that is, all nth order partial derivatives with p partials with respect to x and n — p partials 
with respect to y are equal. Since the number of partials taken with respect to x for an nth order partial 
derivative can range from 0 to n, a function of two variables has n + 1 distinct partial derivatives of order n if 
these partial derivatives are all continuous. 
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(c) Since n differentiations are to be performed with three choices of variable at each differentiation, there are 3 n 
nth order partial derivatives of a function of three variables. 


85. Let g(x) = / (x, 0) = x (x 2 ) 3/2 e° = x\x\ 3 . But we are using the point (1,0), so near (1,0), g(x) = x 2 . 
Then g ' (x) = —2x~ 3 and g' (1) = —2, so using (1) we have f x (1, 0) = g' (1) = —2. 

«i. /. (0,0) - lim + ^ - lim + ° - lin, ; = 1. 

" h h-+ o h h —>o h 


h—>0 


Or: Let g(x) — f (x, 0) = \/x 3 + 0 = x. Then g' (x) = 1 and g' (0) = 1 so, by (1), f x (0,0) = g' (0) = 1. 



(b) For (x, y) / (0,0), f x (x, y) = 

x 5 — 4a : 3 y 2 — xy 4 

symmetry f y (x, y) =- - ■ -. 

(x 2 +y 2 ) 


(3 x 2 y - y 3 ) (x 2 + y 2 ) - (x 3 y - xy 3 ) (2x) _ x A y + 4 x 2 y 3 - y 1 
\2 — 


(x 2 +y 2 ) 


, ’ andb y 

(x 2 + y 2 ) 


(c) /x(0,0) = lim 
h —>0 


í üh °) ~ / (0. 0) Iim (°/ ft2 ) ~ ° - n 

h 


h 


h —0 


= 0 and f y ( 0 , 0 ) = lina 


= 0 . 


(d) By (3), f xv (0,0) = ^ = lim /l( ° ,0) = Um ^ ^ — = -1 while by (2), 

oy o h h-* o h 


h-+ o 

^5/L4 


f yx ( 0 , 0 ) = = lim — — ~ — ( 0 ’ 0 ) = lim — 7 — = 1 - 

v v J dx /i—o h / 1—0 h 


(e) For (x, y) ^ (0,0), we use a CAS to compute fxy (x, y) - 


x 6 + 9 x 4 y 2 — 4 x 2 y 4 + 4j / 6 


. Now as 


(x 2 + y 2 ) 3 

(x, y) —► (0,0) along the x-axis, f xy (x, y) —> 1 while as (x, y) —> (0,0) along the y-axis, f xy (x, y) —> 4. 
Thus f xy isn’t continuous at (0,0) and Clairaut’s Theorem doesn’t apply, so there is no contradiction. The 
graphs of f xy and f yx are identical except at the origin, where we observe the discontinuity. 
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■4 Tangent Planes and Linear Approximations 


ET 14.4 


1. z = / (x, y) = y 2 - x 2 =4* /x (x, y ) = -2x, f y (x, y) = 2 y, so f x (-4,5) = 8 , f y (-4,5) = 10. 

By Equation 2, an equation of the tangent plane is z — 9 = f x (-4,5) [x — (—4)] + f y (—4,5) (y — 5) => 

z — 9 = 8 (x + 4) + 10 (y — 5) or z = 8x + lOy — 9. 

2. z = f (x, y) = 9x 2 + y 2 + 6x - 3y + 5 => f x (x, y) = 18x + 6 , f y (x, y) = 2y - 3, so 

f x ( 1,2) = 24 and f y ( 1,2) = 1. By Equation 2, an equation of the tangent plane is 

z-18 = f x (1,2) (x - 1) + f y (1, 2) (y — 2) => z - 18 = 24 (x - 1) + 1 (y - 2) or z = 24x + y - 8 . 



an equation of the tangent plane is 


z - 1 = fx (1, -1) (x - 1) + / y (1, -1) [y - (-1)] =*► z - 1 = -1 (x - 1) + 2 (y + 1) or x - 2y + z = 4. 

4 ■ Z = f (x, y) = sin (x + y) => /* (x, y) = cos (x + y), f y (x, y) = cos (x + y), /* (1, -1) = 1 = f y (1, -1) 

and an equation of the tangent plane \s z = (x — 1) + (y + 1) or z = x + y. 



Thus an equation of the tangent plane is 2 : = 2 (x + 1) + (y — 3) or 2 = 2x + y — 1. 

6 • z = f (x, y) = e x ln y => f x (x, y) = e x ln y, f y (x, y) = e x /y , f x (3,1) = 0, f y (3,1) = e 3 , and an equation 
of the tangent plane is z = e 3 (y — 1) ot z = e 3 y — e 3 . 

7 . z = f (x, y) = xy, so f x (x, y) = y => f x (- 1 , 2 ) = 2 , f y (x, y)=x => f y (- 1 , 2 ) = -1 and an equation 
of the tangent plane is z + 2 = 2 (x + 1) + (—1) (y — 2) or z = 2x — y + 2. After zooming in, the surface and the 
tangent plane become almost indistinguishable. (Here, the tangent plane is shown with fewer traces than the 
surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 




f y (5,1) = and an equation of the tangent plane is 2 — 2 = \ (x — 5) - \ (y — 1) or 2 : = \x - \y + 1. After 
zooming in, the surface and the tangent plane become almost indistinguishable. (Here, the tangent plane is above 
the surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 


z 
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9. / (rr, y) = e _ ( x ‘' + ^ 2 )/ 15 (sin 2 x + cos 2 y). A CAS gives 

f x = — ^e “( x2+í/2 )/ 15 (x sin 2 x + x cos 2 y — 15 sin x cos x) and 

/ y = — ^e “( x2+?/2 )/ 15 (y sin 2 x + ycos 2 y + 15sinycosy). We use the CAS to evaluate these at (2,3), and 
then substitute the results into Equation 2 in order to plot the tangent plane. After zooming in, the surface and the 
tangent plane become almost indistinguishable. (Here, the tangent plane is above the surface.) If we zoom in farther, 
the surface and the tangent plane will appear to coincide. 




x J 1 + 4x 2 + 4 y 2 A ^ AO . _ 4x (1 - 3x 4 +y 4 - x 2 - 4x 2 y 2 ) 

10 . / (x, y) = j A CAS gives f x = — ., v . =, == - fr and 

1 +x 4 + y 4 y/l + 4x 2 + % 2 (1 + x 4 + y 4 ) 


fy = 


_ 4 y (l - % 4 + x 4 - y 2 - 4 x 2 y 2 ) 

\J 1 + 4x 2 + 4 y 1 (1 + x 4 + y 4 ) 2 


. We use the CAS to evaluate these at (1,1), and then substitute the results 


2 ^_ Qx _ Sv 

into Equation 2 to get an equation of the tangent plane: z =----. After zooming in, the surface and the 

tangent plane become almost indistinguishable. (Here, the tangent plane is shown with fewer traces than the 
surface.) If we zoom in farther, the surface and the tangent plane will appear to coincide. 



f y (1,4) = \. Both f x and f y are continuous functions for y > 0, so by Theorem 8 , / is 
differentiable at (1,4). By Equation 3, the linearization of / at (1,4) is given by 

L (z, y) = f ( 1 , 4) + fx (1,4) {x — 1) + fy (1,4) (y — 4) = 2 + 2 (i — 1) + \ (y — 4) = 2x + \y — 1. 


12. / (x, y) = y lnx. The partial derivatives are f x (x, y) = y/x and f y (x, y) = lnx, so f x (2, 1) = \ and 

/ y (2,1) = ln 2. Both f x and f y are continuous functions for x > 0, so / is differentiable at (2,1) by Theorem 8 . 
The linearization of / at (2,1) is given by 

L (x, y) = f ( 2 , 1 ) + f x ( 2 , 1 ) (x - 2 ) + f y ( 2 , 1 ) (y - 1 ) = ln 2 + ¿ (x - 2 ) + ln 2 (y - 1 ) 

= \x + (ln 2 ) y - 1 
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13. / (x, y) = e x cos xy. The partial derivatives are f x (x, y) = e x (cos xy — y sin xy) and f y (x, y) = — xe x sin xy , 
so / x (0,0) = 1 and f y (0,0) = 0. Both f x and f y are continuous functions, so / is 

differentiable at (0,0) by Theorem 8 . The linearization of / at (0,0) is given by 

L(x,y) = /(0,0)+ /.(0,0) (*-0) + /»(0,0)(y-0) = 1 + 1 (a: - 0)+ 0(y - 0) = ® + 1. 

14. f (x,y) = -. The partial derivatives are f x (x, y) = - and / v (x, y) = —\, so / x ( 6 ,3) = | and 

2 / y y 

f y ( 6 ,3) = — §. Both / x and / y are continuous fünctions for y 0, so / is differentiable at ( 6 ,3) by Theorem 8 . 
The linearization of / at ( 6 ,3) is given by 

L(x,y) = /(6,3) + f x (6,3) (x - 6 ) +f y (6,3) (y -3) = 2 + ± (x - 6 ) - § (y - 3) = ±x - §y + 2 


15. / (x, y) = tan 1 (x + 2t/). The partial derivatives are f x (x, y) = - - - —2 

1 + \x + 2y) 


and 


r , so /x (1,0) = 5 and / y (1,0) = 1. Both f x and f y are continuous 


ív {X ' V) ~ l + (x + 22 /) 2 ’ /a: Vi ’" 2 

functions, so / is differentiable at ( 1 , 0 ), and the linearization of / at ( 1 , 0 ) is 
L (x, y) = / ( 1 , 0 ) + /„ ( 1 , 0 ) (x - $) + f y (1,0) (y - 0) = J + ± (x - 1 ) + 1 (y) = \x + y + f 


1 

2 * 


16. / (x, y) = \/l + x 2 t/ 2 . The partial derivatives are f x (x, y) = § (l + x 2 y 2 ) 1/2 (2xy 2 ) = 


a? 2 / 


and 


\/l + x 2 y 2 

/ y (*, y) = 1 (1 + x 2 y 2 )~ 1/2 (2x 2 y) = . f y so / a (0,2) = 0 and / y (0,2) = 0. Both /« and / y are 

V 1 + 

continuous functions, so / is differentiable at ( 0 , 2 ), and the linearization of / at ( 0 , 2 ) is 
L (*,») = /(0,2) + /* (0,2) (x — 0) + / y (0, 2) (y — 2) = 1 + 0 (x) + 0 (3/ — 2) = 1. 

7 y 


17. f (x,y) = ^/20 — x 2 - 7y 2 =>■ f x (x,y) = — 


and/y (x,y) = — 


v/20 - x 2 - 7y 2 , ‘ 7 ' ^/20 - x 2 - 7t / 2 

/j. (2,1) = -§ and / y (2,1) = — |. Then the linear approximation of / at (2,1) is given by 

/ (x, y) « / (2,1) + /. (2,1) (x - 2) + f y (2,1) (y - 1) = 3 - § (x - 2) - § (y - 1) 

__2 Z + 20 

— 3 x 3 y-h 3 


, so 


Thus / (1.95,1.08) » -§ (1.95) - § (1.08) + f = 2.846. 

18. / (x, y) = ln (x - 3y) =+ / x (z, y) = ~T^ y and fv ( x > 2/) = ~ x - 3 y * so ( 7 ’ 2 ) = 1 and fv ( 7 > 2 ) = “ 3 * 

Then the linear approximation of / at (7,2) is given by 


/ (*, y) « / (7, 2 ) + /. (7, 2 ) (x - 7) + / y (7, 2 ) (y - 2 ) 
= 0 + 1 (x - 7) - 3 (y - 2) = x - 3y - 1 
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Thus / (6.9,2.06) «6.9-3 (2.06) — 1 = —0. 28. The graph shows that our approximated value is slightly greater 
than the actual value. 



19. / (a;, y, z) = -Jz? + y 2 + z 2 


fz ( x, y,z) = — 


fx ( x,y,z ) = 


r >fy(x,y,z) = 


= , and 


yjx 2 +y 2 + z 2 y/x 2 + y 2 + z 2 

, so / x (3,2, 6 ) = f, f y (3,2, 6 ) = f, and f z (3,2, 6 ) = f. Then the linear 


y/x 2 + y 2 + z 2 
approximation of / at (3,2, 6 ) is given by 

/ (*, y,z) « / (3, 2,6) + /x (3,2, 6 ) (x - 3) + / y (3,2,6) (y - 2) + /, (3,2,6) (¿ - 6) 
= 7 + f (x — 3) + f (y — 2) + f (^ — 6 ) = f x + f y + f 2 ; 


Thus y(To2^+T97)^T(5!99f = / (3.02,1.97,5.99) « f (3.02) + f (1.97) + f (5.99) « 6.9914. 
20. From the table, / (40, 20) = 28. To estimate f v (40,20) and f t (40,20) we follow the procedure used in 


' Exercise 15.3.4 [ET 14.3.4]. Since f v (40,20) = lim 


/ (40 + h, 20) — / (40,20) 


, we approximate this quantity 


with h = ±10 and use the values given in the table: f v (40,20) « ^ ^ f ^ =1-2, 

, ^ / (30,20) - / (40,20) 17- 28 , , A . u 

f v (40,20) « ——-—--- -—-—- =-= 1.1. Averaging these values gives 


f v (40,20) «1.15. Similarly, f t (40,20) = lim 


. / (40, 20 + /i) — / (40, 20 ) 


/i-fO 


h 


, so we use 


k = 10 a„d » = -5: /, (40,20) » / f40,30) - / (40,20) . M 

/¿ (40,20) « —- - — — = 0.6. Averaging these values gives f t (40,15) « 0.45. The 

—5 —5 

linear approximation, then, is 

/ (v, t) « / (40,20) + / v (40,20) (v - 40) + f t (40,20) (f - 20) 

« 28 + 1.15 (v - 40) + 0.45 (t - 20) 


When v = 43 and f = 24, we estimate / (43,24) « 28 + 1.15 (43 — 40) + 0.45 (24 — 20) = 33.25, so we would 
expect the wave heights to be approximately 33.25 ft. 
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21 . From the table, / (94,80) = 127. To estimate /t (94,80) and f H (94,80) we follow the procedure used in 

Section 15.3 [ET 14.3]. Since fr (94,80) = lim ^ ^ ^ — / (94,80) ^ we approximate this quantity with 

h —♦o h 

h = ±2 and use the values given in the table: /t (94,80) « / (96,80) — / (94,80) _ j j _ 5 _ ~ ^ 

2 2 

/t (94,80) « /(92,80)-/(94,80) = 119 - 127 ^ 

2 —2 

Averaging these values gives /t (94,80) w 4. Similarly, f H (94,80) = lim - (94,80 + ffl ~ / ( 94 > 80 ) ^ 

/i-»0 AI 

, , K , /n . /(94,85)-/(94,80) 132- 127 „ 

so we use /i = ±5: f H (94,80) « —— 1 ^—í —- = - = l, 

5 5 

/h (94,80) « / (94,?5)^/ (94,80) _ = \ Averaging these values gives f H (94,80) « 1. The 

linear approximation, then, is 


/ (T, H) » / (94,80) + /t (94,80) (T - 94) + f H (94,80) {H - 80) 

« 127 + 4 (T - 94) + 1 (H - 80) 

Thus when T = 95 and H = 78, / (95, 78) « 127 + 4 (95 — 94) + 1 (78 — 80) = 129, so we estimate the heat 
index to be approximately 129 °F. 


22. From the table, / (16,30) = 9. To estimate /r (16,30) and f v (16,30) we follow the procedure used in 

Section 15.3 [ET 14.3]. Since /t (16,30) = lim / ( 16 + ^ 3 Q ) — /(16,30) ^ we a pp rox i mate ttl | s q ua ntity with 

h—*0 h 

h = ±4 and use the values given in the table: /t (16,30) « /(20,30) _ /(16,30) _ 14_ 9 _ ^ 25 ^ 

r onN _ /(12,30)-/(16,30) 3-9 4 . 

/t (.16, oUj «--- = —— = 1.5. Averaging these values gives 

/t (16,30) *> 1.375. Similarly, /„ (16,30) = lim / _ ( 16 > 30 + h) ~ / ( 16 > 30) , 


/ i ->0 


so we use h = ± 10 : f v (16,30) » ^ (16,40) — ^ (16,30) = -—- = - 0 . 2 , 

' 10 10 

f v (16,30) ~ /_ ( 16 ’ 191—1. (16’ 30) _ ^ 1 ^/ _ _q 2 . Averaging these values gives /„ (16,30) « —0.2. The 


-10 

linear approximation, then, is 


/ (T, u) « / (16,30) + /t (16,30) (T - 16) + /„ (16,30) (v - 30) 

« 9 + 1.375 (T - 16) - 0.2 (y - 30) 

Thus when T = 14 and v = 27, / (14,27) « 9 + 1.375 (14 - 16) - 0.2 (27 - 30) = 6.85, so we estimate the 
wind-chill index to be approximately 6.85 °C. 

23. z = x 2 y 3 => dz = dx + dy = 2xi / 3 dx + 3 x 2 y 2 dy 
ox oy 


24. v = ln (2x — 3y) =► = ( 2 ^) ^ + ( 2 ^) = 2 ^ (2dx " 3dy) 

25. = e* sin 0 =£► dO = e É sin Qdt + e l cos 0 dO 
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26. u 


r 

s -+■ 2t 


* 


du = ^rdr + ^rr-ds + ^dt = —dr + r (-1) (s + 2 1) 2 ds + r (-1) (s + 2 1) 2 (2) dt 
or os Ot s + Zt 

1 r 2r 

= -— dr - - -ó d s ~ 7-ró dt 

s + 2t (s + 2t) 2 (s + 2t) 2 


27. w = ln i/i 2 + y 2 + 2 2 => 


. dw . , <9 t¿; , , dw 

dw= — dx + — dy + — dz 
ox oy oz 

_ /1\ 2x[x 2 +y 2 + z 2 )~ 1/2 dx + 2y (x 2 + y 2 + z 2 )~ 1/2 dy + 2z(x 2 +y 2 + z 2 ) 1/2 dz 

\2/ (x 2 +y 2 +z 2 ) 1/2 

_ xdx + ydy + zdz 
x 2 + y 2 + z 2 


28. w = x sin yz 


dw = ^-dx + ^- dy + ^- dz = (sin yz) dx + (xz cos yz) dy + (xy cos yz) dz 
dx oy oz 


29. dx = Ax = 0.05, dy = Ay = 0.1, 2; = 5x 2 + y 2 , = 10x, z y = 2y. Thus when x = 1 and 

y = 2, dz = z x (1,2) dx + z y (1,2) dy = (10) (0.05) + (4) (0.1) = 0.9 while 

A z = f (1.05,2.1) - / (1,2) = 5 (1.05) 2 + (2.1) 2 - 5 - 4 = 0.9225. 

30. dx = Ax = —0.04, dy = A y = 0.05, z = x 2 — xy + 3y 2 , z x = 2x — y, z y = 6y — x. 

Thus when x = 3 and y = —1, dz = (7) (—0.04) + (—9) (0.05) = —0.73 while 

Az = (2.96) 2 - (2.96) (-0.95) + 3 (-0.95) 2 - (9 + 3 + 3) = -0.7189. 


31. dA = -7— dx + -7— dy = ydx + xdy and \ Ax\ < 0.1, | Ay\ < 0.1. We use dx = 0.1, dy = 0.1 with x = 30, 

ox oy 

y = 24; then the maximum error in the area is about dA = 24 (0.1) + 30 (0.1) = 5.4 cm 2 . 

32. Let S be surface area. Then 5 = 2 (xy + xz + yz) and dS = 2 (y + z) dx + 2 (x + z) dy + 2 (x + y) dz. The 
maximum error occurs with Ax = Ay = Az = 0.2. Using dx = Ax, dy = Ay , dz = Az we find the maximum 
error in calculated surface area to be about dS = (220) (0.2) + (260) (0.2) + (280) (0.2) = 152 cm 2 . 


33. The volume of a can is V = irr 2 h and AV « dV is an estimate of the amount of tin. Here 
dV = 2nrh dr + nr 2 dh , so put dr = 0.04, dh = 0.08 (0.04 on top, 0.04 on bottom) and then 
AV « dV = 2n (48) (0.04) + ir (16) (0.08) « 16.08 cm 3 . Thus the amount of tin is about 16 cm 3 . 

34. Let V be the volume. Then V = tt r 2 h and AV « dV = 2^rhdr + 7rr 2 dh is an estimate of the amount of metal. 
With dr = 0.05 and dh = 0.20 we get dV = 2tt (2) (10) (0.05) + tt (2 ) 2 (0.20) = 2.80?r w 8.8 cm 3 . 


35. The area of the rectangle is A = xy , and AA w dA is an estimate of the area of paint in the stripe. Here 

dA = ydx + xdy , so with dx = dy = ^ = |, AA & dA = (100) (f) + (200) (|) = 150 ft 2 . Thus there are 
approximately 150 ft 2 of paint in the strípe. 

36. Here dV = AV = 0.3. dT = AT = -5, P = 8.31^, so 
dP=(m}dT-^dv=s. 31 

Thus the pressure will drop by about 8.83 kPa. 


_ 5 _ 

12 


310 3_ 

144 ' 10 


-8.83. 
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dR 

37. First we find —-- implicitly by taking partial derivatives of both sides with respect to R \: 
oRi 


p-2 &R _ p-2 

~ R dm-~ Ri 


dR R 2 

am~w y 


a m _ d|(i/fli) + (i/Bi) + »/fl3)l 

dR\ R dR\ 

f) F? fí^ r ) fí fí^ 1 17 

S = ñ¡' ^ a = 25,1,2 “ 40and * ■ s = 2Ó5 « «-Wohms. 

Since the possible error for each Ri is 0.5%, the maximum error of R is attained by setting A Ri = 0.005il¿. So 


Ate ' 8 = s"' + S M, + S 4 '- (0 ' 005) s ’ 


i_+J_+i. 

R\ R 2 Rs 


= (0.005) R = -E « 0.059 ohms 

38. Let x, y, z and w be the four numbers with p(x,y,z,w ) = xyzw. Since the largest error due to rounding for each 
number is 0.05, the maximum error in the calculated product is approximated by 

dp = (yzw ) (0.05) + ( xzw) (0.05) + (xyw) (0.05) + (xyz) (0.05). Furthermore, each of the numbers is positive 
but less than 50, so the product of any three is between 0 and (50) 3 . Thus dp < 4 (50) 3 (0.05) = 25,000. 


39. Az = f(a + Ax,b+ A y) - f (o, b) = (a + Ax ) 2 + (b+ A y) 2 - (o 2 + b 2 ) 

= o 2 + 2a Ax + ( Ax) 2 + b 2 + 2b Ay + (Ay) 2 — a 2 — b 2 = 2a Ax + (Ax) 2 + 26 Ay + (A y) 2 

But f x (a, 6) = 2a and f y (a, b) = 2 b and so Az = f x (a, b) Ax + f y (a, b) Ay + AxAx + AyAy, which is 

Definition 7 with e\ = Ax and e 2 = Ay. Hence f is differentiable. 

40. Az = / (a + Ax, b + Ay) - f (a, b) = (a + Ax) (b + Ay) — 5 (b + Ay) 2 - (ab - 5b 2 ) 

= ab + o Ay + b Ax + Ax Ay — 56 2 — 106 Ay — 5 ( Ay) 2 — ab + 56 2 


= (a — 106) Ay + 6 Ax + Ax Ay — 5 Ay Ay, 

but f x (a, 6) = 6 and f y (a, 6) = a — 106 and so Az = f x (a, 6) Ax + f y (a, 6) Ay + Ax Ay — 5A y Ay , which 

is Definition 7 with ei = Ay and e 2 = —5 Ay. Hence / is differentiable. 

41. To show that / is continuous at (a, 6) we need to show that lim / (x, y) = / (a, 6) or equivalently 

(x,y)^>(a,b) 

lim / (a + Ax, 6 + Ay) = / (a, 6). Since / is differentiable at (a, 6), 

(Ax.Ay)—»(0,0) 

/ (a + Ax, 6 + Ay) - / (a, 6) = Az = / x (a, 6) Ax + / y (a, 6) Ay + ei Ax + e 2 Ay, where ei and e 2 0 as 
(Ax, Ay) —y (0,0). Thus / (a + Ax, 6 + Ay) = / (a, 6) + / x (a, 6) Ax + / y (a, 6) Ay + ei Ax + e 2 A y. 

Taking the limit of both sides as ( Ax, Ay) —> (0,0) gives lim / (a + Ax, 6 + Ay) = / (a, 6). Thus / is 

(Ax,Ay)—»(0,0) 

continuous at (a, 6). 


/i-»o h 


lim = 0 and lim ^( 0 ’°) = i im = 0 . Thus 

/i->o /i /i-»o h /i—o h 


f x (o, 0) = / y (0,0) = 0. To show that / isn’t differentiable at (0,0) we need only show that / is not continuous at 
(0,0) and apply Exercise 41. As (x, y) —* (0,0) along the x-axis / (x, y) = 0/x 2 = 0 for x ^ 0 so / (x, y) —> 0 
as (x, y) —> (0,0) along the x-axis. But as (x, y) —> (0,0) along the line y = x, f (x, x) = x 2 / (2x 2 ) = \ for 
x/Oso f (x,y) \ as (x, y) —► (0,0) along this line. Thus lim / (x, y) doesn’t exist, so / is 

(x,y)->(0,0) 


discontinuous at (0,0) and thus not differentiable there. 
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The Chain Rule 


ET14.5 


1. z = x 2 y + xy 2 ,x = 2 + t 4 , í/ = 1 - í 3 => 

g = |£^ + |£^ = ( 2a;y + y2 ) ^3) + ( x 2 + 2xy ) (_ 3t 2) = 4 ( 2 ^ 2 / + y 2 ) i 3 - 3 (:r 2 + 2xy) t 2 

at (sX dt tdy at 


2. z = ^/x 2 + y 2 , x = e 2t , y = e 2t =+ 

^ = |£ = I (a » + y 2 ) ~ 1/2 (2x) • e 2t (2) + ¿ (x 2 + y 2 ) " 1/2 (2y) • e~ 2t (-2) = 

dt ox dt oy dt 


2xe 2t — 2 ye 2t 

y/x 2 +i/ 2 


3. z = sin x cos y, x = Tvt, y = y/t => 

dz _ 9z dx + 5z dy = cosxcosy • 7 r + sinx(-siny) • 5 Í _1/2 = Trcosxcosy - -^= sinxsiny 
dt dx dt dy dt 2 y/t 


4. ^ = xln(x + 2y), x = siní, y = cos¿ 
dz dy _ 


d z _ dz dx 
dt dx dt dy dt 


x + 2y 


+ 1 • ln (x + 2 y) 


COS t + X • 


X+ 2 y 


(2) • (—sin¿) 


x + 2y 


+ ln (x 4- 2 y) 


cos t — 


2x 


x + 2y 


(sint) 


5. w = xe v ¡ z , x = t 2 ,y = \ — t, z = l + 2t => 

dw = dwdx dwdy dwdz = , z xeV /* (!), ( _iu a-e*/* (- 4V 2 = - - 

dt dx dt dy dt dz dt \z) \ z 2 J \ z 


2 xy\ 

z 2 ) 


6. w = xy + yz 2 , x = e*, y = e‘ siní, z = e‘ cosí =+ 

dw = dwdx + 9wdy + 9wdz =y . e t + r x + z 2 ).t e t cos t+ ^ 81 ^) +2yz- (-e‘ sin t + e* cos t) 
dt dx dt dy dt dz dt ' 

= e ¿ [y + (x + 2 ; 2 ) (cost + siní) + 2yz (cosí — sint)] 


7. z = x 2 + xy + y 2 , x = s + 1, y = st => 

J s = TxT,*%f. = {2x + y)m + { - x + 2vnt) ~ 2xJr,l + xt + ' 2,t 
T-TT + T 9 T = « x + v))1) + )x + 2v)M - 2x + y + xs + 2v ’ 

8. z = —, x = se‘, y = 1 + se _t => 

y 

dz _ dzdx dzdy = 1 , t x /_£,\ / -t\ = I * _ £ e -t 

ds dx ds dy ds y \ y 2 / y V 2 

dz = dzdxdzdy = l , t) (x _\ / _« = £ e t + ®£ e -t 

dt dx dt + dy dt y 1 ' + V V 2 / í/ V 2 


9. z = arctan (2x + y), x = s 2 t, y = s ln t => 

8z dzdx dzdy = 2 ^ 1 . lní = *at + lnt 

8s dx ds dy ds 1 + (2x + y) 2 1 + (2x + y) 2 1 + (2x + y) 2 

dz_dzdx dz dy _ 2 ^ 2 1 s = 2s 2 + sjt 

dt ~ dx 8t + dy dt ~ l + (2x + y) 2 ' S 1 + (2 x + y) 2 ' t 1 + (2x + y) 2 
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10. 2 = e xy tan y, x = s + 2t, y = - => 

dz 1 e xy 

— = ye xy tan y • 1 + le xy sec 2 y -f xe xy tan y) • - = ye xy tan y H—— (sec 2 y + x tan y) 

os v 7 t t v ' 

— = 2 /e xl/ tany • 2 + (e xl/ sec 2 y + xe xy tany) (^—J = 2 ye xy tan y - — (sec 2 y + x tan y) 

11. z = e r cos 6, r = st, 6 = y/s 2 + 1 2 => 


dz 

dz 

dr 

dzde 

ds 

dr 

ds + 

dOds = 


= te r 

cos0 

- e r sin i 

dz 

dz 

dr 

dz 89 

di 

dr 

m + 

89 8i = 


= se r 

cos 6 

— e r sin 

z = 

sin a 

tan/?, 

a = 3s 

dz 

dz 

da 

8z 88 

ds 

da 

~dü + 

80 8s 

dz 

dz 

da 

8z88 

dt 

da 

m + 

88 8t 

When t = 

3, x - 

= 9( 3) = 

dz 

= df 

dx 

dfdy __ 

dt 

dx 

_ 

dt 

8y dt 




=e ’( : 


t cos 6 - — S sin 6 

%/s 2 + í 2 ) 

)\ 1 /•„2 , í 2 \- 1/2 , 




\ = e r (s cos 0- _ ^_ sin 0 | 

2+í 2 V \/s 2 + t? ) 


c 2 /3 • 1 = 3 cos a tan /3 + sin a sec 2 /3 

„2 o . /_ i ’> _ „ co „,+„„ fí _ 0 ;„ „, 000 2 


i, D f . . D , ... aw aw 

14. By the Chain Rule (3), . Then 

os ou os ov os 

W a (1,0) = F u (u (1,0), v (1,0)) w s (1,0) + F v (u (1,0), v (1,0)) u. (1,0) 

= F u (2,3) u a (1,0) + F v (2,3) (1,0) = (-1) (-2) + (10) (5) = 52 

c . ., , dW dWdu dWdv 

Wt (1,0) = Fu (u (1,0), v (1,0)) Ut (1,0) + F v (u (1,0), v (1,0)) v t (1,0) 

= Fu (2,3) u t (1,0) + F v (2,3) v t (1,0) = (-1) (6) + (10) (4) = 34 

15. u = / (x, y), x = x (r, s, t), y = y (r, s, t) => 


/l\ /l\ 

r s t r s t 


du _ dudx dudy du _ dudx du dy 

dr dx dr dy dr 9 ds dx ds + dy ds ’ 

du _ du dx du dy 

dt dx dt dy dt 


16 . 



/\ /\ /\ 
t u t u t u 


w = f(x, y, z),x = x ( t, u),y = y (t, u), z = z (t, u) => 

dw _ dw dx dw dy dw dz dw _ dw dx dw dy 
dt dx dt + dy dt ^ dz dt ’ du dx du dy du 


dw dz 
dz du 
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p q r 

/l\ /l\ /l\ 


V = f (p,q,r),p = p ( x, y, z),q-q (x, y, z),r = r (x, y, z) =» 

dv dv dp dv dq dv dr dv _ dv dp dv dq dv dr 

dx dp dx dq dx ~*~ dr dx ’ dy dp dy ~*~ dq dy dr dy ’ 

_ dv dp dv dq dv dr 

dz dp dz ~*~ dq dz + dr dz 


18. 

u 



s t 


/l\\ /I\\ 

w x y i w x y z 


u = f (s, t), 5 = s (w, x, y , z),t = t (w, X, y , z) => 

du du ds du dt du _ du ds du dt 
dw ds dw ~^~ dt dw' dx ds dx ~^~ dt dx' 

du _ du ds du dt du _ du ds du dt 
dy ds dy ~*~ dt dy' dz ds dz dt dz 


19 . w = x 2 + y 2 + t?, x = st, y = scost, z = ssint => 

— = -f ^ ^ ^ = 2 xt + 2y cos t + 2z sin í. When s = 1, t = 0, we have x = 0, y = 1 and 

ds ox os oy os oz os 

z = 0, so dw/ds = 2cos0 = 2. Similarly dw/dt = 2 xs + 2 y (—ssiní) + 2z (scost) = 0 + (—2) sinO + 0 = 0 
when s = 1 and t = 0. 


20. u = xy + yz + zx, x = st, y = e at , z = t 2 => 

du/ds = (y + z) t + (x + z) te 3t + (x + y) (0) and du/dt = (y + z) s + (x + z) se at + (x + y) (2 1). When 
s = 0, t = 1, we have x = 0, y = 1, z = 1, so du/ds = 2 + l + 0 = 3 and du/dt = 0 + 0 + (1) (2) = 2. 

21. z = y 2 tanx, x = t 2 uv, y = i¿ + tv 2 => 

dz/dt = (y 2 sec 2 x) 2tuv + (2y tanx) v 2 , dz/du = (y 2 sec 2 x) t 2 v + 2ytanx, 

dz/dv = (y 2 sec 2 x) t 2 u + (2y tan x) 2tv. When t = 2, u = 1 and v = 0, we have x = 0, y = 1, so dz/dt = 0, 
dz/du = 0, dz/dv = 4. 

22. z = —, x = re st , y = rse 1 => 

V 

— = -e 3t H-^se É , ^ = -ríe sí — ±^re l , ^ = -rse SÉ - ±^rse l . When r = 1, s = 2 and t = 0, we have 

dr y y 2 ds y y 2 ot y y 2 

x = 1, y = 2, so dz/dr = \ + =± • 2 = 0, fts/ds = 0 - i £ and ftz/dt = |*2-±-2 = ±. 


23. u = 


x + y 
y + z 


x = p + r + t, y = p — r + t, z = p + r — t => 


du _ 1 (y + z) - (x + y) _ x + y _ (y + z) + (z - x) - (x + y) _ ^ z-x 

dp y + z (y + z ) 2 (y + z) 2 (y + z) 2 (y + z) 2 


oZ?± = -± 
4p 2 p 5 


du 

dr 

du 

~di 


1 


+ 


(-i)- 


x + y 


= 0, and 


y + z (y + z Y ' 7 (y + z ) 2 

i z - x x+j¿ _ 2 _y_+z_ _ _2_ 

2 / + * 0 / + *) 2 (y + *) 2 ( 2 / + *) 2 2 p 


1 
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24 . t = z sec {xy), x = uv,y = vw, z — wu => 

— = [zy sec ( xy) tan ( xy )] v + [zx sec {xy) tan {xy)\ (0) + [sec (xy)] w = sec {xy) [w + vzy tan {xy)], 
du 

— = [zy sec {xy) tan {xy)] u 4- [zx sec {xy) tan {xy)] w -f [sec {xy)] (0) = z sec {xy) tan {xy) [yu -f xw], 
dv 

= [zy sec (xy) tan (xy)} (0) + [zx sec (xy) tan (xy)] v + [sec (xy)] u = sec (xy) [u + vzx tan (xy)]. 
ow 

_ o dv F x — (2x — y) y — 2x 

25. x 2 -xy + y 3 = 8, so let F (x,y) = x -xy + y - 8 = 0. Then — = = _ x + ^ = 3ty2 _ x - 


e 0 0 dy F x 6 xy 2 + 20 x 3 

26. y 5 + 3x 2 y 2 + 5x 4 = 12, so let F (x, y) = y 5 + 3 x 2 y 2 +5x - 12 = 0. Then — - - — - 5j/ 4 + 6x 2 y 


27. cos (x-y) = xe y , so let F (i, y) = cos (x - y) - xe y = 0. 

dy _ _Fx _ -sin (x - y) - e y _ sin (x - y) + e v 

Then da: ~ “ - sin (x - y) (-1) - xe^ sin (x-y)-xev' 

28. x cos y + y cos x = 1, so let F(x,y) = x cos y + y cos x - 1 = 0. Then 
dy cos y — y sin x _ y sin rr — cos y 

dx —xsiny-fcosx cosx —xsiny 


29. zy 2 -f í/ 2: 2 -1- zx 2 = 3, so let F ( x , 2 /) = xy 2 -f yz 2 -f zx 2 —3 = 0. 


dz _ F x _ y 2 4- 2zx dz _ F y _ 2xi/ + z 
dx ~~~ F z ~ 2yz + x 2 an dy “ F* 2y« + x 2 


30. xyz = cos (x -f y 4- z). Let F (x, y, 2 ) = xyz — cos {x 4- y 4- z) = 0, so 

dz _ F* _ yz -f sin (x -f y 4- z) (te = _Fy = xz -f sin (x -f y -f z) 
dx~ F z ~ xy -f sin (x 4- y 4- z) ’ dy F z xy -f sin (x 4- y 4- z) 


dz F x e y + ze x dz F y xe y + z 

31. Let F(x,y,z) = xe y + yz + ze x = 0. Then — =-— =~ ~F^ ~ y + e* ' 


32. ln (x + yz) = 1 + xy 2 z 3 , so let F (x, y) = ln (x + yz) - 1 - xy 2 z 3 = 0. Then 


dz 

F x 

1/ (a: + yz) - y 2 z 3 

y 2 z 3 (x + yz) - 1 

dx 

F z 

y/ (x + yz) - 3 xy 2 z 2 

y - 3xy 2 z 2 {x + yz) 

dz _ 

Fy 

z/ (x + yz) - 2xyz 3 

2xyz 3 (x -f yz) - z 

dy 

Fz 

y/ (x + yz) - 3 xy 2 z 2 

~ y-3xy 2 z 2 (x+ yz) 


dT dT dx dT dy 

33. Since x and y are each functions of t, T (x, y) is a function of t, so by the Chain Rule, — = . 


__ __ , t . x ^ dx 1 

After 3 seconds, x = y/l+t = y/1 4 - 3 = 2, y = 2 4 - = 2 4 - 3 ( 3 ) — 3 , — — 


1 


1 


2%/TTf 2VT+3 4 


and ÉL = I. Then =T X (2,3) + T y (2, 3) § = 4 (±) + 3 (|) = 2. Thus the temperature is rising at a 

dt 3 dt dt at 

rate of 2 degrees Celsius per second. 


34. (a) Since dW/dT is negative, a rise in average temperature (while annual rainfall remains constant) causes a 

decrease in wheat production at the current production levels. Since dW/dR is positive, an increase in annual 
rainfall (while the average temperature remains constant) causes an increase in wheat production. 
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(b) Since the average temperature is rising at a rate of 0.15 °C /year, we know that dT/dt = 0.15. Since rainfall is 
decreasing at a rate of 0.1 cm/year, we know dR/dt = - 0.1. Then, by the Chain Rule, 
dW dW dT dW dR 

~ ( _2 ) (0-15) + (8) (—0.1) = —1.1. Thus we estimate that wheat production 
will decrease at a rate of 1.1 units/year. 


35. C = 1449.2 + 4.6 T - 0.055T 2 + 0.00029r 3 + 0.016D, so ^ = 4.6 - O.llT + 0.00087T 2 and = 0.016. 

oT oD 

According to the graph, the diver is experiencing a temperature of approximately 12.5°Cat¿ = 20 minutes, so 

dC 

=4.6 — 0.11 (12.5) + 0.00087 (12.5) 2 « 3.36. By sketching tangent lines at t = 20 to the graphs given, we 


estimate 
dC 


dD 1 dT 1 

- and —— « ——. Then, by the Chain Rule, 
2 dt 10 J 


dt 

dC dT dC dD 

= ~ (3-36) (—¿) + (0.016) (^) « -0.33. Thus the speed of sound experienced by the 


dt dT dt dD dt 
diver is decreasing at a rate of approximately 0.33 m/s per minute. 


dV dVdr . dVdh 2tt rh 


36. V = 7rr 2 /i/3, so —— = ——— + —— — = 

dt dr dt dh dt 

37. (a) V = iwh, so by the Chain Rule, 


1.8 + — (-2.5) = 20,160?r - 12,000 tt = 8160tt in 3 /s. 
o o 


dV_dVd£ dVdw dVdh_ d£ dw dh 

dt di dt dw dt dh dt W dt+ dt W dt 

= 2- 2- 2 + l- 2- 2 + l- 2- (—3) = 6 m 3 /s 

(b) S = 2 ( iw + ih + wh), so by the Chain Rule, 

dS dS di dS dw dS dh . ,sdi ta , s dw ... . dh 

Tt = ai T + 55 T + mT = 2l+k >* + 2 '<'+ k > T + :2 '«+”> * 


(c) L 2 = i 2 + w 1 + h 2 
dL/dt = 0 m/s. 


= 2 (2 + 2) 2 + 2 (1 + 2) 2 + 2 (1 + 2) (-3) = 10 m 2 /s 

dL 
dt 


2 = 2 if t + 2w ^ + 2h^ = 2 (1) (2) + 2 (2) (2) + 2 (2) (-3) = 0 


38 /=- => — = — — — — 1 — - dR 1 dv í dR 

R ^ dt dV dt dR dt R dt R 2 dt R dt R dt 

= ^ (-0.01) - (0.03) = -0.000031 A/s 

39. = 0.05, ^ = 0.15, V = 8.31^ and ^ - 8.31Thus when P = 20 and T = 320, 

at at F dt P dt P 1 dt 




0.15 (0.05) (320) 

20 400 


-0.27 L/s. 


40. Let x and y be the respective distances of car A and car B from the intersection and let z be the distance between 
the two cars. Then dx/dt = —90, dy/dt = -80 and z 2 = x 2 + y 2 . When x = 0.3 
and y = 0.4, z = \/0.25 = 0.5 and 2z ( dz/dt ) = 2x (dx/dt ) + 2 y ( dy/dt ) or 
dz/dt = 0.6 (-90) + 0.8 (-80) = -118 km/h. 


yii / n ru • n i dz n , &Z . 9z dz . . m , dz n 

41. (a) By the Chain Rule, — = — cos0 + — sin0, — = — -rsm^ + —rcosO. 

or ox oy oOox oy 
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<b) (t) = (i) c05Í9+2 lí c “ e " n9+ (l) 

(sy - (i) ! ’- ! “ i9 - 2 si c,c “ , ’ 5ine+ (i) lrwe - ^ 

(iy + h (i) ! - f(i) 1+ (1)1 - (i) !+ (i) 1 - 


2 | 

(cos 2 0 + sin 2 9) = í ^ 

du du a . . du „ . . du du , *..\.du 


42. By the Chain Rule, — = —e 3 cost + -^e 3 sint, ^ (-e s sint) + -^e 3 cost. Then 

(!) ! = (l) !eI ' co8l ‘ +2 ll c! ‘ cos,sint+ (1) e ” s,nI, “ d 


9 , . o _ du du 9 s , . , , 
e 2 sin 2 1 — 2 -^- 7 ^-e costsint + 


ídu\ 2 _ í du \ 

\dt) ~ \dx ) 

( du \\í du Y —2t ( 9u \\ ( du Y 

UJ + UJ e “UJ + UJ • 


02 cfy 
2 


(D' 


cte (¿2 di¿ dz dz dz 


e 2t sin 2 t. Thus 


dz dz 


43. Let u = x - y. Then -%-= -r.-Q~ = XT and = XT ( -1 )- Thus ñZ + ñ¡7, “ 0 


dx du dx du dy du 


dx dy 
2 


.. dz dz dz .dz_dz dz dzdz _ (dz\ _ f dz\ 

' ds ~ dx + dy W dt dx dy' ds dt V&c/ V^y/ 

45. Let u = x + at, v = x - at. Then z = f (u) + g ( v ), so dz/du = f' (u) and dz/dv = g' (v). 

§ =a|[/U«)- 5 U«)l=°(^f=« 2 /"U)+«V'U). Similarly 
|í = /' (u) + g' (v) and = f" (u) + g" (v). Thus = a 2 |^. 

du , du - . ^du . du s - j.d u > 3 ±d u 

46. By the Chain Rule, — = e 3 cos t— + e s sint— and — = -e sint— + e cos t—. 


' dx 


dy 


d 2 u o du o . 
Then = e 3 cos t— + e 3 cos t 
ds 2 ox 


d (du\ s . ,du a . d (du\ 

s(áíj +e sm, á; +e s, “r, UJ- 


d_ 
ds 
d 2 u 


d 2 u dy 3 ,d 2 u a . d 2 i¿ , 
+ 7-———= e cosítt— 5- + e a smt and 

Oy dz ds Ox 2 cty dx 

d 2 t¿ < 9 x 


d /_ d^udx 
But da \di) “ &r 2 

/ au \ = cty d u _ »gin t^ + e s cos t / . Also, by continuity of the partials, 

\dyj dy 2 ds dx dy ds dy 2 dx dy 


d 2 i¿ 


dy dy dx 
d 2 u 


. Thus 


du 

83 2 = e s cos t — + e s cos t 


|2 '“ o d 2 u \ s . ^du 
+ e sint——— ) +e sint— 


/ s cri¿ 

( e cosí ^ +e ' smt a^; 

s . / s . ,d 2 U ; s ^ 2, l¿ \ 

+e siní^e smt^+e cost-^j 


dy 


= e s cost^ + e s siníg + e 2s cos 2 1^ + 2e 2s costsiní^ + e 2s sin' t- Qy2 


2s , 


, d 2 u 
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Similarly 


d 2 u 3 du a d (du\ 3 . du a d (du\ 

W = ~ e cost dx~ e smt di \d-x)- e sm % + e cost m (d¿) 

5 1^- — e s sin t ( — e s siní^-4^ -f e 3 cos t ® ^ ^ 
ox \ ox 2 ox oy) 

>2- 


= — e cos í 


3 • > d U - S , 

—e sm t— —he cosí 
dy 


( » + d2u 
f cos V " 


e siní 


du 3 *L,±du , 2s . 2^ 2 U 0 2 s_ ^ u , 2s 2 


= —e s cos t— e s sin t^ -f e 2s sin 2 t ^ — 2e zs cos t sin t 
ox oy ox 2 


d 2 u \ 
dx dy ) 

-f e* a cos^ t 


T» -2s (d 2 U ,d 2 u\ , 2 . 2 , /d 2 u d 2 u\ 

Thuse (dT + w) = ( cos 4 + sm ‘) (dT + w) = 


dx dy 
d 2 u d 2 u 

_ + _, as desir e d . 


dy 2 


dz dz .dz 

47. — = — 2s + -x-2r. Then 
os ox oy 


&_z_ 

drds 


=H&) + U& 


+ 


_ , d 2 z 

TS dx 2 dy dx 


d 2 z o d 2 z 

-4s 2 -f 0-f 4rs—-f 

oy ¿ ox oy 


** 4r 2 + 2p 

dy 


dx 


(l) 




d 2 z Q 2 z d 2 z d 2 z dz 

By the continuity of the partials, ■ - = 4rs—-r- + -f (4r 2 -f 4s 2 ) -—— -f 2—. 

oros ox 2 oy 2 v J oxoy oy 


48. By the Chain Rule, 


. x dz dz 

W Tr = d¿ COS6 + 


dz 

dy 


sin 8 


dz dz dz 

ib) d 9 =-T rsm&+ di rcose 


(c) 


d 2 z 

drde 


d 2 z 

dOdr 


d (dz tí ,dz . \ 


= - sme Tc +cose To 



, a dz . d 
+ c °s0- + sm0- 



dz 

= — sin$-—f cos 6 
ox 


( d 2 zdx d 2 z dy \ fí dz ^ . d 2 z dy d 2 z dx 

\ dx 2 dO dy dx dO ) C ° S dy Sm dy 2 30 dx dy dO 
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= " sin 0 il + cos 0 (~ r sin9 l¿ +r cos +cos6 % 

■ a ( a d2z ■ a d2z \ 

+ sm0[rcose-^-r S m9^) 

= — sin 6^- — r cos 0 sin 0^—^r + r cos 2 0-^—^ —f- cos 6— 


dx 


dx 2 


dy dx 


dy 


ox* é 


= cos 9^- ai n0^ + rcos0sme(^ 

«■ | = i cos0+ S sin0and i = “i rsin(?+ l rcos0 - Then 

? (S cos0+ ^ sin<? ) + sin0 ($ sin * + ¿k cos6 


and 


Thus 


St-'“«(S'“ 9+ ^“ # ) +sin8 (0” nS+ S c “ # ) 

cos2 e T¿ + 2cose smd TT y + sin2 9 w 

] Tx + { ~ rsme) (S (_rsin0) + £í rcosd ) 

6 fy +TC0S6 ( 0 rC ° S0+ £§j¡ (~ rsine) ) 

Q2 ‘ ^osOsmO-^+r'cos'O^ 
dx dy ay 2 


5 2 z a 9z 

—= —r costf— 
90 2 ¿>a; 


-r sin ( 


n dz . „dz 2 . 2 o** 2 

= -rcos0 —-rsm0^+r sm 0-^-2r 

^!£ + J_^!| + I^£ = (cos 2 0 + sin 2 0) f-4 + (sin 2 6» + cos : 
dr 2 r 2 d0 2 rdr y ' dx 2 v 

1 . .dz 1 ( a dz . a dz' 
— sin0=- + - cos0=— + sin0=- 
, r dy r \ ax óy 


2 ü \d 2 z 1 a dz 
' e) d^~r COSe Tx 


_„ ís dz_dzdx dz dy 
50 ’ (a) dt - dx dt + dy at • T 


J 2 z d 2 z . 

-s* + w 


0 


d 2 z _ d_ (dz_dx\ d_ (dzdy\ 
di?-di \dx dt) + dt\dydt) 

d (dz\ dx cñzdz d ( 9z\ dy d 2 y dz 

~m\T) dt + dt 2 dx + dt \d y ) at m 2 e y 

d 2 z (dx\ 2 d 2 z dxdy d 2 _xdz d 2 z (dyV SPz dydx 

- Hx 2 V 5í ) + dydx dt dt + dt 2 dx + dy 2 \ dt) dxdy dt dt 

_0 2 z (dx\ 2 Jf^dxdy cPz (dy\ 2 cPxdz 8+ydz 

~ dx 2 \dt) +¿ dxdydtdt dy 2 \ dt) dt 2 dx dt 2 dy 


cfydz 
+ dt 2 dy 
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(b) 


d 2 z 
ds dt 


ds \dx dt + dy dt) 


(d 2 zdx d 2 z 8y\ 

. dx 

1 9Z 9 * X 1 1 

( d 2 z dy 

d 2 z dx\ 

\ dx 2 ds dy dx ds ) 

1 Qt 

dx ds dt ' 

\dy 2 ds 

dx dy ds ) 


• + 


dz d 2 y 
dy dsdt 


_ d 2 z dx dx d 2 z 

dx 2 ds dt dxdy 


í dydx dy dx \ 
\ ds dt dt ds ) 


dz d 2 x dz_ d 2 y d 2 z dy dy 


dx dsdt " r dy dsdt + dy 2 ds dt 

51. (a) Since / is a polynomial, it has continuous second-order partial derivatives, and 

/ (tx, ty) = (tx) 2 (ty) + 2 (tx) (ty) 2 + 5 (tyf = t 3 x 2 y + 2 t 3 xy 2 + 5 t 3 y 3 
= t 3 (x 2 y + Ixy 2 + 5 y 3 ) = t 3 f (x, y) 

Thus, / is homogeneous of degree 3. 

(b) Differentiating both sides of / (fx, ty) = t n f (x, y) with respect to t using the Chain Rule, we get 
|/(te,íy) = ¿[í"/(x,y)] 

(tx) f (tx ’ ty) ' + dWj f (te ’ ty) ' ^m^ = x a§x) f {tx > ty)+y dTüj) f (tx ' ty) = ntn ~ lf {x ' y) ■ 


d ( tx) 

d d 

Setting t = 1: x—f (x, y) + y—f (x, y) = nf (x, y). 


52. Differentiating both sides of / ( tx, ty) = t n f (x, y) with respect to t using the Chain Rule, we get 

djtx) f {tx ' ty) ' + awi f {tx ' ty) ' ^ar = x djtx) f {tx ' ty)+v dW) f {tx ' ty) = ntnlf {x ’ y) 

and differentiating again with respect to t gives 


d 2 . d(tx) , d 2 

[d (tx) 2 f{x ' y) ’ dt + d (ty) Q (tx) f {tX ' ty) 


d(ty) 


+ y 


Q2 -f(tx,ty).?M + . 


dt 

d 2 


f (tx, ty) 


d(ty) 


= n(n — l)t n 1 f (x,y). 


[5 (tx) d (ty) J ’*• m 1 d(jyf J “ i " ^t _ 

Setting t = 1 and using the fact that f yx = f xy , we have x 2 f xx + 2xyf xy + y 2 f yy = n (n - 1) / (x, y). 

53. Differentiating both sides of / (tx, ty) = t n f (x, y) with respect to x using the Chain Rule, we get 

{tx ’ ty) = ^ [t n f ( x > W)] 

jw f ^ tx,ty) '~kr + dW f( ' tx,ty) ^^' =tn '^ f ^ x,y) ** t f*( tx ' ty)=tn f*( x >v ) - 

Thus /x (tx, ty) = f n_1 /x (x, y). 

54. F (x, y, z) = 0 is assumed to define z as a function of x and y, that is, z = f (x, y). So by (7), — = since 

dx F z 

F z 0. Similarly, it is assumed that F (x, y, z) = 0 defines xasa function of y and z , that is x = h (z, z). Then 

F(h(y,z),y,z) = 0 and by the Chain Rule, F x + F y ^- + F z ^- = 0. But |^ = 0 and ^ = 1, so 

oy ov ov dy dy 


F x ^+F y =0 

dy 


dx F y dv F 

-fa = — — . A similar calculation shows that =-Thus 

7 ' oz F v 


dy F, 
dzdxdy _ f_Fx\ f_Fy\ f_r\ 
dxdydz \ F z ) \ F x ) \ F y ) 
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Directional Derivatives and the Gradient Vector 


ET14.6 


1. First we draw a line passing through Raleigh and the eye of the hurricane. We can approximate the directional 
derivative at Raleigh in the direction of the eye of the hurricane by the average rate of change of pressure between 
the points where this line intersects the contour lines closest to Raleigh. In the direction of the eye of the hurricane, 
the pressure changes from 996 millibars to 992 millibars. We estimate the distance between these two points to be 
approximately 40 miles, so the rate of change of pressure in the direction given is approximately 

992 4 o"~ = — 0.1 millibars/mi. 

2. First we draw a line passing through Muskegon and Ludington. We approximate the directional derivative at 
Muskegon in the direction of Ludington by the average rate of change of snowfall between the points where the line 
intersects the contour lines closest to Muskegon. In the direction of Ludington, the snowfall changes from 60 to 

70 inches. We estimate the distance between these two points to be approximately 28 miles, so the rate of change of 
annual snowfall in the direction given is approximately 70 ¿^ 60 ~ 0.36 in/mi. [If we talk of snowfall (rather than 
annual snowfall), the units are (in/year) /mi.] 

3. / (x, y) = x 2 y 3 + 2x 4 y => f x (x, y) = 2 xy 3 + 8 x 3 y and f y (x, y) = 3 x 2 y 2 + 2i 4 . If u is a unit vector in the 
direction of 0 = f, then from Equation 6, 

D u f (1, -2) = f x (1, -2) cos f + f v (1, -2) sin f = (-32) (f) + (14) (#) = 7x/3 - 16. 

4. / (x, y) = sin (x + 2 y) => f x (x, y) = cos (x + 2 y) and / y (x, y) = 2 cos (x + 2 y). If u is a 
unit vector in the direction of 9 = then from Equation 6, 

D u f (4, —2) = f x (4, -2) cos ^f + fy (4, -2) sin = (cosO) (-^r) +2(cos0) (^) = 


5. / (x, y) = y/5x - 4 y = 

fy (x,y) = I (5i - 4 y)~ 1/2 (-4) = - 


fx (x, y) = \ (5x - 4 y) 1/2 (5) = 


: and 


2y/bx — 4 y 

. If u is a unit vector in the direction of 9 = — f, then from 


>/5x — 4 y 

Equation 6, D u f (4,1) = f x (4,1) cos (-f) + f y (4,1) sin (-f) = | * ^ + (“é) (~é) = ^ítT + Í* 

6. / ( x , y) = xe~ 2y =¡> f x (x, y) = e~ 2y and f y (x, y) = -2xe~ 2y . If u is a unit vector in the direction of 
6 = f, then D u f (5,0) = f x (5,0) cos f + f y (5,0) sin f = 1 • 0 + (-10) 1 = -10. 


7. / (z, y) = 5xy 2 - 4 x 3 y 

(a) V/ (i, y) = (f x (x, y), f v (x, y)) = (5y 2 - 12x 2 y, lOit , - 4i 3 ) 

(b) V/ (1,2) = (5 (2) 2 - 12 (l) 2 (2), 10 (1) (2) - 4 (l) 3 ) = (-4,16) 

(c) By Equation 9, D u f (1,2) = V/ (1,2) • u = (-4,16) • (£, •*§) = (-4) (^) + (16) (ü) = W- 


8- f(x,y) = 3 /lm 

(a) V/ (i, y) = (f x (x,y),f y (x,y)) = (y/x, lnx) (b) V/ (1,-3) = (^,lnl) = (-3,0) 
(c) By Equation 9, D u f (1, -3) = V/ (1, -3) • u = (-3,0) • (-f, f) = r • 

9. / (i, y, z) = xy 2 z 3 

(a) V/ (i, y, z) = (f x (x, y, z), f v (x, y, z), f z (x, y, z)) = (.y 2 z 3 , 2xyz 3 ,3xy 2 z 2 ) 

(b) V/ (1, -2,1) = (4, -4,12) 

(c) V/ (1, —2,1)-u=^ + ^ + f|=^ 
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10. f{x,y,z) = xy + yz 2 + xz 3 

(a) V/ (x, y, z) = (f x (x, y, z), f y (x, y, z), f z (x, y, z)) = (y + z 3 , x + z 2 ,2yz + 3 xz 2 ) 

(b) V/ (2,0,3) = (27,11,54) 

(c) V/ ( 2 , 0 , 3 ) • u = § (-54 - 11 + 108) = f 

11. f(x,y) = l + 2x^y =» V/ (x,y) = ( 2 ^, 2x ■ \y~ 1/2 ) = (2y/y,x/Jy), V/ (3,4) = (4, §), 

and a unit vector in the direction of v is u = 3)2 (4» —3) = so 

Duf (3,4) = V/ (3,4) • u = (4, §) • <§, -f) = £§. 

12. / (x, í/) = x/y => V/ (x, y) = (l/y, -x/y 2 ), V/ ( 6 , -2) = (-|, -f ), u = (-/=, +) and 

D f (6 —2^ = ■ ■ _?= =_í= = — 2 vSl 

^u/ - 6 / 2\/l0 2 v/Io >/l0 5 • 

13. g (s, t) = s 2 e É => Vg (s, t) = 2 se* i + s 2 e* j, Vg (2,0) = 4 i + 4 j, and a unit vector in the direction of v is 
u = 75 C 1 + J). 80 d »9 ( 2 > 0) = Vg (2,0) • u = (4 i + 4 j) • ^ (i + j) = ^ = Ay/2. 

14. g (r,9) = e~ r sin0 =+■ Vy (r,9) = (—e -r sin<?) i + ( e~ r cos9) j, Vg (0, f) = — + |j, 

and a unit vector in the direction of v is u = (3i — 2j), so 

D u g (0, f) = Vy (0, f) • u = (-^i + ií) ' + ( 3i “ 2J) = ~ + = 

x y z 


15. / (x, y, z) = v'x 2 +y 2 + z 2 


V/ (x,y,z) = 


V'x 2 +y 2 +z 2 ’ y'x 2 + y 2 + z 2 ’ ^/x 2 + y 2 + z 2 / 
V/ (1,2, -2) = (f, f , -f ), and a unit vector in the direction of v is u = f (-6,6, -3) = (—f , f , — f ), so 
£>„/(1,2,-2) = V/(1,2,-2) -u = (£,§,-§) • <-§,§,-§) = I- 

1 X X 


16. / (x, y, z) = 


V/ (x, y, z) = 


2/ + z ' ' \y + z’ (y + z) 2 ’ (y + z) 2 /' 

V/ (4,1,1) = (f, —1, —l), and a unit vector in the direction of v is u = (1,2,3), so 

Duf (4,1,1) = V/ (4,1,1) • u = (i, -1, -1) • (1, 2,3) = 

17. g(x,y,z) = xtan -1 (y/z) => Vg(x,y,z) = (tan -1 (y/z),xz/ (y 2 + z 2 ) ,-xy/ (y 2 + z 2 )), 

Vp(l,2,-2) = (—f,—i,—i), u = ^(l,l,-l)and 

Dug(1 , 2 , _ 2) = + ízlKl) + ( zl l ízl) = . 

' 4^/3 4v/3 4v/3 4\/3 

18. g (x, y, z) = z 3 - x 2 y => Vg (x, y, z) = (-2 xy, -x 2 ,Zz 2 ), Vg (1,6,2) = (-12, -1,12), 

— / JL _£. 12\ nnr i r) /i í? o\ _ (~ 1 ^) (3) i (— 1) (4) (12) (12) _ 

U ~ \ 13’ 13’ 13 )’ anC * D\i9 (1,6,2) — + + 8. 


19 


/(x, y) = yfxy => V/(x,y) = (i(xy) 1/2 (y),i (xy) 1/2 (x)^) = ( 2 ^=, 2 ^)’ s0 


V/ (2,8) = (l, §). The unit vector in the direction of PQ = (5 — 2,4 — 8 ) = (3, —4) is u = (f, — f ), so 
Duf ( 2 , 8 ) = V/ ( 2 , 8 ) • u = ( 1 , i) • (f , -f ) = f . 

20. / (x, y, z)=x 2 +y 2 + z 2 =*- V/ (x, y, z) = (2x, 2 y, 2 z), so V/ (2,1,3) = (4,2, 6 ). The unit 
vector in the direction of PO = (— 2 , — 1 , —3) is u = ^ 7 = (— 2 , — 1 , —3), so 
Duf (2, 1 ,3) = V/ ( 2 , 1 ,3) • u = (4, 2 , 6 ) • -j- (- 2 , - 1 , -3) = = -2v/Í4. 
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21. / (x, y ) = xe~ v +3 y => V/ (x, y) = (e~ v , 3 - xe~ y ), V/ (1,0) = (1,2) is the direction of maximum rate 
of change and the maximum rate is | V/ (1,0)| = \/5. 

22. / (x, y) = ln (x 2 + y 2 ) => V/ (x, y) = )> t 1 - 2 ) = (§>!)- Thus the maximum rate 

of change is |V/ (1,2)| = in the direction (|, §) or (2,4). 

23. / (x, y) = sin (xy) => V/ (x, y) = (y cos (xy), x cos (xy)), V/ (1,0) = (0,1). Thus the maximum rate of 
change is |V/ (1,0)| = 1 in the direction (0,1). 

24. f(x,y,z) =x 2 y 3 z 4 => Vf(x,y,z) = (2xy 3 z 4 ,3x 2 yV,4x 2 y 3 x 3 ), V/ (1,1,1) = (2,3,4). Thus the 

maximum rate of change is |V/ (1,1,1)| = \/29 in the direction (2,3,4). 


25. / (x, y,z)=x + y/z 


V/ (x,y, z) 



so the maximum rate of change is 


|V/ (4,3, -1)| = y/ñ in the direction (1, -1, -3). 

26. f(x,y,z) = | | Vf(x,y,z) = 



so the maximum rate of change is 


|V/ (4,2,1)| = ^ in the direction (¿,0, -2) or (1,0, -4). 

27. (a) As in the proof of Theorem 15, D u f = |V/|cos0. Since the minimum value of cos 8 is -1 occurring when 

9 = 7 r, the minimum value of D u f is — | V/| occurring when 9 = n, that is when u is in the opposite direction 
of V/ (assuming V/ / 0). 

(b) / (x, y) = x 4 y - x 2 y 3 => V/ (x, y) = (4 x 3 y - 2 xy 3 ,x 4 - 3 x 2 y 2 ), so / decreases fastest at the point 
(2, —3) in the direction —V/ (2, —3) = — (12, —92) = (—12,92). 

28. / (x, y) = x 2 + sin xy => f x (x, y) = 1x + y cos xy, f y (x, y) = x cos xy and 

/ x (l, 0) = 2 (1) + (0) cos 0 = 2, f y (1,0) = (1) cos 0 = 1. If u is a unit vector which makes an angle 8 with the 
positive x-axis, then D u f (1,0) = f x (1,0) cos 6 + /¡,(1,0) sin 9 = 2 cos 8 + sin0. We want D u f (1,0) = 1, so 
2 cos 8 + sin 8=1 => sin0 = l-2cos0 =» sin 2 6 = (1 - 2cos0) 2 => 

1 -cos 2 8 = 1 -4cos0 + 4cos 2 0 => 5cos 2 9 - 4cos8 = 0 =+ cosd (5cos9 - 4) = 0 =► cos0 = O 

or cos 6 = | => 9 = ^ ot 9 = 2n — cos -1 | « 5.64. 


29. T = = and 120 = T (1,2,2) = | so k = 360. 

y/x 2 + y 2 + z 2 3 


D U T (1,2,2) = VT (1,2,2) • u = [-360 (x 2 + y 2 + z 2 ) 3/2 (x, y, z)] ■ u 


= — t ^ 1 » 2 > 2 ) ■ vs^ 1 - -1 ’ 1 ) = ~~m 

(b) From (a), VT = -360 (x 2 + y 2 + z 2 ) -3/2 (x, y, z), and since (x, y, z) is the position vector of the point 
(x, y, z), the vector - (x, y, z), and thus VT, always points toward the origin. 


30. VT= -400e _l2_3!/2 '' 9 * 2 


(x, 3 y, 9 z) 

(a) u = (1, -2,1), VT (2, -1,2) = -400e -43 (2, -3,18) and 

400e -43 ' 


D U T (2 




~ 43 
5200\/6 , 


C/m. 


^6 J 3e 43 

(b) VT (2, -1,2) = 400e -43 (-2,3,-18) or equivalently (-2,3, -18). 
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(c) |VT| — 400e x 3y 9z yjüi? + 9y 2 + 8z 2 °C /m is the maximum rate of increase. At (2, —1,2) the 
maximum rate of increase is 400e _43 \/337 o C /m. 

31. W ( x, y, z) = (10x -3 y + yz, xz - 3x, xy), VV (3,4,5) = (38,6,12) 

(a) D U V (3,4,5) = (38,6,12) • ( 1 , 1 , - 1 ) = 

(b) VV (3,4,5) = (38,6,12) or equivalently (19,3,6). 

(c) |VV (3,4,5)| = %/38 2 + 6 2 + 12 2 = -v/1624 = 2\/406 

32. (a) Let z = / (x,y) = 1000 — O.Ola; 2 — 0.02 y 2 . Then V/ (x, y) = (—0.02a;, — 0.04y). Proceed in the direction 

V/ (60,100) = (-1.2,-4). 

(b) The maximum slope is equal to the maximum directional derivative, which is |(—1.2, -4)| = V17-44 and 
6 = tan -1 y/VTM ss 76.5 °. 


33. A unit vector in the direction of AB is i and a unit vector in the direction of AC is j. Thus 
D AÉÍ(Vi) = fx (1,3) = 3 and D-^f ( 1,3) = f v (1,3) = 26. Therefore 

^ 7 / (1)3) = (fx (1,3), f y (1, 3)) = (3, 26), and by definition, D-^f (1, 3) = V/ • u where u is a unit vector in 
the direction of AD, which is (^, ¿§). Therefore, D^f (1,3) = (3,26) • i§) = 3 • ^ + 26 • ±§ = 

34. The curve of steepest ascent is perpendicular to all of the contour lines. 



35. (a) V (au + bv) = ( H \ = / 0 |ü + b |E a + b *L 

\ ox oy / \ dx dx dy dy 

/ du du\ / dv dv\ L _ 

= a \d¿’di) +b \di'di/= aVu+bVv 

V 7 r \ _ / d u , & v \ /du du\ /dv dv\ 

{b)V(uv)-(v-+u-,v-+u- B -^=v(-,-^+u( Tx ,-\=vVu + uVv 


du dv du dv 


du du\ / dv dv 
v ( —, — ) - u 


V 7 í—\ — / V _dx U dx dy 9y\ \dx'dy / \dx'dyf vVu — uVv 
\v) \ V 2 ’ Z /2 J ~ ~2 - ~2 - 
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36. If we place the initial point of the gradient vector V/ (4,6) at (4,6), 
the vector is perpendicular to the level curve of / that includes (4,6), 
so we sketch a portion of the level curve through (4,6) (using the 
nearby level curves as a guideline) and draw a line perpendicular to 
the curve at (4,6). The gradient vector is parallel to this line, pointing 
in the direction of increasing function values, and with length equal to 
the maximum value of the directional derivative of / at (4,6). We 
can estimate this length by finding the average rate of change in the 
direction of the gradient. The line intersects the contour lines 
corresponding to -2 and -3 with an estimated distance of 0.5 units. Thus the rate of change is approximately 
—2 — (—3) 

- ^—- = 2, and we sketch the gradient vector with length 2. 

37. Let F (x, y, z) = x 2 + 2 y 2 + 3z 2 . Then x 2 + 2y 2 + 3z 2 = 21 is a level surface of F. 

F x (x, y, z) = 2x =► F x (4, —1,1) = 8, F y (x, y, z) = Ay =► F y (4,-1,1) = -4, and 

F z (x, y, z) = 6z =► F z (4, —1,1) = 6. 

(a) Equation 19 gives an equation of the tangent plane at (4, -1,1) as 8 (x - 4) - 4 [y - (-1)] + 6 (z - 1) = 
4x — 2y -f 3z = 21. 



(b) By Equation 20, the normal line has symmetric equations 
x — 4 _ y 4-1 _ z — 1 


x — 4 _ y + 1 _ z — 1 


8 


-4 


or 


4 -2 3 ‘ 

38. Let F (x, y, z) = y 2 + z 2 - x. Then x = y 2 + z 2 - 2 is the level surface F (x, y, z) = 2. 

F x (x,y,z) = - 1 =!> F x (—1,1,0) = —1, F y (x,y,z) = 2y => F y (-1,1,0) = 2, and 

F z (x, y, z) = 2z => F z (—1,1,0) = 0. 

(a) An equation of the tangent plane is —1 (x + 1) + 2 (y — 1) + 0 (z — 0) = 0 or — x + 2y = 3. 

x “I - 1 y — 1 

(b) The normal line has symmetric equations —— = —-—, z = 0. 


39. F (x, y, z) =x 2 +y 2 - z 2 - 2 xy + 4 xz 
VF (1,0,1) = (6,-2,2) 


-1 2 

» VF (x, y, z) = (2x -2 y + 4z, 2 y - 2x, -2z + 4x), 


(a) 6 (x - 1) - 2 (y - 0) + 2 (z - 1) = 0 or 3x - y + z = 4 


(b) 


x — 1 


—y = z — 1 


40. F (x, y, z) = x 2 - 2y 2 - 3z 2 + xyz 
VF(3, -2,-1) = (8,5,0) 


VF (x, y, z) = (2x + yz, -4y + xz, -6z + xy). 


(a) 8 (x — 3) + 5 (y + 2) + 0 (z + 1) = 0 or 8x + 5y = 14 


/ux x-3 y + 2 __ 


41. F(x,y,z) = -z + xe a cosz =+ VF(x,y,z) = (e y cosz,xe v cosz,-1 - xe w sinz), 
VF (1,0,0) = (1,1, —1) 

(a) 1 (x — 1) + 1 (y — 0) — 1 (z — 0) = 0 or x + j/ — z = 1 . (b) x - 1 = y = -z 

42. F(x,y,z) = xe vz =i> VF(x,y,z) = (e yz ,xze yz ,xye yz ),VF ( 1,0,5) = (1,5,0) 


(a) 1 (x — 1) + 5 (y — 0) + 0 (z — 5) = 0 or x + by = 1 


(b) x — 1 = f, z = 5 
o 


0 or 
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43. F (x, y, z) = xy + yz + zx y 

VF ( x, 2/ 5 *) = <2/ + z, x -h z, y + x), 

VF (1,1,1) = (2,2,2), so an equation of the 
tangent plane is 2x -f 2y + 2z = 6 or 
x -f- y + z = 3, and the normal line is given by 
x — l = y — l = z—lorx = y = z. 



44. F (x, y, = xyz , VF (x, y, *) = ( 2 / 2 ;, x>z, 2 /x), 
VF (1, 2,3) = (6,3,2), so an equation of the 
tangent plane is 6x + 3y -h 2z = 18, and the 

normal line is given by = ~~2~ 

or x = 1 -f 6£, y = 2 + 3¿, 2 ; = 3 + 2¿. 


z 



45. V/ (x, y) = (2x, 82 /), V/ (2, 1 ) = (4, 8 ). The tangent line has 
equation V/ (2, 1 ) • (x - 2, y - 1 ) = 0 => 

4 (x — 2) -f 8 ( 2 / — 1) = 0, which simplifies to x + 2y = 4. 


46. Vg (x, y) = ( 1 , —2y ), Vg (3, - 1 ) = ( 1 ,2). The tangent line has 
equation Vg (3, -1) • (x - 3, y + 1) = 0 =*► 

1 (x — 3) -f 2 (y -b 1 ) = 0, which simplifies to x + 2y = 1. 



47. VF (x 0 ,yo,z 0 ) = Thus an equation of the tangent plane at (x 0 , y 0 , z 0 ) is 

2 xo 2^/0 2 ^o _ 0 / Xq 2/0 ^o \ 

+ + ~¿i z = 2 l^2 + 62 + ^2 / = 2 C 1 ) = 2 since (^o, 2 / 0 ,2o) is a point on the ellipsoid. Hence 

x 0 2/0 z 0 

^ 2 x+ ¿ 22 / + ^ 2 ^ = llsan e Q un tion of the tangent plane. 

48. VF ( 10 , 2 / 0 , 20 ) = ^r, •' ^ 2 2 ° ), SO an equation of the tangent plane at (x 0 , y 0 , z 0 ) is 

1 1: ^ z °._ ? í x ° 1 z o\ 1 r.r x ° *-L y° 2:0 1 

a2 *+ b ,y c^ z - 2 (^ + ¥-^)- 2oT ^ x+ ¥ y -^ z = 1 - 
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49. VF (x 0 , 2 /o, z 0 ) = ^ ^^, so an equation of the tangent plane is 

„2 _ 2 ' 




the equation can be written as —^-x + 


2xq 2yo _ z zp 


V = 


a* b 2 c 

50. Since V/ (x 0 , yo, z 0 ) = (2x 0 ,4y 0 , 6 z 0 ) and (3, -1,3) are both normal vectors to the surface at (a: 0 , y 0 , ¿o), we 
need (2x 0 ,4y 0 , 6 z 0 ) = c (3, —1,3) or (x 0 ,2y 0 ,3^ 0 ) = /c (3, —1,3). Thus x 0 = 3 k,y 0 = —i¿k and z 0 = k. But 

xl + 2 yl + 3zg = 1 or (9 + \ + 3) k 2 = 1 , so k = ±^ and there are two such points: • 


51. V/ (x 0 , y 0 , z 0 ) = (2x 0 , -2y 0 , ±z 0 ) and the given line has direction numbers 2, 4, 6 , so 

(2x 0 , -2y 0 ,4z 0 ) = k (2,4, 6 ) or x 0 = k,y 0 = -2k and z 0 = \k. But x 0 — y 0 + 2z 0 = 1 or 

(l _ 4 + 2 ) /c 2 = i, so fc = ±^1 = ±^ and there are two such points: (±^, , ±^r) • 


52. First note that the point ( 1 , 1 ,2) is on both surfaces. For the ellipsoid, an equation of the tangent plane at ( 1 , 1 ,2) is 
6 x + Ay + 4z = 18 or 3x + 2y + 2z = 9, and for the sphere, an equation of the tangent plane at (1,1,2) is 

(2 — 8 ) x + (2 — 6 ) y + (4 — 8 ) 2 = —18 or — 6 x — Ay — 4z = —18 or 3x + 2y + 2z = 9. Since these tangent 
planes are the same, the surfaces are tangent to each other at the point ( 1 , 1 , 2 ). 

53. Let (x 0 , y 0 , z 0 ) be a point on the cone [other than (0,0,0)]. Then an equation of the tangent plane to the cone at this 
point is 2x 0 x + 2y 0 y - 2z 0 z = 2 (x§ + yl - z%). But x\ + yl = zg so the tangent plane is given by 

x 0 x + yoy — z 0 z = 0 , a plane which always contains the origin. 


54. Let (x 0 , y 0 , z 0 ) be a point on the sphere. Then the normal line is given by 


y-yo 

22/q 


z — z 0 
2 z 0 


. For the 


center ( 0 , 0 , 0 ) 


to be on the line, we need — 


x 0 

2xo 


—= —— or equivalently 1 = 1 = 1 , which is true. 
2yo 2zo 


55. Let ( x 0 , 2 / 0 , 20 ) be a point on the surface. Then an equation of the tangent plane at the point is 

x + V + = V^ó+y/yó + V ^. But + v^ó + V^ó = Vc, so the equation is 

2y/xó 2 y/yñ 2 y/zó 2 

— _|_ V. —|—— = y/c. The x-, y-, and z-intercepts are /cx 0 , /cy 0 and /cz 0 respectively. (The x-intercept 

^fX0 y/yÓ y/zó 

is found by setting y = z = 0 and solving the resulting equation for x, and the y- and z-intercepts are found 
similarly.) So the sum of the intercepts is y/c ( y/xó + y/yo + y/*o) = c, a constant. 


56. Here the equation of the tangent plane to the point (x 0 , y 0 ,z 0 ) is y 0 z 0 x + x 0 z 0 y + x 0 y 0 z — 3x 0 y 0 z 0 or 

JL 4 - JL q. — = i. Then the x-, y-, and z-intercepts are 3 x 0 , 3y 0 and 3z 0 respectively, and their product is 
3x 0 32 /o 3 z 0 

27x 0 y 0 z 0 = 27c 3 , a constant. 

57. If / (x, y, z) = z — x 2 — y 2 and g (x, y, z) = \x 2 +y 2 +z 2 , then the tangent line is perpendicular to both V/ and 
Vg at (—1,1, 2 ). The vector v = V/ x Vg will therefore be parallel to the tangent line. We have: 

V/ (x, y, z) = (—2x, —2y, 1 ) =*■ V/ (-1,1, 2 ) = ( 2 , -2,1), and Vg (*, y, z) = (8x, 2y, 2z) =+ 


Vg (-1,1,2) = (- 8 , 2, 4). Hence v = V/ x Vg = 


i j k 
2-2 1 
-8 2 4 


= —10 i - 16 j — 12 k. Parametric equations 


are: x = —1 — 10 1, y = 1 — 16¿, z = 2 — 12 t. 
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58. (a) Let f (x,y,z) = y + z and g (x, y, z) = x 2 + y 2 . Then the required 
tangent line is perpendicular to both V/ and Vg at (1,2,1) and the 


vector v = V/ x Vg is parallel to the tangent line. We have 


Vf(x,y,z) = (0,1,1) 
Vg(x,y,z) = (2x, 2y, 0) 


i J k 


v = V/ x Vg = 


0 11 
2 4 0 


> V/ (1,2,1) = (0,1,1), and 
=> (1,2,1) = (2,4,0). Hence 

= —4 i -f- 2 j — 2 k. So parametric 


equations of the desired tangent line are x = 1 — 4¿, y = 2 + 2t, 
z = l-2t. 



59. (a) The direction of the normal line of F is given by VF, and that of G by VG. Assuming that 
VF / 0^ VG, the two normal lines are perpendicular at P if VF • VG = 0 at P 
(dF/dx, dF/dy, dF/dz) • (dG/dx, dG/dy, dG/dz) = 0 at P F X G X -j- F y G y + F Z G Z = 0 at P. 

(b) Here F = x 2 -f- y 2 — z 2 and G = x 2 + y 2 + z 2 — r 2 , so 

VF • VG = (2x, 2y, —2z) • (2x, 2y, 2z) = 4x 2 -f 4y 2 — 4 z 2 = 4 F = 0, since the point (x, y, z) lies on the 
graph of F = 0. To see that this is true without using calculus, note that G = 0 is the equation of a sphere 
centered at the origin and F = 0 is the equation of a right circular cone with vertex at the origin (which is 
generated by lines through the origin). At any point of intersection, the sphere’s normal line (which passes 
through the origin) lies on the cone, and thus is perpendicular to the cone’s normal line. So the surfaces with 
equations F = 0 and G = 0 are everywhere orthogonal. 


60. (a) The function / (x, y) = (xy) 1 ^ 3 is continuous on M 2 since it is a composition of a polynomial and the cube root 
function, both of which are continuous. (See the text just after Example 15.2.8 [ET 14.2.8].) 


fx (0,0) = lim 


f (0 + h,0) — f (0,0) 


/i—o 


= lim 

h^O 


(h- 0) 1/3 -0 


f, (0,0) - Ita/(0.0 + »)-/(0.0) = Um m . 

L h h—»0 h 


h 

1/3 


= 0 , 


0 


= 0. Therefore, f x (0,0) and f y (0,0) do exist 


h—*0 h /i-»0 

and are equal to 0. Now let u be any unit vector other than i and j (these correspond to 
f x and f y respectively.) Then u = a i + b j where a ^ 0 and b ^ 0. Thus 


rj r f (0 + ha, 0 + hb) - f (0,0) ,. %/(ha) (hb) \/ab , , . . 

Ai/(0,0) = lim —----—-— v y = lim v —- = lim —andthislimit 


/i-oo h 

exist, so D u f (0,0) does not exist. 


h-*0 


h 


h—*0 /lV3 


does not 



Notice that if we start at the origin and proceed in the direction of 
the x- or y-axis, then the graph is flat. But if we proceed in any 
other direction, then the graph is extremely steep. 
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61. Let u = (a, b) and v = (c, d). Then we know that at the given point, D u f = V/ • u = af x + bf y and 

D v f = V/ • v = cfx + dfy. But these are just two linear equations in the two unknowns f x and f y , and since u 
and v are not parallel, we can solve the equations to find V/ = (fx, f y ) at the given point. In fact, 


V/ = 


dDuf - bDvf aDyf_ - cDuf 
ad — bc ’ ad — bc 


62. Since z = f (x, y) is differentiable at x 0 = (x 0 , yo), by Definition 15.4.7 [ET 14.4.7] we have 
A« = fx (Xo, yo) Ax + fy (x 0 , yo) A y + d Aa: + e 2 A y where ej, e 2 -> 0 as 
(Ax, A y) -*• (0,0). Now A z = f (x) - f (x 0 ), (Ax, Ay) = x - x 0 so (Ax, A y) -> (0,0) is 
equivalent to x —> x 0 and (f x (x 0 ,yo) ! fv (x 0 ,yo)) — V/ (x 0 ). Substituting into 
(15.4.7 [ET 14.4.7]) gives / (x) - / (x 0 ) = V/ (x 0 ) • (x - x 0 ) + (ei, e 2 ) • (Ax, Ay) or 


(ei, e 2 ) • (x - xo) = / (x) - / (x 0 ) - V/ (x 0 ) ■ (x - x 0 ), and so 

/ (x) - / (xo) - V/ (xp) • (x - x 0 ) (ex, e 2 ) • (x - x 0 ) But x is a unit 

|x — x 0 1 |x-x 0 | |x-x 0 | 

vector so lim ’ g . 2 -—-—¡—— = 0 since ei, e 2 —+ 0 as x —> x 0 . Hence 

x-+xo |X — Xo| 

Um / (x) - / (x 0 ) - V/ (x 0 ) • (x - x 0 ) = Q 

x—>xo |x - X 0 | 


^ Maximum and Minimum Values 



1. (a) First we compute D (1,1) = /« (1,1) fyy (li 1) - [fxy (li l)] 2 — (4) ( 2 ) (1) — 7 - Since D (1,1) > 0 and 

fxx (1,1) > 0, / has a local minimum at (1,1) by the Second Derivatives Test. 

(b) D (1,1) = f xx (1,1) fyy (1,1) - lf X y (1, l)] 2 = (4) (2) - (3) 2 = -1. Since D (1,1) < 0, / has a saddle 
point at (1,1) by the Second Derivatives Test. 

2. (a) D = g xx (0,2) g yy (0,2) - [g xy (0,2)] 2 = (-1) (1) - (6) 2 = -37. Since D < 0, g has a saddle point at 

(0,2) by the Second Derivatives Test. 

(b) D = g xx (0,2) g yy (0,2) - (0,2)] 2 = (-1) (-8) - (2) 2 = 4. Since D > 0 and g xx (0, 2) < 0, g has a 

local maximum at (0,2) by the Second Derivatives Test. 

(c) D = g xx (0,2) g yy (0,2) - [g xy (0,2)] 2 = (4) (9) - (6) 2 = 0. In this case the Second Derivatives Test gives 
no information about g at the point (0,2). 

3. In the figure, a point at approximately (1,1) is enclosed by level curves which are oval in shape and indicate that as 
we move away from the point in any direction the values of / are increasing. Hence we would expect a local 
minimum at or near (1,1). The level curves near (0,0) resemble hyperbolas, and as we move away from the origin, 
the values of / increase in some directions and decrease in others, so we would expect to find a saddle point there. 
To verify our predictions, we have / (x, y) = 4 + x 3 + y 3 — 3 xy =*► f x (z, y ) = 3x 2 — 3 y, 

fy (z, y) = 3 y 2 - 3x. We have critical points where these partial derivatives are equal to 0: 3x 2 - 3y = 0, 

3y 2 - 3x = 0. Substituting y = x 2 from the first equation into the second equation gives 3 (x 2 ) - 3x = 0 => 

3x (x 3 - l) = 0 => x = 0 or x = 1. Then we have two critical points, (0,0) and (1,1). The second partial 

derivatives are f xx (x, y) = 6x, f xy (x, y) = —3, and f yy (x, y) = 6y, so 
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D (x, y) = f xx (x, y) f yy (x, y) - [f xy (x, y)} 2 = (6x) (6 y) - (-3 ) 2 = 36^ - 9. Then 
D (0,0) = 36 (0) (0) - 9 = -9, and D ( 1 , 1 ) = 36 (1) (1) - 9 = 27. Since D (0,0) < 0, / has a saddle point at 
(0,0) by the Second Derivatives Test. Since D ( 1 , 1 ) > 0 and f xx (1,1) > 0, / has a local minimum at (1,1). 

4. In the figure, points at approximately (—1,1) and (—1, —1) are enclosed by oval-shaped level curves which indicate 
that as we move away from either point in any direction, the values of / are increasing. Hence we would expect 
local minima at or near (—1, ±1). Similarly, the point (1,0) appears to be enclosed by oval-shaped level curves 
which indicate that as we move away from the point in any direction the values of / are decreasing, so we should 
have a local maximum there. We also show hyperbola-shaped level curves near the points (-1,0), (1,1), and 
(1,-1). The values of / increase along some paths leaving these points and decrease in others, so we should have a 
saddle point at each of these points. 

To confirm our predictions, we have / ( x , y) = 3x - x 3 - 2 y 2 -f y 4 => f x (x, y) = 3x 2 , 

fy (X , y) = -4 y -f 4 y 3 . Setting these partial derivatives equal to 0, we have 3 - 3x 2 = 0 => x = ±1 and 
~4 y -f- 4 y 3 = 0 => y [y 2 — l) = 0 => y = 0, ±1. So our critical points are (±1,0), (±1, ±1). The second 

partial derivatives are f xx (x, y) = - 6 x, f xy (x , y) = 0 , and f yy (x , y) = 12 y 2 - 4 , so 

D & V) = fxx (x, y) f yy (x, y) - [f xy {x, y)} 2 = (- 6 x) (12 y 2 - 4) - (0 ) 2 = -72 xy 2 -f 24x. We use the 

Second Derivatives Test to classify the 6 critical points: 


Critical Point 

D 

fxx 

Conclusion 

(1,0) 

24 

-6 

D > 0, /xx < 0 


/ has a local maximum at (1,0) 

(1,1) 

-48 


D < 0 

=> 

/ has a saddle point at (1,1) 

(1,-1) 

-48 


D < 0 


/ has a saddle point at (1, — 1) 

(-1,0) 

-24 


D <0 

=> 

/ has a saddle point at (—1 ,0) 

(-1,1) 

48 

6 

D > 0, /xx > 0 

=> 

/ has a locaJ minimum at (—1 ,1) 

(-1,-1) 

48 

6 

D > 0, /xx > 0 

=> 

/ has a local minimum at (—1 , — 1) 


5. / (x, y) = 9 - 2x + 4y - x 2 - 4y 2 =:> f x — -2- 2x, 
fv = 4 — 8 y, /i X = —2, f xy = 0, f yy = —8. Then f x = 0 and 
fv = 0 imply x = — 1 and y = and the only critical point is 
(- 1 , |). D (x, y) = f xx f yy - (f xy ) 2 = (- 2 ) (- 8 ) - 0 2 = 16, 
and since D (— 1 , |) = 16 > 0 and f xx (— 1 , ¿) = —2 < 0, 
/(— 1 , 5 ) =llisa local maximum by the Second Derivatives Test. 

6 . / (x, y) = x 3 y + 12x 2 - 8y => f x = 3x 2 y + 24x, 

fv = X 3 - 8 , /xx = 6xy + 24, f xy = 3a: 2 , f yy = 0. Then / y = 0 
implies x = 2 , and substitution into f x = 0 gives 
12 y + 48 = 0 => y = —4. Thus, the only critical point is 

(2, -4). D (2, -4) = (-24) (0) - 12 2 = -144 < 0, so (2, -4) is 
a saddle point. 
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7. f (x, y) = x 2 +y 2 + x 2 y + 4 => f x = 2x + 2xy, 

fy = 2 y + x 2 , fxx = 2 + 2y, f yy = 2, f xy = 2x. Then f y = 0 
implies y = —\x 2 , substituting into f x = 0 gives 2 x — x 3 = 0 so 
x = 0 or x = ±a/2. Thus the critical points are (0,0), (\/2, —l) and 
(--v/2,-1). Now D (0,0) = 4, 

D(y/ 2 ,- 1 ) = -8 = £»(-V 2 ,-l),/xx ( 0 , 0 ) = 2 , 

fxx (±\/ 2 , - 1 ) = 0 . 

Thus / (0,0) = 4 is a local minimum and (±\/2, — l) are saddle points. 

8 . / (x, y) = e*v-* 2 -v 2 => f x = —2xe 4v ~ x *~ y2 , 

f y = (4 - 2y) e 4v - x2 - y2 , f xx = (4x 2 - 2) e 4 *-* 2 -* 2 , 
f xy = -2x(A-2y)e 4v ~ x2 - y2 , 

fw = (4y 2 - 16y + 14) e 4v ~ x2 - y2 . Then f x = 0 and f y = 0 
implies x = 0 and y = 2 , so the only critical point is ( 0 , 2 ). 

D (0,2) = (—2e 4 ) (—2e 4 ) - 0 2 = 4e 8 > 0 and 

fxx ( 0 , 2 ) = — 2 e 4 < 0 , so / ( 0 , 2 ) = e 4 is a local maximum. 




9 . / {x, y) = 1 + 2 xy - x 2 - y 2 => f x = 2y- 2x, 
f y = 2x — 2y, f xx — /yy = 2, fxy = 2. Then f x — 0 and 

f y =0 implies x = y so the critical points are all points of the form 
(x 0 , x 0 ). But D (x 0 , x 0 ) = 4 - 4 = 0 so the Second Derivatives 
Test gives no information. However 

1 + 2 xy - x 2 - y 2 = 1 - (x - y) 2 and 1 - (x - y) 2 < 1 for all 
(x, y), with equality if and only if x = y. Thus / (xo, a?o) = 1 are 
local maxima. 



10. / (x, y) = 2x 3 + xy 2 + 5x 2 + y 2 => f x — 6 x 2 + y 2 + 10x, 

f y = 2 xy + 2 y, f xx = I2x + 10, f yy = 2x + 2, f xy = 2y. Then 
f y = 0 implies y = 0 or x = —1. Substituting into f x = 0 gives the 
critical points (0,0), (—§, 0), (—1, ±2). Now D (0,0) = 20 > 0 
and f xx (0,0) = 10 > 0, so / (0,0) = 0 is a local minimum. Also 
fxx (—|,0) < 0, (—f, 0) > 0, and D (—1, ±2) < 0. Hence 

/ (“|, 0 ) = W is a loca l maximum while (— 1 , ± 2 ) are saddle 
points. 

11 . f(x,y) =xy-2x-y f x = y ~ 2 , f y = x - 1, 

f xx = fyy = 0, f xy = 1 and the only critical point is (1,2). Now 
D ( 1,2) = — 1 , so (1, 2) is a saddle point and / has no local 
maximum or minimum. 
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12 . / (x, y) = ys/x - y 2 - x + 6y => f x =y/ ( 2 ^) - 1 , 

fv = s/x - 2y + 6 , f yy = - 2 , f xx = -\yx~ z ' 2 , f xy = 1 / (2y/x). 
Then f x = 0 implies y = 2y/x and substituting into f y = 0 gives 
—3y/x + 6 = 0 or x = 4. Thus the only critical point is (4,4). 

D (4,4) = (-2) - (i) 2 > 0 and (4,4) = so 

/ (4,4) = 12 is a local maximum. 



_ 3x 4" v 

13 -f(x,y) = -—- =► fx = y — x~ 2 , f y =x + 8y~ 2 , f xx = 2x~ 3 , f yy = — 1% -3 and f xy = 1 . 

Then f x = 0 implies y = x~ 2 , substituting into f y = 0 gives x + 8 x 4 = 0 so x = 0 or x = but (0, y) is not in 
the domain of /. Thus the only critical point is (-§,4). Then f xx (-¿, 4 ) = -16 and D (—¿, 4) = 4- 1 > Oso 
/ (—^,4) = —6 is a local maximum. 



14. f(x,y) = xy(l - x - y) => fx=y-2xy-y 2 t 

fy % ^ fxx = 2 y t fyy = 2x, f X y = 1 — 2x — 2 y. 

Then f x = 0 implies y = 0ory = l — 2x. Substituting y = 0 into 
fy = 0 gives x = 0 or x = 1 and substituting y = 1 - 2x into 
f y = 0 gives 3x 2 —x = 0sox = 0or^. Thus the critical points are 
(0,0), (1,0), (0,l)and (§,§). 

- 

D (0,0 ) = D (1,0 ) = D (0,1) = -1 while D (§,§) = § and f xx (§, 
( 0 , 1 ) are saddle points, and /(§,§) = ^ is a local maximum. 



15. / (x, y) = e x cos y => f x = e x cos y , f y = -e x sin y. Now 
f x = 0 implies cos y = 0 or y = j + mr for n an integer. But 
sin (f -f mr) ^ 0 , so there are no critical points. 
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16. f(x,y) = x 2 -f y 2 + 


x 2y2 


^ fx — 2x y , 


fy = 2y - 2x~ 2 y~ s , f xx = 2 + 6 x~ A y~ 2 , f yy = 2 4 - 6 x~ 2 y~ 4 , 
f xy = 4 x~ 3 y~ 3 . Then f x — 0 implies 2x*y 2 — 2 = 0 or x 4 y 2 = 1 
or y 2 = x~ 4 . Note that neither x nor y can be zero. Now f y = 0 
implies 2 x 2 í/ 4 —2 = 0 , and with y 2 = x~ 4 this implies 
2x~ 6 — 2 = 0 or x 6 = 1. Thus x = zbl and if x = 1, y = ±1; if 
x = —1, y = ±1. So the critical points are (1,1), (1, —1), 

(-1,1) and (-1, -1). Now D (±1, ±1) = D (±1, +1) = 64 - 16 > 0 and f xx > 0 always, so 
/ (±1, ±1) = / (±1, =f 1) = 3 are local minima. 



17. / ( x , y) = x sin y => f x = sin y, f y = x cos y, f xx = 0 , 
f yy = — x sin y and f xy = cos y. Then f x = 0 if and only if 
y = 7i7r, n an integer, and substituting into f y = 0 requires x = 0 
for each of these y-values. Thus the critical points are (0, nn), n 
an integer. But D (0, nn) = — cos 2 (n 7 r) < 0 so each critical 
point is a saddle point. 



W. f(x,y) = (2x-x 2 )(2y-y 2 ) ^ f x = (2 - 2x) (2y - y 2 ), 

fy = (2x - x 2 ) (2 - 2y), f xx = -2 (2 y - y 2 ), 
f yy = —2 ( 2x — x 2 ) and f xy = (2 — 2x) (2 — 2 y). Then 
f x = 0 implies x = lory = 0ory = 2 and when x = 1 , 
f y = 0 implies y = 1 , when y = 0 , f y = 0 implies x = 0 or 
x = 2 and when y = 2, f y = 0 implies x = 0 or x = 2. Thus the 
critical points are ( 1 , 1 ), ( 0 , 0 ), ( 2 , 0 ), ( 0 , 2 ) and ( 2 , 2 ). 

Now D (0,0) = D (2,0) = D (0, 2) = D (2,2) = —16 so these critical points are saddle points, and D (1,1) = 4 
with f xx ( 1 , 1 ) = - 2 , so / ( 1 , 1 ) = 1 is a local maximum. 



19. / (x, y) = 3 x 2 y + y 3 - 3x 2 -3y 2 +2 

2.5 



From the graphs, it appears that / has a local maximum / (0,0) « 2 and a local minimum / (0,2) « —2. There 
appear to be saddle points near (±1,1). 
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/ x — 6xy 6x, f y — 3x 2 + 3 y 2 — 6y. Then f x = 0 implies x = 0 or y = 1 and when x = 0, f y = 0 implies 
y = 0 or y = 2; when y = h f y = 0 implies x 2 = 1 or x = ±1. Thus the critical points are (0,0), (0,2), (±1,1) 
Now f xx = 6y - 6 , f yy =6y-6 and f xy = 6x , so D (0,0 )=D (0, 2) = 36 > 0 while D (±1,1) = -36 < 0 
and f xx (0,0) = — 6 , f xx (0,2) = 6 . Hence (± 1 , 1 ) are saddle points while / (0,0) = 2 is a local maximum and 
/ ( 0 , 2 ) = — 2 is a local minimum. 

20. / (x, y) = xye~ x2 ~ y2 




-2 


There appear to be local maxima of about / (±0.7, ±0.7) «0.18 and local minima of about 
/ (±0.7, +0.7) « —0.18. AIso, there seems to be a saddle point at the origin. 

/* = V e ~ x2 ~ y 2 (1 ^ 2 x 2 ), f y = xe~ x2 - y 2 (1 - 2 y 2 ), f xx = 2 xye~ x2 ~ y2 (2x 2 - 3 ), 

fw = 2xye y (2y 2 — 3), / xy = (l — 2a: 2 ) e _a: -y (l — 2y 2 ). Then f x = 0 implies y = 0 orx = ±- 7 = 

Substituting these values into f y = 0 gives the critical points (0,0), ±^^. Then 

D (x, y) = e 2 (- x2 -« 2 ) [4 x 2 j / 2 (2x 2 - 3) (2j / 2 - 3) - (l - 2 x 2 ) 2 (l - 2y 2 ) 2 ], so D (0,0) = -1, while 
^(±± 75 ) > 0and ^ (-^,±^2) >0. But f xx (■751 ■75) < 0 , f xx (+, —75) > 0, 

’ Tf) > ^ anc * / xx (~ 72 ’ — < 0 - Nence ( 0 , 0 ) is a saddle point; 

=/(-^’ 7 l) =-¿arelocalminimaand/(^,i) =/(-^,-^-) = ¿ are local 

maxima. 


21 - /(®,í/) = sin x + sin y ± sin (x ± y), 0 < x < 2tt, 0 < y < 2 tt 



From the graphs it appears that / has a local maximum at about (1, 1 ) with value approximately 2.6, a local 

minimum at about (5,5) with value approximately —2.6, and a saddle point at about (3,3). 

fx = cos x + cos (x + y), f y = cos y + cos (x + y), f xx = — sin x — sin (x + y ), f yy = — sin y — sin (x + t/), 
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f xy = - sin (a; + y). Setting f x = 0 and f y = 0 and subtracting gives cos x — cos j/ = 0 or cos x = cos y. Thus 
x = y or x = 2n — y. If x = y, f x = 0 becomes cos x + cos 2x = 0 or 2 cos 2 x + cos x — 1 = 0, a quadratic in 
cos x. Thus cosa: = -1 or ¿ and a; = 7r, f, or yielding the critical points (n, n), (f, f) and (^f, ^ 1 ). 
Similarly if x = 2ir - y, f x = 0 becomes (cos x) + 1 = 0 and the resulting critical point is (n, n). Now 
D(x,y) = sin x sin y + sin x sin (x + y) + sin y sin (x + y). So D (n, n) = 0 and the Second Derivatives Test 

doesn’t apply. D (f, f) = § > 0 and (f, f) < 0 so / (f, f) = ^ is a local maximum while 
D (^,x) = | > 0 and f xx (^, ^) > 0, so / (if, x) = _2 2^ is a local minimum. 

22. f(x,y) = sinx-f siny + cos (x-f-y), 0 < x < < y < ^ 


TT_ 

4 



From the graphs, it seems that f has a local maximum at about (0.5,0.5). 

f x = cos x — sin (x + y), f y = cosj/ - sin (a; + y), f xx = - sinx - cos (a; + y), f yv = - sin y - cos (a: + y), 
f xy = - cos (x + y). Setting f x = 0 and /„ = 0 and subtracting gives cosx = cos y. Thus x = y. Substituting 
x = y into f x = 0 gives cos x — sin 2x = 0 or cos x (1 — 2 sin x) = 0. But cos x / 0 for 0 < x < f and 
1 - 2sinx = 0 implies x = f, so the only critical point is (f, f). Here f xx (f, f) = -1 < 0 and 
D (f, f) = (-l) 2 - 3 > 0. Thus / (f, f) = f is a local maximum. 

23. f(x,y)=x 4 -5x 2 + y 2 + 3x + 2 => f x (x, y) = 4x 3 - lOx + 3 and f y (x, y) = 2y. f y = 0 => y = 0, 

and the graph of f x shows that the roots of f x = 0 are approximately x = -1.714, 0.312 and 1.402 . 
(Altematively, we could have used a calculator or a CAS to find these roots.) So to three decimal places, the critical 
points are (-1.714,0), (1.402,0), and (0.312,0). Now since f xx = 12x 2 - 10, f xy = 0, f yy = 2, and 
D = 24x 2 - 20, we have D (-1.714,0) > 0, f xx (-1.714,0) > 0, D (1.402,0) > 0, f xx (1.402,0) > 0, and 
D (0.312,0) < 0. Therefore / (-1.714,0) « -9.200 and / (1.402,0) « 0.242 are local minima, and (0.312,0) 
is a saddle point. The lowest point on the graph is approximately (—1.714,0, -9.200). 
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24. / (x, y) = 5 - 10 xy — 4x 2 -h 3y - y 4 =>• f x (x, y) = -10 y — 8x , f y (x, y) = —lOx + 3 — 4y 3 . Now 
/x = 0 =» x = — |y, so using a graph, we find solutions to 

0 = A (~ y) = ~ 10 (“f 2/) + 3 - 4 y 3 ~= s \ 42/ 3 -f + 3. (Altematively, we could have found the roots of 
/x = /y = 0 directly, using a calculator or a CAS.) To three decimal places, the solutions are y « 1.877, —0.245 
and -1.633, so / has critical points at approximately (-2.347,1.877), (0.306, -0.245), and (2.041, -1.633). 
Now since f xx = - 8 , f xy = -10, f yy = -12 y 2 , and D = 9 6y 2 - 100, we have D (-2.347,1.877) > 0, 

D (0.306, —0.245) < 0, and D (2.041, —1.633) > 0. Therefore, since f xx < 0 everywhere, 

/ (-2.347,1.877) « 20.238 and / (2.041, —1.633) « 9.657 are local maxima, and (0.306, —0.245) is a saddle 
point. The highest point on the graph is approximately (-2.347,1.877,20.238). 


20 


0 

25. / (x,y) = 2 x + 4x 2 - y 2 + 2 xy 2 - x 4 - y 4 =}> f x ( x ,y) = 2 + 8 x + 2 y 2 - 4 x 3 , 

/y (®»2/) = ~2y + 4xy - 4y 3 . Now / y = 0 <s> 2y (2 y 2 - 2x + l) = 0 y = 0ory 2 =x-|. 

The first of these implies that f x = -4x 3 + 8 x + 2, and the second implies that 

/x = 2 + 8 x + 2 (x - |) - 4x 3 = —4x 3 + lOx + 1 . From the graphs, we see that the first possibility for f x has 
roots at approximately —1.267, —0.259, and 1.526, and the second has a root at approximately 1.629 (the negative 
roots do not give critical points, since y 2 = x — ^ must be positive). So to three decimal places, / has critical points 
at (-1.267,0), (-0.259,0), (1.526,0), and (1.629, ±1.063). Now since f xx =8^ 12x 2 , f xy = 4 y, 
fyy =4x- 12 y 2 , and D=( 8 - 12 x 2 ) (4x - 12y 2 ) - 16y 2 , we have D (-1.267,0) > 0, f xx (-1.267,0) > 0, 
D (-0.259,0) < 0, D (1.526,0) < 0, D (1.629, ±1.063) > 0, and f xx (1.629, ±1.063) < 0. Therefore, to three 
decimal places, / (-1.267,0) « 1.310 and / (1.629, ±1.063) « 8.105 are local maxima, and (-0.259,0) and 
(1.526,0) are saddle points. The highest points on the graph are approximately (1.629, ±1.063,8.105). 


12 
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26. / (x, y) = e x + y A - x 3 ± 4 cos y => f x (x, y) = e x - 3x 2 and f y (x, y) = 4y 3 - 4 sin y. From the graphs, 
we see that to three decimal places, f x = 0 when x « —0.459, 0.910, or 3.733, and f y = 0 when y « 0 or 
±0.929. (Altematively, we could have used a calculato^or a CAS to find the roots of f x = 0 and f y = 0.) So, to 
three decimal places, / has critical points at (—0.459,0), (—0.459, ±0.929), (0.910,0), (0.910, ±0.929), 
(3.733,0), and (3.733, ±0.929). Now f xx = e x - 6 x, f xy = 0, f yy = 12 y 2 - 4cosy, and 
D = ( e x - 6 x) ( 12t/ 2 - 4cosy). Therefore D (-0.459,0) < 0, D (-0.459, ±0.929) > 0, 
f xx (-0.459, ±0.929) > 0, D (0.910,0) > 0, f xx (0.910,0) < 0, D (0.910, ±0.929) < 0, D (3.733,0) < 0, 
D (3.733, ±0.929) > 0, and f xx (3.733, ±0.929) > 0. So / (-0.459, ±0.929) « 3.868 and 
/ (3.733, ±0.929) « -7.077 are local minima, / (0.910,0) « 5.731 is a local maximum, and (-0.459,0), 
(0.910, ±0.929), and (3.733,0) are saddle points. The lowest points on the graph are approximately 
(3.733, ±0.929, -7.077). 


- 1.5 


27. Since / is a polynomial it is continuous on D, so an absolute maximum and 
minimum exist. Here f x = -3, f y = 4 so there are no critical points inside D. 

Thus the absolute extrema must both occur on the boundary. Along Li, y = 0 
and / (x, 0 ) = 5 - 3 x, a decreasing function in x, so the maximum value is 
/ ( 0 ,0) = 5 and the minimum value is / (4,0) = —7. Along L 2 , x = 4 and 
/ ( 4 , y ) = - 7 ± 4 y, an increasing function in y, so the minimum value is 

/ ( 4 , 0 ) = —7 and the maximum value is / (4,5) = 13. Along L3, y = \x and f {x, |x) = 5 ± 2x, an increasing 
function in x, so the minimum value is / (0,0) = 5 and the maximum value is / (4,5) = 13. Thus the absolute 
minimum of / on D is / (4,0) = -7 and the absolute maximum is / (4,5) = 13. 

28. /* = 2x ± 2 y and f y = 2x ± 6y. Setting f x = f y = 0 gives x = y = 0 
which yields the critical point (0,0) where / (0,0) = 0. Along L\\ y = 1 
and / (x, 1 ) = x 2 ± 2x ± 3 , -1 < x < 2 , which has a maximum at x = 2 
where / ( 2 , 1 ) = 11 , and a minimum at x = -1 where / (- 1 , 1 ) = 2 . 

Along L 2 : x = -1 and / (-1, y) = 1 - 2y ± 3 y 2 , -2 < y < 1, which 
has a maximum at y = — 2 where / (—1, —2) = 17 and a minimum 
at y = \ where / (- 1 , |) = §. Along L3: y = x — 1 and 
/ (x, x - 1) = 6 x 2 - 8 x ± 3 , -1 < x < 2, which has a maximum at x = -1 where / (-1, -2) = 17 and a 

minimum at x = | where / (|, -|) = As a result, the absolute maximum value of / on D is / (-1, -2) = 17 

and the minimum value is / ( 0 , 0 ) = 0 . 



(-1,-2) 
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(- 1 , 1 ) 

¿3 

(1. 1) 

¿4 
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X 

(-1,-1) 


L> 

(1.-1) 


29. In Exercise 7, we found the critical points of /; only (0,0) with / (0,0) = 4 is 
in D. On L\\ y = — 1, / (x, —1) = 5, a constanf. On L 2 : x = 1, 

/ (1) y) = V 2 + y + 5, a quadratic in y which attains its maximum at (1,1), 

/ (1,1) = 7 and its minimumat (l,-¿),/(l,-¿) = 11. On L 3 : 
f ( x > 1) = 1x 2 + 5 which attains its maximum at (—1,1) and (1,1) with 
/ (±1,1) = 7 and its minimum at (0,1), / (0,1) = 5. On L 4 : 
f (-1 >y) = y 2 + y + 5 with maximum at (-1,1), /(-1,1) = 7and 

minimum at (-1, -¿), / (-1, — 5 ) = Thus the absolute maximum is attained at both (±1,1) with 
/ (±1,1) = 7 and the absolute minimum on D is attained at (0,0) with / (0,0) = 4. 


30. Since x > 0 in D, f is continuous on D. In Exercise 12 we found that the only 
critical point of / is (4,4) and / (4,4) = ~¿. [Note that (4,4) is in D.] 

OnLi : f (x, 0) = — x, so the maximum value is / (0,0) = 0 and the 
minimum value is / (9,0) = —9. 

On L 2 : f (9, y) = 9y — y 2 — 9, a quadratic in y which attains its maximum 
at y ~ f > / (9) §) = x and its minimum at y = 0, / (9,0) = -9. 

On L 3 : f (x, 5) = 5 v'a; — x + 5, a function whose maximum is attained at 
x = ^, / (§¡p, 5) = and its minimum at x = 0, / (0,5) = 5. 


y> 




(0,5) 

¿3 

(9,5) 

^4 


l 2 

(0.0) 


(9,0) ¿ 


On L 4 : f (0, y) = -y 2 + 6 y, a quadratic in y which attains its maximum at y = 3, / (0,3) = 9 and its minimum at 
y = 0. / (°> °) = 0. Thus the absolute maximum of / on D is / (^, 5) = / (9, §) = ¿5 and the absolute 
minimum is / (9,0) = —9. 
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31. f x (x, y) — y — 1 and f y (x, y) = x — 1 and so the critical 
point is (1,1) (in D), where / (1,1) = 0. Along L 4 : y = 4, so 
f (x, 4) = 1 + 4x — x — 4 = 3x — 3, —2 < x < 2, which is an 
increasing fiinction and has a maximum value when x = 2 where 
/ ( 2 .4) = 3 and a minimum of / (-2,4) = -9. Along L 2 : y = x 2 , 
so let g (x) = / (x, x 2 ) = x 3 - x 2 - x + 1. Then 
g'(x) = 3x 2 -2x - 1 = 0 <=> a: = — ¿ ora; = 1. 

f 3’ 9) = 27 and /( 1 , 1 ) =0. Asa result, the absolute maximum and minimum values of / on D are 
/ (2,4) = 3 and / (—2,4) = —9. 

32. f x = 4x + 1, f y = 2y and the only critical point is (-¿,0) (and this point is in D) and / (-¿, 0) = -11. On the 
circle x + y 2 = 4, f (x, y) = x 2 |- x + 2, a quadratic in x which attains its minimum at (^—¿, ± j ^ 

f (~é> i j = | and its maximum at (2,0), / (2,0) = 8. Thus the absolute maximum of / on D is 
/ (2,0) = 8 while the absolute minimum is / (— ¿, 0) = — 11. 
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33 . fx (x , y) = 6x 2 and (x, y) = % 3 . And so f x = 0 and / y = 0 only occur when x = 2 / = 0. Hence, the only 
critical point inside the disk is at x = y = 0 where / (0,0) = 0. Now on the circle x 2 + y 2 = 1, y 2 = 1 - x 2 so let 
g(x) = f (x, y) = 2x 3 + (l - x 2 ) 2 = x 4 + 2x 3 - 2x 2 + 1,-1 < x < 1 . Then 

p' (x) = 4x 3 + 6x 2 - 4x = 0 => x = 0, -2, or \. f (0, ±1) = g (0) = 1, / (§, +^) = g (§) = y§, and 

(-2, -3) is not in D. Checking the endpoints, we get / (—1,0) = g (-1) = —2 and / (1,0) = g (1) = 2. Thus 
the absolute maximum and minimum of / on D are / (1,0) = 2 and /(—1,0) = —2. 

Another method: On the boundary x 2 + y 2 = 1 we can write x = cos Q,y = sin 0 , so 
/ (cos 0, sin 6) = 2 cos 3 0 + sin 4 0, 0 < 0 < 2n. 


34. f x (x, y) = 3x 2 — 3 and f y (x, y) = — 3y 2 + 12 and the critical 
points are (1,2), (1, -2), (-1,2), and (-1, -2). But only (1,2) 
and (-1,2) are in D and / (1,2) = 14, / (-1,2) = 18. Along 
L\\ x = — 2 and / (—2, y) = — 2 — y 3 + 12y, — 2 < y < 3, which 
has a maximum at y = 2 where / (-2,2) = 14 and a minimum at 
y = -2 where / (-2, -2) = -18. Along L 2 : x = 2 and 
/ (2, y) = 2 — ?/ 3 + 12?/, 2 < y < 3, which has a maximum at 
y = 2 where / (2,2) = 18 and a minimum at y = 3 where / (2,3) = 11. Along L 3 : y = 3 and 
/ (x, 3) = x 3 — 3x + 9, —2 < x < 2, which has a maximum at x = —1 and x = 2 where 
/(-1,3) = / (2,3) = 11 and a minimum at x = 1 and x = —2 where / (1,3) = / (—2,3) = 7. 

Along L\\y = x and / (x, x) = 9x, —2 < x < 2, which has a maximum at x = 2 where / (2,2) = 18 and a 
minimum at x = —2 where / (—2, —2) = —18. So the absolute maximum value of / on D is / (2,2) = 18 and the 
minimum is / (—2, —2) = —18. 



35 . / (x, y) = - (x 2 - l) 2 - (x 2 y - x - l) 2 => f x (x, 2 /) = -2 (x 2 - l) (2x) - 2 (x 2 2/ - x - l) (2xy - 1) 

and f y (x, 2 /) = -2 (x 2 2/ - x - l) x 2 . Setting f y (x, 2 /) = 0 gives either x = 0 or x 2 y - x - 1 = 0. There are no 

x ■+ 1 

critical points for x = 0, since f x (0, y) = -2, so we set x 2 y — x - 1 = 0 «=> y = —(x 0), so 

/x (z, = “2 (x 2 — l) (2x) — 2 (x 2 * — x — l^ ^2x - = —4x (x 2 — l). Therefore 

fx (x , 2 /) = / y (x, y) = 0 at the points (1,2) and (-1,0). 


To classify these critical points, we calculate 
fxx (x , y) = —12x 2 - 12x 2 y 2 + 12xy + Ay + 2, 

fy y (x , 2 /) = —2x 4 , and f xy (x, 2 /) = —Sx 3 y + 6x 2 + 4x. In 
order to use the Second Derivatives Test we calculate 
D (-1,0) = f XX (-1, 0) fyy (-1,0) - [f X y (-1,0)]* 

= 16 > 0, 

fxx (- 1 ,0) = -10 < 0, D (1,2) = 16 > 0, and 
fxx (1, 2) = -26 < 0, so both (-1,0) and (1,2) give local 



maxima. 
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36. / (x, y) = 3xe y — x 3 — e 3y is differentiable e/erywhere, so the 
requirement for critical points is that ( 1 ) f x = 3e y — 3x 2 = 0 and 

2 

(2) f y = 3xe y — 3e Sy = 0. From (1) we obtain e y = x 2 , and y 
then (2) gives 3x 3 — 3x 6 = 0 => x = 1 or 0, but only x = 1 is 

valid, since x = 0 makes (1) impossible. So substituting x = 1 -2 

into ( 1 ) gives y = 0 , and the only critical point is ( 1 , 0 ). 

The Second Derivatives Test shows that this gives a local maximum, since 

D (1,0) = [~6x (3xe y - 9e 3y ) - (3e y ) 2 ] {1Q) = 27 > 0 and f xx ( 1 ,0) = [- 6 x] (10) = -6 < 0 . But 

/ (1,0) = 1 is not an absolute maximum because, for instance, / (—3,0) = 17. This can also be seen from the 
graph. 

37. d = \J(x — 2 ) 2 H- (y + 2 ) 2 4- (z — 3) 2 , where z = ^ (6x + 4 y — 2), so we minimize 

d 2 = f (x,y) = (x - 2 ) 2 + (y + 2 ) 2 + (2x + § y- ^) 2 . Then f x = lOx + ^y - ^ and 

= Solving 50y + 48x = 52 and 1 6y + 30x = 56 simultaneously gives x = ^, y = —|f. 

The absolute minimum must occur at a critical point. Thus d 2 = (t ?) 2 + (ff ) 2 + (—§|-) 2 or d = 



38. Here d = yj(x + 4 ) 2 + (y — l ) 2 + (z — 3) 2 , where z = 1 + y — 2x. So we minimize 
d 2 = f (x, y) = (x + 4 ) 2 + (y - l ) 2 + (-2 - 2x + y) 2 . Then 

f x = 2 (x + 4) - 4 (—2 — 2x + y) = lOx - 4t/ + 16 = 0 implies t/ = |x + 4 and / y = 4y - 4x - 6 = 0, so the 
only critical point is (—|¿). Thus the closest point to (-4,1,3) is (—§,— ^). 

39. Minimize d 2 = x 2 + y 2 + z 2 = x 2 + y 2 + xy + 1. Then f x = 2x + y, f y = 2y + x so the critical point is (0,0) 
and D (0,0) = 4 — 1 > 0 with f xx (0,0) = 2 so this is a minimum. Thus z 2 = 1 or 2 = ±1 and the points on the 
surface are ( 0 , 0 , + 1 ). 


40 . Since z = 1/ (x 2 y 2 ) on the surface, we minimize d 2 = x 2 + y 2 + z 2 = x 2 + y 2 + x 4 y 4 = f (x, y). 

4 4 44 

f x = 2x - - — - , f y = 2y - - —r, so the critical points occur when 2x = _ . and 2y = or 

x 5 y 4 Jy * x 4 y 5 F x 5 y 4 y x 4 y 5 

x 6 y 4 = 2 = x 4 y 6 , so x 2 = y 2 => x = ±y and x 10 = 2 => x = +2 1 / 10 , y = +2 1 / 10 . The four critical 

points are ^+2 1/10 , ±2 1/10 ^. The absolute minimum must occur at these points (there is no maximum since the 

surface is infinite in extent). Thus the points on the surface closest to the origin are ^±2 1/10 , +2 1/10 , 2 _2/5 ^. 
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41. x + y + z = 100, so maximize / (x, y) = xy (10Ó - x — y). f x = lOOy - 2xy — y 2 , f y = lOOx — x 2 — 2 xy y 
f xx = -2y, / yy = —2x, / xy = 100 - 2x - 2y. Then f x = 0 implies y = 0 or ?/ = 100 - 2x. Substituting y = 0 
into f y = 0 gives a: = 0 or x = 100 and substituting y = 100 — 2x into f y = 0 gives 3x 2 — lOOx = 0 so x = 0 or 
1—. Thus the critical points are (0,0), (100,0), (0,100) and (^, ^). 

£>(0,0) = D (100,0) = D (0,100) = -10,000 whileD(^,^) = and /** (^, ±f) = - 2 § a <0. 
Thus (0,0), (100,0) and (0,100) are saddle points whereas / (^, 1 ! 2 ) is a local maximum. Thus the numbers are 
x = y = z=±f. 

42 . Maximize / (x, y) = x a y b (100 — x — y) c . 

f x = ax^yh (100 - x - y) c - cx a y h (100 -x-y) c ~ l = x a ~ x y h (100 - x - y) c_1 [a (100 - x - y) - cx\ 
and f y = x a y b ~ l (100 - x - y) c ~ x [6 (100 - x - y) - cy\. Since x, y and 2 are all positive, the only critical 

100a 1006 


100 -y . 1006 _ . 

point occurs when x = a and y = L Thus the point 


are x = 


100a 


a + 6 + c ^ a -f 6 -f c 
43 . Maximize / (x, y) = xy (36 — 9x 2 — 36y 2 ) 1/4¿ /2 with (x, y, z) in first octant. Then 


a + c 
1006 


z = 


a + b + c' 
lOOc 


intis ^ — 


+ 6 + c’ a + 6 + c 


and the numbers 


a + 6 + c 
2\l/2 . 


y (36 - 9x 2 - 36y 2 ) ' -9 x 2 y (36 - 9x 2 - 36y 2 ) 

/x - 2 + 2 


2N-1/2 


(36y - 18z 2 y - 36y 3 ) 
2 (36 - 9x 2 - 36y 2 ) 1/2 


and 


/„ = 36x ——- 72 + .. Setting / x = 0 gives y = 0 or y 2 = - n X but y > 0, so only the latter solutíon 

2 (36 — 9x 2 — 36y 2 ) 1/2 2 

applies. Substituting this y into f y = 0 gives x 2 = |or x = -j=,y = and then z 2 = (36 — 12 — 12) /4 = 3. 

The fact that this gives a maximum volume follows from the geometry. This maximum volume is 

V = (2x) (2 y) (2 z) = 8 (-^) (73) (v^ = :*§• 


44 . Here maximize f (x,y) = xy 


(q 2 b 2 c 2 — b 2 c 2 x 2 — a 2 c 2 y 2 ) 1/2 


a 2 b 2 


Then 


, 2 a 2 6 2 - 26 2 x 2 - a 2 ?/ 2 ^ ^ 2 a 2 & 2 ~ 2a V ~ b x T u.« / _ n 

f — ---— and fr, = xc -tttt ■ 1 hen f x = U 

a 2 6 2 (a 2 6 2 c 2 — b 2 c 2 x 2 — a 2 c 2 y 2 ) 1,7 ‘ a?b 2 (a 2 6 2 c 2 - 6 2 c 2 x 2 - a 2 c 2 t/ 2 ) 1/2 

(with x, y > 0) implies t/ 2 = —- ^ 2 --— and substituting into / y = 0 implies 36 2 x 2 = a 2 6 2 or x = -^«a, 

2/ = ^=6 and then z = ^=c. Thus the maximum volume of such a rectangle is V = (2x) (2y) (2z) = -^=abc. 

45 . Maximize / (x, y) = (6 - x - 2y), then the maximum volume isV = xyz. 

ó 

/x = 3 (6y - 2xy - y 2 ) = \y{ 6 - 2x - 2y) and / y = \x (6 - x - 4y). Setting /* = 0 and / y = 0 gives the 
critical point (2,1) which geometrically must yield a maximum. Thus the volume of the largest such box is 

V=(2)(l)(í) = |. 
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_ 22_ x'u 

46 . Surface area = 2 (xy + xz + yz ) = 64 cm , so xy + xz + yz = 32 or z = -- . Maximize the volume 

x + y 

.. . 32 — xy 32 y 2 — 2xy 3 — x 2 y 2 2 32 — 2xy — x 2 ^ 

f (x,y) = xy— Then f x = - * - = y 2 — - y —— and 

x + y (x + y) ( x + y ) 


fv = x 


2 32 - 2 xy - y 


2 —. Setting f x = 0 implies y = 


32-a; 2 


(x + yj* ' 2x 

_ í oo_2\ //l™2\ /oo _2\2 


and substituting into f y = 0 gives 


32 (4a; 2 ) - (32 - x 2 ) (4x 2 ) - (32 - x 2 j = 0 or 3x 4 + 64x 2 - (32) 2 = 0. Thus x 2 = ^ or x = 
y = yÍ/76 = V6 anc * z = TTf- Thus the box is a cube with edge length cm. 


47 . Let the dimensions be x, y , and z; then 4x + 4y 4- Az = c and the volume is 

V = xyz = xy(\c-x-y) = \cxy - x 2 y - xy 2 , x > 0, y > 0. Then V x = \cy - 2xy - y 2 and 
V y = \cx — x 2 — 2 xy, so V x = 0 = V y when 2x + y = \c and x + 2y = \c. Solving, we get x — ~c, y = ^c 
and z = \c — x — y = jr¿c. From the geometrical nature of the problem, this critical point must give an absolute 
maximum. Thus the box is a cube with edge length -^c. 

48 . The cost equals 5 xy + 2 (xz + yz) and xyz = V, so 

C (x , y) = 5 xy + 2V (x + y) / (xy) = 5 xy + 2V (a; -1 + y" 1 ) . Then C x = 5y - 2Vx~ 2 , C y = 5x - 2 Vy~ 2 , 

f x = 0 implies y = 2V/ (5x 2 ), f y = 0 implies x = \J\V = y. Thus the dimensions of the box which minimize 
the cost are x = y = \J\V units, z = V 1/z (|) 2/3 . 

49 . Let the dimensions be x, y and 2, then minimize xy + 2 (xz + yz) if xyz = 32,000 m 3 . Then 

f ( x , y) = xy + [64,000 (x + y) /xy\ = xy + 64,000 (x _1 + y~ x ), f x =y- 64,000x -2 , f y =x- 64,000?/" 2 . 
And f x = 0 implies y = 64,000/x 2 ; substituting into f y = 0 implies x 3 = 64,000 or x = 40 and then y = 40. 

Now D (x , y) = [(2) (64,000)] 2 x~ 3 y~ 3 — 1 > 0 for (40,40) and f xx (40,40) > 0 so this is indeed a minimum. 
Thus the dimensions of the box are x = y = 40 cm, z = 20 cm. 

50. Since p + g + r = lwe can substitute p = 1 — r — q into P giving 

P = P (q,r) = 2(1 — r — q) q+ 2(1 — r — q)r + 2 rq = 2 q — 2 q 2 + 2 r — 2 r 2 — 2 rq. Since p, q and r represent 
proportions and p + ^ + r = l, we know q > 0, r > 0, and q + r < 1. Thus, we want to find the absolute 
maximum of the continuous function P (q , r) on the closed set D enclosed by the lines q = 0, r = 0, and 
q + r = 1. To find any critical points, we set the partial derivatives equal to zero: P q (q, r) = 2 — 4q — 2r = 0 and 
Pr (q , r) = 2 — 4r — 2q = 0. The first equation gives r = 1 — 2q, and substituting into the second equation we 
have 2 — 4 (1 — 2q) - 2q = 0 => q = |. Then we have one critical point, (|, |), where P (|, |) = |. Next 
we find the maximum values of P on the boundary of D which consists of three line segments. For the segment 
given by r = 0, 0 < q < 1, P (q, r) = P (q , 0) = 2 q — 2q 2 , 0 < q < 1. This represents a parabola with maximum 
value P (^, 0) = \. On the segment 5 = 0, 0 < r < 1 we have P (0, r) = 2r - 2r 2 , 0 < r < 1. This represents a 
parabola with maximum value P (0, \ ) = \. Finally, on the segment q + r = l,0<q<l, 

P (Q) r ) = P (9 j 1 — q) = 2g — 2 q 2 , 0<q<l which has a maximum value ofP(|,|) = \. Comparing these 
values with the value of P at the critical point, we see that the absolute maximum value of P (q, r) on D is |. 
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51. Note that here the variables are m and 6, and / (m, b) = [v* ~ (jnxi + b)] 2 . Then 

i = 1 


IV IV ÍV IV JV 

fm = X) “ 2x * [Vi ~ ( mx i + 6)] = 0 implies £ {xtyi - mx\ - bxi) = 0 or £ xiyi = m Y, x i + b £ x i 


í = i 


í = i 


í = i 


t = í 


> 0 always so the 


n n n n / n \ 

and /b = E -2 [y* — + 6)] = 0 implies ]T] y¿ = m ^ 6 = m ( Xi ) + nb. Thus we have 

t = i t = í t = i t = i V¿ = i / 

n n n 

the two desired equations. Now / mm = ^ 2x1 » /66 = ^ 2 = 2n and / m b = 2 xí. And fmm (m, b)> 0 

i=l i=l i=l 

always and D (m, 6) = 4n ^ - 4 ^ ^ =4 n ^ ^ x *j 

n 

solutions of these two equations do indeed minimize dl. 

i = í 

52. Any such plane must cut out a tetrahedron in the ñrst octant. We need to minimize the volume of the tetrahedron 

X V z 

that passes through the point (1,2,3). Writing the equation of the plane as —h ^ + - = 1» the volume of the 

a b c 

abc 123 

tetrahedron is given by V = . But (1,2,3) must lie on the plane, so we need - + - + - = 1 (★) and thus can 

6 a b c 

think of c as a function of a and 6. Then V a = ^ ^c + a ^j an d Ví> = ^ ^c + b^j . Differentiating (★) with 


-2_Q„-2£k_ n dc ~ c 


respect to a we get — a 2 — 3c 2 — = 0 =$> — = — r, and differentiating (★) with respect to b gives 

oa oa oa ¿ 


-2 - 2 & c ac —2c : 


26 3c 'db ^ db~ 362 


-2c 2 6 / -c 2 \ 

»f- ThenV a = -(c + a3^)=0 


=> c = 3a, and 




= ^ ( C + ) = ® ^ c — §&• Tll us 3a = §6 or 6 = 2a. Putting these into (★) gives f = 1 or a = 3 


X V z 

and then & = 6, c = 9. Thus the equation of the required plane is — + ^ + - = 1 or 6x + 3y + 2z = 18. 

3 6 9 


Applied Project □ Designing a Dumpster 

Note: The difficulty and results of this project vary widely with the type of container studied. In addition to the variation 

of basic shapes of containerí vmtys&iá t. flpmilPHIRIIIBIIHP^^ 

etc. Also, a CAS or graphing utility may be needed to solve the resulting equations. 

Here we present a typical solution for one particular trash dumpster. 

1. The basic shape and dimensions (in inches) of an actual trash dumpster are as shown in the figure. 
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The front and back, as well as both sides, have an extra one-inch-wide flap that is folded under and welded to the 
base. In addition, the side panels each fold over one inch onto the front and back pieces where they are welded. 
Each side has a rectangular lift pocket, with cross-section 5 by 8 inches, made of the same material. These are 
attached with an extra one-inch width of steel on both top and bottom where each pocket is welded to the side sheet. 
All four sides have a “lip” at the top; the front and back panels have an extra 5 inches of steel at the top which is 
folded outward in three creases to form a rectangular tube. The edge is then welded back to the main sheet. The two 
sides form a top lip with separate sheets of steel 5 inches wide, similarly bent into three sides and welded to the 
main sheets (requiring two welds each). These extend beyond the main side sheets by 1.5 inches at each end in 
order to join with the lips on the front and back panels. The container has a hinged lid, extra steel supports on the 
base at each comer, metal “fins” serving as extra support for the side lift pockets, and wheels undemeath. The 
volume of the container is V = \ (40 + 49) x 42 x 72 = 134,568 in 3 or 77.875 ft 3 . 

2. First, we assume that some aspects of the construction do not change with different dimensions, so they may be 
considered fixed costs. This includes the lid (with hinges), wheels, and extra steel supports. Also, the upper “lip” we 
previously described extends beyond the side width to connect to the other pieces. We can safely assume that this 
extra portion, including any associated welds, costs the same regardless of the container’s dimensions, so we will 
consider just the portion matching the measurement of the side panels in our calculations. We will further assume 
that the angle of the top of the container should be preserved. Then to compute the variable costs, let x be the width, 
y the Iength, and 2 the height of the front of the container. The back of the container is 9 inches, or | ft, taller than 
the front, so using similar triangles we can say the back panel has height z + -2¿x. Measuring in feet, we want the 
volume to remain constant, so V = ± (z + z + ^x) ( x ) (y) = xyz 4 - ¿ x 2 y = 77.875. To determine a function 
for the variable cost, we first find the area of each sheet of metal needed. The base has area xy ft 2 . The front panel 
has visible area yz plus j^y for the portion folded onto the base and j^y for the steel at the top used to form the lip, 
so (yz + \y) ft 2 in total. Similarly, the back sheet has area y (z + £x) + ^y + ^y = yz + ^xy +- \y. Each 
side has visible area 2 [ z { z + 14 x )] ( x )» anc ^ s h eet includes one-inch flaps folding onto the front and back 
panels, so with area j¿z and -( 2 +^ 1 ), and a one-inch flap to fold onto the base with area j^x. The lift pocket 
is constructed of a piece of steel 20 inches by x ft (including the 2 extra inches used by the welds). The additional 
metal used to make the lip at the top of the panel has width 5 inches and length that we can determine using the 

Pythagorean Theorem: x 2 + (^x) 2 = length 2 , so length = « 1.0227a:. Thus the area of steel needed for 

each side panel is approximately 

í[ z +(z+ ^a:)] (x) + 13 Z + 75 (z+ U x ) + T 2 x + !* + Ti (l-0227x) « a :z + ±x 2 + \z + 2.194x 
We also have the following welds: 


Weld 

Length 

Front, back welded to base 

2 y 

Sides welded to base 

2x 

Sides welded to front 

2z 

Sides welded to back 

2 ( Z +T4 X ) 

Weld on front and back lip 


Two welds on each side lip 

4(1.0227®) 

Two welds for each lift pocket 

4® 





DISCOVERY PROJECT QUADRATIC APPROXIMATIONS AND CRITICAL POINTS □ 385 


Thus the total length of welds needed is 

2y + 2x + 2z + 2 (z + ^ar) + 2y + 4 (1.0227x) + Ax « 10.519a: + 4y + 4z 
Finally, the total variable cost is approximately 

0.90 (xy) + 0.70 [(»* + \y) + [yz + ±xy + \y)+2 (xz + £x 2 + \z + 2.194®)] 

+0.18 (10.519x + 4y + 4«) 

« 1.05 xy + lAyz -f \A2y + \Axz + 0.15a: 2 + 0.953z + 4.965x 

We would like to minimize this function while keeping volume constant, so since xyz + = 77.875 we 

77 875 

can substitute z = — 1 - ^x giving variable cost as a function of x and y: 

xy 

109 0 109 0 74 2 

C (x, y) « 0.9 xy H-— + 1.42y H-— H-— + 4.86a:. Using a CAS, we solve the system of equations 

x y xy 

C x (x , y) = 0 and C y (x, y) = 0; the only critical point within an appropriate domain is approximately 
(3.58,5.29). From the nature of the function C (or from a graph) we can determine that C has an absolute 
minimum at (3.58,5.29), and so the minimum cost is attained for x « 3.58 ft (or 43.0 in), y « 5.29 ft (or 63.5 in), 
and * « s¥s & “ Ts (3-58) « 3.73 ft (or 44.8 in). 

3 . The fixed cost aspects of the container which we did not include in our calculations, such as the wheels and lid, 
don’t affect the validity of our results. Some of our other assumptions, however, may influence the accuracy of our 
findings. We simplified the price of the steel sheets to include cuts and bends, and we simplified the price of welding 
to include the labor and materials. This may not be accurate for areas of the container, such as the lip and lift 
pockets, that require several cuts, bends, and welds in a relatively small surface area. Consequently, increasing some 
dimensions of the container may not increase the cost in the same manner as our computations predict. If we do not 
assume that the angle of the sloped top of the container must be preserved, it is iikely that we could farther improve 
our cost. Finally, our results show that the length of the container should be changed to minimize cost; this may not 
be possible if the two lift pockets must remain a fixed distance apart for handling by machinery. 

4. The minimum variable cost using our values found in Problem 2 is C (3.58,5.29) « $96.95, while the current 
dimensions give an estimated variable cost of C (3.5,6.0) « $97.30. If we determine that our assumptions and 
simplifications are acceptable, our work shows that a slight savings can be gained by adjusting the dimensions of the 
container. However, the difference in cost is modest, and may not justify changes in the manufacturing process. 


Discovery Project □ Quadratic Approximations and Critical Points 

1. Q (x, y) = f (a, b) + f x (a, b) (x - a) + f y (a, b) (y-b) + \f xx (o, b) (x - o) 2 

+fx y (a, b) (x — a) (y — b) + \f vy (a, b) (y - b) 2 , 
so 

Qx (x, y) = f x (a, b) + \f xx (a, b) (2) (x - a) + f xy (a, b) (y - b) 

= f x (a, b) + fxx (o, b) (x-a) + f xy (a, b) (y - b) 
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tr* 

At (a, b) we have Q* (o, 6) = / x (o, 6) + / XI (o, 6) (o - o) + f xy (a, b ) (6 - 6) = / x (a, b). 

Similarly, Q y (x, y) = f y (a, b) + f xy (a, b) (x - a) + f yy (a, b) (y - b) =+ 

Qy (“, b) = / y (a, b) + f xy (a, b) (a - a) + f yy (a, b) (b - b) = f y (a, b). For the second-order partial derivatives 
we have 

q 

Qxx (x¡, y) [ fx (a, b ) + fxx (flj b ) (x cl) + f X y (a, b ) (t/ 6)] = f xx (a, 6) 

Qxx (ílj fe) = fxx (&, 

Qxy (a?, 2 /) = ^ [/x (flj &) + fxx (flj b) (x — a) + fxy (a, 6) (y — 6)] = / xy (a, 6) 

=* Qx 3 / (a, b) = / xy (a, 6) 

Q 

Qyy ( x > y) = [fy (a, b) + f xy (a, b) (x — a) + / yy (a, 6) (y — 6)] = / yy (a, 6) 

=^ Qyy ( a i b) = f yy (a, 6) 

2. (a) First we find the partial derivatives and values that will be needed: 


/ ( x i y) = e~ x2 ~ y2 

/x (x,y) = —2xe~ x2 ~ y2 
fy (x,y) = -2ye~ x2 ~ y2 
fxx (x,y) = (4x 2 - 2) e~ x2 ~ y2 
f xy (x,y) = &xye~ x2 ~ y2 
fyy (*,y) = (% 2 - 2) e~ x2 ~ y2 
Then the first-degree Taylor polynomial of / at (0,0) is 


/( 0 , 0 ) = 1 
/.( 0 , 0 ) = 0 
fy (0,0) = 0 


/.. ( 0 , 0 ) = -2 


fxy ( 0 , 0 ) — 0 


fyy (0, 0) — —2 


L(x,y) = / (0,0) + / x (0,0) (x - 0) + f y (0,0) (y - 0) = 1 + (0) (x - 0) + (0) (y - 0) 
= 1 


The second-degree Taylor polynomial is given by 


Q (x, y) = f (0,0) + / x (0,0) (x - 0) + f y (0,0) (y - 0) + \f xx (0,0) (x - 0) 2 


= 1 - x 2 - y 2 


+fx V (0,0) (x - 0) (y - 0) + \f yv (0,0) (y - 0) 2 



As we see from the graph, L approximates / well 
only for points (x, y) extremely close to the 
origin. Q is a much better approximation; the 
shape of its graph looks similar to that of the 
graph of / near the origin, and the values of Q 
appear to be good estimates for the values of / 
within a significant radius of the origin. 
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3. (a) First we find the partial derivatives and values that will be needed: 

/ ( x , y) = xe y / (1,0) = 1 fxx(x,y)= 0 fxx (1,0) = 0 

fx(x,y) = e y /.(1,0) = 1 fx V (x,y) = e v f xy ( 1,0) = 1 

fy (x, y) = xe y fy (1,0) = 1 fyy (x, y) = xe y f yy (1,0) = 1 

Then the first-degree Taylor polynomial of / at (1,0) is 

L(z,y) = /(1,0)+/,(1,0) (x — 1) + f y (1,0) (y — 0) 

= 1 + (1) (x - 1) + (1) (y - 0) 

= x + y 

The second-degree Taylor polynomial is given by 

Q (x, y) = f (1,0) + f x (1,0) (x - 1) + f v (1,0) (y - 0) + \f X x (1,0) (x - l) 2 


+ f xy (1, 0) (X -l)(y~0)+ ífyy (1,0) (» - 0)^ 


= \y 2 + x + xy 


(b) 



L (0.9,0.1) =0.9+ 0.1 = 1.0 
Q (0.9,0.1) = \ (O.l) 2 + 0.9 + (0.9) (0.1) = 0.995 
/ (0.9,0.1) = 0.9e 01 » 0.9947 

As we see from the graph, L and Q both 


(1,0). As we venture farther from the point, the 
graph of Q follows the shape of the graph of / 
more closely than L. 


2 , u C 2 

x + ~xy -f -y 
Q Q 


4 . (a) / (x, y) = ax 2 + bxy + cy 2 = a 

-(é») *v> 
k y ) -& y ‘*l y 


X 2 + 



17 

b \ 

2 ( Aac — b 2 \ 

a 

[( 

X+ 2a V ) 

( ) '■ 



7 b 

V , / D \ 2 

= a 

\ X + T¿ 

y ) + (4^J y 


. If D > 0, 


(£?)y 2 ^ 0aRd { x+ i, y ) ^°’ so ( 1+ ¿ y ) + {-£?) y * 


> 0. Here a > 0, thus 
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f(x,y) = a 


( ; ' + Ta ») + (¿) ! ' 2 


> 0. We know / (0,0) = 0, so / (0,0) < / (x, y) for all (x, y), 


and by definition / has a local minimum at (0,0). 


(c) As in part (b), 


7 , b 

V í D \ 2 

( X+ 2¿ y 

) + (^) y _ 


f(x,y) = a 


{ x+ i y . 


4a 2 ) 


> 0, and since a < 0 we have 

t/ 2 < 0. Since / (0,0) = 0, we must have / (0,0) > / (x, t/) for all 


(x, y), so by definition / has a local maximum at (0,0). 

(d) / (®> 2 /) = + bxy + cy 2 , so /* (x, y) = 2ax + by => / x (0,0) = 0 and / y (®, y) = bx + 2cy => 

/y (0) 0) = 0. Since / (0,0) = 0 and / and its partial derivatives are continuous, we know from 
Equation 15.4.2 [ET 14.4.2] that the tangent plane to the graph of / at (0,0) is the plane z = 0. Then / has a 
saddle point at (0,0) if the graph of / crosses the tangent plane at (0,0), or equivalently, if some paths to the 
origin have positive function values while other paths have negative function values. Suppose we approach the 
origin along the z-axis; then we have y = 0 =+ / (x, 0) = ax 2 which has the same sign as a. We must now 

find at least one path to the origin where f (x,y) gives values with sign opposite that of a. Since 

( x+ h y ) + (¿)» ! 


/ (x, y) = a 


opposite that of a. Thus, / has a saddle point at (0,0). 


, if we approach the origin along the line x = y, we have 

2a 



7 b 

b 

\ 2 , / D \ 2 

a 

(~2a y + 

2 a V , 



u ^ 

= — y . Since D < 0, these values have signs 


5. (a) Since the partial derivatives of / exist at (0,0) and (0,0) is a critical point, we know f x (0,0) = 0 and 
fy (0,0) = 0. Then the second-degree Taylor polynomial of / at (0,0) can be expressed as 

Q (*, y) = f (o, o) + u (o, o) (* - o) + f y (o, o) { y -o) + \f xx (o, o) (* - o ) 2 

+f X y (0, 0) (* - 0) (y - 0) + \ fyy (0, 0) ( V - 0) 3 

= \Ux (0,0) z 2 + Uy (o, 0) xy + i fyy (0,0) y 2 . 

(b) Q (x, y) = 2 fxx (0, 0) X 2 + Uy (0, 0) xy + \íyy (0,0) y 2 fits the form of the polynomiai function in 
Problem 4 with a = \f xx (0,0), b = f xy (0,0), and c = |/ yy (0,0). Then we know Q is a paraboloid, and 
that Q has a local maximum, local minimum, or saddle point at (0,0). Here, 

D = 4ac - b 2 = 4 (¿) /,. (0,0) (\) f yv (0,0) - [/*„ (0,0)] 2 = f xx (0,0) f yy (0,0) - [f xy (0,0)] 2 , and if 
D > 0 with a = \f X x (0,0) > 0 => f xx (0,0) > 0, we know from Problem 4 that Q has a local minimum 
at (0,0). Similarly, if D > 0 and a < 0 f xx (0,0) < 0, Q has a local maximum at (0,0), and if D < 0, 
Q has a saddle point at (0,0). 

(c) Since / (x, y) « Q (x, y) near (0,0), part (b) suggests that for D = f xx (0,0) / yy (0,0) - [f xy (0,0)] 2 , if 
D > 0 and f xx (0, 0) > 0, / has a local minimum at (0,0). If D > 0 and f xx (0,0) < 0, / has a local 
maximum at (0,0), and if D < 0, / has a saddle point at (0,0). Together with the conditions given in part (a), 
this is precisely the Second Derivatives Test from Section 15.7 [ET 14.7]. 
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ET14.8 


1. At the extreme values of /, the level curves of / just touch the curve g (x, y) = 8 with a common tangent line. (See 
Figure 1 and the accompanying discussion.) We can observe several such occurrences on the contour map, but the 
level curve f (x,y) = c with the largest value of c which still intersects the curve g(x,y) = 8 is approximately 
c = 59 , and the smallest value of c corresponding to a level curve which intersects g (x, y) = 8 appears to be 
c = 30. Thus we estimate the maximum value of / subject to the constraint g(x,y) = 8 to be about 59 and the 
minimum to be 30. 


2 . (a) The values c = ±1 and c = 1.25 seem to give curves which 
are tangent to the circle. These values represent possible 
extreme values of the function x 2 + y subject to the 
constraint x 2 + y 2 = 1. 

(b) V/ = (2x, 1), AVg = (2Xx, 2\y). So 2x = 2Xx => 
either A = 1 or x = 0. If A = 1, then y = \ and so 

x = (from the constraint). If x = 0, then y = dbl. 
Therefore / has possible extreme values at the 


1.4 



points (0, ±1) and (±^, §). We calculate / (±^, 5 ) = f (the maximum value), / (0,1) = 1, and 
/ (0, — 1) = —1 (the minimum value). These are our answers from (a). 


3. / (x, y) = x 2 - y 2 , g (x, y) = x 2 + y 2 = 1 => V/ = (2x, -2y), XVg = (2Xx, 2Xy). Then 2x = 2Xx 

implies x = 0 or A = 1. If x = 0, then x 2 + y 2 = 1 implies y = ±1 and if A = 1, then —2 y = 2Xy implies y = 0 
and thus x = ±1. Thus the possible points for the extreme values of / are (±1,0), (0, ±1). But / (±1,0) = 1 
while / (0, ±1) = —1 so the maximum value of / on x 2 + y 2 = 1 is / (±1,0) = 1 and the minimum value 
is / (0, ±1) = —1. 


4. 


/ (x, y) = 4x + 6 y, g (x, y) = x 2 + y 2 = 13 => V/ = (4,6), XVg = (2Xx, 2Xy). Then 2Ax — 4 and 

2 3 /2\ 2 /3\ 2 13 

2A y = 6 imply x = — and y = - . But 13 = x 2 + y 2 = i- J + ( — J 13 = ^ ^ = ü. so 

has possible extreme values at the points (2,3), (—2, —3). We compute / (2,3) = 26 and / (—2, —3) = —26, so 
the maximum value of / on x 2 + y 2 = 13 is / (2,3) = 26 and the minimum value is / (—2, —3) = —26. 


/ 


5. / (x, y) = x 2 y , g (x, y) = x 2 + 2y 2 = 6 => V/ = (2 xy, x 2 ), AV^ = (2Xx, 4A y). Then 2 xy = 2Xx implies 
x = 0 or A = y. If x = 0, then x 2 = 4A y implies A = 0 or y = 0. However, if y = 0 then g (x, y) = 0, a 
contradiction. So A = 0 and then g (x, y) = 6 => y = ±V3. If A = y, then x 2 = 4A y implies x 2 = 4 y 2 , and 

so g(x,y) = 6 => 4y 2 + 2y 2 =6 => y 2 = 1 => y = ±1. Thus / has possible extreme values at the 

points (0, ±\/3), (d=2,1), and (±2, -1). After evaluating / at these points, we find the maximum value to be 
/ (d=2,1) = 4 and the minimum to be / (±2, —1) = —4. 
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„2 , „,2 „ 4 

f 3/ = 

r.4 i 


6. / (x, i/) = x 2 + y 2 , p (x, y) = x 4 + y 4 = 1 =► V/ = (2x, 2y>, AVp = (4Ax 3 ,4A7/ 3 ). Then x = 2Ax 3 

1 

2x 2 
,2 _ „.2 


mplies x = 0 or A = • If x = 0, then a: 4 + y 4 = 1 implies y = ±1. But y = 2A y 3 implies y = 0 so x = ±1 

1 


or A = ^2 and x = V 2 ancl 2x4 = 1 so a: = dt^=. Hence the possible points are (0, zbl), (=tl, 0), 

(±-^=,±-^=), with the maximum value of / on x 4 + y 4 = 1 being / (±^=,±-^=) = ^ = x/2 and the 

minimum value being / (0, ±1) = / (±1,0) = 1. 

7. / (x, y, z) = 2x + 6y+ 10 z, g (x, y, z) = x 2 + y 2 + z 2 = 35 =4> V/ = (2,6,10), 

XVg = (2Xx, 2Xy, 2A z). Then 2Ax = 2, 2A y = 6, 2Az = 10 imply x = T, y = and z = But 

Á Á Á 


35 = x 2 + y 2 -f z‘ 


-GH5 




35 = 


35 


A = ±1, so / has possible extreme 


values at the points (1,3,5), (-1, —3, -5). The maximum value of / on x 2 + y 2 + z 2 = 35 is / (1,3,5) = 70, 
and the minimum is / (—1, —3, —5) = —70. 

8. / (x, y, z)= 8x - 4z, g (x, y, z) = x 2 ± 10j/ 2 ± z 2 = 5 => V/ = (8,0, -4), A Vg = (2Xx, 20A y, 2Xz). 


Then 2Aa: = 8, 20Ay = 0, 2Az = —4 imply x = y = 0, and z = — —. But 

Á Á 


5 = x 2 + 10y 2 + z 2 = (^) ± 10(0) 2 ± (-|) 


_ 20 
^ 5 = Á* 


A = ±2, so / has possible extreme 


values at the points (2, 0, —1), (—2, 0,1). The maximum of f on x 2 + 10 y 2 + z 2 = 5 is / (2, 0,-1) = 20, and the 
minimum is / (—2,0,1) = —20. 


9- / ( x , V» z ) — x y z » 9 ( x i 2 /j z ) = x 2 + 2 y 2 + 3z 2 = 6 =► V/ = (yz, xz, xy), XVg = (2Xx, 4Xy, 6 A z). Then 
V/ = XVg implies A = ( yz ) / ( 2 a;) = (xz) / (4y) = ( xy ) / ( 62 ) or x 2 = 2 y 2 and z 2 = |y 2 . Thus 

x 2 + 2y 2 + 3 z 2 = 6 implies 6y 2 = 6 or y = ± 1 . Then the possible points are ^ x/2, zbl, y/|), ^\/2, ±1, _ \/|)» 

J-y/2, ±1, y/|), \/2, ±1, -y/|). And the maximum value of / on the ellipsoid is occurring when all 

coordinates are positive or exactly two are negative and the minimum is — occurring when 1 or 3 of the 
coordinates are negative. 

10. / (x , y, 2 ) = x 2 y 2 z 2 , g (x, y,z) = x 2 +y 2 + z 2 = 1 => V/ = (2xy 2 z 2 ,2yx 2 z 2 ,2zx 2 y 2 ), 

XVg = (2Ax, 2Xy, 2Xz). Then V/ = XVg implies (1) A = y 2 z 2 = x 2 z 2 = x 2 y 2 and A ^ 0, or (2) A = 0 and 
one or two (but not three) of the coordinates are 0. If (1) then x 2 = y 2 = z 2 = \. The minimum value of / on the 
sphere occurs in case (2) with a value of 0 and the maximum value is ~ which arises from all the points from (1), 
that is, thepoints (±^,^,^), (±^,-++), (±+-^,-+)- 

H- f(x,y,z) = x 2 +y 2 + z 2 , g(x,y,z) =x 4 + y 4 + z 4 = 1 =^ V/ = (2x, 2y, 2z), 

Wg = (4Xx 3 ,4\y 3 ,4Xz 3 ). 

Ccise 1: If x ^ 0, y 0 and z^ 0, then V/ = XVg implies A = 1/ (2x 2 ) = 1/ (2y 2 ) =1/ (2 jz 2 ) or 
x 3 = y 2 = z 2 and 3x 4 = 1 ora: = ±+ giving the points (±+, +, +), (±+, +), 

(=•=■&»■ -fc' ~TS)' (± W ’ ~W- ’" ~k ) a11 with an ^- value of 

Case 2: If one of the variables equals zero and the other two are not zero, then the squares of the two nonzero 
coordinates are equal with common value and corresponding / value of \¡2. 
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Case 3: If exactly two of the variables are zero, then the third variable has value ±1 with the corresponding / value 
of 1. Thus on x 4 + y 4 + z 4 = 1, the maximum value of / is y/3 and the minimum value is 1. 

12. / (rr, y, z) = x 4 +y 4 + z 4 , g (x, y, z) = x 2 + y 2 + z 2 = 1 => V/ = ( 4 x 3 , 42 / 3 , 4 z 3 ), 

AV g = (2Ax, 2 A y, 2 A z). 

Case 1: If x # 0, y / 0 and z / 0 then V/ = A Vg implies A = 2 x 2 = 2 y 2 = 2z 2 or x 2 = j / 2 = z 2 = | 
yielding 8 points each with an /-value of |. 

Case 2: If one of the variables is 0 and the other two are not, then the squares of the two nonzero coordinates are 
equal with common value A and the corresponding /-value is A. 

Case 3: If exactly two of the variables are 0, then the third variable has value ±1 with corresponding /-value of 1. 
Thus on x 2 + y 2 + z 2 = 1, the maximum value of / is 1 and the minimum value is |. 

13. f (x,y, z,t) = x + y + z + t, g (x, y, z,t) = x 2 + y 2 + z 2 +1 2 = 1 =+ (1,1,1,1) = (2Aa:, 2A y, 2A z, 2A t), 

so A = 1 / (2a;) = 1/(2 y) = 1/(2 z) = 1/ (2t) and x = y = z = t. But x 2 + y 2 + z 2 + í 2 = 1, so the possible 
points are(±l,±l,±l,± 5 ). Thus the maximum value of / is / (§, §, |, £) = 2 and the minimum value is 

f f_i -i -A -Al — -2 

14. / (xi,X 2 , • • • ,x n ) = xi + X 2 + ■ ■ ■ + x n , g (a?i,a; 2 ,... ,x n ) = x 2 + x 2 - x n = 1 => 

( 1 , 1 ,... , 1 ) = (2Aa:i, 2 Ai 2 , • ■ • , 2Ai n ), so A = 1 / ( 2 a:i) = 1 / (2x 2 ) = ■■■ = !/ (2x n ) and 

xi = x 2 = • • • = x n . But x\ ± x\ H-h i 2 = 1, so Xi = ±1 /sjñ for i = 1,... , n. Thus the maximum value 

of / is / (1/s/ñ, 1/y/ñ,... , 1/i/ñ) = s/ñ and the minimum value is / (-1/y/ñ,-1/s/ñ,... ,-1/y/ñ) = -s/ñ. 

15. f(x,y,z) = x + 2y, g (x,y, z) = x + y + z = 1, h(x,y, z) = y 2 + z 2 = 4 =h V/ = (1,2,0), 

XVg = (A, A, A) and yVh = ( 0 , 2 yy, 2yz). Then 1 = A, 2 = A ± 2yy and 0 = A ± 2yz so yy = \ = -yz or 
y=l/ (2y), z = -1/ (2/x). Thus x + y + z = 1 implies x = 1 and y 2 + z 2 = 4 implies /x = ±j^- Then the 
possible points are (l, ±\/ 2 , +V2) and the maximum value is / (l, y/2, -s/2) = 1 + 2s/2 and the minimum 
value is / (l, — V2, \/ 2 ) = 1 — 2s/2. 

16. f (x,y,z) = 3 x-% - 3z, g(x,y,z) = x + y - z = 0, h(x,y,z) = x 2 ± 2z 2 = 1 =h V/ = (3, -1, -3), 
XVg = (A, A, -A), yVh = (2yx, 0, 4yz). Then 3 = A ± 2yx, -1 = A and -3 = -A + 4/xz, so A = - 1 , 

yz = -l,yx = 2. Thus h (x, y, z) = 1 implies /L+ 2 (_L) = lor/i = ±\/ 6 , so z = x = ±-^g; and 

g (x, y, z) = 0 implies y = =p^= ■ Hence the maximum of / subject to the constraints is 

/ = 2\/6 and theminimum is / (—^, = - 2 \/ 6 . 

17. / (x,y,z) = yz + xy,g(x,y,z) = xy = 1, h(x,y,z) = y 2 + z 2 = 1 =h V/ = (y,x + z,y), 

XVg = (Xy, Xx, 0), yVh = (0, 2yy, 2yz). Then y = Xy implies A = 1 [y / 0 since g (x, y, z) = 1], 

x + z = Xx + 2yy and y = 2yz. Thus /i = z/ (2y) = y/ (2z) or y 2 = z 2 , and so y 2 + z 2 = 1 implies y = ±^, 

2 = ±±j. Then xy = 1 impliesa: = ±s/2 and thepossiblepointsare (±\/2, ±-^=, , (±\/2,± 75 ,- 75 )- 

Hence the maximum of / subject to the constraints is / (±\/2, ±^)j, ±^ 73 ) = § anc * d* e m inimum is 
/ (±\/ 2 , ±^, = \. 

Note: Since xy = 1 is one of the constraints we could have solved the problem by solving / (y, z) = yz + 1 subject 
to y 2 + z 2 = 1. 
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18- / (x, y) = 2x 2 + 3y 2 - 4x - 5 V/ = (4x - 4, 6 y> = (0,0) =► x = 1, y = 0. Thus ( 1 ,0) is the only 

critical point of /, and it Iies in the region x 2 + y 2 < 16. On the boundary, g (x, y) = x 2 + y 2 = 16 => 

XVg = (2Xx, 2Xy), so 6y = 2Xy =>■ either y = 0 or A = 3. If y = 0, then x = ± 4 ; if A = 3 , then 
4x — 4 = 2Ax => x = —2 and y = ±2\/3. Now / (1,0) = -7, f (4,0) = 11, / (-4,0) = 43, and 
/ (-2, ±2\/3) = 47. Thus the maximum value of / (x, y) on the disk x 2 + y 2 < 16 is / (-2, ±2\/3) = 47, and 
the minimum value is / ( 1 , 0 ) = — 7 . 

19. / ( x , y) = e ~ xy . For the interior of the region, we find the critical points: f x = -ye ~ xy , f y = - xe ~ xy , so the 
only critical point is (0,0), and / (0,0) = 1. For the boundary, we use Lagrange multipliers. 

9 (^, y) = x 2 + 4 y 2 = 1 => XVg = (2Ax, 8 Ay), so setting V/ = XVg we get -ye~ xy = 2Xx and 

—xe~ xy = 8 A y. The first of these gives e~ xy = -2A x/y, and then the second gives -x (-2A x/y) = SXy =» 
x 2 = 4 y 2 . Solving this last equation with the constraint x 2 4 * 4y 2 = 1 gives x = ±-^= anáy = ±^=. Now 

/ = el/4 ~ 1-284 and / (db-^=, =t^=^ = e -1/4 « 0.779. The former are the maxima on the 

region and the latter are the minima. 

20. (a) The graphs of / (x, y) = 3.7 and / (x, y) = 350 seem to be tangent 7 

to the circle, and so 3.7 and 350 are the approximate minimum and 
maximum values of the function / (x, y) subject to the constraint 
(* - 3 ) 2 + (y - 3 ) 2 = 9. 

(b) Let g (x, y) = (x — 3 ) 2 + (y - 3) 2 . We calculate f x (x, y) = 3x 2 + 3 y, 

_J y 

/y (*> V ) = 3 y 2 + 3x, g x (x, y) = 2x- 6 , and g y (x, y) = 2y — 6 , 
and use a CAS to search for solutions to the equations 
g (x, y) = (x- 3 ) 2 + (y - 3) 2 = 9, /, = \g x , and f v = \g y . 

The solutions are (x,y) = (3 - f \/2,3 - f -/2) « (0.879,0.879) and 
(x,y) = (3 + f \¡2 ,3 + f %/2) « (5.121,5.121). These give 

/ (3 - f V2,3 - f V5) = » 3.673 and / (3 + f V2,3 + f V§) = Sfi + 242 ^ w 347 . 33 , in 

accordance with part (a). 


7 



21. P(L,ÜC) = bL^K 1 -*, g(L,K) =mL±nK =p =» VP = (abL^K 1 - 01 , (1 - a) bL a K~ a ) 9 
^Vg = (Am, An). Then (K/L) 1 a = Am and (1 — a) 6 ( L/K) a = Xn and mL ± nK = p , so 
a5(Pr/L) 1-Q£ /m = (1 - a)b(L/K) a /n or na/ [m( 1 - a)] = (L/K) a (L/PT) 1-Q: or 
L = Kna/ [m (1 - a)]. Substituting into mL + nK = p gives K = (1 — a) p/n and L = ap/m for the 
maximum production. 


22.C(L,K)=mL + nK,g(L,K) = bL a K l - a = Q =+ VC = (m,n), 

Wg = (\abL a ~ 1 K 1 - a , A (1 - a) bL a K~ a ). Then (±) = --- _ W q) - (L) and = Q 

na 

to(I-q) \K) \K) ^ to(I-q) 

»°( 1 - 

bn a a 


and so b 


Kna 


K = 


Q 


b(na/ [m(l - a)])° 


m (1 — a) 

_ Qm a (1 - a) a AT Qm*- 1 (1 - a) a ~ x Qn^a 1 

— -;—:—:-and L = - - - ——- = ----r— minimtzes 

bno-'a*- 1 bm l ~ a (1 - a) 1_Q£ 


K 1 a = Q. Hence 

,1—ot _,1—a 


COSt. 
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23. Let the sides of the rectangle be x and y. Then / ( x, y) = xy. g (x, y) = 2x \ 2y = p => V/ (x, y) — (y, x), 
AVg = (2A, 2A). Then A = \y = \x implies x = y and the rectangle with maximum area is a square with side 
length \p. 

24. Let / (x, y,z) = s(s - x) (s - y) (s - z), g (x,y, z) = x + y + z. Then 

V/ = (—s (s — y) (s — z), —s (s — x)(s — z), —s (s — x) (s — y)), Wg — (A, A, A). Thus 

(1) (s — y) (s — z) = (s — x) (s - z) and (2) (s -x)(s-z) = (s- x) (s - y). (1) implies x = y while (2) 

implies y = z, sox = y = z = p /3 andthe triangle with maximumareaisequilateral. 

25. / (x, y, z) = (x - 2) 2 + (y + 2) 2 + (z - 3) 2 , g (x, y, z) = 6x + 4y - 3z = 2 

V/ = (2 (x - 2), 2 (y + 2), 2 (z - 3)) = A Vg = (6A,4A, -3A), so x = 3A + 2, y = 2A - 2, ¿ = -f A + 3 and 
(18A + 12) + (8A - 8) + f A - 9 = 2 implies A = gf. Thus the shortest distance is 

\/(S) í + (!L) ! + (-S) , = +- 

26. / (x, y, z) = (x + 4) 2 + (y - l) 2 + (z - 3) 2 , g (x,y, z) = 2x - y + z = 1 =+ 

V/ = (2 (a: + 4), 2 (y - 1), 2 (z - 3)) = A Vg = (2A, -A, A), so x = X — 4, y = 1 - f A, z = 3 + f A and 
2 (A - 4) - (1 - |A) + (3 + f A) = 1 implies A = |. Thus the point is (-§, -5, ^). 

27. / (x, y, z) =x 2 + y 2 + z 2 , g(x,y,z) = z 2 - xy - 1=0 =► 

V/ = (2x, 2y, 2z) = A Vg = (-A y, -Xx, 2A z). Then 2z = 2A z implies z = 0 or A = 1. If z = 0 then 
g (x, y, z) = 1 implies xy = — 1 or x = — 1/y. Thus 2x = —A y and 2y — —Xx imply A = 2 /y 2 = 2 y 2 or 
y = ±1, x = ±1. If A = 1, then 2x = -y and 2 y = -x imply x = y = 0, so z = ±1. Hence the possible points 
are (±1, +1,0), (0,0, ±1) and the minimum value of / is / (0,0, ±1) = 1, so the points closest to the origin are 
(0,0, ±1). 

28. / (x, y, z) = x 2 + y 2 + z 2 , g (x, y, z) = x 2 y 2 z = 1 =í> 

V/ = (2x, 2 y, 2z) = XVg = (2Xxy 2 z, 2Xx 2 yz, Xx 2 y 2 ). Then A y 2 z = 1, Xx 2 z = 1 and Xx 2 y 2 = 2z so 
y 2 z = x 2 z and x = ±y. Also 2z/l = Xx 2 y 2 / (Ax 2 z) so 2z 2 = y 2 and y = ±\/2z. But x 2 y 2 z = 1 implies 
z > 0 and 4z 5 = 1. Thus the points are (±2 1/10 , ±2 1/10 ,2 -2/5 ^, and the minimum distance is attained at each 
of these. 


29. / (x, y, z) = xyz, g (x, y, z) = x + y + z = 100 =► V/ = (yz, xz, xy) = XVg — (X, X, A). Then 

A = yz = xz = xy implies x = y = z = 

30. f(x,y,z) = x a y b z c ,g(x,y,z) = x + y + z = 100 

=> V/ = (ax a ~ 1 y b z c ,bx a y b ~ 1 z c ,cx a y b z c ~ 1 ) = XVg = (A,A, A). Then 

A = ax a ~ 1 y b z c = bx^y^^z 0 = cx^yhz^ 1 or ayz = bxz = cxy. Thus x = ^, z = ^, and 


ay cy . . 1006 100a 

4* y + = 10 0 ímplies that y = — , x = , ■ ; 

6 6 a + 6 + c a + 6 + c 


and z = 


100 c 

a + 6 + c 


gives the maximum. 


31. If the dimensions are 2x, 2 y and 2z, then / (x, y, z) = 8 xyz and g ( x, y, z) = 9x 2 + 3 6y 2 + 4 z 2 =36 

V/ = (8 yz, 8xz, 8xy) = XVg = (18Ax, 72Xy, 8Az). Thus 18Ax = 8 yz, 72Xy = 8xz, 8Az = 8 xy so x 2 = 4 y 2 , 
z 2 = 9 y 2 and 36y 2 + 36t/ 2 + 36 y 2 = 36 or y = (y > 0). Thus the volume of the largest such rectangle is 


8 (*) (*) (A) = 16 ^' 
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32. / (*, y, z) = 8 xyz, g ( x , y, z) = a 2 b 2 c 2 =► V/ = (8 yz, 8 xz, 8 xy) = XVg = (2Xb 2 c 2 x, 2Xa 2 c 2 y, 2Xa 2 b 2 z). 



Vl’ X ~ V3’ Z ~ V3 


and the volume is -^=abc. 

33. / (x, y, z) = xyz, g (x, y, z) = x + 2y + 3z = 6 V/ = (yz, xz, xy) = XVg = (X, 2X, 3A). 

Then X = yz = \xz = \xy implies x = 2y, z = \y. But 2y + 2y + 2y = 6 so y = 1, x = 2, z = § and the 
volume isV=\. 

34. / (x, y, z) = xyz, g (x, y, z) = xy + yz + xz = 32 =► 

V/ = (yz, xz, xy) = XVg = (X (y + z), X (x + z), X (x + y)). Then (1) X(y + z) = yz, (2) X(x + z)=xz 
and (3) A (x + y) = xy. And (1) minus (2) implies X(y - x) = z(y - x) so x = y or X = z.lf X = z, then (1) 
implies z(y + z)=yzorz = 0 which is false. Thus x = y. Similarly (2) minus (3) implies X(z - y) = x(z - y) 
soy = zorX = x.As above, A yÉ a;, so a: = y = z and 3a; 2 = 32 or a; = y = z = cm. 

35. / (x, y, z) = xyz, g (x,y,z) = 4(x+ y + z) = c =+ V/ = (yz, xz, xy), XV g = (4A, 4A, 4A). Thus 

4A = yz = xz = xy or x = y = z = yj c are the dimensions giving the maximum volume. 

36. C (x, y, z) = 5 xy -f 2 xz + 2yz, g (x, y, z) = xyz = V 

VC = (5 y + 2z, 5x + 2z, 2x + 2y) = XVg = (Xyz, Xxz, Xxy). Then (1) Xyz = 5 y + 2z, (2) Xxz = 5a: + 2z, 
(3) Xxy = 2 (x + y) and (4) xyz = V. Now (1)—(2) implies Xz (y — x) = 5 (y — a;), so x = y or A = 5/z, but 
z can’t be 0, so x = y. Then twice (2) minus five times (3) together with x = y implies 

A V ( 2 * ~5y)=2 (2 z - 5y) which gives z=\y [again A / 2/y or else (3) implies y = 0]. Hence |y 3 = V and 

the dimensions which minimize cost are x = y = ‘\j=V units, z = V 1,z (|) 2/3 units. 

37. / (x, y, z)=xy + 2xz + 2yz, g (x, y, z) = xyz = 32,000 cm 3 =+ 

V/ = (2z + y,2z + x,2(x + y)) = XVg = (Xyz, Xxz, Xxy). Then (1) Xyz = 2 z + y, (2) Xxz = 2z + x, and 
(3) Xxy = 2(x + y). Now (1)—(2) implies Xz (y - x) = y - x,so x = y or X = 1 /z. If A = 1 /z then (1) implies 
z = 0 which can’t be, so x = y. But twice (2) minus (3) together with x = y implies 

A V ( 2x ~y) = (4¿ + 2 y) - 4y or Xy (2z - y) = 2 (2z - y) so z = y/2 or X = 2/y. If A = 2/y then (3) implies 
y — 0 which can t be. Thus x = y = 2z and \y 3 = 32,000 or y = 40 and the dimensions which minimize the 
volume are x = y = 40 cm, z = 20 cm. 

38. Let the dimensions of the box be x, y, and z, so its volume is / (a;, y, z) = xyz, its surface area is 
9 (z. y, z) = xy + yz + xz = 750 and its total edge length is h (x, y, z) = x + y + z = 50. Then 

V/ = (yz, xz, xy) = XVg + /zVh = (X(y + z) , X(x + z) , X(x + y)) + (y, y,, y,). So (1) yz = X (y + z) + y,, 
(2) xz = X(x + z) + y,, and (3) xy = A (x + y) + fi. Notice that the box can’t be acube or else x = y = z = ^ 
but then xy + yz + xz = / 750. Assume x is the distinct side, that is, x / y, x / z. Then (1) minus (2) 

implies z(y — x) = X(y — x) or X = z, and (1) minus (3) implies y (z - x) = X (z — x) or X = y. So y = z = X 
and x + y + 2 = 50 implies x = 50 - 2A; also xy + yz + xz = 750 implies x (2X) + X 2 = 750. Hence 



or 3A 2 — 100A + 750 = 0 and A = giving the points 

Ó 
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(| (50 T 10\/TÜ), | (50 ± 5\/IÓ), 5 (50 ± 5\/Í0)). Thus the minimum of / is 
/ (¿ (50 - 10\/3) , 5 (50 + 5\/T0) , ¿ (50 + 5\/T0)) = £ (87,500 - 2500\/T0), and its maximum is 

/(|(50+ 10\/T0) , ¿ (50 - 5\/T0), | (50 - 5^TÜ)) = ± (87,500 + 2500\/To). 

Note: If either y or z is the distinct side, then symmetry gives the same result. 


39. We need to find the extreme values of / ( x, y, z) =x 2 +y 2 -f z 2 subject to the two constraints 

g (x, y, z) = x + y + 2z = 2 and h (x, y, z) = x 2 + y 2 - z = 0. V/ = (2x, 2 y, 2 z), XWg = (A, A, 2A) and 
fiVh = (2 fix, 2 fiy, -fj). Thus we need (1) 2x = A + 2fix, (2) 2y = X + 2fiy, (3) 2z = 2X - fi, 

(4) x + y + 2z = 2, and (5) x 2 +y 2 - z = 0. From (1) and (2), 2 (x - y) = 2fi (x - y), so if x ¿ y, fi = 1. 
Putting this in (3) gives 2z = 2X - 1 or A = z + \, but putting fi = 1 into (1) says A = 0. Hence z + \ = 0 or 
z = -\. Then (4) and (5) become x + y - 3 = 0 and x 2 + y 2 + \ = 0. The last equation cannot be true, so this 
case gives no solution. So we must have x = y. Then (4) and (5) become 2x + 2z = 2 and 2x 2 — z = 0 which 
imply z = 1 — x and z = 2x 2 . Thus 2a: 2 = 1 — x or 2x 2 + x — 1 = (2x — 1) (x 4-1) = 0 so x = \ or x = — 1. 

The two points to check are (|, \, \) and (—1, -1,2): / (^, \, |) = | and / (—1, —1, 2) = 6. Thus (\, \, is 

the point on the ellipse nearest the origin and (—1, — 1,2) is the one farthest from the origin. 

40. To find the highest and lowest points on the ellipse of intersection, we can find the maximum and minimum values 
of / (x, y,z) = z subject to the constraints g(x,y,z) = x + y + 2z = 2 and h (x, y, z) = x 2 + y 2 — z = 0. Now 
v/ = (0,0,1), XX/g = (X, X, 2A), fiX/h = (2 fix, 2fiy,-fi), and V/ = XX/g + fiXZh implies (1) 0 = A 4- 2 fix, 
(2) 0 = A + 2 fiy, and (3) 1 = 2A - fi. From (1) and (2) we have 2 fix = 2fiy, so x = y.[fi^ 0, otherwise (3) 
gives X = \ which contradicts (1).] The constraints become (4) 2x + 2z = 2 and (5) 2x 2 -z = 0. Substituting 

z = 2x 2 from (5) into (4) gives 2x + 4x 2 = 2 (2x - 1) (x + 1) = 0 => x = \, -1. Thus / has 

possible extreme values at the points (^, \, \) and (—1, —1,2). The highest point on the ellipse is 
/ (—1, -1,2) = 2, and the lowest point is / (|, \, |) = \. 

41. (a) We wish to maximize f (x i, £2, • • • , ^n) = \Jx\x<i • • • x n subject to 

g(x l, X 2 , • • • , Xn) = X\ + X 2 H- \~ X n = C 3Iiá X{ > 0. 

V/ = (x\X 2 • ••Xn)"" 1 (x 2 • • • Xn) , ^ (x\X 2 * ••X n )"' 1 (X\X 3 • • • X n ) , • • • , 

X (X\X 2 * ••Xn)”" 1 (X\ • * -X n _l)^ 

and XVg = (A, A,... , A), so we need to solve the system of equations 


— (x\X 2 • • * Xn) n 1 (x 2 • • • Xn) = X 
n 

=í> 

ds\ ds 2 

.. X 1/n 

x n 

= nXx\ 

— (x\X 2 • • • X n )" _1 (x\X 3 • • • Xn) = X 
n 


l/ n T l /n . 

X\ d, 2 

. . T 1/n 
dj n 

= nXx 2 

— (X\X 2 • • • Xn)~ x ~ l (x\ • • • Xn- 1) = A 

n 

=> 

1/n 1/n 

X\ x 2 ' • 

■•X 1 r ! n 

= nXx n 


This implies n\x\ = n\x 2 = • • • = n\x n . Note X ^ 0, otherwise we can’t have all > 0. Thus 
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Xi = X2 = • ' ' = Xn . But X\ + X2 + ' ' * + X n = C => 71X\ = C => X\ = — = X2 = Xs = •’• = X n . 

n 

Then the only point where / can have an extreme value isf—V Since we can choose values for 

\n n n/ 

(x\j X 2 , •.. ,x n ) that make / as close to zero (but not equal) as we like, / has no minimum value. Thus the 
maximum 


tvalueis /(— .-) = 

\n n nJ y n 


V c 

c 

c 

c 





/ n 

n 

n 

n 


(b) From part (a), - is the maximum value of /. Thus / (zi, x 2l ... , x n ) = yx\x 2 • • -x n < -. But 
n n 

Xi + x 2 4- • • • H- x n = c, so y/x\x 2 • • • x n < —-—. These two means are equal when / attains 

n j 

its maximum value -, but this can occur only at the point ,-Wé found in part (a). So the means 

71 \n n n/ 

are equal only when x\ = x 2 = x 3 = • • • = x n = -. 

n 

42. (a) Let / (x \,... , x n , 2 / 1 ,... , t/ n ) = X] x íVíi 9 (^i? • • • , íc n ) = XI x i » 3114 /i (xi,... , x n ) = X 2/?- Then 

¿=1 ¿=1 t=i 

71 n 

V / = V X = ( 2 / 1 , 2 / 2 ,... ,y n ,zi,x 2 ,... ,x n ),Vg = V ¿ = (2®i, 2® 2 , ... ,2x n ,0,0,... , 0 ) 

7—1 í=i 

n 

and Vfe = V £ y? = ( 0 , 0 ,... , 0 , 2 yi ,2 y 2 ,..., 2 y n ). So V/ = A Vg + fxVh y< = 2Ax { and 

1 = 1 

= 2 M2/íi 1 <i<n. Then 1 = X 2/? = £ 4 A 2 z? = 4A 2 X = 4A 2 A = ± 4 . 

i = i i=i i = i 2 

^ ^ = 2 ^ en 2 /í = 2 (^) a^t = 1 < ¿ < n. Thus X xiyi = X = 1. Similarly if A = we get 

í=i i =i 

71 n 

y, = -Xi and E x ¿ j/í = -1. Similarly we get m = ±5 giving 3 /i = ±x it 1 < ¿ < n, and ¿ x iyi = ± 1 . 


Í=1 


Tl 

Thus the maximum value of X x íVí is 1. 

i = 1 


71 9 n 9 n 

(b) Here we assume X^ a ¿ ^ an< i X ^i 7 ^ 0- (If X = 0» then each a¿ = 0 and so the inequality is trivially 

E*? = 54 = l,and w « bi 


true.) Xi = 




E«? 


from (a), E x iVi = E ~^ ~ 2 < 1 J> 6 , < 


y' ^2 

E?/. ? = = 1- Therefore, 


Applied Project □ Rocket Science 

1. Initially the rocket engine has mass M r = Mj and payload mass P = M 2 + M 3 + A. Then the change in velocity 

resulting from the first stage is AVi = -cln Ml. ^ j. After the first stage is jettisoned we 

can consider the rocket engine to have mass M r = M 2 and the payload to have mass P = M 3 + A. The resulting 

change in velocity from the second stage is AV 2 = -cln (1 - ~ ). When only the third stage 

V M 3 + A + M 2 J j 6 

remains, we have M r = M 3 and P = A, so the resulting change in velocity is AV 3 = -cln ( 1 - (j_~ S ) Ma ) 

\ A + M 3 J' 


t 





















I 
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Since the rocket started from rest, the final velocity attained is 


Vf = AVi -+■ AV2 + AV3 

Ma + Ma+A + Mi) ^ ’ \ 


= —cln ^l — 


(1 -S)M a \ 
A /3 + A H- AÍ 2 / 

+ (—c) ln 


(1-5)M 3 \ 

a + m 3 ) 


= —c 


ln 


'Afi + M 2 + M 3 + A - (1 - 5) Mi \ 


Aíi + A /2 + A/f 3 + A 


V 


+ ln 


A /2 + A /3 + Á — (1 — S) M 2 A 
v A /2 + A /3 + A J 

M s + A - (1 - 5) M 3 


+ ln 


m 3 + a 


)] 


/ M\ + M2 + M3+ A\ f M 2 + M 3 + A\ / M 3 + A \ 
\SMi +M 2 + M 3 + a) + \SM 2 +M 3 + a) \SM 3 +A) 


2. Define A r i = 


Mi + M 2 + M 3 + + Ar 
SMi+M 2 +M 3 + A’ 2 


M 2 + M 3 + A 
5M 2 + M 3 + j4’ 


and N 3 = 


M 3 +A 
SM 3 + A 


. Then 


_ jj.. Mi + M 2 + M 3 + A 
(1 - S) Ni _ ^ ^ 5Mi + M 2 + M 3 + >1 

1 — SN\ . c, Mi + M 2 + M 3 + A 
SMi + M 2 + M 3 + A 

_ (1 - S) (Mi + M 2 + M 3 + y1) _ 

SM\ + M 2 + M 3 + A — S (Mi + M 2 + M 3 + >1) 

(1 - 5) (Mi + M 2 + M 3 + A) _ Mi + M 2 + M 3 + A 
(1-5) (M 2 + M 3 + A) M 2 + M 3 + A 


as desired. 

Similarly, 

(1 -S)N 2 _ (1 - 5) (M 2 +M 3 + A) __ (1 - 5) (M 2 + M 3 + A) _ M 2 + M 3 + A 

1 - SN 2 ~ 5M 2 +M 3 + A-S(M 2 + M 3 + A) (1-5) (M 3 + >1) M 3 + A 


and 


(1 - 5) N 3 (1 - 5) (M 3 + A) _ (1 - 5) (M 3 + >1) _ M 3 + A 
1 — SN 3 ~ SM 3 + A-S(M 3 + A) (1-5)(í4) A 


Then 


M + + Afi + M 2 + M 3 + ,4 _ Mi + M 2 + M 3 + .4 M 2 + A y / 3 + /1 M 3 + A 

+. +. M 2 + M 3 + A M 3 + A A 

(1 — 5) N\ (1 — 5) N 2 (1 — S)N 3 _ (1 — 5) 3 NiN 2 N 3 

~ 1-SNi ' 1 -SN 2 ' 1-5AT 3 (1 - SJVi) (1 - 57V 2 ) (1 - SN 3 ) 
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3. Smce A > 0, M + A and consequently - ~j~ is minimized for the same values as M. ln x is a strictly increasing 


function, so ln 


(M + A 

V A 


M + A 

must give a minimum for the same values as —— and hence M. We then wish to 


.... ÍM + A\ , . 

mmimize ln I —-— j subject to the constraint c (ln AT a + ln7V 2 + ln N 3 ) = v¡. From Problem 2, 

l n f M + A\ = / {l - S f Nl N 2 N 3 \ 

V A ) \(1-SNi)(1-SN 2 )(1-SN 3 )J 

= 31n (1 - S) + ln ATi + ln AT 2 + ln AT 3 - ln (1 - SNi) - ln (1 - SN 2 ) - ln (1 - SN Z ) 
Using the method of Lagrange multipliers, we need to solve 

^ ( A ) = ^ ^2 -f ln 7V3)] with c (ln N\ + ln N 2 + ln N$) = v/ in terms of TVi, N 2 , 

and N 3 . The resulting system is 


- 1 _ ^ = X— 

Ni 1- SNi TVi 


-L-|__ ? =X JL 

n 2 1 - sn 2 n 2 

c (ln N\ 4- ln N 2 + ln N 3 ) = Vf 


J , 5 =A C 

n 3 1 - sn 3 n 3 


One approach to solving the system is isolating cA in the ftrst three equations which gives 

SN i - - ■ SN 2 , . SN 3 _ Ni ' N 2 N 3 


1 + 


— cA — 1 -p 


= 1 + 


1 - 5ATi 1 - SN 2 " ’ 1 - SN 3 1 - SNi. 1 - SN 2 ~ 1 - SN 3 

Ni = N 2 = N 3 (verify!). This says the fourth equation can be expressed as c (ln Ni + ln Ni + ln Ni ) = v¡ 

3c ln Ni = Vf => ln ATi = —. Thus the minimum mass M of the rocket engine is attained for 

Ni=N 2 = N 3 = e v f /{Zc) . 

4. Using the previous results, 

M±A _ (1 - S ) 3 NiN 2 N 3 _ (! - 5) 3 ^ p //( 3e )] _ ( 1 - s) 3 e v t /c 

A (1 — SN\) (1 — SN 2 ) (1 — SN 3 ) [l — 5e v //( 3c )] 3 [l — Se v f^ 3c ^] 

M = 4(1-5)» 


r. Then 


[l — Se v f / ( Zc) Y 

_ 4(1—0 2) 3 p(17.500/6000) 

5. (a) From Problem 4, M = —-- — - 

(1 - 0.2el 17 - 500 /( 3 ' 600 °)l ) 3 


-Ata 90.4/1 - A = 89.4/1. 


(b) First, N 3 = 

N 2 = 


Ml + A g[i7,5oo/(3-6000)] _ Af 3 + A ^ _ A (l e 1 ) 


SM 3 +A 
M 2 + M 3 + A 


0.2 M 3 + A 


0.2e 35 / 36 - 1 


! 3.49/1. Then 


M 2 + 3.49/1 + A 
SM 2 +M 3 +A 0.2 M 2 + 3.49/1 + A 


M 2 = 


4.49/1 


í 1 _ e 3S/36\ 

- - L « 15.67/1 


and N _ Mi + M 2 + M 3 + A _ Mi + 15.67/1 + 3.49/1 + /1 
SMi + M 2 + M 

20.16/1 íl - e 3s/36 ) 

Mi =-A-Z 


0.2e 35 / 36 - 1 


SMi +M 2 + M 3 +A 0.2Mi + 15.67/1 + 3.49/1 + A 
70.36/1. 


0.2e 35 / 36 - 1 
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6. As in Problem 5, N 3 = 


M a + A 
SM 3 +A 


24,700/(3-6000) _ — => 

0.2M 3 + A 


„ A (i - e 247/18 °) ^ _ M 2 + M 3 + A M 2 + 13.9A + A ^ 

M * ~ 0.2e 247 / 180 - 1 ~ iá ' 9 ’ 2 SM 2 +M 3 + A 0 . 2 M 2 + 13.9A + A 

14.9A (l - e 247/180 ) M 1 +M 2 +M 3 +A Mi + 208A + 13.9A + A 

M * = 0.2e 247 / 180 - 1 “ 2 ° 8A ’ and N3 ~ SMi +M 2 + M 3 + A 0.2Mi + 208A + 13.9A + A 

222.9 A (l- e 247/180 ) 

Mi = --- — w 3110A. Here A = 500, so the mass of each stage of the rocket engine is 

0 . 2 e 247 / 180 - 1 

approximately Mi = 3110 (500) = 1,550,000 lb, M 2 = 208 (500) = 104,000 lb, and 
M 3 = 13.9 (500) = 6950 lb. 


Applied Project □ Hydro-Turbine Optimization 


1. We wish to maximize the total energy production for a given total flow, so we can say Qt is fixed and we want to 
maximize KWi + KW 2 + KW 3 . Notíce each KW t has a constant factor (170 - 1.6 • 10 -6 Qt), s° to simplify 
the computations we can equivalently maximize 


f (Qi > Q 2 , Q 3 ) 


KWi + KW 2 + KW 3 
170 - 1.6 • 10- 6 Q|. 

(-18.89 + 0.1277Qi - 4.08 • 10 -5 Q?) 

+ (-24.51 + 0.1358Q 2 - 4.69 • 10 -5 Q 2 ) 

+ (-27.02 + 0.1380Q 3 - 3.84 • 10 -S QÍ) 


subject to theconstraint g (Qi,Q 2 ,Q 3 ) = Qi + Q 2 + Q 3 = Qt- So first wefind the values of Qi,Q 2 ,Q 3 where 
V/ (Qi, Q 2 , Qs) = A Vg (Qi, Q 2 , Qs) and Qi + Q 2 + Q 3 = Qt which is equivalent to solving the system 

0.1277 - 2 (4.08 • 10 -5 ) Qi = A 
0.1358 - 2 (4.69 • 10 -5 ) Qi= A 
0.1380 - 2 (3.84 • 10 -5 ) Q 3 = A 
Qi + Q 2 + Q 3 = Qt 

Comparing the first and third equatíons, we have 0.1277 — 2 (4.08 • 10 5 ) Qi = 0.1380 — 2 (3.84 • 10 ) Q 3 

= 4 . Qj = -126.2255 + 0.9412Q 3 . From the second and third equations, 

0.1358 - 2 (4.69 • 10 -5 ) Q 2 = 0.1380 - 2 (3.84 • 10 -5 ) Q 3 =+ Q 2 = -23.4542 + 0.8188Q 3 . Substítutíng 
into Qi + Q 2 + Q 3 = Q t gives (-126.2255 + 0.9412Q 3 ) + (-23.4542 + 0.8188Q 3 ) + Q 3 = Qt 
2.76Q 3 = Qt + 149.6797 => Q 3 = 0.3623Qt + 54.23. Then 

Qi = -126.2255 + 0.9412Q 3 = -126.2255 + 0.9412 (0.3623Qt + 54.23) = 0.3410Qt - 75.18 and 
Q 2 = -23.4542 + 0.8188 (0.3623Qt + 54.23) = 0.2967Qt + 20.95. As long as we maintain 
250 < Qi < 1110, 250 < Q 2 < 1110, and 250 < Q 3 < 1225, we can reason from the nature of the functions 
KWi that these values give a maximum of /, and hence a maximum energy production, and not a minimum. 
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2. From Problem 1, the value of Qi that maximizes energy production is 0.3410Q T - 75.18, but since 

250 < Qi < 1110, we must have 250 < 0.3410Q T - 75.18 <1110 => 325.18 < 0.3410Q T < 1185.18 => 
953.6 < Qt < 3475.6. Similarly, 250 < Q 2 < 1110 => 250 < 0.2967Q T + 20.95 < 1110 => 

772.0 < Qt < 3670.5, and 250 < Q 3 < 1225 => 250 < 0.3623Q T + 54.23 < 1225 => 

540.4 <Qt< 3231.5. Consolidating these results, we see that the values ffom Problem 1 are applicable only for 
953.6 < Q t < 3231.5. 

3 . If Qt = 2500, the results ffom Problem 1 show that the maximum energy production occurs for 

Qi = 0.3410Q t - 75.18 = 0.3410 (2500) - 75.18 = 777.3 

Q 2 = 0.2967Q t + 20.95 = 0.2967 (2500) + 20.95 = 762.7 

Q 3 = 0.3623Q t + 54.23 = 0.3623 (2500) + 54.23 = 960.0 

The energy produced for these values is KWi + KW 2 + KW 3 « 8915.2 + 8285.1 + 11,211.3 » 28,411.6. We 
compute the energy production for a nearby distribution, Qi = 770, Q 2 = 760, and Q 3 = 970: 

KW\ + KW 2 + KW 3 « 8839.8 + 8257.4 + 11,313.5 = 28,410.7. For another example, we take Qi = 780, 

Q 2 = 765, and Q 3 = 955: KWi + KW 2 + KW 3 « 8942.9 + 8308.8 + 11,159.7 = 28,411.4. These 
distributions are both close to the distribution ffom Problem 1 and both give slightly lower energy productions, 
suggesting that Qi = 777.3, Q 2 = 762.7, and Q 3 = 960.0 is indeed the optimal distribution. 

4. First we graph each power function in its domain if all of the 
flow is directed to that turbine (so Q¿ = Q T ). 

If we use only one turbine, the graph indicates that for a 
water flow of 1000 ft 3 /s, Turbine 3 produces the most power, 
approximately 12,200 kW. In comparison, if we use all three 
turbines, the results of Problem 1 with Q T = 1000 give 
Qi = 265.8, Q 2 = 317.7, and Q 3 = 416.5, resulting in a 
total energy production of 

KWi + KW 2 + KW 3 « 8397.4 kW. Here, using only one turbine produces significantly more energy! If the flow 
is only 600 ft 3 /s, we do not have the option of using all three turbines, as the domain restrictions require a minimum 
of 250 ft 3 /s in each turbine. We can use just one turbine, then, and from the graph Turbine 1 produces the most 
energy for a water flow of 600 ft 3 . 

5. If we examine the graph from Problem 4, we see that for water flows above approximately 450 ft 3 /s, Turbine 2 
produces the least amount of power. Therefore it seems reasonable to assume that we should distribute the incoming 
flow of 1500 ft 3 /s between Turbines 1 and 3. (This can be verified by computing the power produced with the other 
pairs of turbines for comparison.) So now we wish to maximize KW\ + KW 3 subject to the constraint 

Qi + Q 3 = Qt where Q T = 1500. 
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As in Problem 1, we can equivalently maximize 


f(QuQz) 


KWi + KW 3 
170 - 1.6 • 10- 6 Q?. 


= (-18.89 + 0.1277Qi - 4.08 • 10" S Q?) + (-27.02 + 0.1380Q 3 - 3.84 • 10 S Q§) 
subject to the constraint g (Qi, Q 3 ) = Qi + Qs = Qt . 

Thenwesolve V/(Qi,Q 3 ) = AVp(Qi,Q 3 ) =+ 0.1277 - 2 (4.08 • 10" 5 ) Qi = A and 

0.1380 - 2 (3.84 • 10" 5 ) Qs = A, thus 0.1277 - 2 (4.08 • 10“ 5 ) Qi = 0.1380 - 2 (3.84 • 10" 5 ) Qs =► 

Qi = -126.2255 + 0.9412Q 3 . Substituting into Qi + Qs = Qt gives -126.2255 + 0.9412Q 3 + Qs = 1500 
=> Q 3 w 837.7, and then Qi = Qt - Q 3 « 1500 - 837.7 = 662.3. So we should apportion approximately 
662.3 ft 3 /s to Turbine 1 and the remaining 837.7 ft 3 /s to Turbine 3. The resulting energy production is 
KWi + KWs « 7952.1 + 10,256.2 = 18,208.3 kW. (We can verify that this is indeed a maximum energy 
production by checking nearby distributions.) In comparison, if we use all three turbines with Qt — 1500 we get 
Qi = 436.3, Q 2 = 466.0, and Q 3 = 597.7, resulting in a total energy production of 
KWi + KW 2 + KWs « 16,538.7 kW. Clearly, for this flow level it is beneficial to use only two turbines. 


6 . Note that an incoming flow of 3400 ft 3 /s is not within the domain we established in Problem 2, so we cannot simply 
use our previous work to give the optimal distribution. We will need to use all three turbines, due to the capacity 
limitations of each individual turbine, but 3400 is less than the maximum combined capacity of 3445 ft 3 /s, so we 
still must decide how to distribute the flows. From the graph in Problem 4, Turbine 3 produces the most power for 
the higher flows, so it seems reasonable to use Turbine 3 at its maximum capacity of 1225 and distribute the 
remaining 2175 ft 3 /s flow between Turbines 1 and 2. We can again use the technique of Lagrange multipliers to 
determine the optimal distribution. Following the procedure we used in Problem 5, we wish to maximize 
KWi + KW 2 subject to the constraint Qi + Q 2 = Qt where Qt = 2175. We can equivalently maximize 


/(Q 1 .Q 2 ) 


KWi + KW 2 
170 - 1.6 • 10 _6 Qj, 


= (-18.89 + 0.1277Qi - 4.08 ■ 10 _5 Qi) + (-24.51 + 0.1358Q 2 - 4.69 • 10 5 Ql) 

subject to the constraint g (Qi,Q 2 ) = Qi + Qs = Qt- Then we solve V/ (Qi,Q 2 ) = A Vg (Qi,Q 2 ) => 
0.1277 - 2 (4.08 • 10" 5 ) Qi = A and 0.1358 - 2 (4.69 • 10“ 5 ) Q 2 = A , thus 

0.1277 - 2 (4.08 • 10 -5 ) Qi = 0.1358 - 2 (4.69 • 10“ 5 ) Q 2 =+ Qi = -99.2647 + 1.1495Q 2 . Substituting 
into Qi + Q 2 = Qt gives -99.2647 + 1.1495Q 2 + Q 2 = 2175 => Q 2 « 1058.0, and then Qi « 1117.0. 
This value for Qi is larger than the allowable maximum flow to Turbine 1, but the result indicates that the flow to 
Turbine 1 should be maximized. Thus we should recommend that the company apportion the maximum allowable 


flows to Turbines 1 and 3,1110 and 1225 ft 3 /s, and the remaining 1065 ft 3 /s to Turbine 2. Checking nearby 
distributions within the domain verifies that we have indeed found the optimal distribution. 




402 □ CHAPTER15 PARTIAL DERIVATIVES ET CHAPTER 14 


Review ET14 

1 CONCEPT CHECK 

1. (a) A function / of two variables is a rule that assigns to each ordered pair ( x , y) of real numbers in its domain a 

unique real number denoted by / (x, y). 

(b) One way to visualize a function of two variables is by graphing it, resulting in the surface z = f(x,y). Another 
method for visualizing a function of two variables is a contour map. The contour map consists of level curves of 
the function which are horizontal traces of the graph of the function projected onto the xy- plane. Also, we can 
use an arrow diagram such as Figure 1 in Section 15.1 [ET 14.1]. 

2. A function / of three variables is a rule that assigns to each ordered triple (x, ?/, z) in its domain a unique real 
number / (x, y, z). We can visualize a function of three variables by examining its level surfaces / (x, y, z) = k, 
where k is a constant. 

3- ( x b) f ^ X ’ ^ = ^ means tlie va * ues / (®) y) approach the number L as the point (x, y) approaches the 

point (a, b) along any path that is within the domain of /. We can show that a limit at a point does not exist by 
finding two different paths approaching the point along which / (x, y) has different limits. 

4 . (a) See Definition 15.2.4 [ET 14.2.4]. 

(b) If / is continuous on IR 2 , its graph will appear as a surface without holes or breaks. 

5. (a) See (2) and (3) in Section 15.3 [ET 14.3]. 

(b) See the discussion preceding Example 2 in Section 15.3 [ET 14.3]. 

(c) To find f x , regard y as a constant and differentiate / (x, y) with respect to x. To find f y , regard xasa constant 
and differentiate / (x, y) with respect to y. 

6. See the statement of Clairaut’s Theorem on page 936 [ET 902]. 

7. (a) See (2) in Section 15.4 [ET 14.4]. 

(b) See (19) and the preceding discussion in Section 15.6 [ET 14.6]. 

8. See (3) and (4) and the accompanying discussion in Section 15.4 [ET 14.4]. We can interpret the linearization of / 
at (a, b) geometrically as the linear function whose graph is the tangent plane to the graph of / at (a, b). Thus it is 
the linear function which best approximates / near (a, b). 

9. (a) See Definition 15.4.7 [ET 14.4.7]. 

(b) UseTheorem 15.4.8 [ET 14.4.8]. 

10. See (10) and the associated discussion in Section 15.4 [ET 14.4]. 

11 . See (2) and (3) in Section 15.5 [ET 14.5]. 

12 . See (7) and the preceding discussion in Section 15.5 [ET 14.5]. 

13. (a) See Definition 15.6.2 [ET 14.6.2]. We can interpret it as the rate of change of / at (a?o, yo) in the direction of u. 

Geometrically, if P is the point (xo, yo, f (xo, yo)) on the graph of / and C is the curve of intersection of the 
graph of / with the vertical plane that passes through P in the direction u, the directional derivative of / at 
(a: 0 ,2/o) in the direction of u is the slope of the tangent line to C at P. (See Figure 5 in Section 15.6 [ET 14.6].) 
(b) See Theorem 15.6.3 [ET 14.6.3]. 

14 . (a) See (8) and (13) in Section 15.6 [ET 14.6]. 

(b) Duf (x, y) = V/ (x, y) • u or D u f (x, y, z) = V/ (x, y,z)-u 

(c) The gradient vector of a function points in the direction of maximum rate of increase of the function. On a graph 
of the function, the gradient points in the direction of steepest ascent. 
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15. (a) / has a local maximum at (a, b) if / (x, y) < f (a, b) when (x, y) is near (a, b). 

(b) / has an absolute maximum at (a, 6) if / (x, y) < f (a, fr) for all points (rr, y) in the domain of /. 

(c) / has a local minimum at (a, 6) if / (rr, y) > f (a, 6) when (x, y) is near (a, 6). 

(d) / has an absolute minimum at (a, 6) if / (x, y) > f (a, 6) for all points (x, y) in the domain of /. 

(e) / has a saddle point at (a, 6) if / (a, 6) is a local maximum in one direction but a local minimum in another. 

16. (a) By Theorem 15.7.2 [ET 14.7.2], if / has a local maximum at (a, 6) and the first-order partial derivatives of / 

exist there, then f x (a, b) = 0 and f y (a , 6) = 0. 

(b) A critical point of / is a point (a, 6) such that f x (a, 6) = 0 and f y (a, fe) = 0 or one of these partial derivatives 
does not exist. 

17 . See (3) in Section 15.7 [ET 14.7]. 

18 . (a) See Figure 11 and the accompanying discussion in Section 15.7 [ET 14.7]. 

(b) See Theorem 15.7.8 [ET 14.7.8]. 

(c) See the procedure outlined in (9) in Section 15.7 [ET 14.7]. 

19 . See the discussion beginning on page 985 [ET 951]; see the discussion preceding Example 5 in 
Section 15.8 [ET 14.8]. 

.- — TRUE-FALSE QUIZ — 

1. True. f v (a,b) = lim / ( a > h _ ± h ) ~ L ( Q : b ) from Equatíon 15.3.3 [ET 14.3.3]. Let h = y - b. As h — 0, 

y v 7 /l— 0 h 

y —> b. Then by substituting, we get f y (a, b) = lim ^ ^ —. 

y _>6 y — b 

2 . False. If there were such a function, then f xy = 2 y and f yx = 1. So f xy ^ f yx , which contradicts Clairaut’s 
Theorem. 

f 

3> False - f- = a^di- 

4. True. From Equation 15.6.14 [ET 14.6.14] we get D k / (x, y, z) = V/ (z, ?/, z) • (0,0,1) = f z (x, t/, 2 ;). 

> 

5. False. See Example 15.2.3 [ET 14.2.3]. 

6. False. See Exercise 15.4.42 [ET 14.4.42]. 

7 . True. If / has a local minimum and / is differentiable at (a, 6) then by Theorem 15.7.2 [ET 14.7.2], f x (a, b) = 0 
and / y (a, 6) = 0, so V/ (a, b) = (/« (a, 6), f y (a, 6)) = (0,0) = 0. 

8. False. If / is not continuous at (2,5), then we can have lim / (x, y) ^ f (2,5). 

(*,*/)-►( 2 , 5 ) 

(See Example 15.2.7 [ET 14.2.7].) 

9 . False. V/ (x,í/) = (0, 1/y). 

10 . True. This is part (c) of the Second Derivatives Test (15.7.3 [ET 14.7.3]). 

11 . True. V/ = (cosx, cos y), so |V/| = yj cos 2 x + cos 2 y. But |cos^| < 1 , so |V/| < y/2. Now 
D u f (x,y) = V/ • u = | V/| |u| cos0, but u is a unit vector, so \D u f (x, y)\ < \¡2 • 1 • 1 = \f2. 

12 . False. See Exercise 15.7.35 [14.7.35]. 








/ 
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-. ■ — EXERCISES 


1. The domain of sin -1 xis— 1<x<1 while the 
domain of tan -1 y is all real numbers, so the 
domain of / (x, y) = sin -1 x + tan -1 y is 
{(x,y) | -1 < x < 1}. 






-1 

0 


í 


3 . z = f (x, y) = l — x 2 — y 2 , a paraboloid with 
vertex (0,0,1). 



2. D= {(x,y,z) | z> x 2 + y 2 }, the points on 
and above the paraboloid z = x 2 +y 2 . 



4 . z = / (x, y) = y/x 2 + y 2 — 1, so 2 > 0 and 
1 = x 2 + y 2 — z 2 . Thus the graph is the upper 
half of a hyperboloid of one sheet. 



5 . Let k = e~ c = e -( x2 +v 2 ) i ev el curves. Then 

— ln fc = c = x 2 + y 2 , so we have a family of 
concentric circles. 



6. k = x 2 -b 4y or 4 (y — /c/4) = —x 2 , a family of 
parabolas with vertex at (0, k/ 4). 



7. / is a rational function, so it is continuous on its domain. Since / is defined at (1,1), we use direct substitution to 


evaluate the limit: lim 


2 xy = 2 (1) (1) _ 2 

(x,»r“(i,D X 2 + 2v 2 l 2 + 2 (l) 2 3 ‘ 


t 
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8 . As (x, y) —> (0,0) along the x-axis, / (x, 0) = 0/x 2 = 0 for x ^ 0, so / (x, y) —> 0 along this line. But 

/ (x, x) = 2x 2 / (3x 2 ) = f, so as (x, y) -► (0,0) along the line x = y,f(x,y)-+ Thus the limit doesn’t exist. 

9. (a) T x ( 6 , 4 ) = lim ^ + so we can approximate T x ( 6 ,4) by considering h = ±2 and using 

h —►() íl 

. , L1 ^ ^ T (8,4) — T (6,4) 86-80 0 

the values given ín the table: T x ( 6 ,4) «--- =-^- = 

T x ( 6 ,4) « T ^^ ^ = ——— = 4. Averaging these values, we estimate T x ( 6 ,4) to be 

— 2 —2 

J~\ /0 ^ _ 'J ' 1 /0 4 ) 

approximately 3.5 °C /m. Similarly, T y ( 6 ,4) = lim--- - --—» which we can 

h—*0 tl 

approximate with h = ±2: T y (6,4) « T ( 6 - 6 ) ~ T ( 6 > 4 ) = ZLli 6 = -2.5, 

T y ( 6 ,4) ~ UhSl — T . L 6 ’ . 4 ) = —— = — 3 . 5 . Averaging these values, we estimate T y ( 6 ,4) to be 

—2 2 

approximately — 3 . 0 °C/m. 

(b) Here u = (^-, so by Equation 15.6.9 [ET 14.6.9], 

D U T ( 6 ,4) = VT ( 6 ,4) • u = T x ( 6 ,4) + T y ( 6 ,4) Using our estimates from part (a), we have 

D U T ( 6 ,4) « (3.5) -j~ + (-3.0) w 0.35. This means that as we move through the point ( 6 ,4) in 

the direction of u, the temperature increases at a rate of approximately 0.35 °C /m. 

Altematively, we can use Definition 15.6.2 [ET 14.6.2]: 

T ( 6 + ’ 4 + - T ( 6 , 4 ) 

h 


D U T (6,4) = lim 


T(8,6)-T(6,4) _ 80-80 ( T ( 4 > 2)-_^M) _ 74-80 _ _3_ 

D U T (6,4)- ^^ — 0, D U T (6,4) ~ _ 0 ./ó ñ 


, which we can estimate with h = ±2\/2. Then 

'4 - 80 _ J 

- 2\/2 ~ V 2 


Averaging these values, we have D U T (6,4) « ~ 1.1 °C /m. 

(0 T xy (*, y) = §- y [T x (x, y)} = lim T x (*,y ± h) ~ I^ y), sq ^ (6>4) = ^ T, (6,4 + ft) - T. (6,4) , 

which we can estimate with h = ±2. We have T x (6,4) ~ 3.5 from part (a), but we will also need values for 
T x (6,6) and T x (6,2). If we use h = ±2 and the values given in the table, we have 

T, (6,6)» T < 8 ’ 6 >¡ T < 6 - 6 > = “+Í5 = 2.5, T, (6,6)» ^ < 4 .6)<6,6> = ffi-75 _ , 6 

Averaging these values, we estimate T x (6,6) « 3.0. Similarly, 


T.(6,2) » T < 8 ' 2 >¡ r < 6 ' 2 > = _ 1.5, r .(6,2) » T < 4 ' 2 >- T < 6 'S - H^ 8 ! = 6.5. 

Averaging these values, we estimate T x (6,2) « 4.0. Finally, we estimate T xy (6,4): 


T xy (6,4) 


T x (6,6) — T x (6,4) = 3.0 - 3.5 = 


T xy (6,4) « Tx ^ — = -0.25. Averaging these values, we have 


-2 
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10. From the table, T (6,4) = 80, and from Exercise 9 we estimated T x (6,4) « 3.5 and T y (6,4) « -3.0. The linear 
approximation then is 

T (x, y)~T (6,4) + T x (6,4) (x - 6) + T y (6,4) (y - 4) « 80 + 3.5 (x - 6) - 3 (y - 4) 

= 3.5x — 3y + 71 

Thus at the point (5,3.8), we can use the linear approximation to estimate 
T (5,3.8) » 3.5 (5) - 3 (3.8) + 71 « 77.1 °C. 


11. / (*, y) = 3x 4 - x^/y =+ f x = 12x 3 - y/y, f y = - \xy- 4/ 2 

12. ¡ ,(z,y) = 7 i_ = = + = 

y/x + 2y x+ 2 y 

13. / (s, t) = e 2s cos7rt =>■ fs = 2e 2s cosnt, ft = —7re 2s sin7rí 

14. g (r , s) = r sin y/r* + s 2 =► p r = sin Vt - 2 + s 2 + r 2 (r 2 + s 2 ) 

= rs ( 'r 2 + s 2 ) 1/2 cos %/r 2 + s 2 


2y + x/2 
(x + 2 i/) 3/2 


, Pj, = -x (x + 2y) 3/2 


1/2 cos \/r 2 + s 2 . 


15. / (x, y, z) = xy 2 => / x = y s , / y = xzy z ~ 4 , / x = xy s lny 

16. C = 1449.2 + 4.6T - 0.055T 2 + 0.00029T 3 + (1.34 - 0.01T) (S - 35) + 0.016Z) =+ 

dC/dT = 4.6 - 0.11T + 0.00087T 2 - 0.01 {S - 35), OC/dS = 1.34 - 0.01T, and dC/dD = 0.016. When 
T = 10, 5 = 35, and D = 100 we have dC/dT = 4.6 - 0.11 (10) + 0.00087 (10) 2 - 0.01 (35 - 35) « 3.587, 
thus in 10 °C water with salinity 35 parts per thousand and a depth of 100 m, the speed of sound increases by about 
3.59 m/s for every degree Celsius that the water temperature rises. Similarly, dC/dS = 1.34 — 0.01 (10) = 1.24, 
so the speed of sound increases by about 1.24 m/s for every part per thousand the salinity of the water increases. 
dC/dD = 0.016, so the speed of sound increases by about 0.016 m/s for every meter that the depth is increased. 

17. / ( x, y) = x 2 y 3 - 2x 4 +y 2 => f x = 2 xy 3 - 8x 3 , f y = 3 x 2 y 2 + 2 y, f xx = 2 y 3 - 2Ax 2 , f yy = 6 x 2 y + 2, 

and f xy = f yx = 6xy 2 . 

18. / (x, y) = x 3 ln (x - y) => f x = x 2 [31n (x - y) + x/ (x - y)], f y = -x 3 / (x - y ), 
fxx = 6xln(.x - y) + 3x 2 (x - y)~ x + (2x 3 - 3 x 2 y) (x - y)~ 2 


= 6x ln (x — y) + x 2 (bx - 6y) / (x - y) 2 , 
fyy = x / (+ y) » and f xy = f yx = x (3 y 2x) / (x y) . 

19. / (x, 7/, z) = xy 2 z 3 =*► /x = y 2 z 3 , f y = 2xyz 3 , f z = 3xy 2 z 2 , f xx = 0, f yy = 2xz 3 , f zz = 6xy 2 z, 

fxy = fyx = 2 yz , f xz = f zx = 3 y z , and f yz = f zy = 6xyz 2 . 


20. / (x, y, z) = xe y cos 2 => f x = e y cos f y = xe y cos 2 , f z = —xe y sin 2 ;, f xx = 0, f yy = xe y cos 2 ;, 

fzz = -xe y cos z, fxy = fyx = e y cos 2 ^, f xz = f zx = ~e y sin z, and f yz = f zy = —xe y sin z. 

Z\.u = x y => u x = yx v ~ x , u y = x y ln x and (x/y) u x + (ln x)~^ u y = x y + x y = 2u. 

22. p = y/x 2 + y 2 + z 2 => p x = X 


V'x 2 +y 2 + z 2 ’ Px:E (x 2 + y 2 + * 2 ) 3/2 ' 


y 2 +z 2 


2 , 2 
X + Z 


x 2 +y 2 


By symmetry, p yy = 3/2 and p„ = ■ -f 

(x 2 + y 2 + z 2 ) ' (x 2 + y 2 + z 2 ) ' 


. Thus 


Pxx Pyy Pzz ^ "\ 


x 2 + y 2 +z 2 2 2 


(x 2 + y 2 + 0 2 ) 3/2 (x 2 + y 2 + ¿ 2 ) 1/2 P 

23. z x (0,1) = 0, z y (0,1) = 6 and an equation of the tangent plane is z — 5 = 6 (y — 1) or z — 6y = —1. 
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24. z x (1,0) = 1, z y (1,0) = 1, and an equation of the tangent plane \sz-\ = x- l + yoxx + y — z — 0. 

25. F (x, y, z) = xy 2 z 3 , VF = ( y 2 z 3 , 2xyz 3 ,3 xy 2 z 2 ) and VF (3,2,1) = (4, 12,36). Thus an equation of the 
tangent plane is 4 (x — 3) + 12 (y — 2) + 36 (z — 1) = 0 or x + 3y + 9z = 18. 

26. z 2 = 29 - x 2 - y 2 , so = -2x/ (2 z) = -x/z, z y = -y/z and (2,3,4) = —\, z y (2,3,4) = —f. An 
equation of the tangent plane is 2 — 4 = — \ (a; — 2) + (—|) (y — 3) or 2x + 3y + 4z = 29. (Altemately, use 
Exercise 15.6.49 [ET 14.6.49] with a = b = c = y/29.) 

27. F (x, y , z)=x 2 + 2y 2 - 3z 2 , F x = 2x, F y = 4 y, F z = -6 z; F x (3,2, -1) = 6, F y (3,2, -1) = 8, 

F z (3,2,-1) = 6. So an equation of the tangent plane is 6 (x - 3) + 8 (y - 2) + 6 (z + 1) = 0 or 
3x + 4y + 3z = 14. 


28. Let / (x, y) = x 3 + 2xy. Then f x (x, y) = 3x 2 + 2y and 
fy (®, y) = 2x, so / x (1,2) = 7, f y (1,2) = 2 and an 
equation of the tangent plane is 

2 - 5 = 7 (a: - 1) + 2 (y - 2) or 7x + 2y - z = 6. The 

. . ,i-l y- 2 z — 5 

normal line ts given by —-— = —-— = or 

x = 7f + 1, y = 2t + 2, 2 = -í + 5. 



29. F (x, y, z) = x 2 + y 2 + z 2 , VF (x 0 , yo, z 0 ) = (2x 0 , 2 y 0 , 2 z 0 ) = k (2,1, -3) oxx 0 = k,y 0 = \k and 
2 0 = -\k. But x 0 + y 0 + z 0 = 1, so | k 2 = 1 and k = ±/|. Hence there are two such points: 

30 . 2 = x 2 tan -1 y =$■ dz = (2x tan -1 y) dx + [x 2 / (y 2 + l)] dy 


31 . / (x, y, z) = x 3 -y/y 2 "+"z 2 +> f x (x,y,z) = 3x 2 ^/y^+^, f v {x r y,z) =-j== 


= , and 


fz(x,y,z) = 


zx 




=,sof (2,3,4) = 8 (5) = 40, /* (2,3,4) = 3 (4) y/25 = 60, f v (2,3,4) = 


3 ( 8 ) _ 24 

x/25 _ 5 ’ 


and f z (2,3,4) = // = Then the linear approximation of / at (2,3,4) is 

/ (x, y, z) « / (2,3,4) + /* (2,3,4) (x - 2) + /„ (2,3,4) (y - 3) + /, (2,3,4) (2 - 4) 


Then 


= 40 + 60 (x - 2) + ^ (y - 3) + ^ (z - 4) = 60x + ^y + ^2 - 120 

(1.98) 3 ^/(S.Ol) 2 + (3.97) 2 = / (1.98,3.01,3.97) « 60 (1.98) + 2* (3.01) + f (3.97) - 120 

= 38.656 


32. (a) dA = — dx + =■ dy = \y dx + \xdy and |Ax| < 0.002, |Ay| < 0.002. Thus the maximum error in the 
dx oy ¿ 

calculated area is about dA = 6 (0.002) + | (0.002) = 0.017 m 2 or 170 cm 2 . 

(b) z = Jx 2 + y 2 , dz = X - dx + V dy and \Ax\ < 0.002, |Ay| < 0.002. Thus the maximum 

y/x 2 + y 2 yjx 2 + y 2 

error in the calculated hypotenuse length is about dz = ^ (0.002) + (0.002) = « 0.0026 m or 

0.26 cm. 
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a T, - 2j¡ í 2 ' 1 ') + T < 31 ’ +4 ) + í (*) = <* + 2 i (*" + 4 ) - 

dz 

34. — = (—ysinx?/ — y sinx) (2i¿) + (—xsinrcy + cosx) = cosx — 2uysinx — (sin xy) (a; + 2uy), 
dz 

— = (—j/ sin xy — y sin a:) (1) + (-isinxy + cosx) ( -2v ) = -2vcosa; + (sin xy) ( 2vx - y) - y sinx 
dz dz dx dz dv 

35. By the Chain Rule, — = ^. when s = 1 and t = 2, x = g (1,2) = 3 and y = h (1,2) = 6, 


so 


^ - /* ( 3 > 6 )p. (!.2) + fv (3,6 )h s (1,2) = (7) (-1) + (8) (-5) = -47. Similarly, ^ 
dz 

S0 di =fx (3,6) 9t (1 ’ 2) + ( 3 ’ 6 ) ht ( : > 2) = (7) ( 4 ) + (8) (10) = 108. \ 


36. 



//w //w //w 

pqrspqrspqrs 


Using the tree diagram as a guide, we have 

diu _ dw dt dw du dw dv 

dp dt dp^ du dp dv dp 

dw _ dw dt dw du dw dv 

dq dt dq du dq + dv dq 

dw _ dw dt dw du dw dv 

dr dt dr du dr dv dr 

dw _ dw dt dw du dw dv 

ds dt ds + du ds + dv ds 


37 = 2 x f'( x 2 -y 2 )’^ = 1 ~ 2 yf '( x 2 - y 2 ) 


where f' = 


df 


y 7ñ + x 777, = 2xy f' ( x2 - v 2 ) + x ~ 2x yf' (* 2 - y 2 ) = x ■ 


d(x 2 — y 2 ) 


Then 


dx dy 

38. A = \xys\nO, dx/dt = 3, dy/dt = -2, dO/dt = 0.05, and 

. So when x = 40, y = 50 and 0 = f, 


dA _ 1 
dt ~ 2 
dA 
dt 2 


(y sin 0) ^ + (xsin 0) ^ + (xycosfl) ^ 


= i [(25) (3) + (20) (-2) + (1000/3) (0.05)] = 35 + 50/3 _ 6Q g ¡n 2 /s 


„ dz dz dz-y 
®-d-x = d¿ V+ d-vl?™ á 


ó z 
dx 2 


= fdz\ , 2 ydz -yd_ (dz\ 
y dx \du) x 3 dv x 2 dx \dv) 


2 ydz^ (d 2 z 
+• y — 


x 3 dv 


d 2 z —; 
^ du 2 y dvdu x 2 


y\ zy(d^z-y 3W \ 
2 ) x 2 \<9u 2 x 2 dudv y ) 


__ 2 y_dz_ 2 d 2 z 2y 2 d 2 z y 2 d 2 z 

x 3 dv y du 2 Q ° 


x 2 dudv x 4 dv 2 


dz 


a 1 — dz 1 dz 

Also — = x— + - — and 
oy ou x ov 


(§*\ , IJL (0z\ = (&z J?z_ 1\ 1 (&zl djz_ \ 

dy 2 dy \du) x dy \dv) \ du 2 X dvdu x) x \dv 2 x dudv X ) 


= x 2 ^1 +2 ^ + Jl^1 

du 2 dudv x 2 dv 2 


( 
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Thus 


2 d 2 z 2 d 2 z 2y dz 2 2 5 2 z 2 

1 = d^~ 2y 


a 2 z 

dudv 


S&z 
x 2 au 2 


_ 2 2 a 2 z 

du 2 


V 


a 2 z 

dudv 


y 2 a 2 z 

X 2 d?/ 2 


2y dz ,2 d 2 z _ 0 5* . d ¿ 

~ x dv y dudv V dv UV dudv 


uv 2 

smce y — xv — — or y = uv. 

y 


dz 


F x 


yze' 


xyz - 2xz 3 


2xz 3 — yze xyz 


40. F (x, 2/, - e xy * yz x z 0, so ^ ^ X y e *y* _ 4y 2 3 _ 3 X 2 Z 2 xye xyz _ 4^3 _ 3 X 2 Z 2 


xze 


z — xze 


. az _ _Fy __ 

anQ dy F z xye x v z - 4j/z 3 - 3x 2 z 2 xye xyz - 4yz 3 - 3x 2 z 2 ' 




41. V/ = (:\/yc’ JT ‘. 

42. (a) By Theorem 15.6.15 [ET 14.6.15], the maximum value of the directional derivative occurs when u has the same 

direction as the gradient vector. 

(b) It is a minimum when u is in the direction opposite to that of the gradient vector (that is, u is in the direction of 
-V/), since D u f = |V/| cos 9 (see the proof of Theorem 15.6.15 [ET 14.6.15]) has a minimum when 9 = n. 

(c) The directional derivative is 0 when u is perpendicular to the gradient vector, since then D u f = V/ • u = 0 . 

(d) The directional derivative is half of its maximum value when D u f = I V/| cos 0 = f | V/| <=> cos 6 = \ 

4* 0=1. 

43. V/ = (l/v^, —2y), V/ (1,5) = (1, -10), u = \ (3, -4). Then D u f (1,5) = f. 

44 . V/ = (2xy + v/T+z.x 2 , x/ ( 2 ^/TTI)), V/ ( 1 , 2 ,3) = ( 6 , 1 , f ), and u = (f, 5 , -f )• Then 
D u f (1, 2 ,3) = f. 

45. V/ = (2 xy, x 2 + 1/ (2^/y)), |V/ (2,1)| = |( 4 , f )|. Thus the maximum rate of change of / at (2,1) is in 
the direction (4, f ). 

46. V/ = (zye xv ,zxe xy ,e xv ), V/ (0,1,2) = (2,0, 1 ) is the direction of most rapid increase while the rate is 

|(2,0,1)| = V5- 

47. First we draw a line passing through Homestead and the eye of the hurricane. We can approximate the directional 
derivative at Homestead in the direction of the eye of the hurricane by the average rate of change of wind speed 
between the points where this line intersects the contour lines closest to Homestead. In the direction of the eye of 
the hurricane, the wind speed changes from 45 to 50 knots. We estimate the distance between these two points to be 
approximately 8 miles, so the rate of change of wind speed in the direction given is approximately 

50^45 = | - 0.625 knots/mi. 

48. The surfaces are / (x, y, z) = z — 2x 2 + y 2 = 0 and g (x, y, z) = z — 4 = 0. The tangent line is perpendicular to 
both V/ and Vg at (-2, 2,4). The vector v = V/ x Vg is therefore parallel to the line. 

V/ (x, y, z) = (—4x, 2y, 1 ) =► V/ (- 2 , 2 ,4) = ( 8 ,4, 1 ), Vc? (x, y, z) = (0,0,1) =► 

i j k 

(-2,2,4) = (0,0,1). Hence v = Vf xVg = 8 4 1 = 4 i - 8 j. Thus, parametric equations are: 

0 0 1 

x = —2 + 4£, y = 2 — 8 £, and z = 4. 
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49. / (x, y) = x 2 - xy -f y 2 + 9x - 6y + 10 =* f x =2x-y + 9, 
f y — —x + 2y — 6, fxx = 2 = f yy , f xy = —1. Then f x = 0 and 
f y = 0 imply y = 1 , x = —4. Thus the only critical point is (-4,1) 

and f xx (-4,1) > 0, D (-4,1) = 3 > 0, so / (-4,1) = -11 is a 
local minimum. 



50- / y) = x 3 - 6xy + 8 y 3 => f x = 3x 2 — 6y , f y = -6x + 24y 2 , 
/xx = 6 x, fyy = 48t/, /xy = - 6 . Then f x = 0 implies y = x 2 /2, 
substituting into f y = 0 implies 6 x (x 3 — l) = 0, so the critical points are 
(0,0), (l, ^). D (0,0) = —36 < 0 so (0,0) is a saddle point while 

fxx (l, |) = 6 > 0 and D (l, = 108 > 0 so / (l, |) = — 1 is a local 

minimum. 



51. / (x, y) = 3 xy - x 2 y - xy 2 => f x =3y- 2 xy - y 2 , 

/y — 3x x 2xy, f xx — 2?/, fyy = 2x, /xy =3 — 2x — 2y. ~ Then 

f x = 0 implies 7/ (3 — 2x — y) = 0 so y = 0 or y = 3 — 2x. Substituting 
into f y = 0 implies x (3 — x) = 0 or 3x (—1 + x) = 0. Hence the critical 
points are (0,0), (3,0), (0,3) and ( 1 , 1 ). 

D (0,0) = D (3,0) = D (0,3) = -9 < 0 so (0,0), (3,0), and (0,3) are 
saddle points. D ( 1 , 1 ) = 3 > 0 and f xx (1,1) = -2 < 0, so / (1,1) = 1 is 
a local maximum. 



52. / (x, y) = (x 2 + y) e v/ 2 => f x = 2xe y/2 , / y = e y/2 (2 + x 2 + y) /2, 

fxx = 2e y/2 , fyy = e v/2 (4 + x 2 + y ) /4, f xy = xe v/2 . Then f x = 0 
implies x = 0, so / y = 0 implies y = -2. But f xx (0, -2) > 0, 

D (0, —2) = e -2 — 0 > 0 so / (0, —2) = —2/e is a local minimum. 



53. First solve inside D. Here f x = 4 y 2 — 2 xy 2 - y 3 , 

f v = 8 xy — 2 x 2 y - 3xy 2 . Then f x =0 implies y = 0 or y = 4 - 2x, 
but y = 0 isn’t inside D. Substituting y =A — 2x into / y = 0 implies 
x = 0, x = 2 or x = 1, but x = 0 isn’t inside D, and when x = 2, 
y = 0 but (2,0) isn’t inside D. Thus the only critical point inside D 
is ( 1 ,2) and /(1,2) = 4. Secondly we consider the boundary of D. 

On Li, / (x, 0) = 0 and so / = 0 on L\. On L 2 , x = — y + 6 and 
/ (- y + 6 , 2 /)= 2/ 2 (6 - y) (-2) = -2 (6y 2 - y 3 ) which has 



critical points at y = 0 and y = 4. Then / ( 6 ,0) = 0 while / (2,4) = -64. On L 3 , / (0, 2 /) = 0, so / = 0 on L 3 . 
Thuson D theabsolutemaximumof/is/(l,2) = 4 while theabsolute minimumis / (2,4) = — 64. 
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54. Inside D: f x — 2xe~ x2 ~ y2 (l - x 2 - 2 y 2 ) = 0 implies x = 0 or x 2 + 2j/ 2 = 1. Then if x = 0, 

f y = 2 ye~ x *~ y2 (2 - x 2 - 2 y 2 ) = 0 implies y = 0 or 2 - 2y 2 = 0 giving the critical points (0,0), (0, ±1). If 
x 2 + 2 y 2 = 1, then f y = 0 implies j/ = 0 giving the critical points (±1,0). Now / (0,0) = 0, / (±1,0) = e 1 
and / (0, ±1) = 2e -1 . On the boundary of D: x 2 + y 2 = 4, so / (x, y) = e -4 (4 + y 2 ) and / is smallest when 
y = 0 and largest when y 2 = 4. But / (±2,0) — 4e -4 , / (0, ±2) = 8e 4 . Thus on D the absolute maximum of 
/ is / (0, ±1) = 2e -1 and the absolute minimum is / (0,0) = 0. 

55. / (x,y) = x 3 - 3x + y 4 - 2y 2 


1.5 




From the graphs, it appears that / has a local maximum / (-1,0) ~ 2, local minima / (1, ±1) « -3, and saddle 
points at (—1, ±1) and (1,0). 

To find the exact quantities, we calculate f x = 3x 2 —3 = 0 $$ x = ±1 and f y = 4j/ 3 — 4y = 0 <=> 

y = 0, ±1, giving the critical points estimated above. Also f xx = 6x, f xy = 0, f yy = V2y 2 — 4, so using the 
Second Derivatives Test, D (-1,0) = 24 > 0 and f xx (-1,0) = -6 < 0 indicating a local maximum 
/ (-1,0) = 2; D (1, ±1) = 48 > 0 and f xx (1, ±1) = 6 > 0 indicating local minima / (1, ±1) = -3; and 
D (-1, ±1) = -48 and D (1,0) = -24, indicating saddle points. 

56. / (x, y) = 12 + lOy - 2x 2 - 8xy -y 4 => f x (x, y) = -4x - 8 y, f y (x, y) = 10 - 8x - 4y 3 . Now 
fx (x, y) = 0 => x = —2x, and substituting this into f y (x, y) = 0 gives 10 + 16 y — 4 y 3 =0 <=> 

5 + 8y - 2y 3 = 0. 



From the first graph, we see that this is true when y « -1.542, -0.717, or 2.260. (Altematively, we could have 
found the solutions to f x = f y = 0 using a CAS.) So to three decimal places, the critical points are 
(3.085, -1.542), (1.434, -0.717), and (-4.519,2.260). Now in order to use the Second Derivatives Test, we 
calculate f xx = —4, f xy = —8, f yy = —12 y 2 , and D = 48 y 2 — 64. So since D (3.085, —1.542) > 0, 

D (1.434, -0.717) < 0, and D (-4.519,2.260) > 0, and f xx is always negative, / (x, y) has local maxima 
/ (-4.519,2.260) « 49.373 and / (3.085, -1.542) « 9.948, and a saddle point at approximately 
(1.434, -0.717). The highest point on the graph is approximately (-4.519,2.260,49.373). 
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57. / ( x, y) = x 2 y , g (x, y) = x 2 -f y 2 = 1 => V/ = (2xy, x 2 ) = XVg = (2Aa;, 2Ay). Then 2xy = 2Ax and 

x 2 = 2Ay imply X = x 2 / (2y) and A = y if z ^ 0 and y / 0. Hence x 2 = 2y 2 . Then x 2 + y 2 = 1 implies 

3 y 2 = 1 so y = ±^- and x = [Note if x = 0 then x 2 = 2Xy implies y = 0 and / (0,0) = 0.] Thus the 

possible points are ^±^/§, ±^^ and the absolute maxima are / (±yj^, while the absolute minima 

^ f (±y/Í “75) = “áTf- 

58. / (x, y) = l/x + \/y, g ( x , y) = l/x 2 + 1/y 2 = 1 =+ 

V/ = (-x -2 , -y~ 2 ) = XVg = (—2Ax -3 , -2Xy~ 3 ). Then —x -2 = —2Ax 3 or x = 2X and —y~ 2 = —2Xy~ 3 
ory = 2X. Thus x = y, so 1/x 2 + 1/y 2 = 2/x 2 = 1 implies x = ±\/2 and the possible points are (±\/2, ±>/2). 
The absolute maximum of / subject to x~ 2 + y~ 2 = 1 is then / [y/2, y/2) = V2 and the absolute minimum is 
/(-V2,-\/2) =-y/2. 

59. / (x, y, z) = x + y + z, g (x, y, z) = 1/x + 1 /y + 1/z = 1 => 

V/ = (1,1,1) = XVg = (—Ax -2 , —Xy~ 2 , —Xz~ 2 ). Thus A = —x 2 = — y 2 = —z 2 ory = ±x, z = ±x. 
Substituting into 1/x + 1/y ±l/z = l gives (1) 3/x = 1 so x = 3, or (2) 1/x = 1 so x = 1, or (3) -1/x = 1 
sox = -l with the associated points (1) (3,3,3), (2) (1,1, -1) or (1, -1,1), (3) (-1,1,1). Thus the absolute 
maximum is / (3,3,3) = 9 and the absolute minimum is / (1,1, —1) = / (1, —1,1) = / (—1,1,1) = 1. 

60. / (x, y, z) = x 2 + 2y 2 + 3¿ 2 , g (x,y, z) = x ± y ± z = 1, h (x,y, z) = x - y ± 2z = 2 => 

Vf = (2x, 4 y, 6z) = XVg + ¡iVh = (X + /i, A - /i, A + 2/i) and (1) 2x = X + /i, (2) 4y = X - /¿, 

(3) 6z = X ± 2/x, (4) x ±y ±z = 1, (5) x — y ±2z = 2. Then six times (1) plus three times (2) plus two times 
(3) implies 12 (x ± y + z) = 11A + 7/i, so (4) gives 11A + 7/i = 12. Also six times (1) minus three times (2) plus 
four times (3) implies 12 (x - y + 2 z) = 7X± 17/x, so (5) gives 7A + 17/i = 24. Solving 11A + 7/i = 12, 

7A + 17/i = 24 simultaneously gives A = ^, /i = §§. Substituting into (1), (2) and (3) implies x = |§, y = 

2 = M g ivin S on ly one point. Then / (|f ’ ~ M) = ff • Now since (0,0,1) satisfies both constraints and 
/ (0,0,1) = 3 > §§, / (§§,—§§, M) = § is an absolute minimum, and there is no absolute maximum. 

61. / ( x , y, z) = x 2 ±y 2 ± z 2 , g (x, y , z) = xy 2 z 3 = 2 => 

Vf = ( 2x , 2 y, 2z) = AV^ = (Xy 2 z 3 ,2Xxyz 3 , 3A xy 2 z 2 ). Since xy 2 z 3 = 2 ,1 / 0, y ^ 0 and z ^ 0, so 

(1) 2x = Xy 2 z 3 , (2) 1 = Xxz 3 , (3) 2 = 3A xy 2 z. Then (2) and (3) imply or y 2 = \z 2 so 

xz 3 3xy 2 2 d 

y = ±zj f. Similarly (1) and (3) imply or 3z 2 = z 2 so x = ±^= z. But xy 2 z 3 = 2 so x and 2 

must have the same sign, that is, x = ^=z. Thus g (x, y,z) = 2 implies -^z (§ z 2 ) z 3 = 2 or z = ±3 1/4 and the 
possible points are ^±3 -1/4 ,3 _1/4 \/2, ±3 1/4 j, ^±3 _1/4 , — 3 -1/4 \/2, ±3 1/4 ^. However at each of these points 


( 
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/ takes on the same value, 2\/3. But (2,1,1) also satisfies g (x, y, z) = 2 and / (2,1,1) = 6 > 2\/3. Thus / has 

an absolute minimum value of 2\/3 and no absolute maximum subject to the constraint xy 2 z 3 = 2. 

2 2 2 

Altemate Solution: g (x, y, z) = xy 2 z 3 = 2 implies y 2 = —3, so minimize / (x, z) = z 2 + ^ + 2 . Then 


/* = 2x —¿3,/, = -¿+2^/*x = 2 + ¿3,/« = ^+2and/„ = ^ I .Now/ a! = 0 impUes 
2x 3 z 3 — 2 = 0 or z = 1/x. Substituting into f y = 0 implies —6x 3 + 2x _1 = 0 or x = -^=, so the two critical 

pointsare(±^=,±-y3).ThenD(±^,±^3) =(2 + 4) (2 + f )-(+/> 0 and 

2 

f (±i ±^3^ = 6 > 0, so each point is a minimum. Finally, y 2 = — 3 , so the four points closest to the 

J \ v3 ’ / XZ° 

originare (±^=,^,±^ 3 ), 


62. V = xyz , say x is the length and x + 2y + 2z < 84, x > 0, y > 0, z > 0. First maximize V subject to 

x + 2y -1- 2z = 84 with x, y, z all positive. Then {yz, xz , xy) = (A, 2A, 2A) implies 2 yz = xz or x = 2y and 
xz = xy or z = y. Thus g (x, y, z ) = 84 implies 6y = 84 or y = 14 = z, x = 28, so the volume is 
V = 5488 cubic units. Since (80,1,1) also satisfies g (x, y, z) = 84 and V (80,1,1) = 80 cubic units, 

(28,14,14) gives an absolute maximum of V subject to g (x, y , z) = 84. But if x + 2y + 2z < 84, there exists 
a > 0 such that x + 2y + 2z = 84 - a and as above 6y = 84 - a implies y = (84 — a) /6 = z, x = (84 — a) /3 
with V = (84 - a) 3 /6 2 • 3 < (84) 3 /6 2 • 3 = 5488. Hence we have shown that the maximum of V subject to 
g (x, t/, z) < 84 is the maximum of V subject to g (rzr, y, z) = 84 (an intuitively obvious fact). 



The area of the triangle is \ca sin 9 and the area of the rectangle is bc. 
Thus, the area of the whole object is / (a, 6, c) = \ca sin 6 + bc. The 
perimeter of the object is g (a, 6, c) = 2a + 26 + c = P. To simplify sin 6 
in terms of a, 6, and c notice that a 2 sin 2 6 + {\c) 2 = a 2 => 

sin 0 = \/4a 2 - c 2 . Thus / (a, 6,c) = ~\/4a 2 - c 2 + bc. 

2 a 4 


(Instead of using 0, we could just have used the Pythagorean Theorem.) As a result, by Lagrange’s method, we must 


find a, 5, c, and A by solving V/ = A S/g which gives the following equations: (1) ca (4a 2 - c 2 ) = 2 A, 

(2) c = 2A, (3) | (4a 2 - c 2 ) 1/2 - ^c 2 (4a 2 - c 2 )" 1/2 + 6 = A, and (4) 2a + 26 + c = P. From (2), A = \c 
and so (1) produces ca (4a 2 — c 2 ) 1/2 = c => (4a 2 — c 2 ) ^ =a => 4a 2 — c 2 = a 2 => (5)c=\/3a. 

Similarly, since (4a 2 — c 2 ) 1/2 = a and A = |c, (3) gives ^ — 4 ^^"^ = 2 ’ SO ^ r ° m 4 4 ” + ^ ~ 2 

) (4) we gi 
2\/3-3 


=> -- - = -6 (6) b = | (1 + y/S) . Substituting (5) and (6) into (4) we get: 

2 2 2 

p 

2a + a (l + y/3) + \/3 a = P => 3a + 2\/3 a = P a = ^ 2\/3 

t _ (2V3-3)(l + ^ ) pg 3-vg pi||dc=(2 _^ p 
6 6 


- P and thus 


3 
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64. (a) r (t) = x (t) i + y (t) j + / (a: (t), y (í)) k 
Chain Rule). Therefore 


dr dx . dy . í r dx r dy \ , „ 

= H = Tt 1+ Tf 3 + ( fx -dt + /w Tt) kl(by 


T y 1 I |2 11* 

K=\m |v| = — 


m 

~2 


(I) + ( 3 ) +( A Í +A Í)' 

(‘+«(£)W(t)(f) +( .+/»(í)' 


/t-x dv d 2 # . d 2 y , 
(b)a - * - d^ 1+ dt^ J + 


{d £) 2 + of dE!?M+f f dv ) 2 i f ‘f 2 * i f 'Él 
\dt) + /xw dt dt + lyv \ dt) + fx dt 2 + Íy dt 2 


(c) If z = X 2 + 2/ 2 , where x = tcost and t/ = £sin£, then z = f (x,y) = t 2 . 

r = ¿costi + t sintj +t 2 k => v = (cosí — f sinf) i -f (sin t + 1 cos t) j + 2t k, 

# = y [(cosf - tsiní) 2 + (sin¿ + 1cost) 2 + (2 1) 2 ] = y (l +¿ 2 +4f 2 ) = y (l + 5¿ 2 ), and 

a = (—2siní — t cos t) i + (2 cos t — t sin t) j + 2 k. Notice that it is easier not to use the formulas in (a) 
and (b). 








Problems Plus 


1. The areas of the smaller rectangles are A\ = xy, A 2 = (L — x) y , 
A 3 = (L- x) (W - y), A 4 = x (W — y). For 0 < x < L, 
0 <y<W,\et 

f ( x ) y) — A\ -t- A% -f As + A 4 


L 



= x 2 y 2 + (L - x ) 2 y 2 + (L - x ) 2 (W - y ) 2 + x 2 (W - y ) 2 


= [x 2 + (L-x) 2 } [y* + (W-y) 2 } 


Then we need to find the maximum and mdnimum values of f (x, y). Here 

fx (x, y) = [2x - 2 (L - x)} [y 2 + (W — y) 2 } =0 =» Ax - 2L = 0 or x = \L, and 

f v {x,y) = [x 2 + (L-x) 2 } [2y-2(W-y)} =0 => 4y - 2W = 0 or y = W/2. Also 

fxx =4 [y 2 + (W - y) 2 }, f yy — 4 [x 2 + (L — x) 2 }, and f xy = (4x - 2L) (4 y - 2 W). Then 

D = 16 [y 2 +(W — y) 2 } [x 2 + (L - x) 2 } - (4x - 2L) 2 (4 y - 2 W ) 2 . Thus when x = \L and y = \W, 

D > 0 and f xx = 2 W 2 > 0. Thus a minimum of / occurs at (\L,\W) and this minimum value is 
f (\L, \ W) = \L 2 W 2 . There are no other critical points, so the maximum must occur on the boundary. Now 
along the width of the rectangle let g (y) = f (0, y) = f (L, y) = L 2 [y 2 + (W — y) 2 }, 0 < y < W. Then 
g' (y) = L 2 [2y - 2(W - y)] = 0 <=> y = \ W. And g (^) = \L 2 W 2 . Checking the 

endpoints, we get g (0) = g (W) = L 2 W 2 . Along the length of the rectangle let 

h(x) = f (x, 0) = / (x, W) = W 2 [x 2 + (L - x) 2 }, 0 < x < L. By symmetry h' (x) = 0 <=> x = \L and 

h(\L) = \L 2 W 2 . At the endpoints we have h (0) = h (L) = L 2 W 2 . Therefore L 2 W 2 is the maximum value of 
/. This maximum value of / occurs when the “cutting” lines correspond to sides of the rectangle. 


2. (a) The level curves of the function C (x, y) = e ( x +2y )/ 10 are 

the curves e ~( x2+2 ^ 2 )/ 104 =k(k is a positive constant). This 

equation is equivalent to x 2 + 2 y 2 = K => 

2 2 

——— 7 T q--- k = 1, where K = — 10 4 ln k, a family of 

(v^) (vm) 

ellipses. We sketch level curves for K = 1, 2, 3, and 4. If the 
shark always swims in the direction of maximum increase of 
blood concentration, its direction at any point would coincide with 
the gradient vector. Then we know the shark’s path is 
perpendicular to the level curves it intersects. We sketch one 
example of such a path. 



(b) VC = — ( x2+2 ^ 2 )/ 104 ( x i -f 2yj). And VC points in the direction of most rapid increase in 

concentration; that is, VC is tangent to the most rapid increase curve. If r (t) = x (t ) i + y (t ) j is a 
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parametrization of the most rapid increase curve, then ^ — i -f — j is tangent to the 

at dt dt 


d x _ 
di ~ Á 


_?_ e -(* 2 +2y 2 )/10 4 

x and — = A 

__2_ e -(* 2 +2y 2 )/10 4 

10 4 

dt 

10 4 


dr . __ _ 

curve, so — = AVC 
dt 


(2 y). Therefore 


u dy dx 

= 2- => — = 2— =» ln \y\ = 2 ln \x\ so that y = kx 2 for some constant k. But 

y x 


dy _ dy/dt _ ^y 
dx dx/dt x 

y (xo) = 2/0 =$• 2/o = kx o => fc = yo/xo (xo =0 =$■ yo = 0 => the shark is already at the 
origin, so we can assume x 0 / 0.) Therefore the path the shark will follow is along the parabola 
2/ = Vo (x/xof. 


3. (a) The area of a trapezoid is |/i ( 6 i + 62 ), where h is the height (the distance between the two parallel sides) and 
61, 62 are the lengths of the bases (the parallel sides). From the figure in the text, we see that h = x sin 9 , 
bi = w — 2x, and 62 = w — 2x + 2x cos 9. Therefore the cross-sectional area of the rain gutter is 

+. (x, 9) = ^x sin 9 [(tu 2x) + (w — 2x + 2x cos 0)] = (a; sin 9) (w — 2x + x cos 9) 

= wxsin9 - 2 x 2 sin 9 + x 2 sin 9 cos 9 , 0 < x < \w, 0 < 9 < | 

We look for the critical points of +: dA/dx = w sin 9 - 4x sin 9 + 2x sin 9 cos 9 and 

dA/89 = wx cos 9 - 2 x 2 cos 9 + x 2 (cos 2 9 - sin 2 9), so 8 A/dx = 0 +> sin 9 (w - 4 a: + 2 x cos 9) = 0 
4x — w w 

** cos 9 = ^x = 2 ~ 2 i^ <6 -^ =* sin 0 > 0). If, in addition, dA/d0 = 0, then 


0 = wx cos 9 — 2x 2 cos 9 + x 2 (2 cos 2 9 - l) 


= 2 wx - \w 2 - 4x 2 + wx + x 2 ^8 - ^ ^ ~ lj = ~ wx + 3a;2 = x (3x - tu) 

Since x > 0, we must have x = in which case cosd = \, so 0 = f, sin0 = A; = 61 = 

62 = f and A = ^ 2 . As in Example 15.7.6 [ET 14.7.6], we can argue from the physical nature of this 

problem that we have found a relative maximum of A. Now checking the boundary of A, let 

g(0) = A(w/2,0) = ±w 2 sin 0 - \w 2 sin<9 + \w 2 smOcosO = \w 2 sin 2 ( 9 , 0 <0 < §. Clearlypis 

maximized when sin20 = 1 in which case A = \w 2 . Also along the line 0 = §, let 

h (x) A (x, " 2 ) = wx — 2x 2 , 0 < x < \w => h' (x) = w — 4x = 0 <=> x = \w, and 

h (i^) = w ( 4 ^) — 2 (\w) = \w 2 . Since \w 2 < -j§w 2 , we conclude that the relative maximum found 
earlier was an absolute maximum. 


(b) If the metal were bent into a semi-circular gutter of radius r, we would have w = nr and 
a _ 1 2 _ 1 (w\ 2 W 2 w 2 \/3 w 2 . 

Ji — 2 7Tr - 2 71- ) — 27T* ^ mce 27T > — 12 511 would be better t0 bend tbe metal int0 a gutter with j 

semicircular cross-section. 


( 
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4. Since (x + y- h z) r / (x 2 + y 2 + z 2 ) is a rational function with domain {(x, y, z) | (x, y , 2 ) (0,0,0)}, / is 

continuous on R 3 if and only if lim / (x, y,z) = f (0,0,0) = 0. Recall that 

(x,y,r)-»(0,0,0) 

(a + b) 2 < 2a 2 + 2Í> 2 and a double application of this inequality to (x + y + z) 2 
gives (x + y + z) 2 < Ax 2 + 4 y 2 + 2z 2 < 4 (a; 2 + y 2 + z 2 ). Now for each r, 

\(x + y + z) r \ = (\x + y + z\ 2 ) r/2 = [(* + y + z) 2 ] r/2 < [4 (x 2 +y 2 + z 2 )] r/2 = 2 r (x 2 + y 2 + z 2 ) r/2 for 
(x,y,z) / (0,0,0). Thus 


\f(x,y,z)-0\ = 


(x + y + zf 
x 2 + y 2 + z 2 


Krr + y + zn ^ „ r (* 2 + V 2 + f _2 , 2 . 2 x(r/ 2 )-l 

= - ' -•* ' - 2 " 2 x 2 + y 2 + z 2 ( x+ y +z ) 


x 2 + y 2 + z 2 


for 


(x, y, z) ¿ (0,0,0). Thus if (r/2) - 1 > 0, that is r > 2, then 2 r (x 2 +y 2 + z 2 ) (r/2) 1 -» 0 as 

(x, y, z) -+ (0,0,0) and so lim (x + y + z) r / (x 2 + y 2 + z 2 ) = 0. Hence for r > 2, / is continuous 

V W V ' (x,y,*)-+0,0,0) v ' 

on R 3 . Now ifr <2, then as (x, y, z) (0,0,0) along the x-axis, / (a:, 0,0) = x r /x 2 = x r_2 for x / 0. So 
when r = 2, / (x, y, z) —* 1 ± 0 as (x, y, z) (0,0,0) along the i-axis and when r < 2 the limit of / (x, y, z) as 
(x, y, z) —> (0,0,0) along the x-axis doesn’t exist and thus can’t be zero. Hence for r < 2 / isn’t continuous at 
(0,0,0) and thus is not continuous on E 3 . 

5. Utjíx,») = x¡ (2). TK« 9 , (x, s ) -/(!)+ xf (l) (-¿) = / (|) - \S' (f) »"<1 

9y(x,y) = xf' (f) =/' Thus the tangent plane at (xo,yo, zo) on the surface has equation 

2 - ’»> (S) - [ J (£) - smíY (s)] (i - + r (s) <# ■*> * 

/ ^ — yoxó'f' ^ —^ x+ f' ^ y — z = 0. But any plane whose equation is of the form 

ax + by + cz = 0 passes through the origin. Thus the origin is the common point of intersection. 

6. (a) At (xi, yi, 0) the equations of the tangent planes to z = f (x, y) and z = g(x, y) 

are P\\ z - f (x\,y\) = f x (xi,yi) (x - xi) + f y (®i,yi) (y - yi) and 

P 2 : z-g (xi, yi) = g x (x u yi) (x - xi) + g y (xi,yi) (y - yi), respectively. Pi intersects the xy-plane in 
the line given by f x (xi,yi) (x — xi) + f y (xi,yi) (y - yi) = —f (xi,yi), z = 0', and P 2 intersects the 
xy-plane in the line given by g x (xi,yi) (x - xi) + g y (xi,yi) (y - yi) = —g (xi,yi), z = 0. The point 
( 0 : 2 , 2 / 2 ,0) is the point of intersection of these two lines, since (x 2 , y 2 , 0) is the point where the line of 
intersection of the two tangent planes intersects the xy-plane. Thus (x 2 , y 2 ) is the solution of the simultaneous 
equations f x (xi,yi) (x 2 - xi) + f y (xi,yi) (y 2 - yi) = -f (xi,yi) and 

g x (xi,yi) (x 2 -xi) + g y (xi,yi) (y 2 - yi) = -g (xi,yi). For simplicity, rewrite f x (®i, yi) as f x and 

similarly for f y , g x , g y , f and g and solve the equations (f x ) (x 2 - xi) + (f y ) (y 2 - yi) = -f and 

(9x) (x 2 -xi) + (g y ) (y 2 -yi) = -g simultaneously for (x 2 - xi) and (y 2 -yi). Then 

gf x /gx gfx /gx ¿ ¡ ¿ \ / \ , (fy) (p fx fg ^) ¿, 

-yi = —r - -r— or y 2 =yi- f / and (f x ) (x 2 - xi) + , _ — - -/ ¡ 

gxfy fxgy Jxgy gxjy gxjy Jxgy 


V2 

X 2 — Xi 


so 


_ x , _ [(fvHjU ~/g*)/ (g*/y _ U9y)] _ _¿9y fy9_ Hence X2 = Xi - - ^+. 

fx 9 x fv f x 9v fx9v 9xfy 


(b) Let / ( x, y) = x x + y v - 1000 and g ( x, y) = x v + y x - 100. Then we wish to solve the system of equations 
/ (x, y) = 0, g (x, y) = 0. Recall f - [x 1 ] = x x (1 + lnx) (differentiate logarithmically), so 

CLX 

fx (x, y) =X X (1+ lnx), /y (x, y) = y v (1 + lny), g x (x, y) = yx^ 1 + y x lny, and 
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9y ( x iV) x v ln x + xy x 1 . Looking at the graph, we estimate the first point of intersection of the curves, and 
thus the solution to the system, to be approximately (2.5,4.5). Then following the method of part (a), xi = 2.5, 
yi = 4.5 and 


X 2 = 2.5 


/ (2.5,4.5) gy (2.5,4.5) - /„ (2,5,4.5) g (2.5,4.5) 

/ x (2.5,4.5) g y (2.5,4.5) - f y (2.5,4.5) g x (2.5,4.5) 


« 2.447674117 


V2=45 k ( 2 - 5 - 4 - 5 ) í (2-5,4.5) - / (2.5,4.5) (2.5,4.5) 

/* (2.5,4.5) g y (2.5,4.5) - /„ (2.5,4.5) g x (2.5,4.5) 


4.555657467 


Continuing this procedure, we arrive at the following values. (If you use a CAS, you may need to increase its 
computational precision.) 


x\ = 2.5 

h-L 

II 

Cn 

x 2 = 2.447674117 

y 2 = 4.555657467 

x 3 = 2.449614877 

2/3 = 4.551969333 

x 4 = 2.449624628 

y 4 = 4.551951420 

x 5 = 2.449624628 

2/s = 4.551951420 


Thus, to six decimal places, the point of intersection is (2.449625,4.551951). The second point of intersection 
can be found similarly, or, by symmetry it is approximately (4.551951,2.449625). 




d 2 u 
dr 2 


= cos 0 


r d 2 


u dx 

dx 2 dr ~^~ dydx dr 


d 2 u dy _^_ d 2 u dz 


dzdx dr 

fl 3 - 


+ sin0 


r d 2 u dy _^_ 


d 2 u dx d 2 u dz 


dy 2 dr dxdy dr dzdy dr 


d 2 u 2 d 2 u 2 

= ~ñZ2 cos ^ + ~ñ~2 sm 0 + 2 o o 
ox 2 dy 2 dydx 


cos 0 sin 0 


o- -i i &u . „ du 

Similarly — = ——rsinO + —rcosO and 


d 2 


d 2 u 


d 2 u 


d 2 u 


= sin2 0 + r 2 cos 2 0 - 2 Q _ 

oy 2 dydx 


du 


du 


r ¿ sin 0 cos 0 - — r cos 0 - — r sin 0. So 

OX 


dy 


d 2 u 1 du 1 d 2 u d 2 u 
dr 2 r dr + r 2 dO 2 dz 2 


d 2 ° 


0 U 2ü 
' 7^ COS 0 


F) 2 9 


du sin 0 
dy r 


. d 2 u 
+ dx^ sin 


2 0 + ^ cos 2 0 — 2 


dy 2 


dydx 


sin 0 cos 0 


ducosO dusinO d 2 u 
dx r dy r dz 2 


d 2 u d 2 u d 2 u 
dx* + dy* + 
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(b) x = p sin 4> cos 6, y = p sin <p sin 9. z = p cos <f>. Then 

du dudx dud^ &udz = du sin4>cose+ du sia4>sin0 + P eos^ and 

dp dx dp dydp dz dp dx dy dz 


d 2 u . a 

-—r = sm (p cos o 
Op 2 


d 2 u dx d 2 u dy d?u dz 
dx 2 dp dydx dp dzdx dp 


+ sin (p sin 0 


d 2 u dy d 2 u dx d 2 u dz 


dy 2 dp dxdy dp dzdy dp 


+ COS (p 


d 2 u dz d 2 u dx d 2 u dy 


dz 2 dp dxdz dp dydz dp 


= 2 d sin 2 0sin0cos0 + 2 ^ ™ sin </> cos (p cos 0 + 2 - — sin (p cos (p sin 0 

<9y<9x dzdx ctydz 


a 2 u . 


d 2 i¿ . 


+|^ sin 2 0cos 2 9 + sin 2 flisin 2 9 + ^ cos 2 <f> 


Similarly ^ pcos <¡> cos 9 + t^P cos <p sin 0 — — psin</>, and 


d 2 i¿ « d 2 u 


d 2 u 2 


= 2 —— p 2 cos 2 ó sin 0 cos 0 - 2 _ „ p sin (p cos 0 cos 6> 
Q - axaz 


d(j> 2 dydx 


—2TTTT-p 2 sin</>cos (p sin0 + ~^~¡;p‘ cos 2 0cos 2 0 cos2 </>sin 2 0 

¿fydz cte 2 arr 

d 2 i¿ o • 2 i dr¿ . , x, du . , . Q du , 

+ -—-p 2 sm — psm<£cos0- —psm0sinl9- — pcosíp 


d 2 u 


'dz 2i 


dy' 


And ^ ^ p sin (p sin 6 + ^psin<£cos0, while 

80 dx dy 


d 2 

dO 


= -2 ^ ^ -p 2 sin 2 (p cos 0 sin 0 + ^-^p 2 sin 2 ^sin 2 0 
ch/dx ™^ 2 


'l¿ ~ 0~U 2 . 2 ^_/j , & u J2 „¡_2 _ í _2 . 


chc 2 1 


Q 2 u o o 2 /i du . , /> du . i . a 

+-—=p 2 sin 0COS 0 - —psm0cos0 - — psm0sm0 
ar/ 2 Ox oy 


Therefore 

d 2 z¿ 2 du cot (pdu 1 d 2 i¿ 1 

Op 2 p <9p p 2 d</> p 2 d(p 2 p 2 sin 2 (p dO 2 

= [(sin 2 0cos 2 0) -I- (cos 2 4> cos 2 0) + sin 2 0] 

+ [( sin2 «^sin 2 0) + (cos 2 <6sin 2 0) + cos 2 0] + [cos 2 <f> + sin 2 0] 

i 2 (p cos 0 + cos 2 (p cos 0 — sin 2 <p cos 0 — cos 0 

p sin (p 

2sin 2 <ftsin0 + cos 2 (psinO - sin 2 (psinO - sin 0 
p sin (p 


du 

dx 


2 sir 


du 
+ dy 
































420 □ PROBLEMS PLUS 


But 2 sin 2 <f> cos 0 + cos 2 <¡> cos 6 - sin 2 4>cos6 - cos 9 = (sin 2 </> + cos 2 <f> - l) cos 6> = 0 
and similarly the coefficient of du/dy is 0. AIso 

sin 2 <}> cos 2 6 + cos 2 4 > cos 2 0 + sin 2 9 = cos 2 6 (sin 2 <j> + cos 2 <p) + sin 2 (9 = 1, and similarly the coefficient of 
d 2 u/dy 2 is 1. So Laplace’s Equation in spherical coordinates is as stated. 


8 . The tangent plane to the surface xy 2 z 2 = 1 , at the point ( x 0 , y 0 , z 0 ) is 
y 0 zl (x - x 0 ) + 2 x 0 y 0 z 0 (y - y 0 ) + 2 x 0 ylz 0 (z - z 0 ) = 0 => 

{yo z o) x + ( 2x 0 y 0 z 0 ) y + ( 2x 0 y 0 z 0 ) 2 = bx 0 y 0 z 0 = 5. Using the formula derived in 
Example 13.5.8 [ET 12.5.8], we find that the distance from (0,0,0) to this tangent plane is 


D (x 0 , y 0 , z 0 ) = 


\hx 0 y 0 z 0 \ 


\J (Vo z l) 2 + (2xoi/o 2 o) 2 + (ZxoyoZo)' 2 

VD 2 = 0 . Dropping the subscripts, let / (a;, y, z) = D 2 = 


\ 

When D is a maximum, D 2 is a maximum and 


25 (xyzf 


y 2 z 2 + 4 x 2 z 2 + 4 x 2 y 2 
1 


. Now 


use the fact that for points on the surface xy 2 z 2 = 1 we have z 2 =- to get 

xy 2 ' 


f (*, y) = d 2 = -j 


25x 


, 4íf 

- H—2 + 4a: 2 2/ 2 
x y 2 


25 x 2 y 


, 2„,2 


¿2 + 4a;2 + 4a .3 y 4 • Now Vg2 = 0 =► /x = 0 and / w = 0. 


^ _ Q ^ 50a;y 2 (y 2 + 4a: 2 + 4a; 3 y 4 ) - (8x + 12x 2 y 4 ) (25x 2 y 2 ) _ 

(y 2 + 4x 2 + 4x 3 y 4 ) 2 

V (j/ 2 + 4x 2 + 4x s y 4 ) - (4x + 6 x 2 y 4 ) x 2 y 2 = 0 =► xy 4 - 2 x 4 y 6 = 0 => 

x y 4 í 1 — 2x3 y 2 ) =0 =*• 1 = 2 y 2 x 3 (since x = 0, y = 0 both give a minimum distance of 0). Also f v = 0 

50 x 2 y (y 2 + 4x 2 + 4x 3 y 4 ) - (2 y + 16x 3 j/ 3 ) 25x 2 y 2 A , . 

^ - ( y 2 + 4x 2 + 4x 3 j/ 4 ) 2 - ¿ ^ 4x 4 j/ — 4x s y s = 0 

x 4 y (1 - xy 4 ) = 0 => 1 = xy 4 . Now substituting x = \/y 4 into 1 = 2y 2 x 3 , we get 1 = 2y' 

= 2'/® =+ a: = +2 1 / 10 . 


■10 


y = +2 1 / 10 =+ x = 2“ 2/5 z 2 = — = _ - _ 

xy 2 (2 _2/s ) (2 1/5 ) 

Therefore the tangent planes that are farthest from the origin are at the four points (2- 2/5 ,±2 1/10 ,±2 1/10 ).These 
points all give a maximum since the minimum distance occurs when x 0 = 0 or j/ 0 = 0 in which case D = 0. The 
equations are (2 1/5 2 1/5 ) x ± [(2) (2 -2/s ) (2 1/10 ) (2 1/5 ) j y ± [(2) (2 -2/5 ) (2 1/s ) (2 1/10 ) j z = 5 => 

(2 2/s ) x ± (2 9/1 °) y ± (2 9/1 °) z = 5. 


9. Since we are minimizing the area of the ellipse, and the circle lies above 
the x-axis, the ellipse will intersect the circle for only one value of y. This 
y-value must satisfy both the equation of the circle and the equation of the 
x 2 Q 2 

ellipse. Now — + — = 1 =$> x 2 = — (b 2 — y 2 ). Substituting into 

2 

the equation of the circle gives — (b 2 — y 2 ) + y 2 — 2 y = 0 => 



( 
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/ 


{ — b 2 ^ ) y2 ~ 2y +0,2 = In order for there t0 be ° nly ° ne solution t0 this q uadratic equation, the discriminant 
»2 2 

must be 0, so 4 - 4 a 2 - — =0 => b 2 - a 2 b 2 + a 4 = 0. The area of the ellipse is A (a, b ) = tt ab, and we 
6 2 

minimize this function subject to the constraint g (a, b) = b 2 - a 2 b 2 4- a 4 = 0. 

Now X7A = AV g <=> nb = A (4a 3 — 2 ab 2 ), na = X (26 — 26a 2 ) => (1) A = 2 a ^2a 2 — 6 2 ) ’ 

(2) A = 26 (l-a 2 Y (3) ^ ” a ' 62 + ^ = °’ C0mparing (1) and (2) gÍVeS = 26(1^) ^ 

27t 6 2 = 47ra 4 a 2 = -j^b. Substitute this into (3) to get 6 = a= yj §. 








Multiple Integrals 




36.1 Double Integrals over Rectangles 

1. (a) ¿ ¿ f (xij,ylj) A+ = / (0, §) AA+ f (0,2) AA + / (l, |) AA + / (1,2) AA 

i = 1 j = 1 

= (-f) é + (-12) § + (1 - 2 i) § + (1 - 12) \ = -17-75 

(b) 1 [/ (1, |) + / (1,2) + / (2, f) + / (2,2)] = i [-f + (-11) + H?) + (-10)] 

= l(-f) =-15.75 

(c) ¿ [/ (0,1) + / (0, |) + / (1,1) + / (1, §)] = H-3 - T ~ 2 - f ] = - 8 -75 

(d) 1 [/ (1,1) + / (1, §) + / (2,1) + / (2, §)] = § [-2 - f - 1 - f ] = -6.75 

2- V*(l)[/ (§,§) +/(§,§)+/(§,§) +/(§,§)] = [f + f+ f + f]= 49 

3. (a) The subrectangles are shown in the figure. The surface is the y ■ 

graph of / (*, y) = x 2 + 4y and A+ = 1, so we estimate 3 i 

v « E f(^i,yj) AA 2 

i = 1 j = 1 

= /(l,l)AA + /(l,2)A+ + /(l,3)AA 1 

+ / (2,1) A+. + / (2,2) AA + / (2,3) A.A —-¡- 

= 5 (1) + 9 (1) + 13 (1) + 8 (1) + 12 (1) + 16 (1) = 63 

(b) V « ¿ £ / (xi,yj) AA 

i=lj=l 

= /(i,‘l)AA + /(i§)AA + /(|,§)AA 

+ / (f > é) + / (f’ I) + / (f ’ 2) 

= !(i) + f (i) + ^(i) + í(i) + ?(i) + f (i) = f = 43.5 

4. The subrectangles are shown in the figure. 
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Since A A = we estimate 


lí (2 x + x 3 y) dA« ¿ ¿ / (xtj.,y*j) AA 

J J R i = 1 j = 1 

= 5 [/ (“2- “!) + f (-2, - 3 ) + / (-2,0) + / (-2, §) + / (-1, -1) 

+ / (- 1 , -I) + / (- 1 ,0) + / (-1, \) + / (0, -1) + / (0, -i) 

+ / (0,0) + / (0, i) + / (1, -1) + /(!,-!)+/ (i, o) + / (1, i)j 

= 5 (-22) = -H 


5. (a) Each subrectangle and its midpoint are shown in the figure. The area of each 
subrectangle is AA = 2, so we evaluate / at each midpoint and estimate 

ff R f(x,y)dA * ¿ ¿ /(xuy^AA 

i = 1 j = 1 

= / (1.5,1) AA + / (1.5,3) A+ 

+ /(2.5,1) AA + / (2.5,3) AA 
= 1 (2) + (-8) (2) + 5 (2) + (-1) (2) = -6 






4- 







• 

• 


2 - 







• 

• 


0 

1 

/■j 

> ^ 

\ \ 


(b) The subrectangles are shown in the figure. In each subrectangle, the sample point 
farthest from the origin is the upper right comer, and the area of each subrectangle 


is AA = i. Thus we estimate 


ffn f (x, y) dA ■■ 


1 E E f(xi,yj)AA 

i — 1 j — 1 


y 

4 

3 + 
2 
1 


= / (1.5,1) AA -b / (1.5,2) A A + f (1.5,3) A A + f (1.5,4) AA 
+ / (2,1) AA + / (2,2) AX + /(2,3)AA + /(2,4) AA 

+ / (2.5,1) AA + / (2.5,2) AA + / (2.5,3) AA + / (2.5,4) AA 
+ /(3,l)Ai4 + /(3,2) Ai4 + /(3,3) AA + /(3,4) AA 
= 1 (i) + (“ 4 ) (I) + M) (I) + M) (i) + 3 (i) + 0 (I) + (-5) (i) + (-8) (I) 
+ 5(§) + 3 (i) + (-1) (i) + (-4) (i) + 8 (|) + 6 (1) + 3 (I) + 0 (I) 

= -3.5 


1 2 3 


6 . To approximate the volume, let R be the planar region corresponding to the surface of 
the water in the pool, and place R on coordinate axes so that x and y correspond to the 
dimensions given. Then we define / (x, y) to be the depth of the water at (x, y), so the 
volume of water in the pool is the volume of the solid that lies above the rectangle 
R = [0, 20] x [0,30] and below the graph of / (x, y). We can estimate this volume 
using the Midpoint Rule with m = 2 and n = 3, so AA = 100. 


30 

20 

10 




• 

• 


• 

• 


• 

• 


0 

10 20 i 
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Each subrectangle with its midpoint is shown in the figure. Then 

v« £ £ f(ñi,Vj)& A 

i=lj=l 

= AA [/ (5,5) + / (5,15) + / (5,25) + / (15,5) + / (15,15) + / (15,25)] 

= 100 (3 + 7 + 10 + 3 + 5 + 8) = 3600 

Thus, we estimate that the pool contains 3600 cubic feet of water. 

Altematively, we can approximate the volume with a Riemann sum where m = 4, n = 6 and the sample points are 
taken to be, for example, the upper right comer of each subrectangle. Then A A = 25 and 

Vw £ £ f(xi, yj )AA 

i = 1 j = 1 

= 25 [3+ 4 + 7 + 8 +10+ 8 + 4 + 6 + 8+10+ 12+ 10+ 3 + 4 
+ 5 + 6 + 8 + 7 + 2 + 2 + 2 + 3 + 4 + 4] 

= 25 (140) = 3500 

So we estimate that the pool contains 3500 ft 3 of water. 

7. The values of f (x,y) = \/52 - x 2 - y 2 get smaller as we move farther from the origin, so on any of the 

subrectangles in the problem, the function will have its largest value at the lower left comer of the subrectangle and 
its smallest value at the upper right comer, and any other value will lie between these two. So using these 
subrectangles we have U <V <L. (Note that this is tme no matter how R is divided into subrectangles.) 


8. From the level curves we see that /(§,§)« n - So ’ usin § the Midpoint Rule with only one subrectangle, we get 
ff R f (x, y) dA « 1 • / (|, ¿) « 11. Dividing R into four squares of equal size, we get 

ffl f (x, y)dA»\ [f (M) + / (i !) + / (i \) + f (!> !)] « í (11 + 13 + 9 ‘ 5 + U > « U ' Using 
sixteen squares we get the same result. So ff R f (x, y) dA « 11. 


9. With m = n — 2, we have A A = 4. Using the contour map to estimate the value of / at the center of each 
subrectangle, we have 

ff R f (x, y) dA « £ £ / (ñi,Vj) AA = AA (f (1,1) + / (1,3) + / (3,1) + / (3,3)] 

i = 1 j = 1 

« 4 (27 + 4 + 14 + 17) = 248 

10. As in Example 4, we place the origin at the southwest comer of the state. Then R = [0,388] x [0,276] (in miles) is 
the rectangle corresponding to Colorado and we define / (x, y) to be the temperature at the location (x, y). The 
average temperature is given by 

We can use the Midpoint Rule with m = n = 4 to give a reasonable estimate of the value of the double mtegral. 
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Thus, we divide R into 16 regions of equal size, as shown in the figure, with the center of each subrectangle 
indicated. The area of each subrectangle is AA = 2» . m = 6693> so using the contour map to estimate (he 
function values at each midpoint, we have 

/o 76 /o 388 / (*, y) dxdy!^ ¿ ¿ / (xi,yA AA 

Í = 1 j = 1 

« AA [72.2 + 73.6 + 72.1 + 68.2 + 67.4 + 68.5 + 66.7 + 60.3 

+ 72.0 + 74.9 + 68.4 + 63.7 + 73.2 + 72.3 + 70.3 + 67.7] 

= 6693(1111.5) 


^ f ooy¿ • iiii.o 

inererore, / ave « 38g . 27g « 69.5, so the average temperature in Colorado on May 1, 1996, was 

approximately 69.5 °F. 

Altematively, we can use the Midpoint Rule with m = n = 2 which is easier computationally but will most likely 
be less accurate since we have fewer subrectangles. In this case, A A = = 26,772 and we can use the 

same grid to estimate the function values at the midpoints of the four subrectangles. Then 

/o /o / (*, y) dx dy « £ £ / (Zi, yf) AA « 26,772 [70.0 + 66.5 + 74.3 + 68.5] 

i = 1 j = 1 J 

= 26,772 • 279.3 


and / avc w 


26,772 • 279.3 
388 • 276 


69.8 °F. 


11. z - 3 > 0, so we can interpret the integral as the volume of the solid S that lies below the plane z = 3 and above 
the rectangle [—2,2] x [1,6]. S is a rectangular solid, thus ff R 3dA = 4 • 5 • 3 = 60. 


12. z — 5 — x > 0 for 0 < x < 5, so we can interpret the integral as 
the volume of the solid S that lies below the plane z = 5 - x and 
above the rectangle [0,5] x [0,3]. S is a triangular cylinder whose 
volume is 3 (area of triangle) = 3 (¿ • 5 • 5) = 37.5. Thus, 
ff R (6 a:) dA = 37.5. 


( 0 . 3 . 5 ) 
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13. z = / (x, y) = 4 — 2y > 0 for 0 < y < 1. Thus the integral 
represents the volume of that part of the rectangular solid 
[0,1] x [0,1] x [0,4] which lies below the plane z = 4 — 2. So 

ff R (4 - y) dA = (1) (1) (2) + \ (1) (1) (2) = 3 



14. Here z = yj 9 - y 2 , so z 2 + y 2 = 9, z > 0. Thus the integral 
represents the volume of the top half of the part of the circular 
cylinder z 2 + y 2 = 9 that lies above the rectangle [0,4] x [0,2]. 



15. To calculate the estimates using a programmable calculator, we can use an algorithm 
similar to that of Exercise 5.1.7 [ET 5.1.7]. In Maple, we can define the function 

/ (x, y) = e ~ x2 ~ v2 (calling it f), load the student package, and then use the 
command 

middlesuin (middlesum (f, x=0 . . 1, m) , 

y=0..l,m) ; 


to get the estimate with n = m 2 squares of equal size. Mathematica has no special 
Riemann sum command, but we can define f and then use nested Sum commands to 
calculate the estimates. 


n 

estimate 

64 

0.8660 

256 

0.8625 

1024 

0.8616 


n 

estimate 

1 

0.9922 

4 

0.9262 

16 

0.8797 


n 

estimate 

1 

0.6065 

4 

0.5694 

16 

0.5606 

64 

0.5585 

256 

0.5579 

1024 

0.5578 


m n 

17. If we divide R into mn subrectangles, ff R kdA^Y, E / Vij) AA for an y choice of sam P le P oints 

Í = 1 3 = 1 

m n 

(xljtylj). But/=fcalwaysand £ £ AA = area of R = (b - a) (d - c). Thus, no matter how we 

¿ — 1 j — 1 

m n m n 

choose the sample points, X) £ / ( x ijiVij) AA = ^ AA = k(b — a) (d - c) and so 

t = 1 j = 1 i = 1 j = 1 


íf fí kdA = lim 

m.n—►c 


3 i = 1 j = 1 


lim 

m,n—»c 


k E E aa 

3 t=i j = i 


= lim k(b — a) (d — c) = k(b — a) (d — c) 
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18. On R, 0 < x + y < 2 < n and sin 6 > 0 for 0 < 6 < n. Thus / (x, y) = sin (x + y) >0 for all (x, y) e R. Since 
0 < sin (x + y) < 1, Property (9) gives Jf R 0dA< ff R sin (x + y) dA < ff R 1 dA, so by Exercise 17 we have 
0 < ff R sin(x + y) dA < 1. 


Iterated Integrals 


ET15.2 


t fo ( 2x + 3x2 y) dx = [x 2 + x 3 y]*J 0 = (9 + 27 y) - (0 + 0) = 9 + 27 y, 

2 -] y =4 , v 

f¿ (2x + 3x 2 y) dy = 2xy + 3a: 2 y = í 8x + 3x 2 • — j - (0 + 0) = 8x + 24x 2 

,f- 

J 0 X ■ 

f 

J 0 


yy dx = yln|x + 2|]* = 2 = yln5-yln2 = yln|, 
2 -i y =4 


/ o x + 2 
p3 rl 


y , 1 

dy = 


x + 2 


».0 * + 2 V2 ) 


8 

x 4- 2 


3 - h /o ( X + 4 x 2/) = /i [® + 2a?2 2/] * =0 cíy = Ji (1 + 2y) dy 

= [¡z + s’lj = (3 + 9)-(1 + 1) = 10 

*•;»(«*+«*)■<»*- fí [«>»+* -£[(**+«- -«] 

- f¡ +1) * - [|«* + WJ -(+ + !)-(¥ + S) = + 

5- /J r/2 / 0 - /2 sin x cos ydydx = /J^ 2 sin x dx /* /2 cos y dy (as in Example 5) 

= [- cosx]J /2 [siny]J /2 = - (0 - 1) (1 - 0) = 1 

6 - /i 4 fo ( x + Vv) dx d v = /i 4 [3Z 2 + *vl/] *=o = f) ( 2 + 2 v^) d y 

= [2y + 2.|y 3/2 ]; = (8+|.8)-(2+|) = f 

7 - /o 3 /o Vx + ydxdy = / 0 3 [f (x + y) 372 ]*^ d V = § / Q 3 [(1 + 2/) 3/2 - y 3/2 ] dy 

= I [I (1 + y) 5/2 - §3/ 5/2 ] 0 = á [32 - 3 5/2 - 1 ] = ¿ (31 - 9VS) 

8. r /2 r /2 sin (x + y) dydx = ff /2 [- cos (x + y)Y y = J /2 dx = ff /2 [cosx - cos (x + f)] dx 

= [sinx — sin (x + f)] J /2 = (1 - 0) - (0 - 1) = 2 


0 

9 - /1 (VÍ) dyic= L [* h *i»i++ 5 »*][_ i *-/‘(«bj+¿)<fc 

= [fx 2 ln2 + f ln|x|] j = 81n2+fln4-fln2 
= f In2 + 31n4 1/2 = f ln2 

10 - fX ( x + y)~ 2 dxd v = /i 2 [-(*+2/) _1 ]xI¿ d y = /x 2 [j/ _1 - (!+ 2/) -1 ] dy 


= [ln y - ln (1 + y)]\ = ln2-ln3-0 + ln2 = lnf 
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11. C 2 C 5 e 2 *-»dxdy=(C 5 e 2 *dx) (f™ e~* dy) = [¿e 2 +" 5 [-e"*] 

- (¥-l)H + i)“« 


— 1/1 ln 2 
0 


«■ / 7 ' 


xy 


_= dy dx = /q [s^/a: 2 +j/ 2 + ll dx = j/ x (Vx 2 + 2 — \/x 2 + 1) ds 

^/íC 2 + J/ 2 + 1 L Jy = 0 

= | [(z 2 + 2) 3/2 - (x 2 + l) 3/2 ]* = ¿ [(3 3 / 2 - 2 3/2 ) - (2 3 / 2 - l)] 
= ¿ ( 3>/3 - 4V2 + 1 ) 


13. II R (6aV - 52/ 4 ) dA = / 3 £ (6x 2 y 3 - 5y 4 ) dy dx = / Q 3 [f xV - y 5 ] “ij dx 

-i?d«»-i)ito-[^-«];-¥-3-í 

14. H R xye v dA = l 2 ll xye v dydx = tfxdx /J ye y dy = [fx 2 ] 2 [e v (y - 1)]J (by integrating by parts) 

= ¿(4-0) (0 + e°) = 2 

“ //„ +r dA =/„7- 3 , ¡*£r *' b: - í 1 3TÍ ■* /-, ■ / 

= [¿ ln (x 2 + 1)]; [|y 3 ] 3 _ 3 = 3 (ln 2 - ln 1) • ¿ (27 + 27) = 9 ln 2 


= [*+ l l3 ]J [ tan_1 = (! + 5 - °) (f “ °) = i 




17. Jq / 6 Jq /3 X sin (x + y) dy dx 

= Jo /6 [~ x cos ( x + 2/)ly = V* = /o^ 76 [ x cosx - xcos (x + f)] dx 

= x [sinx - sin ( x + f )]q /6 - JJ /6 [sinx - sin (x + f )] dx 
(by integrating by parts separately for each term) 

= f [5 - ¿] _ [-cosx + cos(x + f )]; /6 = -35 - [—^ + 0- (-1 + 5 )] 


/3-1 _ JL 
2 12 


18. IIll xe xy dydx = /J [e**]*i¿ dx = (e* -1 )dx = [e x - «Jj = e - 2 

19. / / — 7 — dxdy = / [ln (x + 2 /)]]Z 2 dy = / [ln (2 + y) - ln(l + y)] dy 

Jo Ji X + V J 0 /0 

= [[(2 + y) ln (2 + y) - (2 + y)] - [(1 + y) ln (1 + y) - (1 + y)] 


(by integrating by parts separately for each term or by the Table of Integrals) 
= (3ln3) - 3 - (21n2) + 2 - [(21n2 - 2) - (0 - l)] = 31n3 - 41n2 = ln f§ 
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x=2 


2 °' L L x 2 +y 2 dxdy = J o [¿ln(z 2 + 2/ 2 ) ^=11 [ln(4 + y 2 ) - ln (l + y 2 )] dy 

To evaluate the first term, we integrate by parts with u = ln (4 + y 2 ) 
dv = dy => v = y. Then 


du = 


4 + ?/ 2 


dy and 


J\n(4 + y 2 )dy = y ln (4 + y 2 ) - J dy = yln (4 + y 2 ) - J (2 - 


dy 


= yln(4 + y 2 ) -2y + 8- itan 1 (|) = yln (4 + y 2 ) - 2y + 4tan -1 


Similarly, 


Thus, 


J ln (l + y 2 ) dy = y ln (l + y 2 ) 


— 2y + 2 tan 1 y 



^J^dxdy=^ ^ [ln (4 + y 2 ) — ln (l + y 2 )] dy 

= \ [yln(4 + y 2 ) — 2y + 4tan -1 -yln(l + y 2 ) +2y-2tan _1 yJ 


-h\(: 




ln 5 + 4 tan 1 i — ln 2 — 2 tan 


-0 


ln5 - ln2 + 4tan 1 i - 2(^)] = iln- + 2tan -1 - - - 


21. z = / (x, y) = 4 - x - 2y > 0 for 0 < x < 1 and 0 < y < 1. 
So the solid is the region in the first octant which lies below the 
plane z = 4 — x — 2y and above [0,1] x [0,1]. 



22. z — 2 — x 2 — y 2 > 0 for 0 < x < 1 and 0 < y < 1. So the solid 
is the region in the first octant which lies below the circular 
paraboloid z = 2 - x 2 - y 2 and above [0,1] x [0,1]. 



23 - V = Hr C¿x + Sy + l)dA= (2* + 5y + 1) dxdy = [x 2 +5xy + x] x x Z “, dy 

= !t^ydy=b 2 ]\= 7 i 
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24 - v = SSr ( x2 + y 2 ) dA = S-3 S- 2 ( 12 + v 2 ) dxd v = S-3 [ 3 x3 + y 2x ]l=- 3 d v 


= S-3 [f+V] d y = [fy + ls/ 3 ] i 8 = 2 ( 16 + 36 ) = 104 

25- v = il 2 (1 - iz 2 - |y 2 ) dxdy = 4/?/^ (l - fx 2 - ¿y 2 ) dxdy 

= 4/o [* - á* 3 - ^ = 4 /o (ll - |J/ 2 ) % = 4 [&V -- ^y 3 ] 2 =4-f| = W 

26- ^ = SiSh (y 2 - x2 ) dxd y = 2 Sl /o 1 (y 2 - x2 ) dxd y = 2 S ? [y 2x - W.Zl d y 

= 2 /i 3 (y 2 -5 )dy=i [ 2 / 3 -i/]i = 16 

27. Here we need the volume of the solid lying under the surface z = xsjx 1 + y and above the square 
R = [0,1] x [0,1] in the zy-plane. 

V = /u iü x v'*= +ydxdy = / 0 ' | [(í 1 + yf^] i = n dy = \ /o [(1 +yf' 2 - V 3/3 ] dy 

28. Here we need the volume of the solid lying under the surface z = l + (x — 1) 2 + 4 y 2 and above the rectangle 
R = [0,3] x [0,2] in the xy- plane. 

V = SoSo t 1 + (* - !) 2 + 4y 2 ] dydx = / 3 [y + (x - l) 2 y + |y 3 ]"l 2 dx 
= / 0 3 [2 + 2(x-l) 2 + f]dx=[fx+|(x-l) 3 ] 3 = 44 


29. In the first octant, z > 0 


y < 3, so 


v = SoSo ( 9 - y 2 ) dxd y = /o [9* - y 2x \TJo d y = So ( 18 - 2 v 2 ) d v = [ 18 ?/ - h 3 ]l = 36 


30. (a) Here we need the volume of the solid lying under 
the surface z = 6 — xy and above the rectangle 


(b) The solid occupies the region between the two 
surfaces shown. 


R = [-2,2] x [0,3] in the xy-plane. 

v = Sl 2 So ( 6 - x y) d y dx 
= S~3 [*y-l*ftlZl dx 
= Sl 2 ( 18 - \ x ) dx 

= [l8x-fx 2 ]l 2 = 72 



31. In Maple, we can calculate the integral by defining the integrand as f 
and then using the command int (int (f, x=0 . . 1) , y=0 . . 1) ;. 

In Mathemadca, we can use the command 

Integrate[Integrate [f,(x,0,1}],(y,0,1}]. Wefind 
that ff R x 5 y 3 e xy dA = 21e -57« 0.0839. We can use plot3d (in 
Maple) or Plot3d (in Mathematica) to graph the functíon. 











432 □ CHAPTER16 MULTIPLEINTEGRALS ETCHAPTER 15 

32. In Maple, we can calculate the integral by defining 
f:=E A (-x A 2)*cos(x A 2+y A 2) ; andg:=2-x A 2-y A 2; and 
then [since 2 - x 2 - y 2 > e ~ x2 cos ( x 2 + y 2 ) for -1 < x < 1, 

— 1 < V < 1] using the command 

evalf(int(int(g-f,x=-l..1),y=-l..1),5);. In 
Mathematica, we can use the command 

N[Integrate[Integrate[f,(x,0,1}],(y,0,1}],5]. 

In each of these commands, the 5 indicates that we want only five significant digits; this speeds up the calculation 
considerably. We find that ff R [(2 - x 2 - y 2 ) - (e - * 2 cos (x 2 +y 2 )jj dA » 3.0271. We can use the plot3d 
command (in Maple) or Plot3d (in Mathematica) to graph both functions on the same screen. 

33. R is the rectangle [-1,1] x [0,5]. Thus, A (R) = 2 • 5 = 10 and 

f- = dy = */ 0 * i,i„ 

- A [iv 1 ]: -1 

34. A(R) = f • 1 = f.so 

= A(R) * ^ X ' y ^ dA= ^ fo /2 fo x sin xy dydx=l ff /2 [- cos xy) v y I ¿ dx 
= n fo /2 (! - cosa: ) dx = l[x- sina:]J /2 = 1 - f 

35. Let f(x,y)= — - . Then a CAS gives f¿ f¿ f (x,y) dy dx = ¿ and f¿ ff f (x, y) dxdy = -\. 

To explain the seeming violation of Fubini’s Theorem, note that / has an infinite discontinuity at (0,0) and thus 
does not satisfy the conditions of Fubini’s Theorem. In fact, both iterated integrals involve improper integrals which 
diverge at their lower limits of integration. 

36. (a) Loosely speaking, Fubini’s Theorem says that the order of integration of a function of two variables does not 

affect the value of the double integral, while Clairaut’s Theorem says that the order of differentiation of such a 
function does not affect the value of the second-order derivative. Also, both theorems require continuity (though 
Fubini’s allows a finite number of smooth curves to contain discontinuities). 

(b) To find g xy , we first hold y constant and use the single-variable Fundamental Theorem of Calculus, Part 1: 

9x = £ g (x,y) = £f a (J” f(s,t)dt) ds = 

d f y 

again: g xy = — J f (a?, t) dt = f (x, y). 

To find g yXl we first use Fubini’s Theorem to find that J* JJ f ( 5 , t) dt ds = JJ JJ f (s, t) dt ds , and then use 
the Fundamental Theorem twice, as above, to get g yx = f (x , y). So g xy = g yx = f (x, y). 


J 


f ( x , t) dt. Now we use the Fundamental Theorem 



( 
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•3 Double Integrals over General Regions ET15.3 


1- /q jf (x + 2 y) dy dx = // [xy + y 1 ]dx = [x (x 2 ) + (x 2 ) 2 - 0 - o] dx 
= // (x 3 + X 4 ) dx = [ix 4 + ix% = 




Z /,» /„» = /í [§*»»]”> = /í í» (4 - »») dy = 1 /= (4y - „») 

= é [V-L»‘]? = i (8-4-2+J) = f 

3. /„' /;■ Vid.4» = /„' [!*>'’]-■ % = 1 /„' (e-' ! - »">) = f [fe»"> - \y^}\ 

= l(ie* / »-!-!«° + 0)=je»'»-i 

4- /o /f- (*» - y) dydx = /„' [»>» - fv»]* = /o' [*' (2 - *) - i (2 - *)» - «* W + M* 
= /q 1 (—2x 3 + 2x 2 + 2x - 2) da: = [-fa; 4 + |x 3 + x 2 - 2ar]¿ = -| 


5. /' /a ¡¿ oae e° inB drd9 = ff /2 [re sin9 ]^° 89 dé> = / 0 ’ /2 (cos0) e 8in9 d0 = e 8in9 ] 
= e BiTí(ir,2) - e° = e - 1 


.sin 01 

0 


6- /o 1 fo VT^dudv = /q 1 [WT=Í»]~ dv = /q 1 = -I (1 - * 2 ) 3/2 ]^ 

= — 5 (0 — 1) = 3 

7. ff D xh , 2 dA = f 2 r_ x xW dy dx = / q 2 [ix 3 y 3 ] v y Zl x dx = \ f 2 2x 6 dx 

=![Ki:4[2 7 -o]=f 


Jo 

= fln|x 3 +2|] 2 = f (lnlO —ln3) = flnf 

y=v/í 


1 ry/x 


Jh dydx 


rlr y2 nW- /-1 x 

~ Jo [aa 2 + 1J o X ~Jo * 2 +l 


9 ' lo lo rti Jo L*^ - ~r A J y=o 

= f ln |x 2 + l|] 0 = 5 (ln2 — ln 1) = f ln2 

10 - Jo ío e¡/2 dx d y = /o KU = /o 1 V 6 * 2 dy = 5 ev2 ] Q = 2 ( e - !) 

11. / 2 // 3 e* /v dxdy = f 2 [^];;; dy = f 2 (ye y2 - ey) dy = [fe^ - fey 2 ] 2 = H e4 “ 4e ) 

12. /q 1 / 0 w xy/yt -x'dxdy = f¿ [-§ (y 2 - x 2 ) 3/2 ]^ V dy = \ // y 3 dy = \ ■ |y 4 ]¿ = ¿ 

13. Üff xcosydydx = fj [xsiny] w = ¡f dx = /q 1 xsinx 2 dx = -f cosx 2 ]¿ = ¿(1 - cos 1) 
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So Sf (* + v) dydx = {xy+ivXZfdx 

= /o (* 3/2 + - x 3 - ix 4 ) dx 

- [32.5/2 , 12 _ 14 _ J.-5] 1 _ 3 _ 
[5 1 +4 1 4 X 10 X J 0 -IÓ 



R Sí^'v'dxd» = /’ = /’ |( 2 » - 1 ) - (2 

= /, , CV-3 ! ,*)*.[5/'-|y]; 

— 96_ 19 _3,3 _ 147 
5 1Z 5 ' 4 "20T 



/- 14 3 2 2w (í / 2 - *) da: dj/ = /ij [xy 2 - ¿x 2 ] * = 3 2 2y2 dy 

= //i [(3 - 2y 2 ) y 2 - \ (3 - 2y 2 ) 2 - yV + I (y 2 ) 2 ] dy 
= /-i (-12/ 4 + V ~l)dy= [-^y 5 + 3y 3 - §y]^ = -f 



= fl 2 [ 2 xv /4 - a: 2 - ¿ (4 - a: 2 ) + 2x\/4 - x 2 + ¿ (4 - a: 2 )] dx 


= fl 2 4x\/4 — x 2 da: = —f (4 — x 2 ) 3/2 j =0 

(Or, note that 4x%/4 — x 2 is an odd function, so fl 2 4x%/4 — x 2 dx = 0.) 


- y)] y 3 dy 
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tiJy/^ye^dxdy^tiíyeXzljS dy 

= / 0 4 (ye 6 ~ v - ye v/2 'j dy 

(by integrating by parts separately for each term) 

= — 12e 2 + 3e 2 + e 6 — 4 
= e 6 - 9e 2 - 4 



v = Joíf(x 2 + y 2 )dydx = /[(^ + y) 


y = y/x 


dx 


y = x ¿ 


-[Í.W-K +4^*-*«']; 

_ 18 _ 6 
“ 105 ~ 35 



v = /o 2 /„ S 2 _ y (3z 2 + y 2 ) dx dy 

=f¿rv+tw::'*-,* 


= fo [2y 3 - (y 6 - 3 ^ 5 + V - V)] 


y 7 y 6 4y 5 

7 + 2 5 



144 

35 



V = fifi 3v xydxdy 

=fi[^ 2 y]::i~ 3v dy 

= \ / 2 (48y - 42y 2 + 9y 3 ) dy 
= i[24y 2 -14y 3 + fy 4 ] 2 = f 



V = /q 1 /q 1 1 (z 2 + y 2 + 4) dydx = [x 2 y + ±y 3 + 4y]“ = 0 1 dx 
= ff [i 2 - x 3 + i (1 - x) 3 +4(1 - a)] dx 
= {¿x 3 -ix 4 -±(l-x) 4 -2(l-x% = f 
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V = fofo~ X/2 V9^dydx = / 0 2 [yV9^] y v Zl~ x/2 
= / 0 2 (\/9 — x 2 - ¿x\/9 - x 2 ) dx 
= / 0 \/9 — x 2 dx + ¿ / Q 2 (-2x\/9 - x 2 ) dx 
= [ixV9^+ f sin- 1 (x/3) + i (9 - x 2 ) 3/2 ] 2 
= \/5 + f sin -1 f + f \/5 - i (27) 

= f (ll \/5 - 27 ) + f sin -1 f 



v = Iofo V V^¥dxdy 
= fo [ x V A -y 2 Y~^ dy = / 0 2 2 y^T^dy 
= [-f(4-2/ 2 ) 3/2 ] o =0+f = f 



V ~fofo X (1 -x-y)dydx 


-n 


y-xy- 


V = 1 
y = 0 




= /o [(l- x) 2 -f(l-x) 2 ]dx 

=4/i(l-x) 2 dx=[-i(l-x) 3 ]¿.= 


1 

6 



V = fo 3/4 f?- V)/3í 3 (G-6x-2y)dxdy 
= /o 3/4 [fO-^x-x 2 ]::^ 3 ^ 
= /o 3/4 [i (3 — ?/) 2 — 2y + f j/ 2 ] dy 
= [-é(3-í/) 3 -y 2 + fy 3 ] 2/4 

— 27 _I , 15 1 1 _ 1 

64 16 ' 64 ' ^ 4 



dx 


( 





























SECTION 16.3 DOUBLEINTEGRALS OVER GENERAL REGIONS ETSECTION 15.3 


□ 437 


By symmetry, the desired volume V is 8 times the volume Ví in 
the first octant. Now 

*=/ 0 7o 

r _-| x = y/r 2 — y 2 

= /„■ dy 

- Jt." (^ - ^) «í» - 



From the graph, it appears that the two curves intersect at x = 0 and at x « 1.213. Thus the desired integral is 

jf D xdA~f¿™jZr x2 xdydx 
= fo 213 [xy\ v y Zlr x2 dx 
= fo 213 O*® 2 ~ x * — x 5 ) dx 
= [x 3 -¿x 4 -¿x 6 ]o 213 «0.713 




The desired solid is shown in the first graph. From the second graph, we estimate that y — cos x intersects y — x at 
x « 0.7391. Therefore the volume of the solid is 

V « fo 7391 ff° ax zdydx = f° n91 ff 0 ** xdydx = f 0 ° 7391 dx 

= / 0 0 - 7391 (xcosx - x 2 ) dx = [cosz + xsinx - |x 3 ] 0 7391 « 0.1024 

Note: There is a different solid which can also be construed to satisfy the conditions stated in the exercise. This is 
the solid bounded by all of the given surfaces, as well as the plane y = 0. In case you calculated the volume of this 
solid and want to check your work, its volume is V « / 0 °‘ 7391 // xdydx-h f* !j\ 91 / 0 xdydx « 0.4684. 

31. The two bounding curves y = x 3 - x and y = x 2 + x intersect at the origin and at x = 2, with x 2 + x > x 3 - x on 
(0,2). Using a CAS, we find that the volume is 

V = /q 1*3-2 z dy dx = / 0 2 /; 3 2 r (*V + xy 2 ) dyd* = 
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32. For |x| < 1 and \y\ < 1 , 2ar +y 2 < 8 - x 2 - 2 y 2 . Also, the cylinder is described by the 
inequalities —1 < x < 1, — v l — x 2 < y < VI — x 2 . So the volume is given by 

V = /-i [( 8 “ 3:2 - 2 V 2 ) ~ (2x 2 + y 2 )] dydx= ift ( us ing a CAS). 



Because the region of integration is 

D = {(*, y) I 0 < ?/ < a:, 0 < a: < 1} 

= {(*» y) I y < x < í, o < y < i} 

we have 

fo fo f ( x > V) d V dx = JJ D f (x, y) dA 

= fofy f ( x >y) dxd y 


Because the region of integration is 

D = { ( x > y) I 0 < y < sin x, 0 < x < f } 

= {(z,y) I sin -1 y < x < f ,0 < y < 1} 

we have 

/<T /2 /o ln 1 f ( x > y) dy dx = ff D f (x, y) dA 

~ /o 1 fl ¿-1 y f(x,y)dxdy 



Because the region of integration is 

D = {(x,y) |0<y<lna;, l<a;<2} 

= {(3,3/) |e w <a;<2, 0 < 2 /< ln2} 

we have 

fi /o" 1 f ( x > y) dy dx = ff D f (x, y) dA 

= fo n2 fev f( x >y) dxdy 



To reverse the order, we must break the region into two separate 
type I regions. Because the region of integration is 

D ={( x ,y) l3/ 2 <3<2-2/,0<y<l} 

= {(3,y) I 0 < j/ < y/x, 0 < a: < 1} 

U{0<j/<2-x,l<a;<2} 

we have 

fo fyt V f ( x > y) dxdy = ff D f (x, y) dA 

= fo Sf f (3, V) dy dx + f 2 f 2 ~ x f (x, y) dy dx 
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37. 



Because the region of integration is 

£> = {(*,») |i//2<x<2,0<y <4} 

= {(z,y)| 0 < 3 /< 2 a;, 0 <x< 2 } 

we have 

fofy/2 f (*> V) dxd V = II D f ( x > V) dA 

= ¡ofo x f( x ^y) d v dx 



Because the region of integration is 

D = {(x, y) | arctanx < 2 /<f, 0 <x<l} 

= {(x,y) | 0 < x < tany, 0 < y < f } 

we have 

tiSZL ./(*.») dydx = ff D f(x,y) dA 

=£'* C nv f( x ’V) dxd v 



flS¡ydxd y = f¡rJ Z e^dydx 

=ÍVC /S - 

e 9 — 1 


I) C " 2 da! 


= 1 e* 
6 e 


r= 

Jo 




Jo f^v VTOdxdy = /o fj Vx 3 +'ldy dx 

= fo [y^+iy] v y :f dx 
= r. 1 X 2 y/x 3 + ldx 

= I (2 ,,s - l) 

/ 0 3 /y2 í/ COS dX d V = fo fo* V COS X2 dy dX 



r^ 2 i 

I 2 

y_ 

/ cosrr 


J 0 

2 


— Io ^xcosx 2 dx = ±sinx 2 ]* 
= ^ sin81 
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a: x 3 sin (y 3 ) dydx = rr x 3 sin (y 3 ) dx dy 


= i: [í 


1 x-y/y 


dy 


x=0 


= /o 1 W sin (y 3 ) d v 

= cos (í/ 3 )]q = /2 (1 — cos !) 



fo /arcsin j, C0S ^l + COS 2 X dx dy 

= f / 2 Jq" x COS x\/l + cos 2 x dty da; 

= /; /2 cosaVl + cos 2 2 : [j/]^Q lna: dx 

= //^ 2 cos a;\/l + cos 2 a; sinx da: 
j^Let w = cosx,du = — sin xdx, dx - du/ (— sinx) 

= f° -uy/i + u 2 du = (l + u 2 ) 3/2 j 
= |(\/8-l) = ¿(2v^-l) 



Jo Jlv e * 4 dx d y = JoJf e * 4 d y dx 

= ft e * 4 (y) v v zf d * 

= f 0 2 x*e* 4 dx 

= K‘]]-j («”->) 


45. D = {(i,j/) | 0 < x < 1, —x + 1 < 2 / < 1} U {(x, y) | -1 < x < 0,x + 1 < y < 1 } 

U{(a;,y) I 0 <x < 1,-1 < 3 / <x-l}U{(x,j/) I -1 <x <0,-1 <y< -x - 1}, 
all type I. 

// d x " dA = / 0/1 - x 2:2 d y dx + /— 1 f /1 ^ da; + ¡¿¡1 / 1 x 2 dj/ da: + f/ f~ x ~ 1 x 2 dy dx 

= 4 JoJi-x x2 dy dx l+>' symmetry of the regions and because / (x, y) = x 2 > 0] 

= 4 Jo x 3 dx = 4 [jx 4 ] ¿ = 1 


í 
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46. D = {(a5,i/) | -1 < x < 0,-1 < y < 1 + a; 2 } U {(x,y) \ 0<x<l,Vx<y< 

U {(x,y) |0<x<l, —1 < y < —v/x}, all type I. 

ff D xydA = /^ +l2 xydydx + fff^ 1 * xydydx + f¿fZ^ xydydx 

=/“, *+/o dv];:lí-’ *+/„' * 

= /-1 (z 3 + \ x5 ) dx + fo 5 (^ 5 + 2x3 -x 2 +x)dx + f¿ ¿ (x 2 - x) dx 


ri ~ 4 - - ¿ r¿~ 6 - ¿X 4 - ix 3 + ¿x 2 ]J + | [¿X 3 - ¿x 2 ]¿ 


-IÍ* 4 + 4**]-l+ *[*«•+: 


= _1 + -L _ _L = o 

3-12 12 U 


47. For D = [0,1] x [0,1], 0 < -Jx 3 + y 3 < \/2 and + (D) = 1, so 0 < ff D ^Jx 3 + y 3 dA < \/2. 


48. SinceD = {(x,j/) | x 2 + y 2 < ¿}, 1 = e° < e* 2 *" 2 < e 1/4 and A (D) = f, so 
i<ff D e x 2 W dA<(e^) ?. 

49. Since m < f (x,y) < M, ff D mdA < ff D f (x, y) dA < ff D M dA by (8) =► 

m ff D 1 dA < ff D f (x, y) dA < M ff D 1 dA by (7) => mA (D) < ff D f (x, y) dA < MA (D) by (10). 



ff D f ( x > y ) dA = fo fo v f ( x > y) dxd y +/i 3 /o 3 " f ( x >y) da!d y 
= f 2 f!f¡ x f(x,y)dydx 


r 

51. ff D (x 2 tan x + y 3 + 4) dA = ff D x 2 tanxdA + ff D y 3 dA + ff D 4dA. But x 2 tanx is an odd function of 
x and D is symmetric with respect to the y-axis, so ff D x 2 tan x dA = 0. Similarly, y 3 is an odd function of y and 
D is symmetric with respect to the x-axis, so // D y 3 dA = 0. Thus 

ff D (x 2 tan x + y 3 + 4) dA = 4 / f D dA = 4(areaof D) = 4-n (\/2) 2 = 8n 


52. First, 

ff D (2 — 3x 4- 4?/) úL4 = ff D 2 — ff D dA + ff D 4 y dA 

The region D , shown in the figure, is symmetric with respect to the y-axis 
and 3x is an odd function of x, so J/ D 3x = 0. Similarly, 4y is an odd 
function of y and D is symmetric with respect to the x-axis, so 
ff D 4ydA = 0. Then 

ffo (2 - 3x + 4y) dA =ff D 2dA = 2 ff D dA 
. = 2 (area of D) = 2 (50) 

= 100 
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53. Since v'l - a; 2 - y 2 > 0, we can interpret ff D - x 2 - y 2 dA as the volume of the sohd that lies below the 
graph of z = \/l - x 2 — y 2 and above the region D in the xy-plane. z = v /l - x 2 — y' 2 is equivalent to 
x 2 + y 2 + z 2 = 1, z > 0 which meets the ajy-plane in the circle x 2 +y 2 = 1, the boundaiy of D. Thus, the solid is 
an upper hemisphere of radius 1 which has volume ¿ [|tt (l) 3 ] = |tt. 


54. To find the equations of the boundary curves, we require that 
the 2 ;-values of the two surfaces be the same. In Maple, we 
use the command solve (4-x A 2-y A 2=l-x-y,y) ; and 
in Mathematica, we use 


Solve [4-x A 2-y A 2==l-x-y, y]. We find that the 


curves have equations y = 


1 ± \/13 4x — 4x 2 
2 



To find the two points of intersection of these curves, we use the CAS to solve 13 + 4a: - 4x 2 = 0, finding that 
x = ± 2 V ^ • using the CAS to evaluate the integral, the volume of intersection is 

•(14*n/Í4)/2 r ^l + \/l3 + 4x — 4x 2 j j 2 


_ +vi4j/2 r [ 

J (l- v/l4)/2 J (1 


( 1 — -s/14) J2 J (1 — y/l3 + 4x — 4x 2 ) j2 


[(4 - x 2 - y 2 ) - (1 - x - y)] dydx = 


497r 


—jj^jouble Integrals in Polar Goordinates ET 15.4 

1. The region R is more easily described by polar coordinates: R. = {(r, 0) | 0 < r < 2, 0 < 0 < 27t}. Thus 

II r f ( x > y) dA = /o7o 2 f ( r cos 0 > r sin 0) r dr 

2. The region R is more easily described by rectangular coordinates: R = {(a:, y) | 0 < x < 2, 0 < y < 2 — a:}. 

Thus IIr f ( x > y) dA = lo lo ~ 1 / ( x > v) d v dx - 

3. The region R is more easily described by rectangular coordinates: R = {(a:, y) | — 2 < x < 2, x < y < 2}. Thus 

II R f (z. y) dA = IÍ 2 / x 2 f (x, y) dy dx. 

4. The region R is more easily described by polar coordinates: ñ = {(r, 0) | 1 < r < 3, 0<^<f}. Thus 

IIr f ( x > y) dA = Ij /2 Ii f ( r cos 6, r sin 6) r dr dO. 

5. The region R is more easily described by polar coordinates: R = {(r, #) j 2 < r < 5, 0 < 0 < 27r}. Thus 

II r f ( x > y) dA ~ Io^Ií f ( r cos 0> r sin r dr d() ‘ 

6. The region R is more easily described by polar coordinates: R = {(r, 0) \ 0 < r < 2\/2, f < 0 < }. Thus 

II r f ( x > y) dA = IT/^ ll^ f ( r cos 0, r sin 0) r dr dO. 

7. The region R can be described in polar coordinates as R = {(r, 0) \ 0 < 0 < 2%, 0 < r < 5}. Thus, 

IIr xdA = C lo ( r cos 6») rdrdO = / 2n cos 0do') ( f Q 5 r 2 d/ = [sin O] 2 0 w [|r 3 ] * = 0. 

8 - II R y dA = Io /4 fo ( r sin 0) r dr dO = (f 0 /4 sinOdo') (f 0 r 2 dr ) = (9) = 9 (l - 

9 - IlR x y dA = II /2 f 2 ( rcos0 )( rsirí0 ) rdrd O = II /2 sinOcosOdO f 5 r 3 dr= [| sin 2 0} Q /2 [¿r 4 ]* 

_ 1 5 4 —2 4 _ 609 

2 4 — 8 
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10. ff R JTTVdA = /; Jf V^rdrde = (/; de) (// r 2 dr) = [0]J [¿r 3 ]® = tt (ff 1 ) = f vr 

11. ff D e - * 2- *' 2 dA = /;/ 2 /2 / 0 2 e - ” 2 r dr dO = do) (/ Q 2 re - ^ dr) 

= [C'% [-K^ = » (-5) («- 4 - e°) = f (1 - e “ 4 ) 


12. fí _I_ _cL4= f /2 [* - 'rdrdO=[ do) ( T r (l + r 2 )“ 3/2 dr) 

JJd (l + x 2 +y 2 ) 1 Jo Jo (1 + r 2 ) ^ / \-/o / 

= [C /2 [-(l + r 2 )" 1/3 ]^ = f (l-^r) 

13. /f f¡ e r 2 r dr dO = f¿* [|r 4 ] [if ¿ / Q 2 * 150* dO = f [0 5 ] % = f (32 tt 5 ) = 24tt 5 

JJ X dA= JJ xdA — JJ xdA 



x 2 +y ¿ < 4 


(x-l) 2 +y 2 <l 

y >0 


x > 0, y > 0 

= fo /2 fo r2 cos OdrdO- ff /2 f 0 2 008 9 r 2 cos 0 dr dO 


= /; /2 i (8 cos 0) dO - /; /2 | (8 cos 4 0) dO 
= f — ^ [cos 3 0 sin 0 + f (0 + sin 0 cos 0)] ^ /2 


= 1-ll 0 + !(l)] - 


3 [n\~\ _ 16 - 3tt 


15. One loop is given by the region 

D = {(r,0) |— 7 r /6 <0 < tt/ 6,0 < r < cos30}, so the area is 

- r=cos 30 

- 2 dO 

r =0 

r /6 1 / 1 + cos 60 


r p /»7t/6 rcos30 r tt/ 6 r i 

dA= / rdrdO= / -r 2 

JJD J — 7t/6 «/ 0 7r/6 L z 


r /6 1 2 „ r /6 1 /i+cos6i9\ 

>(—5—) 


d0 


= l[0 + i 

2 [ 6 


sin60 


7r/6 

0 


7T 

12 



16. By symmetry, 

-*=2 /.'5, - 2 * to «+”» a *) <“ 

=/;5. [ 1 +i (1 - cos2»)] <1»=/:" a (i - § co.2») m 

since 2 sin 0 is an odd function. But f - 1 cos2 0 is an even function, so 
A = /; /2 (3 — cos 20) dO = [3 0-\ sin 20} ^ 2 = f. 

17. By symmetry, the two loops of the lemniscate are equal in area; so 

+ - 2 /:'*. í^rdrde = i:l% = j:í%4cos2ede 


) r 7 »-/ 4 




I _ A 0 / 31 7r / 4 — /1 


<*N 
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18. 2 = 4sin0 implies that 0 = | or so 

A = OV^rdrdff = f%' [^]^' dd = f% e (8sin 2 0- 2) d9 
= a 6 [4(1 - cos 26) -2 ]dO= [26 - 2 sin20] 3 * /6 = f + 2^/3. 

19 - V = fL 2 +V 2 < g (x 2 + V 2 ) dA = /oVo 3 (+ Vdrdd = d0 / 3 r 3 dr = [0]? [¿r 4 ] 3 = 2tt (f) = 

20. The sphere x 2 -h y 2 + z 2 = 16 intersects the xy -plane in the circle x 2 + y 2 = 16, so 

v = 2 / / \/l6 — x 2 — y 2 dA (by symmetry) 

J J 4<x 2 -f-y 2 <16 

= 2 Io L A^~^ rdrd9 = 2 j*” d0 J* r (16 - r 2 ) 1/2 dr 

= 2 [0]^ [-1 (16 - r 2 ) 3/2 ] J = -f ( 2 7r) (0 - 12 3/2 ) = f ( 12 VI 2 ) = 32 V 37 T 

21. By symmetry, 

v = 2 ffx 2 + y 2 < o2 \/ a2 - i 2 - y 2 dA = 2 L */ “ Va 2 - r 2 rdrd0 = 2 f 2n d0 /“ rv/a 2 - r 2 dr 

= 2 (C [-1 (a 2 - r 2 ) 3/2 ] “ = 2 (2 tt) (0 + |a 3 ) = f a 3 

22. The paraboloid z = 10 - 3x 2 - 3y 2 intersects the plane 2 = 4 when 4 = 10 - 3a; 2 - 3 y 2 or x 2 + y 2 = 2. So 

v = IIx 2 +y 2 <2 [í 1 ® — ^ 2 — 3y 2 ) — 4] dA = fffj* (6 — 3r 2 ) r dr dd 
= C de J« (6r - 3r 3 ) dr = [8] 2 * [3r 2 - |r 4 ]f = 6tt 

23. The cone z = y/x 2 + y 2 intersects the sphere x 2 + y 2 + z 2 = 1 when x 2 +y 2 + (^y/x 2 + y 2 ^ 2 = 1 or 

x 2 +y 2 = So 

V ~ ff x2 + y 2 < 1/2 (\/l ~ x 2 ~y 2 - \/z 2 -f 2/ 2 ) cíA = / 0 27r / 0 1/v/ ^ (\/l - r 2 - r) r dr dO 
“ ST'» fo‘ //5 0VT=»* - r 2 ) * . [«];• [-1 (1 - r a ) s/l - ir 3 ] 
-2+-|)(+-l)=f(2-V5) 

24. The two paraboloids intersect when 3x 2 -f 3 y 2 = 4 - x 2 — y 2 or x 2 + y 2 = 1. So 

^ = //, 2 + < t [(4 - * 2 - y 2 ) - 3 (x 2 + y 2 )] dA = Cf¿ 4 (l — r 2 ) rdrdO 

= /T dél /o 1 (4r - 4r 3 ) dr = [6] 2,r [2r 2 - r 4 ]¿ = 2 tt 

25. The given solid is the region inside the cylinder x 2 +y 2 =4 between the surfaces 2 = ^/64 - 4x 2 - 4j/ 2 and 
2 : = — ^/64 — 4x 2 - Ay 2 . So 

V = ffx2 + y2<4 [\/64 — 4x 2 — 4t/ 2 - (—^64 — 4x 2 -4y 2 jj dA 
= ff x 2+ y 2 <4 2 \/64 - 4rr 2 - 4y 2 = 4 / 0 27r / 0 \/16 - r 2 r dr dO 

= 4 C de fo rVW^dr = 4 [0]? [-4 (16 - r 2 ) 3/2 ] ' 

= 8tt (-!) (l2 3/2 - 16 2/3 ) = f (64 - 24\/3) 


( 
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26. (a) Here the region in the xy -plane is the annular region r\ < x 2 -f y 2 < r\ and the desired volume is twice that 
above the xy-plane. Hence 

^ = 2 ffr ? < X > + y2<r° 0* ~ * 2 " »“ dA = 2 fo 'J? ^ dr dd 

= 2j?d6 Tñ^rdr = f [- (r 2 2 - r 2 ) 3/2 ]" = f (r 2 2 -rf) 3/2 


(b) A cross-sectional cut is shown in the figure. So r\ — ( \ h ) 2 + r\ or 
I/i 2 = r\ — r\. Thus the volume in terms of h is 

v = f (¿/i 2 ) 3/2 = f h\ 



27. 



fofo^ ^ = fo W/2 fo SrdrdB = fj /2 d0 ff re'* dr 

= [6]T [i^]^ = Í»(«-l) 



/:5 2 /o° (r 2 ) 3/2 rdrd 0 = f%d6 /“r 4 dr = [CÍ% [Fft 


= i 71-05 


29. 


y* 

1 _r2 + v 2 = 4 

/ 


-2 0 

2 


ff / 0 2 (r cos 0) 2 (r sin 0) 2 rdrd0 = ff (sin 0 cos0) 2 d6 / 0 r 5 dr 

= fo (2 sin2él ) 2 dÉI /o 2 7-5 dr 

= H5 0 -5 sin40 ]o [Í r6 ]o 

— I í 1L\ (§1\ — ÚJL 
— 4 V2M 6 ) ~ 3 


30. 



So ' 2 fo cos 6 r2 dr =/ 0 W/2 [i r 3 ];:o cos 9 ^= fo /2 (§ c ° s3 e ) de =! [ sin * -1 sin3 < /2 = f 
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31. The surface of the water in the pool is a circular disk D with radius 20 ft. If we place D on coordinate axes with the 
origin at the center of D and define / (x, y) to be the depth of the water at (x, y ), then the volume of water in the 
pool is the volume of the solid that lies above D = {(x, y) | x 2 + y 2 < 400} and below the graph of / (x, y). We 
can associate north with the positive y-direction, so we are given that the depth is constant in the x-direction and the 
depth increases linearly in the ?/-direcfion from / (0, -20) = 2 to / (0,20) = 7. The trace in the 2 / 2 -plane is a line 
segment from (0, —20,2) to (0,20, 7). The slope of this fine is 2 ó-~(- 20 ) = so an equation of the line is 
z — 7 = | ( 2 / — 20) => z = |. Since / (x, y) is independent of x, f (x, y) = ^y -f §. Thus the volume is 

given by ff D f (x, y) dA, which is most conveniently evaluated using polar coordinates. Then 
D = {(r, 6) | 0 < r < 20,0 < 9 < 27t} and substituting x — r cos 9, y = r sin 9 the integral becomes 

/o 2 7o° (|rsin0 + f) rdrd0 = />' [¿r 3 sind + fr*]"” dO 

= /7 (^2 sinO + 900) d6 = [-¿^2 cosé> + 9006»] ^ 

= 18007T 


Thus the pool contains 18007T « 5655 ft 3 of water. 


32. (a) The total amount of water supplied each hour to the region within R feet of the sprinkler is 


V = Cfo* dr de = C dd fo* re ~ r dr = MÜ' [~re~ r ~ c- r ] * 

= 2tt [-ñe - -” - e~ R + 0 + ij = 2 tt (l - Re~ R - e~ R ) ft 3 


(b) The average amount of water per hour per square foot 
- V V 2(l-J?e- fl -e- fl ) ft3 

area of region 7 tR 2 R 2 

average value of a function on page 1006 [ET 972]. 


supplied to the region within R feet of the sprinkler is 
(per hour per square foot). See the definition of the 


33. 


fi /+2 f^/r. r ^2 X V d v dx + /1 2 fo X V d V dx + f+ 2 fo l2 xydydx = /J r/4 / 1 2 r 3 cos 0 sin 0 dr dO 


r*/* r r 4 

= Jo [T 

= t[ 


ir = 2 


cos 9 sin 0 


r ~‘ 15 rf* . 

d0 = — si 
r = 1 ^ J 0 


sin 0 cos 9 dO 


• 2 r\ 1 7r /4 

sin 9 ' 


J o 


15 

16 



lim7r(l-e ) = n since e ° 2 —► 0 as a —► oo. Hence f°° f°° e ( x2+y2 )dA = n. 

a—>oo \ ) J— oqJ— oo 

ff s a e ~^ X +V = f—af—a e ~ X e ~ V = ( fl a e ~ x * dx'j ^/“ o e" v2 dy^ for each a. Then, from (a), 

7r = ff R2 e~( x2+y2> )dA, so 

'= lís. + **>" = jss, (/:. «-•* dx) (/_•. .-«* dy) = (r. dx) (jr_ «-*’ <*) ■ 

To evaluate lim (/“ o e ~ x2 dx) ( /“ o e ~ y2 dy) , we are using the fact that these integrals are bounded. This is 
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true since on [- 1 , 1 ], 0 < e - * 2 < 1 while on (-oo, — 1 ), 0 < e x2 < e x and on ( 1 , oo), 0 < e < e *. 
Hence 0 < e “* 2 dx < ff^ e x dx + ff x dx + ff° e~ x dx = 2 (e -1 + l). 

(c) Since ^ fff^ e “* 2 dx'j ^ fff^ e~ y2 dyj = 7 r and y can be replaced by x , ^ fff^ e - * 2 dx'j — n implies that 

f-oo e ~ x2 dx = =t>/5r- But e ~ x2 - 0 for 2111 so SZ, e ~* 2 dx ~ \f*' 

(d) Letting t = V2x, f^ e - *’ dx = /?„ ^ (e- 2/2 ) *. so that 0? = ^ /_“ e "‘ 2/2 dt or 

/7o e - ‘ 2/2 dt = \f2ñ. 

35. (a) We integrate by parts with u = x and dv = xe~ x dx. Then du = dx and v = — |e“* , so 
/o°° da: = t ü“ fo x2e ~* 2 dx = ““ (-\ xe ~ x2 ] 0 + /o 5 e_l2 da: ) 

= lim f-|íe _ ‘ 2 ) + 5 / 0 °° e - * 2 dx = 0 + 5 / 0 °° e - * 2 dx (by l’Hospital’s Rule) 

t—►OO \ / 

2 2 1 

= ^ ff^ e~ x dx (since e _x ~ is an even function) = ^ y/ñ [by Exercise 34(c)] 

(b) Let u = y/x. Then v? = x => dx = 2udu =+ 

/ 0 °° s/xe~ x dx = Um / 0 ‘ ^e -1 dx = üm f¿* ue^ 2u du = 2 / 0 °° w 2 e -u2 du 

= 2(\Vñ) [by part(a)] = \Vñ 


6.5 Applications of Double Integrals 


ET15.5 


1. Q = ff D (z 2 + 3y 2 ) = / 0 A 2 (X 2 + 3y 2 ) dydx = / 0 [x 2 t/ + y 3 ]"J dx = / 0 2 (x 2 + 7) dx 

= [5* 3 + 7a: ]o = f + 14 =fC 

2 - Q = // 0 <x 2 +y 2 <i (1 + X 2 + y 2 ) = Cf¿ (l+r*)rdrd6 

= C de /o 1 ( r + + = 27r [^ 2 + MÍ = f C 

3 . m = ff D p(x,y) dA = /^ / 0 x 2 dyda; = ff x x 2 dx f¿ dy = [fx 3 ]^ (y]¿ = §, 

x = m //d x P ( x > »)= 2 //1 fo x3 dydx = \ ff x x 3 dx / 0 dy = § [§x 4 ] 2., [y]J = 0. 

y = £ ff D yp (x, y) = f /2, ff X 2 ydydx = § /2 t x 2 dx /2 ydy = \ [§x 3 ] ^ [fy 2 ]¿ = §. Hence 

(x,y) = ( 0 , 5 ). 

4 - m = / 0 / 0 2 ydxdy = / 0 dx f 3 ydy = 9,M v = / 0 / 0 xydxdy = / 2 xdx / Q 3 ydy = 9 and 
M x = / 3 / 0 y 2 dx dy = / 2 dx / 3 y 2 dy = 18. Hence m = 9, (x, y) = (M y /m, M x /m) = (1,2). 

5 - m = /JX 3- * (x + y) dydx = / 2 [xy + \y 2 ] V y ll~/¡ dx = /o' [ x ( 3 - f x) + § (3 - x) 2 - §x 2 ] dx 

= /0 ( — f* 2 + f) dx = [—§ (fx 3 ) + fx]§ = 6, 

= Z 2 / 3 " 1 (x 2 + xy) dydx = / 2 [x 2 y + fxy 2 ]^/ dx = / Q 2 (f x - §x 3 ) dx = f, and 

Mx = / 2 / 3 / 7 (xy + y 2 ) dydx = / 2 [fxy 2 + \y 3 ] v y Zlff dx = / Q 2 (9 - f x) dx = 9. 

Hence m = 6, (x,y) = (~> ~) = (4. 2J’ . 
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6 ' m = f¿C 3v xdxdy = f¿ [I (4 - 3í/ ) 2 - \y 2 ] dy = [-¿ (4 - 3 y) 3 - ^ = f, 

M v = fo ¡r V x 2 dxdy = f¿ [| (4 - 3y) 3 - ly 3 ] dy = [-¿ <4 - 3 y) 4 - ¿j/ 4 ] ¿ = 7, 

M * = /o 1 / y 4_3y x v dxd y = /o [\v ( 4 - %) 2 - ^ 3 ] d v = ti (% - 12 y 2 + V) dy = 1 . 
Hence m= (x, y) = (2.1,0.3). 


7 - m = /o/¿ d 2/ da: = /o 1 (3 1 - S* 5 ) da: = 4 - H 

M V = fo //2 x 2 ydydx = ff (¿x 2 - ±x 6 ) dx = 1 - ± = £ and 

= /oVi V d V dx = /o 1 (i* - 3 * 7 ) dx = | ¿ = I. Hence m = 1, (x, y) = (|, f). 

8 - m = f -3 So~ x2 ydydx = f* 3 \ (81 - 18x 2 + a: 4 ) dx = 243 - 162 + 2 á 2 = ^§ás = 3 “ . I. m v = 0since p is 
independent of x and the region is symmetric about the y-axis, and 


Mx = f -3 fo X y 2 dydx = /f 3 1 (9 - a: 2 ) 3 da: = 2 / Q 3 (243 - 81a; 2 + 9x 4 - |x 6 ) dx 
= 2[3 6 -3 6 + Í3 7 -Í3 7 ]=2[3 6 -2^]=3 6 .i 
Hence m=$f, (x, y) = (0, f). 


9. 



771 = /— 1 // 2 + 2 3 dx dy = /f 4 (3y + 6 - 3j/ 2 ) dy = f, 

M v = f-i f^ + 2 3x dx dy = /_ 2 t f [(» + 2) 2 - y 4 ] dy 

= [é(y + 2 ) 3 -^y 5 ]í 1 = ^ 

and 

M * = /_ 2 : /; 2 + 2 3 y dxdy = f 2 _ x (3 y 2 + 6 y- 3 y 3 ) dy 

= [2/ 3 +3í/ 2 - fj/ 4 ]!, = ^ 

Hence m = f, (x, y) = (f, f) . 


10. m = ff /2 ff oax xdydx = ff /2 x cos x dx = [x sinx + cos a:] 3 /2 = f - 1, 

M v — Sf /2 Sr X x2 dy dx = ff /2 x 2 cos xdx = [a; 2 sin x + 2a: cos x - 2 sin x] x/2 = - 2, and 

M * = r 0 / 2 sr x xydydx = ff /2 fxcos 2 xdx = f [x 2 — x + (x — l)sinxcosx]f /2 = x “ ?• Hence 
m = 2 »( x ' y) = ( f[-x - 2 ) > f)- 

11 . p(x,y) = ky = kr sin 9, m = ff /2 fo kr 2 smOdrde = ffc /* /a sin 6d0 = Ifc[-cos0]J /2 = ffc, 

M v = ff /2 fo kr 3 sin 6 cos 6 drdO = ffc ff /2 sinOcosOdO = ffc [- cos20] 3 /2 = ffc, 

M * =r /2 fo kr3sin2edrd 0= \kr /2 sin 2 0d0 = ffc [0 + sin20]¿ /2 = ifc. Hence(x,y) = (f, ff). 

12. /?(x,y) = fc (x 2 + y 2 ) = fcr 2 , m = / 0 ’ r/2 / () 1 fcr 3 dr<¿0 = f fc, 

M v = r /2 fo kr* cosOdrdO = jfc ff /2 cos OdO = jfc [sin 0] o /2 = ffc, 

= r /2 f¿ kr4 smOdrdO= ¿kr /2 sin0d0 = Ifc[-cos0]J /2 = f*. Hence(x,j/) = (¿,¿). 

13. Placing the vertex opposite the hypotenuse at (0,0), p (x, y) = k (x 2 + y 2 ). Then 


m = r fo X k (x 2 + y 2 ) dy dx = k /“ [ax 2 - x 3 + f (a - x) 3 ] dx 
= k [fox 3 - \x A - ¿ (o - x) 4 ]“ = Ifco 4 


[ 
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By symmetry, 

M y =M x = /“/“ “ 1 ky (x 2 + y 2 )dydx = k /“ [| (o - x) 2 x 2 + \ (a - x) 4 ] dx 
= k [±oV - ¿os 4 + ^x 5 - 55 (o- x) 5 ]“ = ±ka 5 
Hence (x,y) = (fa, |a). 


14. 



p (x, y) - k/^Jx 1 + y 1 = k/r, 

rbir/Q /*2sin0 


roir/e /•2sinc/ r, 

= / / —rdrd6 = k f 6 j/ 6 [(2 sin 0) — 1] dO 

Ji r/6 J í r ' 

= fc [—2 cos 0 — #]*/g 6 = 2^ (\/3- f) 


By symmetry of D and / (x) = x, M y = 0, and 
M x = f x j/ 6 fi 8,n 6 kr sin 0 dr dO = f k f 6 j/ 6 (4 sin 3 0 — sin 0) dO 
= \k [—3 cos 0 + f cos 3 0 ] Jf/ 6 = V3k 

Hence (x, y) = (o, j ■ 


15. I x = ff D y 2 p (x, y) dA = ff /¿ y 2 (xy) dy dx = f/ [\xy A ) v y= 
ly = // D x 2 p(x,y)dA = fj ff 2 x 3 ydydx = f/ [\x 3 y 2 ] v y Zl 2 


J dx = fo 3 ( x - * 9 ) dx = I 
da: = /o 1 2 (z 3 - * 7 ) dx = ¿ - 


Io = Ix + Iy — 55- 


J_ _ _1_ 
40 ~ 10» 

Jl. — JL 
16 “ 16» 


16. I x = /q /2 /q (r 2 sin 2 0) (fcr 2 ) r dr f* /2 sm 2 0 d9 = ^k[\ (26 — sm20)]* /2 = 

/j, = ff /2 fj (r 2 cos 2 0) (fcr 2 ) rdrdO = ^k ff /6 cos 2 OdO = \k [\ (20 -f sin 2^)] ^ /2 = f¿k, and 
Io = Ix + I y = j^k. 


17 - t* = I-i / y ” +2 3 y 2 dxdy = /J (3y 3 + 6y 2 - 3y 4 ) dy = [\y 4 + 2 y 3 - fy 5 ]^ = , 

Iv = I-i // +2 3* 2 dxdy = fl, [(y + 2) 3 - y 6 ] dy = [¿ (y + 2) 4 - Iy 7 ] 2 _ x = ¿§f, and 
/ 0 = / x +/ y = ifl2. 

18. If we find the moments of inertia about the x- and y-axes, we can determine in which direction rotation will be more 
difficult. (See the explanation following Example 4.) The moment of inertia about the x-axis is given by 

Ix = ff D y 2 p(x,y)dA = fofoy 2 (l+0.lx)dydx = f/ (l + 0.1x) [fy 3 ]][l 2 dx 

= f / 0 2 (1 + O.lx) dx = f [x + 0.1 • ¿x 2 ] 2 = f (2.2) « 5.87 

Similarly, the moment of inertia about the y-axis is given by 

ly = IID x2 P (*» y ) dA = / 0 2 / 0 x 2 (1 + O.lx) dy dx = / 0 x 2 (1 + O.lx) [y] v y Z 2 0 dx 
= 2 / 0 (x 2 + O.lx 3 ) dx = 2 [fx 3 + 0.1 • ¿x 4 ]f = 2(f+ 0.4) « 6.13 


Since I y > I x , more force is required to rotate the fan blade about the y- axis. 
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19. Using a CAS, we find m = JJ D p (x, y) dA = JJ / Q sin 1 xydydx = ^- • Then 

x = — í í xp(x,y)dA =-^ í í x 2 ydydx = ^ - - and 
™JJD * Jo Jo 3 7T 

5= ¿ //„ ! " > " = ¿ r í'” ’ v ^ ^ = 5 í • ” < s ' ®=(f - i f) • 

The moments of inertia are I x = JJ D y 2 p (x, y) dA = JJ J* inx xy 3 dydx = 

4 = Jí D x 2 p(x,y)dA = JJ / 0 smx x 3 ydydx = (iz 2 - 3),and I 0 = I x + I y = (4tt 2 -9). 

20. Using a CAS, we find m = JJ D + y 2 dA = J 2v J Q 1+coe 9 r 2 dr dO = f tt, 

* = m IId x V 7 * 2 +y 2 = & / 0 2,r / 0 1+COS # 7-3 cos OdrdO = §§ and 

í' = m JJd y V x2 +V 2 dA = / 0 2,r / 0 1+C ° a8 c 3 sin 0drd0 = 0 , so (S,y) = (§ 5 , 0 ). The moments of 

inertia are / x = // D y 2 dA = /f / 0 1+cos9 r 4 sin 2 0dr dO = §§tt, 

4 = JJ D x 2 \Jx 2 +y 2 dA = J 2w J 1+cos 9 r 4 cos 2 0drd0= §§tt, and / 0 = / x +/ y = |§ 7 r. 


21 ■ 4 = / 0 “// PV 2 dxdy = p/“ dx /“ y 2 dy = p [x]“ [|y 3 ]“ = pa (§a 3 ) = |pa 4 = /„ by symmetry, and 


m = pa 2 since the lamina is homogeneous. Hence x 2 = — 

m 
Ix 


x = [(§P a4 ) / (z 302 )] 1/2 = 73“ and 


= 2 
y = — 

m 


y = 


2 2. m = j* f* inx pdydx = p/J" sina;dx = p[-cosx]J = 2p, 

T* = /oVo 8m ^ Z 9 ?/ 2 dydx = |p // sin 3 x dx = -p // (l — cos 2 x) sin X cte 

= |p[-cos 6 >+|cos 3 6 >]q = fp, 

Ty = ffsr^dydx = P ff x 2 sinxdx = p [-x 2 cosa; + 2xsinz + 2cosxj’ 

(by integrating by parts twice) = p ( 7 r 2 — 4). 

rj-i, =2 I x 2 = y/2 —2 I y 7r 2 — 4 = Ítt 2 

Then y = — = so ?/ = — and x = — = —-—, so x = \ — 

m 9 3 m 2 V 


-4 


23. (a) / (z, y) is a joint density function, so we know // r2 / (x, y) dA = 1. Since / (x, 2 /) = 0 outside the rectangle 
[0,1] x [0, 2], we can say 

// R 2 / ( X, y) dA = JJ° x JJ° x f (x, y) dy dx = J 1 J 2 Cx (1 + y) dy dx 

= c Jo x [y + iy 2 Y y Zl dx = c fo 4xdx = c [ 2a;2 ]í = 2C 

Then 2C = 1 => C = \. 

(b) P (X < 1, Y < 1) = fj^ fj x f (x, y) dy dx = \x (1 + y) dy dx 

= Jo k x [V + |v 2 ] y I¿ dx = J 1 \x (§) dx = § [¿a: 2 ]¿ = § or 0.375 
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(c) P (X + Y < 1) = P ((X, Y) e D) where D is the triangular region 
shown in the figure. Thus 

P(X+Y<l) = ff D f (x, y) dA = fffj ~ x \x (1 + y) dy dx 

= /o 1 I* [y + WYyZl'* dx = fo 1 ¡X (I* 2 - 2x + I) dx 

= 3 /o " 4x2 + 3x ) dx = 3 [x “ 4 TT + * 

= ¿ « 0.1042 



24. (a) / (x, y) > 0, so / is a joint density function if f / r2 / (x, y) dA = 1. Here, / (x, y) = 0 outside the square 
[0,1] x [0,1], so ff R2 f (x, y) dA = ff fj 4xy dy dx = f 1 [2 xy 2 ] v y I J dx = f¿ 2x dx = x 2 ] J = 1. 
Thus, / (x, y) is a joint density function. 

(b) (i) No restriction is placed on Y> so 

p (X > §) = /~ 2 /!to / (x, y) d y dx = fl /2 /o 4 xy dy dx 

= /l/2 [ 2 i 3/ 2 ] 1 = 0 d X = /l/2 2l<Lc = ^ 2 ] 1/2 = 4 

(ii) P (X > Y < i) = /* 2 f (x, y) dydx = ff /2 f Q 1/2 4xydydx 

= /l/2 [ 2:C 2/ 2 ] y = = /l/2 = 5 ‘ = HS 

(c) The expected value of X is given by 

Mi = // r2 xf (x, y) dA = f¿ f Q l x (4 xy) dy dx = f¿ 2x 2 [j/ 2 ] y y I \ dx = 2 f¿ x 2 dx = 2 [|x 3 ] ¿ = f 
The expected value of y is 

M 2 = // R 2 V f (x, y) dA = ffff y (4 xy) dydx = ff 4x [¿y 3 ]"l¿ dx = | fj xdx = f [|x 2 ] 1 = § 


25. (a) / (x, y) > 0, so / is a joint density function if ff R2 f (x, y) dA = 1. Here, / (x, y) = 0 outside the first 
quadrant, so 

ff R2 f (x, y) dA = f Q °° J~ 0.1e-(°- 51 + 0 2t ') dy dx = 0.1 ff°ff° e" 0 ' 5 ^- 0 ' 2 * dy dx 

3 - 51 dx / 0 °° e-°’ 2y dy = 0.1 lim f* e~°- 5x dx lhn / 0 ‘ e-°- 2y dy 


= 0.l/ o ° 


= 0.1 lim [—2e °’ 5l ] 0 lim [-5e °' 2!, ] 0 


t —>oo “ 
t 


= 0.1 lim [—2 (e 

t—>oo L v 


-!)],»“ h 5 ( e ' 


-i)] 


= (0.1). (-2) (0-1) .(-5) (0 — 1) = 1 


Thus / (x, y) is a joint density function. 
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(b) (i) No restriction is placed on X , so 

P(X>1)= SZo r f (X, y) dydx = / 0 °7~ o.ie-«*- 5 *+°- 2 *> dy dx 

= 0.1 / 0 °° e - 0 - 5 - dx /“ e -0 ' 2 " dy = 0.1 lim /‘ e -0 ' 5x dx lim /, É e -0 ' 2 * dy 

t-+ oo J ' J t—+oo J1 

= 0.1 lim \—‘2e~°' 5x ] t lim r-5e -0 - 2! 'l t 

t—+ OO L J U t—+ OO L -I 1 

= 0.1 Um [-2 (e -0 - 5t - l)] Hm [-5 (e -0 2t - e -0 2 )] 

= (0.1) • (-2) (0 - 1) • (-5) (0 - e -0 2 ) = e -0 ' 2 « 0.8187 
(ii) P (X < 2, Y < 4) = f 2 _ x ff x f ( x , y) dydx = / q 2 / o 4 0. 1 e -(o ' Sx+o ' 2 *') dy dx 

= 01 fí? e~ 0 5x dx / 0 e -0 ' 2 " dy = 0.1 [-2e~°' 5 *] 2 0 [~5e~°' 2y ] 4 0 
= (0.1) • (-2) (e -1 - 1) • (-5) (e -0 8 - l) 

= (e -1 - 1) (e~ 0 8 - 1) = 1 + e -1 ’ 8 - e -0 ' 8 - e -1 w 0.3481 

(c) The expected value of X is given by 

Pi = ff& xf (x, y) dA = / 0 °°/ 0 “ x [o.le -(0 ' 5l+0 ' 2í ')j dy dx 

= 0.1 / 0 °° xe~ 0 5x dx f Q °° e~ 0 2y dy = 0.1 lim /‘ xe -0 ' 5 * dx lim /‘ e -0 ' 2 " dy 

t—*oo t— +oo JU 

To evaluate the first integral, we integrate by parts with u = x and dv = 6 ® ,5a: dx (or we can use Formula 96 in 
the Table of Integrals): 

/ ie -0 ' 5x dx = —2xe -0 ' 5x - / -2e -0 ' 5x dx = -2xe -0 ' 5x - 4e -0 ' 5x = -2 (x + 2) e -0 ' 5x . Thus 
Mi =0.1 lim [—2(x + 2)e -0 ' 5x ]‘ lim f-5e -0 ^]* 

= 0.1 f lim (-2) [(í + 2) e -0 ' 5t - 2] \na (-5) [e -0 ' 2 ‘ - l] 

= 0.1 (-2) (um - 2^ (-5) (-1) = 2 (by l’Hospital’s Rule) 

The expected value of Y is given by 

= ff R 2 yf (x,y) dA = f 0 °°f 0 °° y [o.le -(0 ' 5+0 ' 2 v)] dydx 

= 01 /o°° e ~° 5x dx f 0 °° ye~°' 2y dy = 0.1 lim f‘ e~°' 5x dx lim /‘ ye~°' 2y dy 

To evaluate the second integral, we integrate by parts with u = y and dv = e -0 ' 2y dy (or again we 
can use Formula 96 in the Table of Integrals) which gives 
/ ye~°' 2v dy = -5ye~°' 2y + / 5e -0 ' 2y dy = -5 (y + 5) e -0 ' 2y . Then 

M 2 ^O.^lim [—2e -0 ' 5x ]‘ ¿m [-5 (y + 5)e -0 ' 2y ]‘ 

= 0.1 Um [-2 (e -0 ' 5t - l)] /hn (-5 [(t + 5) e -0 ' 2t - 5]) 

= 0.1 (—2) (—1) • (—5) ^lim^ — 5^ = 5 (by l’Hospital’s Rule) 
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26. (a) Each lamp has exponential density function 

ift < 0 
-t/iooo if¿>0 

If X and Y are the lifetimes of the individual bulbs, then X and Y are independent, so the joint density function 
is the product of the individual density functions: 

3- 6 e“ (x+y)/100 ° if x > 0, y > 0 
otherwise 


/(*, 


1000 


f 10- 6 e _(l ' t 

The probability that both of the bulbs fail within 1000 hours is 

(z, y) di 
3 -e e -(a 

-x/1000 ( 
e -x/100 

: 0.3996 

(b) Now we are asked for the probability that the combined 
lifetimes of both bulbs is 1000 hours or less. Thus we want 
to find P (X + Y < 1000), or equivalently 
P ((X, Y) e D) where D is the triangular region shown in 
the figure. Then 

P(X + Y< 1000) =SJ D f (x,y) dA = / 0 1000 / 0 1000 " x 10- 8 e- (x+ » )/10 “ dydx 


r 1000 
J —00 

r 1000 

J — 00 

f(x. 

r 1000 

— Jo 

rlOOO 

Jo 

10 - 

= 10 -6 

r 1000 

J 0 

e -x/ 

= 10 -6 

[—1000e - 

= (e ~ 1 

-l) 2 

«0 


1 1000 
0 



= 10 


/ 0 1000 [-1000e- (l+ ^ /looo ] S _^ 00 X dx = -10- 3 / 0 1000 (e -1 - e - x/100 °) dx 


= -10" 3 [e -1 a: + 1000e- l/lo ° o ] q = 1 - ^ef 1 « 0.2642 

27. The random variables X and Y are normally distributed with /ij = 45, n 2 = 20, <j\ = 0.5, and 02 = 0.1. The 
indivídual density functions for X and Y, then, are /1 (x) = q e -(*-45) /0.5 an(1 


/2 (y) = 


0.lV2ñ 


e -(w-20) 2 /0.02 since jjf and Y are independent, the joint density function is the product 


/ (*, y) = /1 (z) /2 (y) = 


-(*—45) 2 /0.5 


0.5n/2¥ 

_ 10 _-2(*-45) 2 -50(j,-20) 2 
- C 


O.lv^ 


-(y-20) 2 /0.02 


Then 


P (40 < X < 50,20 < Y < 25) = / 40 / 20 / (x, y) dy dx 

= V J 40 J20 e- 2(x - 45)2 - 50(y-20)2 dydx 

Using a CAS or calculator to evaluate the integral, we get P (40 < X < 50,20 < Y < 25) ~ 0.500. 
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28. Because X and Y are independent, the joint density functíon for Xavier’s and Yolanda’s arrival times is the product 
of the individual density functions: 


f (*, y ) = /i (a:) / 2 ( y ) = 



y 


if x > 0, 0 < y < 10 
otherwise 


Smce Xavier won’t wait for Yolanda, they won’t meet unless X > Y. Additionally, Yolanda will wait up to half an 
hour but no longer, so they won’t meet unless X - Y <30. Thus the probability that they meet is P {(X, Y) € D) 
where D is the parallelogram shown in the figure. 



The integral is simpler to evaluate if we consider D as a type II region, so 

P i(X, Y)eD) = fl D f (x, y) dxdy = f 0 10 f « +30 ±e-*ydxdy = ± f 10 y [-e - *]^ 30 dy 

= ro /o 10 y (-e- (! ' +30) + e-y) d y = ±(i - e - 30 ) f 10 ye ~y dy 

By integration by parts (or Formula 96 in the Table of Integrals), this is 

50 (l — e ) [ — (y + 1 ) e y ] 0 = 35 (l — e 30 ) (l — lle -10 ) rs 0 . 020 . Thus there is only about a 2 % chance 
they will meet. Such is student life! 


29. (a) If / ( P , A) is the probability that an individual at A will be infected by an individual at P, and k dA is the 
number of infected individuals in an element of area dA, then / (P, A) k dA is the number of infectíons that 
should result from exposure of the individual at A to infected people in the element of area dA. Integration over 
D gives the number of infectíons of the person at A due to all the infected people in D. In rectangular 
coordinates (with the origin at the city’s center), the exposure of a person at A is 


’-lf B W.*> i A-kff B 2=g&<A 


= k IL 


^ \¡( x ~ x o ) 2 + (y - j/o ) 2 

20 


dxdy 


(b) If A = (0,0), then 


E = k IL [* ■ ¿^+»1 ixi » = k C C (‘ - riríe 

= kk [y - ^] o - 2»* (50 - f) - 


: 209* 


For A at the edge of the city, it is convenient to use a polar coordinate system centered at A. Then the polar 
equation for the circular boundary of the city becomes r = 20 cos 6 instead of r = 10, and the distance from A 
to a point P in the city is again r (see the figure). So 
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r = 20 cos 6 


= k f-í/2 ( 200 COs2 6 ~ T 2 COs3 9 ) de 

= 200A: [¿ + ¿ cos 20 - § (l - sin 2 0) cos 6»] d6 

= 200fc [|0 + 3 sin20 - | sin0 + | • 5 sin 3 0 ]/ /2 

= 200 fc [f+0-f + | + f+0-| + f] 


= 200fc (f - |) « 136fc 

Therefore the risk of infection is much lower at the edge of the city than in the middle, so it is better to live at 
the edge. 


ET15.6 


SS;16.6 Surface Area 


1. Here z = f (x,y) = 2 + 3x + 4y and D is the rectangle [0,5] x [1,4], so by Formula 2 the area of the surface is 

A (S ) = JJ D V32+42 + 1 dA = V26jJ D dA = V26A (D) 

= V26 (5) (3) = 15\/26 

2. z = f (x, y) = 10 - 2x - 5y and D is the disk x 2 + y 2 < 9, so 

A(S) = jJ \j (—2) 2 + (—5) 2 ~+ldA = \/30 JJ^dA = VÑ A(D) 

= \/30(7r-3 2 ) =9\/3Ó7r 

3. z = f (x,y) = 6 — 3x — 2y which intersects the zy-plane in the line 3x + 2y = 6 , so D is the triangular region 
given by {(x, y) | 0 < x < 2, 0 < y < 3 — |x}. Thus 

A(S) = JJ 7(~ 3 ) 2 + ( —2 ) 2 + ldA = VüJJ D dA = VÜA(D) 

= Víl (1 • 2 • 3) = sVíi 

4. z = f(x,y)=x + y 2 with 0<a:<y, 0<y<l. Thus, by Formula 3, 


A (S) = JJ D \/l + 1 + 4y 2 dA = JJJJ \/2 + 4t / 2 dx dy = jf [x^2 + 4V\ dy 


= J¿ y^2 + Wdy = 2 (¿) (2 + 4y 2 ) 3/2 ] ‘ & (fc/5 - 2>/5) 


_ _3_L_ 

y/6 3 n /2 
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5. y 2 + z 2 = 9 =+ z= yj 9 - y 2 . / x = 0, / v = -y (9 - y 2 ) -1/2 => 


A(S) — f í i/o 2 + [—j/(9 - y 2 ) 1/2 1 -f-Td¡/ dx = [ [ W——j + ldj/dx 
./o Jo V l j Jo Jo y 9 ~ y 

~L L 7¿F‘ ,! " te=3 r[* to “‘5C' fa=3 [( 8 i“-‘O i . 


= 12 sin 


2 

3 


6. 2; = / (x, y) = 4 - x 2 — y 2 and D is the projection of the paraboloid z = 4- x 2 -y 2 onto the xy-plane, that is, 
D = {(ac,y) | x 2 +y 2 < 4}. So f x = - 2x, f y = -2 y =» 

A (S) = ff D ]/(-2x) a + (-2y) a + l dA = ff D y/4(x*+y») + l dA = f^f 2 VW+lr dr d6 
= Jt [n ( 4í-2 + !) 3/2 ] lll M = C ¿ (17VT7 - 1) d6 = f (17 n/Í 7 - l). 

1. z = f (x, y) =y 2 - x 2 with 1 < x 2 + y 2 < 4. Then 

+ (^) = ff D Jl + 4x 2 + 4y 2 dA = f Q 2n f 2 Vl+4Prdrde = f Q 2w dO f 2 y/T+4^rdr 
= (l + 4r 2 ) 3/2 j 2 = f (17^/17 - 5V5) 

8- z = f(x,y) = f (x 3/2 +y 3/2 ) and D = {(x, y) \ 0 < x < 1,0 <j/< 1}. Then f x = x 1/2 , f y = y 1/2 and 


A (S) = /[ D \/(^) 2 + (^) 2 + 1 dA = jj jj y/x H- y + 1 dy dx 


~(x + y + 1) 3/2 
0 I ¿ 


dx=- 

3 


-jf[ 

= A(3’ /2 -2V 2 + i) 


/' [(x + 2 ) 3/2 -(x + l) 3/2 ]dx 

= 4 ( 35/2_ 25/2 - 25/2 + 1 ) 


9 ■ z = f (x, y) = xy with 0 < x 2 + y 1 < 1, so /* = y, f y = x =+ 

A (S) = ff d VTT^+ldA = / 0 2 Vo v'TTTrdrd* = / 2 ” [l (r 2 + l) 3/2 ][/ dO 

= fo w i(2y/2-i)d0 = f (2V2-1). 

10. Given the sphere x 2 + y 2 + z 2 = 4, when z = 1, we get x 2 + y 2 = 3 so D = { (x, y) | x 2 + y 2 < 3} and 
z — f (x, y) = yj 4 — X 1 — y 1 . Thus 


+ = JJ D J [( -a: ) ( 4 - x 2 - V 2 ) 1/2 ] 2 + [(-y) (4 - x 2 - y 2 ) -1/2 ] 2 + 1 cL4 = j/ j/ + 1 rdrdO 


n v^ 9 r r2n r -t r=V3 - 27 T -| 

7t^ ird *=L r 2(4 “+ m ~L <- 2+4 )‘ i9 = 29 ] 


- r=y /3 


r 


= 47T. 
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11. z = sfa? - x 2 - y 2 , z x = —x (a 2 - x 2 - y 2 ) 1/2 , z y = -y (o 2 - x 2 - y 2 ) 1/2 , 

A(S) = 



X 2 -f y 2 

/d a 2 -x 2 -y 2 


-f-1 c/A 


/ tt/2 racosO I ^2 

/ 7t/ 2 /»a 

-7T /2 J 0 


ir/2 « 
/'7T/2 


\/a 2 — \ 


: dr dO 


i r=a cos 0 



/ w / 2 r /-1 r=a 

= J* /2 -a (^a 2 - a 2 cos 2 6 » - o) dé> = 2 o 2 JJ (l - v^l - cos 2 6 ») dd 

rir /2 /*7r/2 - /*tt/2 

= 2 a 2 / dO — 2 a 2 / vsin 2 OdO = a 2 n — 2 a 2 / sin 0 = a ( 7 r — 2 ) 

Jo J o J o 


12. To find the region D: z = x 2 + y 2 implies z + 2 2 = 4z or 2 2 - 3z = 0. Thus z = 0 or z = 3 are the planes where 
the surfaces intersect. But i 2 + j / 2 + z 2 = 4z implies x 2 + y 2 + (z — 2 ) 2 = 4, so z = 3 intersects the upper 
hemisphere. Thus (z - 2 ) 2 = 4 - x 2 - y 2 or z = 2 + fA-x 2 - y 2 . Therefore D is the region inside the circle 
x 2 + y 2 + (3 — 2 ) 2 = 4, that is, D = {(x,y) \ x 2 + y 2 < 3}. 


A(S)= JJ J [(-a:) (4 - x 2 - 2/ 2 ) -1/2 ] 2 + [(-y) (4 - x 2 - y 2 ) 1/2 ]* + \dA 


/* 2 7T /*v/3 


2 tt /"/3 


/o 

r27T 


4 — r 2 


-f 1 r dr dO 


-n 


■=V3 


dO 


= ff(-2 + 4)dO=20] 2 f = 4n 


13. (a) The midpoints of the four squares are (j, 3), (3, f), (f, j), and (f, f ); the derivatives of the function 
/ (a;, y) = x 2 + y 2 are f x (x, y) = 2x and f y (x, y) = 2y, so the Midpoint Rule gives 


A (S) = /o/o /[f x (x,y)} 2 + [f y (x,y)} 2 + 1 dydx 

» { (/[2 (})] 2 + [2 +]’ +1 + /[2 ( i )] 1 + P (»]’ 

+ /[2 (l)] = + [2 (i)] 2 +1 + /N!)]’ + [2 (i)] 1 + l) 


+ 1 


= 4 (\/l + 2fi + « 1.8279 

(b) A CAS estimates the integral.to be 

A(S) = /o/o fff+Tf+ldydx = // // 4x 2 + 4j / 2 + ldyda; « 1.8616. This agrees with the 

Midpoint estimate only in the first decimal place. 
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14 . (a) With m = n = 2 we have foursquares with midpoints (¿, ¿), (|, §), (§, §), and (§, §). Since 
z = f (x,y) = xy + x 2 + y 1 , the Midpoint Rule gives 

A ^ = Io ío + 2x ) 2 + ( x + 2 2/) 2 + 1 dydx 

»> (✓(!)“ + (I) 2 +1+%/(§)“+(l) ¡ +*+\A!) 2 + (t) ! +1+ f(iY + (§)= +1) 

_ V22 , v/78 , \/78 , \/l66 


2 + — + J T : + — 


17.619 


(b) Using a CAS, we have A (S ) — / 0 / 0 2 (y + 2i) 2 + (x + 2y) 2 + 1 dy dx ~ 17.7165. This is within about 
0.1 of the Midpoint Rule estimate. 

15. Since / (x, y) = x 2 -f 2y, we have f x = 2x , / y = 2. We use a CAS to calculate the integral 

A ( s ) = fo fo V f* + fy + 1 d V dx = / 0 7o V4x 2 + 5 dydx = // \/4x 2 + 5 dx, and find that 
A(5) = f + |ln5. 

^ 6 . / (x, y) = 1 + x + y + x 2 => / x = 1 + 2rc, / y = 1. We use a CAS to calculate the integral 

^ (S) = /—2 /-i \//x + fy + Idydx = /_ 2 /7 ^/(1 + 2x) 2 +2dydx = 2 // 2 \/4x 2 + 4x + 3 dx and find 
that A(5) = 3vTT + 2sinh _1 orA(5) = 3\/TI + ln (10 + 3\/rT). 


z 2 



17- / (x, 2 /) — 1 + x y => /x— 2xy 2 , f y — 2 x 2 y. We use a CAS (with precision reduced to five significant 

digits, to speed up the calculation) to estimate the integral 

^ (S) — /_1 f^J^~ 2 \//x + fy + 1 dy = /7 /_^j ~2 \/ 4 o: 2 2/ 4 +4x 4 y 2 + 1 dy da;, and find that 
A (5) «3.3213. 


18. Let / (x, y) = - 7 - 7 —j. Then f x = 


1 +y 2 


2x 

1 + y 2 ' 


fy = (1 + ar 2 ) 


2 y 1 

2y (l + x 2 ) 


(1 +3/ 2 ) 2 J 

(1 + y 2 ) 2 ' 



We use a CAS to estimate 

fli //( 1 lT¡ x |) \//? + fy + 1 dy dx « 2.6959. In order to 
graph only the part of the surface above the square, we use 
~ (1 — M) < y < 1 — |x| as the y-range in our plot 
command. 


11 
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19. Here z = f (x,y) = ax + by + c, f x (x, y) = a, f y (x, y) = b, so 


A(S) = Jf D Va 2 +6 2 + ldA = VaF+W+1 ff D dA = VaF+W+1 A (D). 


20. Let S be the upper hemisphere. Then z = f (x,y) = y/a? — a; 2 — y 2 , so 


A (S) = JJ J [-a:(a 2 - x 2 - j/ 2 ) 1/2 j + [-y (a 2 - x 2 - 2/ 2 ) 1/2 ] +1 

-= //„ =,i“ C /»' \í^^ r ' rdTde 


- Un r i 

t—*a~ J o 


o \/a 2 - r 2 


dr d6 


= 27 t lim j^—a\/a 2 — r 2 j^ = 27r lim_ —a ^y/ a 2 — t 2 — aj 


= 27r (—a) (—a) = 27ra 2 . Thus the surface area of the entire sphere is 47 ra 2 . 

21. If we project the surface onto the xz-plane, then the surface lies “above” the disk x 2 + z 2 < 25 in the xz-plane. We 
have 7 / = / (x, z) = x 2 -f z 2 and, adapting Formula 2, the area of the surface is 

A(S)= [í J [f x (x, z)} 2 + [f. (x, z)] 2 +ldA= [[ /^+^ + ldA 

JJ x 2 +r 2 <25 V JJ * 2 +* 2 <25 

Converting to polar coordinates x = r cos 2 ; = r sin 0 we have 

A(S)= í í y/ 4r 2 -F 1 r drdO = í dO í r{Ar 2 + l) lf dr 
Jo Jo Jo Jo 

= IC + l) 3/2 ]¡ = i (lOlt/ÍOl - l) 

22. First we find the area of the face of the surface that intersects the positive 7 /-axis. As in Exercise 21, we can project 
the face onto the xz-plane, so the surface lies “above” the disk x 2 + 2 2 < 1- Then z = f (x,z) = y/1 — z 2 and the 
area is 


A (S) ~ JJX*+Z*<1 JJx2+z><1 \/ 0+ (vT^) 


+ ldA 




-«// 


: dx dz 


xt+z'K 

rn 2 


y/1 — Z : 


: (by the symmetry of the surface) 


This integral is improper (when z = 1), so 


A(S)= lim 4 í f 
t-* i~ J 0 J 0 


/í-z 2 


/í-7? 


: dx dz 


= lim 4 í 
t-> 1 - 7o 


vT^T 2 




= lim 4 / = lim 4t = 4 

t— 1 - y 0 1 - 

Since the complete surface consists of four congruent faces, the total surface area is 4 (4) = 16. 
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EEP-7 Triple Integrals ET 15.7 

1- foí-i /o *yz 2 dzdxdy = /X, xy [§*»]£ dxdy = 9 *ydxdy 

= /o 1 % = // f vdy = 2 iy% = f 

2 - /0/-3/Í1 &+V*)***V<k=S2£,[**+hv* > ]~ 1 - 1 dydx = f£ f° 3 2x 2 dydx 

= lo [ 2x2 y\ y y Z°-3 dx = lo 6x2 dx = 2a;3 ] 0 = 16 

/-1 1-3 /0 (^ 2 + yz) dx dy dz = /ij /° 3 [|® 3 + a:yz]*: o dy dz = /-1 /-3 (f + 2»*) d y dz 

= /-1 [fy + dz = Ih (8 - 9z)dz = [8z- fz 2 ]^ = 16 

/-1 /o 2 /-3 ( x2 + V z ) dydxdz = //j / 0 2 [x 2 y + fy 2 *]"!:/, da:dz = /^ / Q 2 (3a: 2 - fz) dxdz 

= /-1 [* 3 - f-]:: 2 dz = // (8 - 9z)dz = [8z - fz 2 ]^ = 16 

3 - lo lo Io +Z 6x2 dy dx dz = /0 /* [6xyz]^o + * da: dz = // // 6xz (x + z) dx dz 

= /o 1 [ 2 * 3 * + 3x 2 ^ 2 ]::: = /o 1 (2z 4 + 3z 4 ) dz = 5z 4 dz = z 5 ]¿ = 1 

4- /x 2 Io X Io~ y x Vzdzdydx = / 2 /; [f aVz 2 ]::;-* dydx = / 2 // ¿zV (1 - y ) 2 dydx 

= I 2 I 0 x (é x3 y 2 - x V + é x3 y 4 )dydx 
= / 2 [fxV-ia:V + >V]^dx 

= / 2 (I * 6 - b 7 + á* 8 ) ^ = [á * 7 - á * 8 + á * 9 ] 2 

_ 128 _ 256 , 512 1 , 1 1 _ 7387 

42 32 “ r 90 42 ' 32 90 — 10080 

5- /0 /0 if^ze'dxdzdy = / Q 3 // [a^l/^dzdy = / Q 3 // ze*VCTdzdy 

= /0 [-* (1 - * 2 ) 3/2 e y ]dy = fl ¿e* dy = ¿e'Jo = ¿ (e 3 - l) 

6 - lo lo lo ze ~ V dxdydz = ff ff [xze -l,2 ]^“dy dz = ff ff yze~ y2 dydz = // [-f ze - ^]^ dz 

= lo ~\ 2 ( e ~* 2 ~ i) dz = ¿ ff [z - ze - * 2 ^ dz 
= ¿ [fz 2 + ¿e -22 ]; = ¿(l+e -1 -0-l) = ¿ 

7. fff E 2x dV = / Q 2 / 0 v^ // 2a: dz dx dy = / Q 2 //^ [2*»];3 dx dy = / Q 2 /v^ 2xy dx dy 
= /0 [ X V llf^dy = / Q 2 (4 - y 2 ) ydy = [2 y 2 - ¿y 4 ] 2 = 4 

8 - IIIE v 2cos V) dV = /o 1 /; /f yzcos (x 5 ) dz dy dx = f¿ ff [¿yz 2 cos (x 5 )]^ 1 dy dx 
= \ /o 1 Io X 3x 2 y cos (x 5 ) dydx = ¿ [f x 2 y 2 cos (x 5 )]^ dx 

= ! /o 1 cos (*“) dx = f [¿ sin (x 5 )] 1 = A (sin 1-sinO) = f¿ sin 1 


( 









SECTION 16.7 TRIPLE INTEGRALS ETSECTION 15.7 □ 461 


9. Here E = {(rc, y, z) | 0 < x < 1,0 < y < y/x, 0 < 2 < 1 + x 4* y}, so 

ISIeS xydv = So Sf So +x+v exydzdydx = S¿sf (exyzr=T x+v dydx 

= /o 1 So* 6iy (1+ X + y) dy dx = [3 xy 2 + 3x 2 y 2 + 2 xy z ) v zT dx 

= fS (3x 2 + 3x z + 2x 5 / 2 ) dx = [x 3 + f x 4 + fx 7/2 ] * = ff 

10. Here E is the region that lies under the plane 3x + 2y + z = 6 and above the region 
in the zy-plane bounded by the lines x = 0, y = 0 and 3x + 2y = 6, so 
///e x dV = f 0 2 f 0 3 - 3x/2 f 0 6 ~ 3x - 2v xdzdydx = f 2 f 3 ~ 3x/2 (6x - 3x 2 - 2 xy) dydx 

= jj |(6x - 3x 2 ) ^3 “ I*) “ * (3 - §*) 

= 9[¿x 2 -¿x 3 + ix 4 ]o=3. 

11. Here E is the region that lies below the plane with x -, y-, and 2 ;-intercepts 1, 2, and 3 respectively, that is, below the 
plane 2z + 6x + 3y = 6 and above the region in the xy-plane bounded by the lines x = 0, y = 0 and 6x + 3y = 6. 
So 

fff e *ydV = fofo~ 2x fo~ 3x ~ 3v/2 xydzdydx = f¿ f¿~ 2x (3 xy - 3 x 2 y - fxy 2 ) dydx 
= So 1 [f X V 2 - 2 x2 y 2 - h x V 3 ] V y ZT 2X dx = Sq (2x - 6x 2 + 6x 3 - 2x 4 ) dx 
= [x 2 -2x 3 + fx 4 -§x 5 ]¿ = i. 


dx = 9 J ^x — x 2 + ^x 3 ) dx 



fo So V So Z xz dx dz dy = f 0 ff f (?/ - z ) 2 z dz dy 

= f/o [ws-h^+^rrJody 

= ¿4S¿y 4 dy = £¡ [fy 5 ]o = ifo 


By symmetry JJJ E z dV = 2 JJJ E , z dV where E' is the part of E 
to the left [as viewed from (10,10,0)] of the plane x = y. So 

SSSe z dV = SoTySo 1 ~ X2zdz dx dy = fff 3 (1 - x) 2 dx dy 
= /o 1 [-3 U'- *) 3 ]*:Í dy-= ff f (1 - y) 3 dy 

= éd-y) 4 ]i = é 


E is the solid above the region shown in the xy-plane and below the 
plane z = x. Thus, 

SSSe ( x + 2 y)dV = SSfXSS ( x + 2 y) dzdydx 

= /o/; 2 (z 2 + 2 yx) dydx = f 0 [x 2 y + xy 2 ] y y Z x x2 dx 
= fS (2x 3 - x 4 - x 5 ) dx = [f x 4 - fx 5 - ¿x 6 ]¿ = £ 
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The projection E on the yz -plane is the disk y 2 + z 2 < 1. Using 
polar coordinates y = r cos 6 and z — r sin 0 , we get 

IIIe x dV = ff D [/ 4y 2 + 4z 2 ® dx j dA 

' = 5 //d K - (V + 4* 2 ) 2 ] ¿4 = 8/^/0 (1 - r 4 ) 


= 8 C de f¿ (r - r 5 ) dr = 8 ( 27 r) [|r 2 - ¿r 6 ] ¿ = Ifs 


r 1 r3 r\/9 — y 5 

J 0 J 3x J 0 


zdzdydx = /X I (9 - y 2 ) dydx = [fy - ly»]^ dx 

= /o [9 - + §* 3 ] d* = [9* - f x 2 + f x 4 ]; = f 


17 . The plane + 3 y + 62 = 12 intersects the xy-plane when 2a; + 3y + 6 (0) = 12 => y = 4 — |a:. So 
E = {(x, 3 /, 0 ) |0<a;<6,0<y<4-. |a:,0<a:<A (12-2x-3y)} and 

r = f 6 r 4 - 2a: / 3 f( 12 - 2x - 3 »>/ 6 _ 1 r 6 r 4 - 2 */ 3 , 


^ = /o7o 4 " 2X/ 7o 12 - 21 - dz dydx = \ / 0 6 / 4 — (12 - 2x - 3y) dy dx 

(12 - 2x) 2 3 12 - 2x 


■ijfh- 


2^3/ - |y 2 


- y=4 —2x/3 




y=0 


■ijf[ 




= á /o 6 ( 12 - 22: ) 2 dx = [i (-¿) (12 - 2x) 3 ] 0 = 8 



í 1 ry/4—4x 2 rz+2 /*1 4— 4x 2 rz+2 

v = / / __ / dydzdx = 2 / / _ / dydzdx 

J — 1 ^ — y4-4x 2 JO 7o J-y¡4—4x 2 J 0 

: =2a/1-x 2 


p\/4—4x 2 

-\A 

= 2 f* 8\/l - x 2 dx = 16 [|x>/l - x 2 + 5 sin -1 cc]J = 8f = 47r 


/*<t ry 4 — 4 x 2 rl r i i 2=20-a: 2 

= 2 / / __ (z + 2)dzdx = 2 -z 2 + 2z _dx 

*/0 J — \/4-4x 2 7o J z=-2\/l-x 2 



^ = fo ff% fo 1 dzdydx = / 0 7_^ (1 - x)dydx 
= f 1 2-y/x (1 - x) dx = fo 1 2 (VE - X 3 / 2 ) dx 

= 2[l 


n 3/2_ 2^5/21 1 _ 


Jo 


— 9 /2 _ 2 \ _ 8 
— Z V3 5 / 15 
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20. The paraboloids z = x 2 + y 2 and z = 18 — x 2 — j / 2 intersect when x 2 + y 2 = 18 — x 2 — y 2 =4- 

2x 2 + 2 y 2 = 18 => x 2 + y 2 = 9. Thus, E = {(x,y, z) | x 2 + y 2 < 9, x 2 + y 2 < z < 18 — x 2 - y 2 }. Let 
D = {(x, y) | x 2 + y 2 < 9}. Then 

V = III E dV = II D ~ y2 dz ) dA = II D (18 - 2x 2 - 2y 2 ) dA 

= Itlo (18 - 2 r*)rdrd9 = ^ [9r 2 - |r 4 ]^ f d6 = 81tt 


21. (a) The wedge can be described as the region 

D = {(x, y, z) | y 2 + z 2 < 1, 0 < x < 1, 0 < y < x} 

= |(a;, y, z) | 0 < x < 1 , 0 < y < x 9 0 < z < y/l — y 1 1 
So the integral expressing the volume of the wedge is 

IIID dV = lo lo lo^ dz d V dX ' 

(b) A CAS gives ///* /V 1 “ dzdydx=\-\.( Or use 
Formulas 30 and 87 from the Table of Integrals.) 



22. (a) Note that AV ijk = (¿) 3 


: |, so the Midpoint Rule gives 


;//b/(*,»,*) dv « H/(ld. Í)+/(M. 5)+/(i»ii) + /(id.i) 

+/(M.!)+/(iU)+/(i.U)+/(i 


(b) A CAS estimates the integral to be Jff B e x2 y2 z2 dV « 0.42. The estimate in part (a) is correct to one 
decimal place, and is larger than the actual value of the integral. 


23. E = {(x,y,z) |0<®<1,0<^< 1 - 0 < y < 2 - 2z}, 

the solid bounded by the three coordinate planes and the planes 
z = 1 — x, y = 2 — 2z. 



24. E={(x,y,z)\0<y<2,0<z<2-y,0<x<4-y 2 }, 
the solid bounded by the three coordinate planes, the plane z = 2 — y, 
and the cylindrical surface x = 4 — y 2 . 
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If D\,Ü 2 , D 3 are the projections of E on the xy-, yz-, and iz-planes, then 

Dy = {(a:, y) | —2 < x < 2, 0 < y < 6} 
D 2 = {(y,z)\-2<z<2,0<y<6} 
D 3 = { (x, z) | x 2 + z 2 < 4} 

Therefore 


E= {(x,y,z) | -y/4-x 2 <z< /4- x 2 , - 2 < x < 2,0 < y < &} 
= {(x,y,z) | -\/4-2 2 < x < yj 4 - 2 2 , - 2<z<2,0<y<6j 


ffl e f (*> I/> *) iV = Sl 2 fo f^ f (x, y, 2 ) dz dydx = J 6 0 fí 2 f *£1 

= fofl 2 f (*, y. *> dxdzdy = si 2 s 6 ff^ 

= /-9 f ^/^2 fo f ( x > 2 /> *) da: = f—2 ff^¿¡ fc 


f (z, ?/, 2 ) dz dx dy 
f (x, y, 2 ) dxdydz 
f (x,y,z) dy dx dz 



If £>1 and £> 2 , and £> 3 are the projections of E on the xy -, t/ 2 -, and rrz-planes, then 

D i ={(®,y) I 0 < x < 1 , 2 ® < y < 2 } = {(x,?/) |0<2/<2,0<x< 2//2}, 

^2 = {( 2 /, z) | 0 < y < 2, 0 < 2 < y} = {( 2 /, z) ■ | 0 < 2 < 2, 2 < y < 2}, and 

£>3 = {(«, z) | 0 < x < 1, 0 < 2 < 2 - 2x} = {(rr, z) | 0 < 2 < 2, 0 < x < (2 - 2 ) /2} 


f 
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Therefore 


E = {(x, y,z)\0 <x <\,2x <y <2,0 < z <y — 2x} 

= {(x, y, z) I 0 < y < 2, 0 < x < y/2, Q<z<y-2x) 

— {(a:, y,z)\0<y<2,0<z<y,0<x<(y — z) / 2 } 

= {(x, y,z)\0 < z <2, z <y <2,0 < x < (y - z) /2} 

= {(x, y, z) | 0 < x < 1 , 0 < z < 2 - 2x, z + 2x < y < 2 } 

= {(x, y, z) | 0 < z < 2, 0 < x < (2 - z) /2, z + 2x < y < 2} 


Then 


JJIe f (*. V’ z ) dv =/o 1 / 2 a » /o v ‘ 2x / (*. 3/- z ) d v dx 
= / 0 2 Jo /2 Jo~ 2x f (*> y . z ) dx d v 
= /o 2 /o W /o (v " I)/2 / (*. 2/. z ) dx dz d y 
= JoJzJo V ~ Z)/2 f (*» 2/. z ) dx 

= /o /o 2_2 */*+ 2 x / (®> íf> z ) dy dz dx 

= / o 7 o (2 ~* )/2 / 2 +2 * / (*. 2 /. z ) d y dx dz 




i y -i 



>2 = 1 - a : 2 

If Di, D 2 , and £>3 are the projections of E on the xy-, yz-, and xz-planes, then 

Di = {(*,y) | -1 < * < 1,0 < y < 1 - x 2 } = {(*,y) | 0 < y < 1,-y/l-y <x< >/!-»} . 


D 2 = {(y,z) | 0 < y < 1,0 < z < y) = {(y,z) \ 0 < z < l,z < y < 1}, and 

l 

D a = {(x,z) I -1 < x < 1,0 < z < 1 -x 2 } = {(z,z) I 0 < « < 1,-v/l -Z <x< Vl - z}. 


Therefore 

E={(x,y,z) | -1<i< 1,0 <y< 1 - x 2 ,0 < « < y} 

= {(x,y,z) |0<y<l, - Vl - 2 / < * < V 1 - 2 /. 0 <z < y} 

= {(x, y, z) | 0 < y < 1, 0 < z < y, - y/í - y <x< Vl _ 2/} 

= {(x, 3 /,z) | 0 < z < 1, z <y <1, - V1 ~ V < * < Vl - 2/} 

= {(x,y,z) | —1 <x<1,0<2<1 — x 2 , z < y < 1 — x 2 } 

= {(x,y,z) | 0 < z < 1, — Vl — z <x< Vl — z, z < y < 1 — x 2 } 
























466 □ CHAPTER16 MULTIPLEINTEGRALS ET CHAPTER 15 


III e f (®. V, z) dV = j\ f¿-* 2 ¡y f (x, y, z) dz dy dx = jv f ( X , y, z ) dz dx dy 

~ fo fo f ( x ’ y ’ z ) dx dz d y = fo fz ff^T=í f (x,y,z)dxdydz 

= ffifo~ X fl~ X f( x >y< z )dydzdx = fff^Lf^- x2 f(x,y,z)dydxdz 


28. 





If Di , D 2 and D 3 are the projections of E on the xy-, yz -, and x 2 :-planes, then D\ = {(z, y) | 9x 2 + 4 y 2 < l}, 
D 2 = {(t/, z ) | 4 y 2 + z 2 < l}, D 3 = {(x, z) | 9x 2 + z 2 < l}. Therefore 

fl',% Sqgg' f(*,V,*)d*dyds 


_ fl/2 ry/l — 4y 2 /3 r-\/l — 9x 2 —4y 2 

— J-1/2J - 


p 

l/ 2 J-^/l-4 y 2/3 J_^ i_ 9x 2_ 4y 2 


;f(x,y,z) dz dx dy 


=f-{% f /^2 /yj+sS/3 / ^ ^ 

= f-i /XSS/3 / dx dy dz 


r 1/3 r\/l-9a: 2 ry/l-9x 2 —z 2 /2 - , n , , , 

“j-i/sJ_. at=»/ /rT^—T,J( x >y> z ) d y dzdx 


y/l — 9x 2 ->Jl-9x 2 -z 2 /2 * 

= f\f^zJl} 2/2 f(x,y,z)dydxdz 

J ~ 1 J -JÍ^/3 J _v'l-9x2-z2/2 V ’*> J V 


29. 



The diagrams show the projections of E on the zy-, yz-, and 12 -planes. Therefore 

/o 1 /yí /o 1_ V ( x > y> z ) dz dy dx = /0 /J' 2 fg- y f (x, y, z) dz dx dy 

= fofo~ z fo f( x >y> z ) dxd v dz 

= fofo~ V fo f(x,y,z)dxdzdy 

= fo J 0 1_ +/3r f ( x > y> z ) d y dz dx 
= fo 1 C ~ z)2 fvf z f ( x > y> z ) d v dx dz 
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The projections of E onto the xy- and xz-planes are as in the first two diagrams and so 

fofo~ x2 fo~ X f ( x > V> z ) d V dz dx = fo fo^ fo^ f ( x ' V’ z ) d V dx dz 

= /o/o" V /o _x2 f ( x ’ V’ z ) dzdxdy = / 0 7o _X /o 1_l2 f ( x > V> z ) dzd V dx 

Now the surface z — l-x 2 intersects the plane y = 1 - x in a curve whose projection in the yz-plane is 
z = 1 — (l — y) 2 or z = 2y — y 2 . So we must split up the projection of E on the yz-plane into two regions as in 
the third diagram. For (y, z) in R\, 0 < x < 1 — y and for (y , z) in Rz, 0 < x < y/1 — z, and so the given integral 
is also equal to 

fo f z ) dx dy dz + fo fi—y/F^z fo V f ( x ’ y ’ z ) dx d y dz 

= fofo V - y2 /o' V f (*. V’ z ) dx dz d V + /o/w ST f (+ V' Z ) dx dz dy - 




fo fy fo f ( X >V> z ) dz dx d V = fffEf( x >y> z ) dV whereS = {( X ’V’ Z ) \ 0<z<y,y<x<í,0<y<l}. 
If D\,D 2 , and D$ are the projections of E on the xy-, yz- and x^-planes then 
Di = {(*,») | 0 < j/ < 1, y < * < 1} — {(*, y) | 0 < * < 1,0 < y < *}, 

Do = {{y, z) \0 <y< 1,0 <z<y} = {{y, z) \ 0 < z < 1, z < y < 1}, and 
D 3 ={(x,z) |0<a:< 1, 0 < z < *} = {(*,z) |0<z< 1. z < * < 1}. 

Thus we also have 

E = {(*, y, z) \ 0<x<í,0<y<x,0<z<y} = {{x,y,z) |0 <y <1,0 < z <y,y <x <1} 

= {(x,y,z) |0 <z<l,z< 2 /<l,y<*<l} = {(x,y,z) | 0 < * < 1, 0<z<x,z<y<x} 

= {(x, y, z) | 0 < z < 1 , z < x < 1 , z < y < *}. 
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Then 

lo fy /o” f( x >y> z ) dz dx d V = /o 1 fo X fo f ( X > V’ z ) dz d V dx = fo fo fy f( X ’V> Z ) dx dz d V 

= fo fzfy f ( x > V’ z ) dx d V dz = fofofz f ( X ' V' Z ) d V dz dx 

= fo fzfó f( x ’ V’ z ) d V dx dz 



fo fó 2 fó f( x ’V> z ) dz d v dx = fff E f( x ’ V’ z ) dV where 

E = { (x, y, z) | 0 < x < 1, 0 < y < x 2 , 0 < 2 : < y}. If D\, D 2 , D 3 are the projections of E on the xyyz and 
X 2 ;-planes, then D\ = {(x, y) | 0 < x < 1, 0 < y < x 2 } = {(x, y) | 0 < y < 1, y/y < x < l}, 

D 2 = {(?/, z) \ 0<y <1,0 < z <y} = {(y,z) | 0 < z < 1 ,z < y < 1}, 

D 3 = {(x, z) \ 0 < x < 1, 0 < z < x 2 } = {(x, z) | 0 < z < 1, y/z < x < 1}. Thus we also have 

E = {(x, y, z) | 0 < y < 1, y/y < x < 1, 0 < z < y} 

= {(x, 2/, z) | 0 < y < 1 , 0 < z < y, y/y < x < 1} 

= {(z, y, z) \ 0 < z < 1, z < y < 1, y/y < x < 1} 

= {(x, y, z) | 0 < x < 1 , 0 < z < x 2 , z < y < x 2 } 

= { (x, y, z) | 0 < z < 1 , y/~z < x < 1, z < y < x 2 } 

Then 


fó fó 2 fó f( x ’V’ z ) dz d v dx = fó fóv fó f( x ’V’ z ) dz dx d V 

= fó fó fóv f( x ’V’ z ) dx dz d V 

= fó fz fó/y f ( x > V’ z ) dx d V dz 

' = fó fó 2 ff 2 f(x,y,z)dydz dx 

= fó fó/, ff 2 f( x < V’ z ) d v dx dz 


f 
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33 . m = SSSb P (*- 3 /- *) dV = So Sf /o + * +V 2 d V dx 

= /o 1 /o^ 2 (1 + x + y) dy dx = /J [2 y + 2 xy + y 2 } v y Zf dx 
= (2V5 + 2x 3 / 2 +x)dx= [i* 3 ' 2 + f z 5 ' 2 + fx 2 ] * = |§ 

M yz = SSSb *P (*. 2/- *) ^ = /o /o^ fo 1+X+V 2x dz d V dx 

= Sf ff 2x (1 +x + y)dydx = [2 xy + 2x 2 y + xy 2 ] v ~f dx 

= fo 1 (2x 3 ' 2 + 2x 5 / 2 + x 2 ) dx = [\x>' 2 + \x 7 ' 2 + ¿x 3 ] 1 = 

M xz = fff E yp(x,y,z)dV = f¿ ffff x+v 2 y dzdydx 

= fo ff 2 v (i + x + y) d y d * = /o 1 [ y 2 + x v 2 + h 3 ] v y Zf dx 

= f¿ (x + x 2 + §x°' 2 ) dx = [I* 2 + i* 3 + ±x 5 ' 2 ]l = ii 
Mxy = fff E zp (x, y, z) dV = f ff ff x+v 2z dz dy dx 

= /o 1 Sf [ñlZT +v d y dx = fo 1 If (i+*+ y ) 2 d v dx 

= ff ff (l + 2x + 2y + 2xy + x 2 +y 2 )dy dx 

= / 0 ’ [y + 2„J + y‘ + + éy + iy'H'.f dx - / 0 ‘ (^i + J**' 5 +x + x*+ **'*) dx 

■= [i*w++é**+s**+?**'*]■=a 

É 7q . i , . ,_. (M yz M xz M xy \ /358 33 57l\ 

Thus the mass ís 55 and the centerof mass ís (x, y, z) = I -,-,- I = I ggjr, rr, rrg I • 


34. m = f ff v2 ff* 4 dxdzdy = 4f ff v " (1 - z)dzdy = 4 ff [z - dy 

= 2f (l-y 4 )dy=f, 

My Z =fl 1 ff v2 Sf Z *xdxdzdy = 2S 1 _ 1 Sf y2 (l-z) 2 dzdy = 2Sli [-| (1 - TYfo^ d V 

= I/Í! (l- 3 / 6 )^= (|) (f) = |f 

M xz = fh ff v " ff z 4y dx dz dy = f ff y2 4y(l-z)dz dy 

= ff [4y (1 - y 2 ) —2y (l — y 2 ) 2 ] dy = f (2 y - 2y 5 ) dy = 0 (the integrand is odd) 


M xy =f 1 f 0 1 - v2 f 0 1 - z 4zdxdzdy = fjf v2 (4z-4z 2 )dzdy 

= 2 fh [.(1 -y 2 ) 2 - §(1- 2/ 2 ) 3 ] dy = 2 f [§ - y< + |y 6 ] dy 

* *7 

_ \± v _ 1^,5 + = . 96 . _ 32 

~ i3 y 5 y + 21 y Jo 105 35 

Thus, (x,y,z) = (¿,0, |) 
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35- m = / 0 7 0 7o° (x 2 +V 2 + ñ dxdydz = / 0 7o“[§x 3 + x y 2 + 

= /o7o“(t“ 3 + a 2/ 2 + ^ 2 ) dy dz = / 0 a [¿a 3 y + ¿ay 3 + ayz 2 ]dz 
= / 0 a (|a 4 + a 2 z 2 ) d, = [f a 4 , + ¿a 2 , 3 ]“ = f a 5 + ¿a 5 = a 5 

My> = / 0 7o“/o Q [* 3 +x(y 2 + z 2 )] dxdydz = / 0 “ // [¿a 4 + ¿a 2 (y 2 + z 2 )} dydz 

= /o“ ü« 5 + 6 fl5 + 2 a3z2 ) dz = + 5« 6 = Ti a6 

= = M xy by symmetry of E and p (x, y , 2:) 

Hence (x, y,5) = (^a, ¿a, ^a). 

361 m = /0 fo~ x fo~ x ~ v y dz d v dx = /o7 0 1_x [í 1 - *) v - y 2 } d v dx 

= /0 [5 (1 - *) 3 - I (1 - ®) 3 ] d* = ¿ // (1 - x) 3 dx = ± 

M v* = fofo~ X fo ~ X ~ V xydzdydx = /f ff~ x [(x -x 2 )y- xy 2 } dydx 
= /o 1 [2 1 í 1 “ x) 3 ~ \ x (1 - x) 3 ] dx = ¿ fg (x - 3x 2 + 3x 3 - x 4 ) dx 

= M*-i + *-i)-* 

= fofo~ X fo~ X ~ V y 2 dzdydx = ffff~ x [(1 -x)y 2 - y 3 ] dydx 

= /o [s (1 -*) 4 -i (1 -*)1 *) 5 ]o = é 

M *y = fofo~ X fo~ X ~ V y zdzd y dx = foff~ X [§2/(1 — x — y) 2 ] dydx 

= 5 fo fo ~ X [í 1 “ x) 2 y - 2 (i - x) y 2 + y 3 ] dy dx 

= 3 fo [2 í 1 “ ^) 4 “ | (1 “ a:) 4 + 3 (¿ - *) 4 ] dx 

= 24 fo X ) dx = ~24 [5 _ X ) 5 ]o = T30 

Hence (x, y, z) = (f,f,¿). 

37. (a) m = /7 /^^ / 4 7 +4í 2 (x 2 + y 2 + « 2 ) dx dz dy 

(b) (x, 2/, z) where x = m" 1 /7 /^j^L / 4 4 a+4i2 x (x 2 + 2/ 2 + z 2 ) dx dy, 
y = m -1 /7 f^^f —2 ff y 2 +4z 2 V (x 2 + y 2 + z 2 ) dx dz t¿2/, and 

2 = m -1 /7 ff^r ~2 /4 y 2 + 4*2 2 (x 2 + 3/ 2 + 2 2 ) dx dz dy 

(c) /2 = /7 / 4 4 „= + 4í 2 ( x2 + 2/ 2 ) (x 2 +2/ 2 +z 2 )dx dz dy 
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38. (a) m = ff¡ f//~ f/^*^ V* 2 +V 2 +z 2 dzdx dy 

(b) ( x,y,z ) where x = m -1 /^ f///^ // 1-12-1 ' 2 Xy/x 2 +y 2 +z 2 dzdxdy, 

V = m- 1 //j f//^j jVi-* 2 -v 2 yv / x 2 + y 2 + z 2 dz dx dy, 

z = m- 1 // x /^jEL f 0 Vl ~ x2 - y2 zjffi +y*+z* dzdxdy 

(c) /, = /^ /_^LL f/ 1 -* 2 -» 2 (x 2 + y 2 )(l+x + y + z)dzdxdy 

39. (a) m = f^ff^f¿ (1 + x + y + z) dzdy dx = % + £ 

(b) (x, 17, z) = (m -1 /o f/^f 0 v x(l + x + y + z)dzdydx, 

m- 1 fffZ^ f/y(l+x + y + z)dzdy dx, 

m -1 a/^fZ z(l+x + y + z)dzdydx^j 

/ 28 30tt + 128 45tt + 208 \ 

" V9?r + 44’ 45 tt + 220’ 135tt + 660 ) 

n V 1 -* 2 n . , , , , , , 68 + 157T 

J (x + y ) (1 + x + y + z)dzdydx — 

40. (a) m = /X f*=* + 2/ 2 ) ^yds =¥ = n - 2 

(b) (x,y,z) where x = m -1 ff f) x f/ 9 ~ y x (x 2 + y 2 ) dzdydx « 0.375, 

V = rn -1 f 1 f¡ x fZ^ y (x 2 + y 2 ) dzdydx = ^ * 2.209, 

X = m -1 /X / 0 ^(* 2 +1/ 2 ) dzdydx = jf = 0.9375. 

(0 /z = tifL fZ^ (x 2 + l / 2 ) 2 d, dydx = « 59.79 

41. /. = /f/oX * (V 2 + ^) «fadyd* = fc fo L fo ( V + 3 ¿3 ) 4/** = fc /) L da: = i tó “- 
By symmetry, I x = I y = I z = |/cL 5 . 

42. Let A; be the density. Then 

r. = /5, Jíg, /:(), Mv 2 + »’) * dxb = ka /!« 1% tf + ^dydz 

= ( y +(é‘ a +<*) * - »<, i+i.».+míJ, 

= a/c (Lj& 3 c + ^&c 3 ) = -^kabc (6 2 + c 2 ) 

By symmetry, / y = ¿/cabc (a 2 + c 2 ) and I z = ( a 2 + b 2 ). 
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43. (a) / (x, y, z) is a joint density function, so we know /// r3 / (a:, y, z) dV = 1. Here we have 


///r3 f ( x <y< z ) dv — ff°oo fToo ff°oo f ( x <y< z ) dzdydx = / 0 2 / 0 2 / 0 2 Cxyzdzdy dx 


-i 

to 

1» 

K3 

-5 

to 

r^,2i 

2 

r* f 2i 

2 

r„2n 

C xdx ydy zdz = C 

J 0 J 0 J 0 

X 

T 

0 

2/ 

2 

0 

T 


Then we must have 8C = 1 => C = |. 

(b) P (X < 1, Y < 1, Z < 1) = ff^ ff^ f ( x , y, z) dz dy dx 


= fo fo fo 1 é x y z dz d v dx = \ fo x dx fo y d y fo z dz 
= I (I) 3 - _L 

8 \ 2 / — 64 


1 

x 2 

1 

y * 

1 

V 

8 

T 

0 

2 

0 

2 


(c ) P(X + Y + Z < 1 ) — P ((X, y, Z) € E) where E is the solid region in the first octant bounded by the 
coordinate planes and the plane x + y + z = 1. The plane x + y + z = 1 meets the xt/-plane in the line 
x -I- y = 1, so we have 

P(X + V + Z<l) = fff E f (X, y, z) dV = fofo~ X fo~ X ~ V I X V Z dz d V dx 


-\fofo~ Xx y[\ z 2 Y z %- x ~ v dv dx 


1 ^21 z=l—x—y 


= 16 fo fo Xx y(l~ x ~ y ) 2 dydx 

= i§ fo fo X [( x3 “ 2x2 + x)y+ (2x 2 - 2x) y 2 + xy 3 ] dy dx 
= f-6 /o 1 [(^ 3 - 2x2 + *) \y 2 + (2x 2 - 2x) íy 3 + x (\y*)) V y 2l~ X dx 
= 152/0 ( x ~ 4x2 + 6x3 - 4x4 + x5 ) dx = T53 (35) = 5760 


44. (a) / (x, y, z) is a joint density function, so we know /// r3 / (x, y,z) dV = 1. Here we have 

//Ír3 f ( x < V< z ) dv = f-oc ff°oo ff°oo f( x <y< z ) dz dy dx 

=rrr c e -< o - 5 *+°- 2 *+ oi *> dZ dydx 

= Cf 0 °°e~ 0 **dx f 0 °°e- 0 - 2 »dy f 0 °° e~ 0 '* dz 
= C lim / 0 e _0 - 5x dx lim f 0 e~°- 2y dy lim f 0 e^ 01z dz 

= Cta [-&-«■“]; fa to [-10e-«-]‘ 

- c & I- 2 («'"•" -')] ,S» í- 5 («-°“ -1)1 ,S» [-10 («-” “ -1)] 

= C • (-2) (0 - 1) • (-5) (0 - 1) ■ (-10) (0 — 1) = 100C 
So we must have 100C =1 =*> C = —r. 


( 
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(b) We have no restriction on Z, so 

P (X < 1,Y < 1) = /J /J fZ f (*, y, z) dzdydx = f¿ f¿ /~ ji 0 e“^°' s “ +0,2v+0 ‘ 1 *) dzdydx 
= m fo 1 e_0 - 5x dx /o e "°' 2y d y f 0 °° e_01x dz 
= léo [-2e-°' 5 1í|-5e-°' 2v ]¡ Um [-10e- ol *]¿ [by part(a)] 

= yig (2 - 2e _o s ) (5 - 5e -0 ' 2 ) (10) = (l - e -0 ' 5 ) (l - e -0 ' 2 ) « 0.07132 

(c) P(X < 1,Y < 1, Z < 1) = ff x ff x ff x f (x, y, z) dzdydx 

= fofofo léóe- (0 - S * + °- 2v+0 U) dz d y dx 
= úó ff e ~° 5x d * fo e~°- 2v d y fo ^ d * 

= loo [—2 e °' 5x ]o [ 5e"°' 2v ] ¿ [—10e" 01 *]J 
= (1 - e -0 ' 5 ) (1 - e -0 ' 2 ) (1 - e -01 ) « 0.006787 

45. V (E) = L 3 , 

^ rL rL rL ^ rL rL rL 

/ave = J J J xyz dx dy dz = £3 J xdx J ydy J zdz 


1 _ 

L 3 


.2 1 


o L 


r 2 i 

L 

r 2 1 

y 



2 

0 

T 


L 3 2 2 2 


L^ 

8 


46. V ( E ) = ^. The equation of the plane through the last three vertices is x + y 4* z = 1, so 

/ave = y jq fofo f 0 y (x ~h y + z) dz dy dx 

= 6 fofo~ x [(*+ y)0 - - x - y) + \ (!- x - y) 2 ] d v dx 
= 3 ff f 0 ~ X (! - 2xy-x 2 -y 2 ) dydx ^Sffff"* [l - (x + y) 2 ] dydx 

= ^ fo [y ~ i ( x ^) 3 ] V y =o dx = ^ f 0 í 1 “ x ~ é + dx ~ fo (^ 3 ” Sx + 2) dx 


= 1 - 1 + 2 = 


47. The triple integral will attain its maximum when the integrand 1 - x 2 — 2 y 2 - 3 z 2 is positive in the region E and 
negative everywhere else. For if E contains some region F where the integrand is negative, the integral could be 
increased by excluding F from E y and if E fails to contain some part G of the region where the integrand is 
positive, the integral could be increased by including G in E. So we require that x 2 + 2 y 2 + 3 z 2 < 1. This 
describes the region bounded by the ellipsoid x 2 + 2 y 2 + 3 z 2 = 1 . 
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Discovery Project □ Volumes of Hyperspheres 

In this project we use V n to denote the n-dimensional volume of an n-dimensional hypersphere. 

1. The interior of the circle is the set of points | (x, y) \ -r < y < r, — /r 2 — y 2 < x < \Jr 2 — y' 2 1. So, 
substitutíng y = r sin 6 and then using Formula 64 to evaluate the integral, we get 


/ r ry/r*—y¿ rr 

/ _ _ dx dy = / 2 y/r 2 — y 2 dy — ff_/ /2 2r y/l — sin 2 0 (r cos 6 d6) 

■rJ — y/r 2 —y 2 J —r 

/ ir/2 

cos 2 6dO = 2r 2 [i0 + \ sin 26 ]= 2r 2 (f) = rrr 2 

2. The region of integration is 

|(x,t/, z) | — r < z < r, —y/r 2 — z 2 <y< y/r 2 — z 2 , —y/r 2 — z 2 — y 2 < x < y/r 2 — z 2 — 2 / 2 |. Substitutíng 
2 / = \/r 2 — sin 0 and using Formula 64 to integrate cos 2 6 , we get 


V3 


rr ry/rl-z* ~ yj r *-z*-y* ~ 2 _ 

= J- r J- J- ^ dydZ = r -" ^ y/r 2 -*-* ^ dZ 


f í ' 

J —r J — 7r/2 

2 \/l — sin 2 6 ^ y/r 

to 

i-1 

to 

1 

to 

8- 

i_i 

/* 7r/2 o 

/ cos 2 0 dO 

J — 7r/2 



4nr 3 

3 


3. Here we substitute y = y/r 2 — w 2 — z 2 sin 0 and, later, w = r sin<£. Because /*^ 2 cos p OdO seems to occur 

frequently in these calculations, it is useful to find a general formula for that integral. From Exercises 39 and 40 in 
Section 8.1 [ET 7.1], we have 


rn/2 

J 0 


sin'*xdx= - : “ ; /^sin 2fc + 1 xdx = - 2 ‘ 4 ‘ 6 '' V ‘ 

/o 1-3-5.(2i 


■ 2^ , 1-3-5 .(2A: — 1) 7r 

iin 'T* /7'r — -i_ L _ 

2 4 6.2 k 2 


2k 
(2/c -f 1) 


and from the symmetry of the sine and cosine functions, we can conclude that 

rn/2 


/ tt/2 r 

cos 2k xdx — 2 / 

-7r/2 7 o 

/ tt /2 r ^/2 

cos 2fc+1 xdx = 2 / si: 

-ir/2 JO 


sin 2fc x dx = .Llj ’ 5 ; ~ 4 ' ’ (2fc — 1) 7r 
2-4-6.2A; 


( 1 ) 


sin 2fc+1 x dx = 


2 • 2 • 4 • 6.2fc 

1-3-5.(2fc + 1) 


( 2 ) 
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Thus v 4 =r r^EELr^EEEE-f^ÍEEEf^Ldxdydzdw 

J ~ r ** — yjr*2 _ id2 ^ _ A / r 2 — ii)2 _ r 2 J ^/ r 2 —11,2 _ z 2 _ v 2 


— y/r 2 —w 2 — z 2 ^ ~y/ r 2 —w 2 —z 2 —y 2 


= 2 /-% ^ - •»= - - ? dy *» 

= 2 £3» ( v! -»»- * 2 ) «»*«<» * *» 

= 2 [;:, t -- 1 -<•*-»*) * *»] [;: 3 . «» 2 * H 

= 2(5) [/:!(<’ *«] = » (|) ;:3ir*coa‘ 't’d* = = 

4. By using the substitutions x* = — - %i + i cos 0¿ and then applying Formulas 1 and 2 from 

Problem 3, we can write 


2 4 

7r r 


v 4 


■r r^r^-xl -*3 r\] r2 - X " _I n-X- I 3- a 


-rr^ •••/ ■■ - í 

j- r J — \/r'Z-x'l J - Jr 2 -x'Z-x'i -x? V- 


dx\ dx2 * • * dxy i—i dXn 


r J-^/r^-xl J-y/ r2 -xl-*l-l -*3 J~\l r2 - x n-*n-l -*|- a 

= 2 [fL% cos 2 02 d0 2 ] [/:f /2 cos 3 03 d0 3 ] • • • [¡:i% cos"- 1 0n— i dd n -i] [jL% cos" 0 n d0 n ] r» 


= < 


1 

'2-2 1-3t r' 

'2-2-4 1-3-5tt' 

r 2.(n — 2) 1 • 


J 

— 1 

CN 

leo 

1 *—• 
_ 1 

1-3-5 2-4-6 

[l.(»-l) 

2. n \ 


[ 2 -¡l 


n (" 7r 2-2] r 1.3tt 2-2-4' 
,L2‘l-3j [ 2-4 1-3-5 


• (n — 2) 7r 2.(n — 1) 

• (n — 1) 1.n 


By canceling within each set of brackets, we find that 

W 2 


V 4 ={ 


27t 27t 27t 2n n _ (27r) r 

T ' T ' 1T. ~ñ T ~ 2-4-6 


7 r' 


1/2 


(4»)i 


r n even 


n odd 


n even 


27 r 27 T 27t 27T 2(27r)("-^ 2 2" fj (n - 1)1! tt^ 1 )/ 2 ^ 

3 5 7 7i 3-5-7.7i n! 


r n n odd 


t6.8 Triple Integrals in Cylindrical and Spherical Coordinates ET 15.8 


mmmm^mmmam 


1. The region of integration is given in cylindrical coordinates by 

E = {(r, 0, z) | 0 < 6 < 27T, 0 < r < 2,0 < z < 4 - r 2 }. This represents the solid region bounded above by 
2 : = 4 — r 2 = 4 — x 2 — 7/ 2 , a paraboloid, and below by the xy-plane. 

/o7o /0 " r2 rdzdrde = foEo ( 4r - ñ drde 

=c [^-y}:zi de 

= / 0 " (8- 4) d0 =40^ = 877 
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2. The region of integration is given in cylindrical coordinates by 

E = {(r, 9, z) \ 0 < 0 < < r < 3,r < z < 3}. This represents the solid in the first octant between the 

cylinders r = 1 and r = 3 and bounded below by z = r = y/x 2 + y 2 , a cone, and above by the plane z = 3. 

Ii fo /2 It rdzdOdr = / 1 3 /J r/2 (3 r - r 2 ) d6dr 

= / 3 f(3r-r 2 )dr = f [fr 2 -^] 3 

— 2L (21 -21 3 | 1 \ _ 5 tt 

2^2 3 2 ' 3 / 3 



3. The region of integration is given in spherical coordinates by 

E — {(pi <t>) I 0 < P < 1,O<0< f,O<0< f}. Thus E is the solid in the first octant bounded by the sphere 
p = x 2 +y 2 + z 2 = 1 and the three coordinate planes. 



So /2 So /2 So P 2 sin<l>dpd0d<t> = So'So 2 [ÍP 3 dddtp 

=s; /2 s ; /2 1 «n 4>d6d4>=s; /2 ¡ sm <t> kzz' 5 2 d<t> 

= 5 s ; /2 f Sin <t>d<t> = f [- cos<A]f /2 = f 


4. The region of integration is given in spherical coordinates by 

E = {(p, 0i <t>) I 0 < 9 < 2tt, 0 < 4> < f, 0 < p < sec (/>}. Since p = sec 4> is equivalent to pcos 4> = z = 1, E is 
the solid bounded by the cone 4> = f and the plane z = 1. 



s; /i srsr*p 2 * ™<t>dpded<t >=/; /3 /r d ed<t> 

= ¡r lo ^(W-ec 9 ^)^ 


_ 2ír [ tan 2 <t> 

- T [ 2 


1 »/3 

= 7T 

J 0 


5. The solid E is most conveniently described if we use cylindrical coordinates: 

E = {(r,fl, 2 ) |O<0<f,O<r<3, 0<z<2}. Then 

SSS E f( x >y> z ) dV = S; /2 S 0 3 So 2 f (r C0s6,rsin6,z)rdzdrd6. 

6. The solid Z? is most conveniently described if we use spherical coordinates: 

E = {{p,0,4) | 1 < p < 2, f < 0 < 2 tt,0 < <(> < f}. Then 

/// E f ( x >y> z ) dV = s ; /2 / 2 ; 2 /j 2 / (p sin <¡>cos6,p sin <psm6,p cos <j>) p 2 sin <f> dp dO d<f>. 
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7. In cylindrical coordinates, E is given by {(r, 0, z) | 0 < 0 < 2ir, 0 < r < 4, — 5 < z < 4}. So 
fff b \A 2 + y 2 dV = fo W fo f- s Vr*rdzdrd0= ff n dO jf r 2 dr f* a dz 
= K W [*r»K W-5 = (2 tt) (¥) O) = 3847T 


8. The paraboloid z = 1 — x 2 — y 2 intersects the xy-plane in the circle x 2 + y 2 = r 2 = 1 or r = 1, so in cylindrical 
coordinates, E is given by {(r, 0,z)|O<0<f,O<r<l,O<2<l — r 2 }. Thus 


ííí (x 3 + xy 2 ) dV = í í í (r 3 cos 3 0 + r 3 cos 0 sin 2 0) r dz dr dO 

J J J e J o J o J o 

rir /2 /*1 /* 1 — r 2 /‘ 7r /2 /*1 2 

= / / / r 4 cos 0 dz dr dO = / / r 4 cos0 [z]* =0 -r drd0 

Jo Jo Jo Jo Jo 

rir /2 /*1 /’Tr/2 

= / r 4 (l — r 2 ) cosOdr dO = / c 


f 1 5 i rr -1 
L 5 7 J r=c 


9. In cylindrical coordinates E is bounded by the cylinders r = 1 and r = 2, the plane 2 ; = x + 2 = r cos 0 + 2, and 
the xy-plane, so jE? is given by {(r, 0, 2 :) | 0 < 0 < 27t, l<r<2,0<2:<r cos 0 + 2}. Thus 

/J+ 2 /dV = / 0 2,r fi / 0 +r COS 9 ( r sin 0) r dz dr d0 = C f? r> smOlz}^™ 6 drdO 

= /o 2 Vx 2 ( 2r2 + f 3 cos 0) sin OdrdO = [|r 3 + \r A cos 6] [f/ sin 0dO 

= JT (¥ + T cos ^) sin 0dO = [--y cos 0 - ^ cos 2 0] 2 * = 0 


10. In cylindrical coordinates, E is bounded by the cylinder r = 1 and the planes z = 0, z = y = r sin 0 with 
y>0 =*■ 0 < 0 < 7 r, so £ is given by {(r, 0, z) | 0 < 0 < ir, 0 < r < 1,0 < z < r sin 0}. Thus 

fff E xzdV = ff Jq ff ain6 r 2 z cos 0dzdrdO = fffj [\z 2 }^ 6 r 2 cos0dr dO 

= ±fffJrUm 2 0cos0drd0=íf¿ [fr^sin 2 OcosOdO 

= 10 fo ( SÍn2 9 COS 9 ) d9 = 30 SÍn3 9 \ 0 = 0 


11. In cylindrical coordinates, E is bounded by the cylinder r = 1, the plane z = 0, and the cone z = 2r. So 
E = {(r, 0, z) | 0 < 0 < 2tt, 0 < r < 1,0 < z < 2r} and 

fff E xUV=Cf¿ff r r>cos>Ordzdrde = CfJ[r°cos>Oz}lzTdrd0 

= fo W fo 2r4 cos2 ddrd0 = f/ K [fr 5 cos 2 0] ^ d9 = f ff w cos 2 0 d0 


2 f 2 * l + cos26i 1 
= 5 7o 


0 + - sin 20 


2n 

T 


o 
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12 . (a) V = f% ff™ e f//ELrdzdrd6 

= 4j; /2 ¡ 0 acoae f/^rdzdrd6 
= 4 fo /2 So COS 6 dr d6 

= -! 

= — | /; /2 | (a 2 — a 2 cos 2 0) 3/2 — a 3 J dO 

= -| fo /2 [(a 2 sin 2 0 ) 3/2 - a 3 ] d(9 

= — | /; /2 (a 3 sin 3 0 — a 3 ) 

4 a 3 /‘ 7r/2 

= —— J [sin 0 (l — cos 2 0) — 1] dO 


(b) 



4a 3 


= -/r [-cose+ |cos 3 0-0]; /2 = -^-(-f + f) = |a 3 (37T-4) 

To plot the cylinder and the sphere on the same screen in Maple, we can use the sequence of commands 


sphere:=plot3d(1,theta=0..2 *Pi,phi=0..Pi,coords=spherical) : 
cylinder:=plot3d([cos(theta),theta,z] , 
theta=0..2*Pi,z=-l..1,coords=cylindrical): 
with(plots): display3d({sphere,cylinder}); 


In Mathematica, we can use 


sphere=SphericalPlot3d[l,{theta,0,2Pi},{phi,0,Pi}] 
cylinder=ParametricPlot3d[{Sin[theta],Cos[theta],z}, 
{theta,0,2Pi},{z,-l,l}] 

Show[{sphere,cylinder}] 


13. The paraboloids intersect when x 2 -f y 2 = 36 - 3x 2 -3 y 2 =» D = {(x, y) | x 2 -f y 2 < 9}. So, in cylindrical 

coordinates, E = {(r, 0, z) | r 2 < z < 36 — r 2 , 0 < r < 3, 0 < 0 < 2i r} and 

V = Cfo 3 fr"~ 3r2 rdzdrdO = / 0 2 V 0 3 (36r - 4r 3 ) drdO 

=c [ i8r2 - ^ 4 ] :=o de =c 81 d °= i627r 

14. M yz = C fofif ~ 3r r 2 cos 9dzdrd0 = 0 = M xz by the symmetry of the region, and 

Mry = Cfo 3 C~ 3r2 rzdzdrde = f¿*fj [jr (36 - 3r 2 ) 2 - ¿r 5 ] drdd 
= C [-55 ( 36 - 3r2 ) 3 - n r6 l r= ' de = Jf (—3 4 + 36 2 ) de = 24307T 

L J r—0 

Hence (x,y,z) = (0,0,15). 

15. The paraboloid z = 4x 2 -h 4 y 2 intersects the plane z = a when a = 4x 2 -f 4 y 2 or x 2 -f y 2 = \ a. So, in cylindrical 

coordinates, E = {(r, 0, z) | 0 < r < \y/á, 0 < 0 < 27t, 4r 2 < z < a}. Thus 


”* = K’Sf'lU KrizirM = (ar - 4 r ») irdf 

= K¡? [éor» - r‘)Zf n dt> = KC fa’dS- \a'*K 
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Since the region is homogeneous and symmetric, M yz = M xz = 0 and 

«.» * Cií‘ n C, Krzdzirde-KI¡’lf‘ n (}«"r - 8r ! ) drdS 
= K C [}.V - |r*]~f« iS - K f 0 “ j¡a>dí - ^a’aK 
Hence (x, y, 2) = (0,0, §a). 

16 . Since density is proportional to the distance from the z-axis, we can say p (x, y,z) = K\Jx 2 + y 2 . Then 

m = 2¡^mf^ KrUzdrdO = 2K f Q 2 ” J Q a r> dr dO 

= 2 K / 0 27r [§r (2r 2 - a 2 ) y/a 2 — r 2 + |a 4 sin -1 (r/a)]^ = “ 

[(*«•) (f)]d» = }«Vjr. 

17 . In spherical coordinates, B is represented by {(p, 9, <j>) | 0 < p < 1,0 < 0 < 2iz, 0 < <p < "}. Thus 
líís (* 2 + y 2 + ñ dV = / 0 7o 7o (p 2 ) P 2 sin tdpdBd* = ff sin /f dP // p 4 dp 

= [-cosC [C [ip 5 ]¿ = (2)(2^)(¿).= f 

18 . In spherical coordinates, H is represented by {(p, 0,0) | 0 < p < 1,0 < 0 < 27r, 0 < 0 < -| }. Thus 

IIIh 7 2 + y 2 ) dV = / 0 2 7cT /2 /o (p 2 si ° 2 <a) p 2 s\n 4>d P d4>de = /7 dp /; /2 ^ 7 ^ /J p 4 ¿p 

= [- COS </. + ¿ cos 3 </>] '■ n [|p 5 ] ¿ = § 

19 . In spherical coordinates, is represented by {(p, 0,0) | 1 <p<2,O<0< f,0<</>< f}. Thus 
///**dV = Z 777 2 /, 2 (pcos</>) p 2 sin</> dpdOd<f> 

= /7 2 cos0sin0 d<p /; /2 dP/ 2 p 3 dp = [¿ sin 2 </>]p /_ [0] o /2 [|p 4 ]i 

= (I) (f) (¥) = W 

20. fff E xe( x2+y2 + z2 ) 2 dV = /; /2 /; /2 / 2 (psin0cos0) e p4 (p 2 sin0) dpd<pd0 

= f *cos 0 d6 ff^ 2 sin 2 0 d<\> f 2 p 3 e p dp 

= [sinÉ>7 2 [Í<£-I sin2 <C /2 [i e ^]! 

= (D(?) [Í(c 16 -e)] = >(e 16 -e) 

21- fff E V^TVT^dV = / 0 2 77 6 / 0 2 (p) p 2 sin<pdpd<pd0 

= /7dP/7 6 sin07/ o 2 p 3 dp=[C [-cos0]7 [Ip 4 ] 2 

= (27T) (l - (4)=87r(l-f) =4 tt(2-v^) 

22. fff E xyz dV = ff^f^f^ (P sin <p cos 0) (p sin 0 sin 0) (p cos 0) p 2 sin 0 dp dO d<j> 

= /7^ sin 3 0 cos 0 d<j> /7 sin P co§ P / 2 4 p 5 dp = [7in 4 0]7 [isin 2 P] 2 " [|p 6 ] 4 =0 
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23 . Since p = 4 c.os <j> implies p 2 = 4p cos 0, the equation is that of a sphere of radius 2 with center at (0,0,2). Thus 

V = /o Vo^/o COS % 2 Bin4>dpd4>de = /f/;/? [|p 3 ]^ co ^ sin <j> d<j> dO 
= Ci: /3 (¥ cos 3 0) sin<f>d<j>d6 = / 0 2lr [-f cos 4 0] 

= /o' “T - 1)«» = 5^]o" = 10 tt 

24. In spherical coordinates, the sphere x 2 + y 2 + z 2 = 4 is equivalent to p = 2 and the cone z = y 7 ! 2 + y 2 ~ j s 
represented by <j> = f. Thus, the solid is given by {(p, 6, <j>) | 0 < p < 2,0 < 6 < 2tt, \ < <j> < f } and 

V = /J/4 /o 7 o P 2 sin <t> d P de d <t> = Jtc/4 sin <t> d< t> fo* de fo P 2 d P 
= [-«■*]# [P] 2 - [¿p 3 ] 2 = (#) (27r) (f) = 

25 . By the symmetry of the problem M yz = M xz = 0. Then 

M xy = f^ff /3 f 4 cos ^ p 3 cos(j) sin</> dpd(j)dO = f 0 n f 0 /3 cos (j) sin (j) (64cos 4 <¿>) d(j)dO 
= /<T 64 [-1 cos 6 0]^: 0 /3 = /7 f dP = 217r 

Hence (x,y,z) = (0,0,2.1). 

26 . (a) Placing the center of the base at (0,0,0), p ( x , y,z) = Kyjx 1 + y 1 + z 1 is the density function. So 

m = f/; 72 /; sin (j>dpd(j)d0 = K / 0 27r dO /J r/2 sin 0 d<£ / Q a p 3 dp 
= K[0] 2 o hcos 0]J /2 [Ip 4 ]“ =ff(27r) (1) (Ia 4 ) = ÍTrfía 4 

(b) By the symmetry of the problem M yz = M xz = 0. Then 

M xy = f 0 * ff /2 f 0 Kp 4 sin (j) cos (j) dp d(j) dO = K / Q 27r dO ff /2 sin 0 cos <£ d(j) f* p 4 dp 
= K[6)l* [| sin 2 0] o /2 [Ip 5 ] 0 =K(2n) (I) (Ia 5 ) = iTrXa 5 
Hence (x, t/,z) = (0,0, fa). 

(c) I* = /„ 2 T7; (^P 3 sin 0) (P 2 sin2 4>) d P d <t> de = K /7 dd /; /2 sin 3 0d0 / 0 ° p 5 dp 

= K[e\ 2 * [-cos0+lcos 3 0] o /2 [Ip 6 ] 0 =ísr(27r)(f)(Ia 6 ) = f7rfTa 6 

27 . (a) The density function is p (a;, 3/, z) = K,a constant, and by the symmetry of the problem M xz = M yz = 0. 

Then M xy = / 0 /7 / 0 Kp 3 sin <f> cos <j>dpd<j>dd = ^nKa 4 f V2 sin 0cos <j>d<j> = l7r.ífa 4 . Butthemassis 
K (volume of the hemisphere) = f 7tiTa 3 , so the centroid is (0,0, f a). 

(b) Place the center of the base at (0,0,0); the density function is p (x, y, z) = K. By symmetry, the moments of 
inertia about any two such diameters will be equal, so we just need to find I x : 

Ix = J7;7; {Kp 2 sin 0) p 2 (sin 2 0sin 2 6 + cos 2 <j>) dpd<j>d0 

= K fg n ff /2 (sin 3 0sin 2 6 + sin0cos 2 0) (fa 5 ) d<j>d9 

= 5 Ka 5 [sin 2 6 (— cos0 + f cos 3 0) + (-1 cos 3 0)]^ /2 d6 

= \ K <? JT [f sin2 «+ f ] de = \ K <¿ [§ {¥- 3 sin 20 ) + 1 e] 2 * 

= \ K a 6 [f (* - 0) + f (2 tt - 0)] = ±Ka 5 tt 


f 
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28. Place the center of the base at (0,0,0), then the density is p (z, y , z) = Kz, K a constant. Then 

m = (-Kp cos $) P 2 sin (j>dpd(j)d6 = 2nK ff /2 cos0sin<¿> * \a 4 d(¡) 

= ¡wKa 4 [-1 cos2^]; /2 = f Ka 4 
By the symmetry of the problem M xz = M yz = 0, and 

M xy = f^ff^f; Kp 4 cos 2 (f> sin (j> dp d(p d6 = ^nKa 5 f^ 2 cos 2 (¡) sin <j) d(j) 

= !*rffa 5 [-icos 3 0]; /2 = ^a 5 
Hence (x, y, z) = (0,0, y^a). 


29. In spherical coordinates 2 : = >/x 2 + y 2 becomes cos <¡> = sin <¡> or (j) = -. Then 
y = fn: p 2 sin <¡> dp d<¡> dO = dO Jj /4 sin<pd(f> fj p 2 dp = \ir (2 - 

M xy = fl* fj'*fl p 3 sm<¡)cos<¡>dpd(j>d6 = 2 k [— \ cos20]" /4 (i) = | and by symmetry M yz = M xz = 0. 



30 . Place the center of the sphere at (0,0,0), let the diameter of intersection be along the z-axis, one of the planes be 
the x^-plane and the other be the plane whose angle with the zz-plane is 0 = f. Then in spherical coordinates the 

volume is given by V = ff /6 ffff p 2 sin <¡>dpd<¡>dO = ff /6 dO ff sin <¡>d<¡> /“ p 2 dp= § (2) (}a 3 ) = § 7 ra 3 . 


31 . In cylindrical coordinates the paraboloid is given by z = r 2 and the plane by z = 2r sin 6 and they intersect in the 
circle r = 2 sin 9. Then fff E z dV = fff ^ sm 9 f 2 f sm ° rz dz drdO = (using a CAS). 


32. (a) The region enclosed by the torus is {(p, 0,<j)) | 0 < 6 < 2n, 0 < <\> < n, 0 < p < sin (j>}, so its volume is 
v = fo W fo ir * P 2 sin 4> dpd<¡> dO = 2tt ff ¿ sin 4 <¡>d<¡>= |t r [§</>- \ sin 2<¡> + ^ sin 4 <¡>]" = \n 2 


(b) In Maple, we can plot the torus using the 

plots [ sphereplot ] command, or with the 
coords=spherical option in a regular plot command. 
In Mathematica, use ParametricPlot3d. 



33. The region E of integration is the region above the paraboloid z = x 2 + y 2 ,or z = r 2 , and below the paraboloid 
z = 2 - x 2 — y 2 ,or z = 2 - r 2 . Also, we have —1 < x < 1 with —\J\ - x 2 < y < \/l — x 2 which describes the 
unit circle in the xy- plane. Thus, 

++y+ /2 dzdydx = f 0 2 ”f 0 1 fX r 2 (r 2 ) 3/2 rdzdrd0 

r 2n r 1 r_4„1*=2— r 2 j r 2ir r l / 0 _4 „6 _6\ j_ ja _ <2* 


= CJ¡ WZT drdO = ¡"]¡ (2r 4 - r' - r>) ird» = (! -*) ■» = ft 
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J> 

34. The region E of integration is the region above the paraboloid z = x 2 +y 2 = r 2 and below the cone 

z = \Jx 2 +y 2 = r. Also, we have 0<y<l, 0<x< y/l — y 2 which is equivalent to 0 < 0 < \, 0 < r < 1. 

Thus 

/o ífyf X V Z dz dx d V = So' 2 fo Ir -2 7,2 C0S 6 Sin 9 Zr dz dr de 

= 2 fo /2 Jo 7-3 cos6sin0 [z 2 ] z z Z r r2 drd6=\ ff /2 f¿ (r 5 - r 7 ) cos 6 sin 6dr d9 
= 5 So /2 [g r6 - g 7 " 8 ] rZo cos ^ sin 0 d6 = ¿ ff /2 ¿ cos0sin0d0 
= &K /2 ísm2ed0=±(-!icos29];' 2 = ¿- 6 


35. The region of integration E is the top half of the sphere x 2 +y 2 + z 2 = 9. So 


-3 s//j/ sf 1/2 2\A 2 +y 2 +« 2 dzdydx = fff E z^fx 2 +y 2 + z 2 dV 


= /„ 2 7; /2 /o (^ 2 cos 0) (^ 2 sin <£) d <¡> d6 = f 2 " d6 ff /2 cos <j> sin <f> d<j> /„ 3 p 4 dp 

= [tfg- H sin2 C /2 [^ 5 ] 3 = (2*) (i) (2M) = aM. 


36. The region of integration E is the region above the cone z = \/x 2 +y 2 and below the sphere x 2 + y 2 + z 2 = 18 
in the first octant. Because E is in the first octant we have 0 < 0 < f. The cone has equation 0 = J (as in 

Example 4) and so 0 < <f> < Also 0 < p < \J 18 = 3\/2. So the integral becomes 


fo / 2 fi /4 ff p 4 sin <t> d p d< t> de = s ; /2 de io /4 sin <t> d< t> sf p 4 d p 

= l e Vo /2 [-C°s^]j /4 [ip+ 0 ^ 

= (f) (l-^) (“**)= 48ftr(^) 

37. If E is the solid enclosed by the surface p = 1 -f ~ sin 60 sin 5 </>, it can be described in spherical coordinates as 
£ = {(p, 0, <£) | 0 < p < 1 + 1 sin60sin5<£, 0 < 0 < 27T, 0 < </> < 7r}. Its volume is given by 

V(E) = fff E dV = /; C /o 1 + (8i " 68 8m 5 " )/5 P 2 sin 4>dpd9d<t>=^ (usingaCAS). 

38. The given integral is equal to 

j.im n fo pe~ p2 p 2 sin <t>dpd</)d9 = lim (^f^ dQ^j (/J r sin0d0) ^ / Q H p 3 e~ p2 dp^j . Now use integration 
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by parts with u = p 2 , dv = pe~ p¿ dp to get 

jJ^52o 27r ( 2 ) (^ 2 (“ 5 ) e " P X _ e ~ p2 d P ) = (-é fí2e_ií2 + [ _ 5 e_ ' ,2 ]o) 

= 47r H^c [-h R2e ~ R2 - 5 e_fi2 + 5 ] = 47r ( 3 ) = 27r 

(Note that R 2 e ~ R2 —» 0 as R —> oo by rHospital’s Rule.) 

39. (a) From the diagram, z = r cot <j) 0 to z = y/a 2 — r 2 , r = 0 to 

r = asin <j > 0 (or use a 2 —r 2 = r 2 cot 2 <j) 0 ). Thus 

= 27T f 0 * ln<i>0 (ry/a 2 — r 2 — r 2 cot <j) Q ) dr 
= T [“ (“ 2 “ r2 ) 3/2 - 7-3 cot ^o] 0 

= T 1 [ _ ( fl2 _ ° 2 S ^ n2 ^o) 3/2 ~ ° 3 síh 3 00 c °t 0o + a 3 j 

= § 7 ra 3 [l — (cos 3 <j) Q H- sin 2 0 O cos<¿> 0 )] = | 7 ra 3 (1 — cos</> 0 ) 

(b) The wedge in question is the shaded area rotated from 0 = 0\ to 0 = 

Letting 

Vij = volume of the region bounded by the sphere of radius p^ 
and the cone with angle <j)j (0 = 0 \ to O 2 ) 

and letting V be the volume of the wedge, we have 

V = (V22 -V21) - (V 12 -Vn) 

= 3 (02 - Oi) [p\ (1 - COS (j> 2 ) -pl( 1 - cos^J - p\ (1 - cos<¡> 2 ) + p\ (1 - cos <£j)] 

= 5 (02 - 0l) [{p% - pl) (1 - COS <t> 2 ) - (pl - pl) (1 - cos</>!)] 

= 5 (02 - 0i) [(pi - pl) (cos</>! - COS0 2 )] 

rO 2 rp2s\n<f>2 r r cot <f>\ 

Or: Show that V= / / rdzdrdO. 

J 0 \ Jpi&\n<f>\ Jr cot<f>2 

(c) By the Mean Value Theorem with / (p) = p 3 there exists some p with p x < p < p 2 such that 
f (p 2 ) ~ f (pi) = f' (p) (P 2 — Pi) or p\ — p\ = 3p 2 Ap. Similarly there exists <¡> with 0 X < 0 < 0 2 such that 
cos <j ) 2 — cos^ = ^ — sin<^ A<j). Substituting into the result from (b) gives 

AV = (p 2 Ap) (62 — 0\) ^sin¿^ A<j) = p 2 sm<j)ApA<j)AO. 

40. (a) The mountain comprises a solid conical region C. The work done in lifting a small volume of material AV with 

density g (P) to a height h (P) above sea level is h (P) g (P) AV. Summing over the whole mountain we get 
W = fff c h (P) g (P) dV. 
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(b) Here C is a solid right circular cone with radius R = 62,000 ft, height H = 12,400 ft, and density 
g ( P ) = 200 lb/ft 3 at all points P in C. We use cylindrical coordinates: 

w = Clo H Io m ~ Z/H) * • 200r dr dz d6 


= 2nf o H 200z[ír>y r Zo {1 - Z/H) dz 

= 40 07 r r 4 ( l -|) 2 d2 

Í Jl q 3 4 1-íí 


2 3H ' 4 H 2 

'2 o rj 2 


= f 7r(62,000) 2 (12,400) 2 


: 3.1 x 10 la ft-lb 



r 


H ■ 


H 


1 - — 
if 


Applied Project □ Roller Derby 

1 . mgh = \mv 2 + \l¿ = \ (m + I/r 2 ) v 2 , so v 2 = ■ 

2. The vertical component of the speed is v sin a, so ^ = < ^ 9y sin a = . /—sin a*/ü. 

dt V 1 + /* V 1+/* v 



v sin a 


3. Solving the separable differential equation, we get «/ ——— sin a 

yl/ V 1 + /* 

2 sjy — yjY +í* ^ sin Q ) ^ But y = 0 when f = 0, so C = 0 and we have 2 \fy = y/ ^ (sin a) t. 


Solving for í when y = h gives T 


2 y^ / 1 + r / 2 /i(l +/*) 


_ 2 V^ í 

sina V 


2 p 


g sin a 


4. Assume that the length of each cylinder is t Then the density of the solid cylinder is — — , and from 

7r r 2 í 

Formulas 16.7.16 [ET 15.7.16], its moment of inertia (using cylindrical coordinates) is 

= /// /k + »’) ^=/Tí ik R2RdRMi ‘ - /k 2 ” 1 = *r 


and so I* = 


( 
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For the hollow cylinder, we consider its entire mass to lie a distance r from the axis of rotation, so x 2 + y 2 = r 2 is a 

TTL 

constant. We express the density in terms of mass per unit area as p = -—-, and then the moment of inertia is 

Z7T ri 

calculated as a double integral: 


V= JJ (: x 2 + y 2 ) 


m , . mr 2 
-—- dA = -—- 

27rr7 27rr7 



dA = mr 2 



5. The volume of such a ball is (r 3 — a 3 ) = | 7 rr 3 (l — 6 3 ), and so its density is — r—- —. 

3 v j ó \ / | 7 rr 3 (1 — b 3 ) 

Using Formula 16.8.4 [ET 15.8.4], we get 




m 


|7rr 3 (1 — b 3 ) 


dV 


m 


in r 3 (1 — b 3 ) 


|7rr 3 (1 — b 3 ) 


m 

|7rr 3 (1 — b 3 ) 


n ¿ir /*7r 

/ (p 2 sin 2 <j)) (p 2 sin 4>) d<j> d6 dp 

J o 


• 2 tt - 


(2 + sin 2 4>) cos 4> 


o u 


(from the Table of Integrals) 


4 r 5 — a 5 2mr 5 (l — 6 5 ) 2 (l — 6 5 ) mr 2 

' 277 ' 3 5 = 5 r 3 (1 — 6 3 ) = 5(1 - 6 3 ) 


, 2 (1 - 6 5 ) 

Therefore 7 = — 7 --r—. 

5 (1 — b 3 ) 

Since a represents the inner radius, a —> 0 corresponds to a solid ball, and a —► r corresponds to a hollow ball. 


2 (l — 6 5 ) 2 

6 . For a solid ball, a —> 0 => b —► 0, so 7* = lim — 7 ;-rjf = For a hollow ball, a —> r => 

b-o5(l-6 3 ) 5 

7* = lim | lim —= I f I) = I ( b y l’Hospitál’s Rule). 

b-*i 5 (1 “ 6 3 ) 5 -36 2 5 \3 ) 3 

2(1 — 6) (l -b 6 + 6 2 -1- 6 3 -F 6 4 ) 2*5 2 

Afoíe: We could instead have calculated 7 = lim- „ - 1 —rn-— 7—7 7 • 

5 (1 — 0 ) (1 + 0 -F b 2 ) 5*3 3 


1 , so 


6—1 


Thus the objects finish in the following order: solid ball (7* = |), solid cylinder (7* = ^), hollow ball (7* = |), 
hollow cylinder (7* = 1). 
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Discovery Project □ The Intersection of Three Cylinders 

1. The three cylinders in the illustration in the text can be 
visualized as representing the surfaces x 2 -f y 2 = 1, 
x 2 + z 2 = 1, and y 2 -f- z 2 = 1. Then we sketch the solid 
of intersection with the coordinate axes and equations 
indicated. To be more precise, we start by finding the 
bounding curves of the solid (shown in the first graph 
below) enclosed by the two cylinders x 2 + z 2 = 1 and 
V 2 + z 2 = 1: x = ±y = ±y/l — z 2 are the symmetric 



equations, and these can be expressed parametrically as x = s, y = ±s , 2 = ±\/l - s 2 , — 1 < s < 1. Now the 

cylinder x 2 ±y 2 = 1 intersects these curves at the eight points ±^=, • The resulting solid has twelve 

curved faces bounded by “edges” which are arcs of circles, as shown in the third diagram. Each cylinder defines 
four of the twelve faces. 



2. To find the volume, we split the solid into sixteen congruent 
pieces, one of which lies in the part of the first octant with 
0 < 6 < j. (Naturally, we use cylindrical coordinates!) 
This piece is described by 

{(r,0,z) lO<r<l,O<0<*,O<z< Vl^tf}, 
and so, substituting x = r cos 6 , the volume of the entire 
solid is 

V = 16 f^tif/^rdzdrde 

= 16 ff^ 4 ff rV 1 — r 2 cos 2 9 dr dO 
= 16 - 8\/2 w 4.6863 





e 
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3 . To graph the edges of the solid, we use parametrized 
curves similar to those found in Problem 1 for the 
intersection of two cylinders. We must restrict the 
parameter intervals so that each arc extends exactly to 
the desired vertex. One possible set of parametric 
equations (with all sign choices allowed) is 

X = r,y = ±r, z = ±Vl -r 2 , < r < -j-; 

x = ±s,y = ±Vl - s 2 , z = s, -^= < s < 

x = ±\/l — t 2 , y = t, z = ±í, < t < ^ 7 ~. 





4. Let the three cylinders b ex 2 +y 2 = a 2 , x 2 + z 2 = 1, and y 2 + z 2 = 1. 

If a < 1, then the four faces defined by the cylinder x 2 + y 2 = 1 in Problem 1 collapse into a single face, as in the 
first graph. If 1 < a < \[2, then each pair of vertically opposed faces, defined by one of the other two cylinders, 
collapse into a single face, as in the second graph. If a > \/2, then the vertical cylinder encloses the solid of 
intersection of the other two cylinders completely, so the solid of intersection coincides with the solid of intersection 
of the two cylinders x 2 4- z 2 = 1 and y 2 -f z 2 = 1, as illustrated in Problem 1. 

If we were to vary b or c instead of a, we would get solids with the same shape, but differently oriented. 




5. If a < 1, the solid looks similar to the first graph in Problem 4. As in Problem 2, we split the solid into sixteen 
congruent pieces, one of which can be described as the solid above the polar region 

{(r, 6) | 0 < r < a, 0 < 6 < f } in the xy -plane and below the surface z = \/l — x 2 = \/l — r 2 cos 2 0. Thus, 


the total volume is 
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If a > 1 and a < \/2, we have a solid similar to the second graph in Problem 4. Its intersection with the xy- plane is 
graphed below. Again we split the solid into sixteen congruent pieces, one of which is the solid above the region 
shown in the second figure and below the surface 2 = \/l - x 2 = y/1 - r 2 cos 2 6. 



We split the region of integration where the outside boundary changes from the vertical line x = 1 to the circle 
x 2 + y 2 = cl 2 or r = 1. Ri is a right triangle, so cos0 = Thus, the boundary between Ri and R2 is 
0 = cos -1 ¿ in polar coordinates, or y = y/a 2 — 1 x in rectangular coordinates. Using rectangular coordinates for 
the region R\ and polar coordinates for R2 , we find the total volume of the solid to be 


V=16 

If a > \/2, the cylinder x 2 4- y 2 = 1 completely encloses the intersection of the other two cylinders, so the solid of 
intersection of the three cylinders coincides with the intersection of x 2 -f z 2 = 1 and y 2 H- z 2 = 1 as illustrated in 
Exercise 16.6.22 [ET 15.6.22]. Its volume is 

V = 16 í í y/l — x 2 dy dx 

J 0 J 0 


r 1 ry/a 2 — lx _ r*/4 ra. 

/ / y/l — x 1 dydx+ / y/l — r 2 cos 2 6 r dr dO 

J 0 J 0 J cob~ 1 (1/a) Jo 


"16.9 Change of Variables in M ultiple Integrals 

1. x = u + 4u, y = 3u — 2v. 

The Jacobian is ^ = 

o (i¿, v) 


ET 15.9 


dx/du dx/dv 


1 4 

dy/du dy/dv 


3 -2 


d (x, y) 
d(u,v) 


d(x,y) 

d(u,v) 


dx/du dx/dv 
dy/du dy/dv 

dx dx 
du dv 
dy dy 
du dv 


2 u —2v 
2u 2v 


= l(-2)-4(3) = -Í4. 
= 4 uv — (—4uv) = 8 uv 


u 


(u + v) (u + vy 
v u 


4. 


d (x, y) 

d(a,/3) 


dx/dot dx/d¡3 
dy/da dy/d(3 


(u — v) 2 (u — v) 2 

sin / 3 a cos / 3 
cos (3 —asm/3 


uv 


uv 


(u + v) 2 (u — v) 2 (u + v) 2 (u — v) 2 
= —a sin 2 (3 — a cos 2 (3 = — a 


= 0 


f 
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5 _ d (x, y , z) _ 
d(u,v,w) 


dx/du dx/dv dx/dw 
dy/du dy/dv dy/dw 
dz/du dz/dv dz/dw 


v u 0 
0 w v 
w 0 u 



W V 


0 

V 


0 

w 

= V 


— u 



4-0 




0 u 


w 

u 


w 

0 


= v (uw — 0) — u (0 — vw) = 2uvw 


6 . 


djx^y, z) _ 
d(u, v, w) 


0 

e u+v e u+v 0 

gU+v+iu gU+v-fw; a u+v+w 


—e 

,u+v 


_ e u+v+w ^u—v^u+v _|_ gU-VgU+uj _ e u+v+w (2 e 2u ) — 2e 3u+v+W 


7. The transformation maps the boundary of 5 to the boundary of the image R, so we first look at side Si in the 
m;-plane. Si is described by v = 0 (0 < u < 3), so x = 2u + 3v = 2u and y = u — v = u. Eliminating u, we 
have x — 2y, 0 < x < 6. 52 is the line segment n = 3, 0 < v < 2, so a: = 6 -{- 3 í; and y = 3 — v. Then 
v = 3 — y => x = 6 4- 3 (3 — y) = 15 — 3y, 6 < x < 12. 53 is the line segment v = 2, 0 < u < 3, so 
x = 2u -f 6 and y = u —2, giving u = y -\-2 => x = 2y + 10, 6 < x < 12. Finally, 54 is the segment u = 0, 

0 < v < 2, so x = 3v and y = — v => x = —3 y, 0 < x < 6. The image of set 5 is the region R shown in the 
xy- plane, a parallelogram bounded by these four segments. 



8. 5i is the line segment v = 0, 0 < u < 1, sox = v = 0 and y = u (l + u 2 ) = u. Since 0 < u < 1, the image is 
the line segment x = 0, 0 < y < 1. 52 is the segment u = 1, 0 < v < 1, so x = v and y = u (l H- v 2 ) = 1 -b x 2 . 

Thus the image is the portion of the parabola y = 1 -b x 2 for 0 < x < 1. 53 is the segment v = 1, 0 < u < 1, so 
x = 1 and y = 2u. The image is the segment x = 1, 0 < y < 2. S 4 is described by u = 0, 0 < v < 1, so 
0 < x = v < 1 and y = u( 1 -f v 2 ) = 0. The image is the line segment y = 0, 0 < x < 1. Thus, the image of 5 is 
the region R bounded by the parabola y = 1 -f- x 2 , the x-axis, and the lines x = 0, x = 1. 


V ; 


(0,1)' 

S* 

(1,1) 


s 4 ; 

S ‘ 


0 

S, (1.0) u 
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9. Si is the line segment u = v, 0 < u < 1, so y = v = u and x = u 2 = y 2 . Since 0 < u < 1, the image is the 
portion of the parabola x = y 2 , 0 < y < 1. S 2 is the segment v = 1, 0 < u < 1, thus y = v = 1 and x = u 2 , so 
0 < x < 1. The image is the line segment y = 1, 0 < x < 1. S 3 is the segment u = 0, 0 < v < 1, so x = u 2 = 0 
and y = v => 0 < y < T. The image is the segment x = 0, 0<y<l. Thus, the image of S is the region R in 

the first quadrant bounded by the parabola x = y 2 , the y-axis, and the line y = 1. 




10. Substituting u — —, v — ^ into u 2 +v 2 < 1 gives ^2 + ^ 5? 1, so the image of u 2 + v 2 < 1 is the elliptical 

region ^ ^ < 1 . 

a 2 b 2 




11 


d (x, y) = 

d(u, v) 


1/3 1/3 
-2/3 1/3 


— 3 and 3x 4 - 4y — (u -f v) + | (y — 2 u) = | (7v — 5t¿). To find the region S in the 


uv -plane that corresponds to R we first find the corresponding boundary under the given tranformation: The line 

V = x is the image of | (v - 2u) = |(i¿ + v) or u = 0, y = x - 2 

3 (v — 2 u) = | (u + v) — 2 or u = 2, y = —2x => | (v — 2u) = — | (i¿ + v) or v = 0, and 

V = 3 — 2x => | (v — 2u) = 3 - f (u + v) or v = 3. Thus S is the rectangle [0, 2] x [0,3] in the m>-plane 

and 


SL {Zx +4#) " = //J <7< ’ - ■^ | IMI iuiv = L’JÓ ‘ * <7» - 5») «.* 


= 9 So (14^ — 10) dv = g (33) = 


_ 11 


12 . 


9 (x, y) 

d (t¿, v) 


2 3 

3 -2 


— 13, ® -f- y — 5a + v and since u = ———— and v = ^ , R is the image 

13 13 


of the square with vertices (0,0), (1,0), (1,1), (0,1). Thus 
IIR ( x + y)dA = fjfl (5u + v) |—13| dudv = 13 fj (| + v) dv = 13 (3) = 39. 























„ d (x, y) 
d(u,v) 

Thus 


2 0 
0 3 
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= 6, x 2 = 4i¿ 2 and the planar ellipse 9x 2 + 4y 2 < 36 is the image of the disk u 2 +v 2 <1. 

JJr X 2 dA = JJ u3+v3¿1 (4u 2 ) (6) du dv = J¿ (24r 2 cos 2 0) r dr d6 
= 24 J 0 2 * cos 2 0 dO /J r 3 dr = 24 [ix+i sin 2x] ? [¿r 4 ] \ 

= 24 (n) (¿) = 6tt 


d(x,y) 

d(u,v) 


-y/2jl 


= -^=, x 2 - xy + y 2 — 2w 2 -f 2v 2 and the planar ellipse 


n/2 v/273 

a; 2 — xy + y 2 < 2 is the image of the disk u 2 + v 2 < 1. Thus 

ff R (x 2 -xy + y 2 ) dA = ff M¿1 (2u 2 + 2v 2 ) fadud») = J^jJ ^r 3 drdO = % 


d(x,y) 

d(u,v) 


\/v —u/v 2 
0 1 


= —, xy = u, y = x is the image of the parabola v 2 = u, y = 3x is the image of the 


parabola v 2 = 3u, and the hyperbolas xy = 1, xy = 3 are the images of the lines u = 1 and u = 3 respectively. 
Thus 1 


JJ xydA = / J^_\(J)dvdu = J u(ln/3^-ln du 
= f*u]nV3du = 41n%/3 = 21n3 


tt v u 2 &(x,y) 

16. Here y = —, x = — so -r = 

u v o(u , v) 


= - and 
v 


2 u/v —u 2 /v 2 
—v/u 2 1 /u 

R is the image of the square with vertices (1,1), (2,1), (2,2), and 
(1,2). So 

JL y2dA ■ /T S (l) duiv - JJ I'* ■- !• 


2.5 



17. (a) 


d(s,y,z) = 

d (u, v, w) 


X V z 

= abc and since u = —,v = w = -the solid enclosed by the 
a b c 


a 0 0 
0 6 0 
0 0 c 

ellipsoid is the image of the ball u 2 + v 2 + w 2 < 1. So 

IIIe dV = IIIu 2 +v 2 +w 2 < í a5c du dv dw — ( a5c ) ( volume the ball) = l^r abc. 

2 . 2 2 

(b) If we approximate the surface of Earth by the ellipsoid 6356 2 = ^ en WC Can es6mate ^ e 

volume of Earth by finding the volume of the solid E enclosed by the ellipsoid. From part (a), this is 

IIIe dV = f 7r ( 6378 ) ( 6378 ) ( 6356 ) ~ 1083 . x 1Ql2 ^ 3 - 
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18. 


dfay, z) 


d (u, v , w ) 


0 6 0 
0 0 c 

Now x 2 y = ( a 2 u 2 ) ( bv) y so 


a 0 0 


— abc and the solid enclosed by the ellipsoid is the image of the ball u 2 4- v 2 + w 2 < 1. 


III b x2 y dV ~ ///ti2 +v 2 +tü 2 <! ( a 2 bu 2 v ) ( abc ) du dv dw 

= /oVcT fo ( a3 b 2 c) (p 2 sin 2 0 cos 2 0) (p sin <j) sin 0) p 2 sin 0 dp d<¡) dO 
= a 3 b 2 c (p 5 sin 4 <f> cos 2 0 sin 0) dp d<¡) dO 

= a 3 b 2 c f 2n cos 2 0 sin 0 d0 /J r sin 4 <¡) d<¡) ff p 5 dp 
= 0 since J 0 27r cos 2 0 sin 0 dO = 0. 


19. Letting u = 2x - y and v = 3x + y, we have x = ^ (tz -f v), y = | (2v - 3u). Then 
»(*,y) = | V5 1/5 I i 
»(^t;) 1-3/5 2/5|~5 and 

/L XydA = L L — +V){ ¿ V ~' iU) (|) dudv=^ fl t f\ 3 (2v 2 - «Ü - 3i¿ 2 ) 

= 125 /-2 (& v + — 28 ) dv = — yfg 


20. Let u = x - y, v = x + 2y, so y = f (v - u) and x = ¿ (2 u + v). Then ^ y \ = 

o (w, w) 


2/3 1/3 
-1/3 1/3 


= 3 and 


HkCosLL) dA ~ll L ^¡ dvdU= Lo secwdw = §[ ln l secw + tan < 

= f [ln (sec 1 + tan 1) - ln 1] = f ln (sec 1 + tan 1) 


- 1/2 1/2 
1/2 1/2 

and R is the image of the trapezoidal region with vertices (-1,1), (-2,2), (2,2), and (1,1). Thus 


21. Letting u = y - x, v = y + x, we have y = ¿ (u + v), x = ¿ (v - u). Then - Y' ^ = 

o(u, v)’ 


íí COS b^ dA= í [ V cos ~ dudv = \ ífvsm-V V dv 
JJr V + x /i J_ v v 2 2 L v\u = -v 

= § // 2 v sin (1) dt/ = | sin 1 

22. Letting u = 3x, v = 2y> we have 9x 2 + 4y 2 = u 2 + v 2 , x = and y = ^v. Then ^ \ X ' = / and R is the 

o {Uj v) 6 

image of the quarter-disk D given by u 2 + v 2 < 1, u > 0, v > 0. Thus 

ff r sin ( 2 + 4 2/ 2 ) dA = ff D 1 sin ( u 2 + v 2 ) du dv = ff /2 ff | sin (r 2 ) r dr dO 
= T5 [—2 cos ^* 2 ] o = 53 í 1 — cos !) 
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23. Let u = x + y and v = —x -f y. Then u + v = 2y => y = \(u + v) and 


u — v = 2x 




|w| = \x + y\ < |x| + \y\ < 1 


1/2 - 1/2 
1/2 1/2 
—1 < u < 1, and 


= —. Now 
2 


|v| = |—x + y| < |x| + |y| < 1 => — 1 < v < 1. 

R is the image of the square region with vertices (1,1), (1, —1), (—1, —1), and 
(-1,1). So II R e x+ y dA = A /i, e“ dudv=\ Hlr = e - e" 1 . 



24. Let u = x + y and v = y, then x 


d(x,y) , 


and i? is the 


image under T of the triangular region with vertices (0,0), (1,0) and (1,1). Thus 
II r f(x + y)dA = IX (1) / (u) dv du = j¿ / (u) H«=o du = fo u f ( u ) du as desired ' 


=16 


Review 


CONCEPT CHECK 


ET15 

- - WIWIHIH—— 


1. (a) A double Riemann sum of / is ¿ ¿ / (x^, yjj) AA, where A/1 is the area of each subrectangle and 

i = 1 j = 1 

/ {+ij^yij) is a sample point in each subrectangle. If / (x,y) > 0, this sum represents an approximation to the 
volume of the solid that lies above the rectangle R and below the graph of /. 

m n 

( b ) IÍr f ( x > y ) dA = lim É £ / ( x *¿> vii) AA 

m } n-*oo ¿ _ x j _ j 

(c) If / (x, y) > 0, ff R f (x, 2 /) dA represents the volume of the solid that lies above the rectangle R and below the 
surface z = f (x,y).lf f takes on both positive and negative values, ff R f (x, y) dA is the difference of the 
volume above R but below the surface z = f (x, y) and the volume below R but above the surface 

z = f(x, y). 

(d) We usually evaluate ff R f (x, y) dA as an iterated integral according to Fubini’s Theorem (see 
Theorem 16.2.4 [ET 15.2.4]). 

(e) The Midpoint Rule for Double Integrals says that we approximate the double integral ff R f (x, y) dA by the 

77T 71* 

double Riemann sum Y, f (®< iVj) where the sample points (xí, yf) are the centers of the 

i = 1 j = 1 

subrectangles. 

(f) /ave = JJ f (X , y) dA where A (R) is the area of R. 
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2. (a) See (1) and (2) and the accompanying discussion in Section 16.3 [ET 15.3]. 

(b) See (1) and (2) and the accompanying discussion in Section 16.3 [ET 15.3]. 

(c) See (5) and the preceding discussion in Section 16.3 [ET 15.3]. 

(d) See (6H11) in Section 16.3 [ET 15.3]. 

3. We may want to change from rectangular to polar coordinates in a double integral if the region R of 
integration is more easily described in polar coordinates. To accomplish this, we use 

SSr f ( X > y) dA = Sa Sa f ( r cos 0 , r sin 0) r dr dO where R is given byO <a<r<b,a<0<¡3. 

4. (a) m = SS D PÍ x ,y)dA 

(b) = SS D yp ( x > y ) dA, My = SS D x P (x, y) dA 

(c) The center of mass is (x, y) where x = anc i y — 

m m 

(d) Ix = SSd y P ( x > y ) dA, Iy = SSd x2 P ( x > y) dA, Io = JJ D (x 2 + y 2 ) p (x, y) dA 

5. (a ) P(a < X <b,c <Y <d) = Jj jJ f (x, y) dy dx 

(b) f (x, y)>0 and JJ r2 f (x, y) dA = 1. 

(c) The expected value of X is ¿¿1 = JJ r2 xf (x, y) dA; the expected value of Y is p 2 = JJ r2 yf (x, y) dA. 

6 ' A(S) = Ud Vtf-(*’»)l 2 + [/v(*«v)] a + ltW 

l m n 

7 - ( a ) SSSb f ( x > y,z)dV = I m lim ^ .E / (x m ijk , y ; jk ,z? jk ) AV 

(b) We usually evaluate SSS b / ( x > z ) dV as an iterated integral according to Fubini’s Theorem for 
Triple Integrals (see Theorem 16.7.4 [ET 15.7.4]). 

(c) See the paragraph following Example 16.7.1 [ET 15.7.1]. 

(d) See (5) and (6) and the accompanying discussion in Section 16.7 [ET 15.7]. 

(e) See (10) and the accompanying discussion in Section 16.7 [ET 15.7]. 

(f) See (11) and the preceding discussion in Section 16.7 [ET 15.7]. 

8. (a) m = SSSe P ( x > y> z ) dV 

(b) M yz = SSSe x P ( x > y> z ) dV, M xz = JJJ E yp (x, y, z) dV, M xy = JJJ E zp (a;, y, z) dV. 

(c) The center of mass is (x, y, z ) where x = SÍM. t y — L t anc ) j — Mzí _ 

m m m 

( d ) i* = SSSe (y 2 + z2 ) p ( x > y> z ) dv, i y = SSS E ( x2 + g2 ) p ( x > v> z ) dv, 

= SSSe ( x2 + v 2 ) p ( x > y> z ) dv. 

9. (a) See Formula 16.8.2 [ET 15.8.2] and the accompanying discussion. 

(b) See Formula 16.8.4 [ET 15.8.4] and the accompanying discussion. 

(c) ma y w ^nt to change from rectangular to cylindrical or spherical coordinates in a triple integral if the region 
E of integration is more easily described in cylindrical or spherical coordinates or if the triple integral is easier 
to evaluate using cylindrical or spherical coordinates. 
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d(x,y) _ dx/du dx/dv 
d(u,v) dy/du dy/dv 

(b) See (9) and the accompanying discussion in Section 16.9 [ET 15.9]. 

(c) See (13) and the accompanying discussion in Section 16.9 [ET 15.9]. 

TRUE-FALSE QUIZ — 

1. This is true by Fubini’s Theorem. 

2 . ff j fg e* 2 + y2 sin ydxdy=: (fj e* 2 dx'j ( ff x e y2 sin y dyj = ( f¿ e x2 dxj (0) = 0, since e y2 sin y is an odd 
function. Therefore the statement is true. 

3. True: 

/ f D y/4 — x 2 — y 2 dA = the volume under the surface x 2 + y 2 + z 2 = 4 and above the xy-plane 
= \ (the volume of the sphere x 2 +y 2 + z 2 = 4) = \ • §7r (2) 3 = ^7r 

4. This statement is true because in the given region, ( x 2 -f y/y) sin ( x 2 y 2 ) < (1 + 2) (1) = 3, so 
fifo 1 (* 2 + Vv) sin (*V) dx d V ^ fifo 3 dA = 3A (£>) = 3 (3) = 9. 

5. The volume enclosed by the cone z = y/x 2 + y 2 and the plane z = 2 is, in cylindrical coordinates, 

V = / 0 2,r / 0 2 / 2 t dz dr dO / 0 27r / 0 / r 2 dz dr dO , so the assertion is false. 

6. True. The moment of inertia about the z-axis of a solid E with constant density k is 
lz = fff E (x 2 +y 2 )p (x, y, z) dV = fff E (kr 2 ) r dz dr dO = fff E kr 3 dz dr dB. 

.. . ■ " —• EXERCISES — 

1. As shown in the contour map, we divide R into 9 equally sized subsquares, each with area A A = 1. Then we 
approximate ff R f (x, y) dA by a Riemann sum with m = n = 3 and the sample points the upper right comers of 
each square, so 

ff R f(+,y) dA» Y) E f(xi,yj)&A 

i = 1 j = 1 

= AA\f (1,1) + /(1,2) + /(1,3) + /(2,1) +/(2,2) 

+ / (2> 3) + / (3,1) + / (3,2) + / (3,3)] 

Using the contour lines to estimate the function values, we have 

ff R f (x, y) dA « 1 [2.7 + 4.7 + 8.0 + 4.7 + 6.7 + 10.0 + 6.7 + 8.6 + 11.9] « 64.0 

2. As in Exercise 1, we have m = n = 3 and A.4 = 1. Using the contour map to estimate the value of / at the center 
of each subsquare, we have 

ff R f(x,y)dA « ¿ ¿ / (xi,yj) AA 

i = 1 j = 1 

= A A [f (0.5,0.5) + (0.5,1.5) + (0.5,2.5) + (1.5,0.5) + / (1.5,1.5) 

+ / (1.5,2.5) + (2.5,0.5) + / (2.5,1.5) + / (2.5,2.5)] 

» 1 [1.2 + 2.5 + 5.0 + 3.2 + 4.5 + 7.1 + 5.2 + 6.5 + 9.0] = 44.2 

3- fi fo (y+ 2xeV ) dx ¿ y = fi i x y+ x2eV ]IZl d y = fi ^y+ 4eB ) dy = b 2 + 4eV ]l 

= 4 + 4e 2 — 1 — 4e = 4e 2 — 4e -h 3 


dx dy dx dy 
du dv dv du 
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4 ‘ /o fo ye* v dx dy = fj [«—]“ dy = ff (e* - 1 )dy= [e* -»]$.= e - 2 

5 - /o /o cos (^ 2 ) = fo [ cos (^ 2 ) y] V y=l dx = /o xcos (x 2 ) dx = ¿ sin (x 2 )]¿ = ¿ sin 1 

6 - fo fí 3x y 2 dydx = ff [xy 3 ]"=f dx = fj (xe 3x - x 4 ) dx 

— 5® e3 *] 0 _ fo é e3x dx - [ga; 5 ]¿ (integrating by parts in the first term) 

= ¿e 3 - f¿e 3x l 1 _ I — 2 P 3 _ ± 

3 e L9 e Jo 5~9 e 45 

/o /o /o^ ysmxdzdydx = f Q fj [(ysinx) z] z= ^ l ~ y dydx = ff f 0 y^/l — y 2 sin xdy dx 

= fo [“3 (! - y 2 ) 3/2 sin x| ^ dx = ff ¿ sinxdx = -±cosx]* = | 

8 ' fof^ffxydzdxdy = fgf^-xy 2 dxdy = f¿ [ixV]:^ dy = f¿ (I y 2 - ly>) dy 

= léy 3 - iy 4 ]o = é ~ é = á 

9. The region R is more easily described by polar coordinates; R = {(r, 9) | 2 < r < 4, 0 < 6 < n}. Thus 
ff r f ( x ’ y ) dA = ff ff f (r cos 0, r sin 9 ) r dr dO. 

10. The region is a type II region that can be described as the region enclosed by the lines y = 4 — x, 2/ = 4 + x, and 
the x-axis. So using rectangular coordinates, we can say R = {(x, y) \ y — 4 < x < 4 — y, 0 < y < 4} and 

// r f ( x > V) dA = Jo JyZj f (x, y) dx dy. 



The region whose area is given by f* f * + sin 9 r dr dO is 

{(r,Q) | 0 < 0 < 7r, 1 < r < 1 + sin 0 }, which is the region outside the 
circle r = 1 and inside the cardioid r = 1 + sin 0 . 


12. The solid is { (p, 0, (j>) | 1 < p < 3, 0 < 0 < 2n, 0 < <\> < ^ }, which lies inside the sphere p = 3, outside the 
sphere p = 1, and within the cone <¡> = . 

fo W fó /6 fi P 2 sin <t> dp d<j> d9 = ff w dd ff /6 sin d> d<t>fl p 2 dp 

= [0?o [~cosC /6 [§P 3 ]? 

= (2*r) (l-#) (¥) = 2 §z(2-v/3) 

fo fx eX ^ v dy dx = f¿ / 0 v e x/v dxdy 
= /o 1 [í/e*/"] 1 " dy 
= fo ( e y — y)dy = [f y 2 - A 2 / 2 ]¿ 

= 3( c -l) 



( 
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14. 



Sofy2 y sin (* 2 ) dxd v = Sq 1 Jo' / * v sin +) d v dx 

= fo 5 xsin (^ 2 ) dx 
= [—3 cos (a: 2 )]¿ = 3 (1 — cos 1 ) 


dy 


15 • a: jf^ dxdv = j; t- r (-¿ - 

= [— lny + ln|l — 2 /U 2 = — In4 + ln3 + ln2 = ln | 

16 - /_ 1 f*+-\ x3 d y dx = ff 1 ( 2x3 + x4 ~ ? 5 ) da; = [é* 4 + i® 5 - s * 6 ]-1 =! 

17. The curves y 2 = x 3 and y — x intersect when x 3 = x, that is when x = 0 and x = 1 (note that x/-l since 

a; 3 =y 2 => x > 0.) So fff * 3/ 2 xydydx = ff [|x 3 - \x 4 ] dx = [|a ; 4 - ^x 5 ]¿ = 33 . 

18. fijf xe* dydx = fi x (e* 2 -l)dx=\ (e** - z 2 )] \ ^ 


19 - fo fo y ‘ ( x y+ 2x + 3 y) dx d y = fo (h x3 y + x2 + 3x y\ x=o a dy 



= fo 1 [l» ( x - y 2 ) 2 + ( x - y 2 ) 2 + 3y ( x - y 2 )} dy 

= |l/ 5 + V 4 - 4J/ 3 - 2y 2 + \y + 1 = \ + ¿ - § + | = g 

- j;s; h ydxiv = /’"(”- ¿) * 

= /x 2 (v 2 -!)= [§y 3 - y]i 

= (f-2|-(i-l) = | 


JJ (x 2 +y 2 ) 3/2 dA = J J (r 2 ) 3/2 rdrd0 

rir/S r3 

= d0 r 4 dr = [0] J 

7o J 0 


r 5 


n 3 
0 


_ 7T 3^ _ 8l7T 

_ 3"5 “ ~ 

22. The circle bounding the disk is given by x 2 + (y - l ) 2 = 1 or x 2 + y 2 = 2y and in polar coordinates r = 2 sin 0. 

Thus l¡ D ^fx+TJp- dA = i; I 2 sin 0 r 2 dr dO = // f sin 3 0 dO = f [- cos 0 + § cos 3 0 ]' = f. 

23 III E x 2 z dV = flflo x 2 z dz dy dx = / 2 / Q 21 \x 4 dy dx = / 2 x 5 dx = f • 2 6 = f 
24. fffr y d V = fo /0 ~ 2x I 2 ~ 2x ~ y y dz dy dx = / 0 / Q 2 - 2x [( 2-2 x)y-y 2 ]dydx 

= /o 1 [5 (^ — 2x ) 3 ~ 5 (2 — 2 a;) 3 ] dx = f 0 g (2 — 2x) dx = —¿ (2 — 2x) ] 0 = 5 
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/TTy2 fl _ y 2_ 2 2 


25. III B y 2 z 2 dV = H x — y 2 z , dx dz dy = ¡ ^ JVW_ y ^ {l _ y ,_ ñdz dy 

= lo”lo (r 2 cos 2 0) (r 2 sin 2 9) (l - r 2 )rdrd9 = f 2lr f^ \ sin 2 29 (r 5 - r 7 ) drd9 

= C I (1 - COS40) iy - yy r zl do= + [9- j sin 4 < = % = 

26. fff E zdV = C* zdxdzdy = f¡ ff^ (2 -y)zdzdy = f¿ ¿ (2 - y) (l - y 2 ) dy 

= loé(2-y-y 2 + y 3 )dy = H 

27. /// B »zdV = /_ 2 2 / 0 ^^// v*dz<fr<fe = / 2 2 / 0 V^ \y 2 dydx = ///o 7 3 sin 3 0rdrrf0 

, = ¥ ío ™ 3 °<i9 =f[-cos 9 + í cos 3 e]* = f| 

28 - IIIh z ' 3 \/a: 2 + 2/ 2 + « 2 dV = / 0 2 ’ r / 0 ’ r/2 / 0 1 (p 3 cos 3 0) p (p 2 sin<£) dpd<f>d9 

= C dO C 2 cos 3 0sin0d0 // p 6 dp = 27r [-1 cos 4 0] o * /2 (¿) = § 

29 - V = /o 2 /i 4 (^ 2 + V) dydx = / 0 2 [i 2 y + fy 3 ]^ dx = / Q 2 (3a; 2 + 84) dx = 176 


30. y 



V = So!yC!o V dzdxdy = f!C 2y x 2 ydxdy 

= So I [( 4 - 2 y) 3 y~(y + 1) 3 v} dy 

= !! 3 (~V 4 + 5 V 3 -11 V 2 + 7 y) dy 

— (—1 -u5_n,7\_53 

~ ó \ 5 ' 4 3 2) — 2 0 



V = /o7o7o (2-y)/2 ^dxdj, = / 0 7/ (1 - iy) dxdy 

= / 0 2 ( 2 / - s2/ 2 ) = I 


32- V = C S! lo~ rS,n 9 r dzdr dO = / 0 2 7 0 2 (3r - r 2 sin0) drdO = /f [6 -fsin0] dO 
= 60}l* + 0 = 12tt 


33. Using the wedge above the plane z = 0 and below the plane z = ma; and noting that we have the same volume for 
m < 0 as for m > 0 (so use m > 0), we have 

V = 2fCfC^mxdxdy = 2/ 0 “ /3 fm (a 2 - 9y 2 ) dy = m [a 2 y - 3y 3 ]f /3 
= m (fa 3 — fa 3 ) = fma 3 
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34. The paraboloid and the half-cone intersect when x 2 + y 2 = y/x 2 + y 2 , that is when x 2 + y 2 = 1 or 0. So 

V»/Ws, = /»'/.'/;. r **>» = /»'/»' (r 1 - r’) drdO 

=ír{\-\) de =T2^)=i 

35. (a) m = f/fj~ y2 ydxdy = fj (y - y 3 ) dy = \ - \ = ¿ 

(b) M y = fjfj~ y2 xydxdy = fj ±y (l - y 2 ) 2 dy = (l — l/ 2 ) 3 ]^ = + 

= /o/o ~ y2 y 2 dxd y = fo (y 2 - y 4 ) d v = + Hence (*.») = (b n)* 

(c) I x = / 0 7o~ y2 V 3 dxdy = fj (y 3 - y 5 ) dy = 

iv = / 0 7o~ y2 y x2dxd y = fo \y - y 2 ) 3 d y = ~é í 1 -» 2 ) 4 ] 0 = h = u + i v = 

V 2 = = I =*• V = 75-anci^ 2 = = 5 => x = 

36. (a) m = \nKa 2 where K is constant, 

M y — ff x 2 +y 2 <a 2 KxdA = K ff /2 fo t 2 cosQdr dO = \Ka 3 ff /2 cos0d0 = \a 3 K> and 
M x = K ff /2 fo r 2 si nOdrdO = \a 3 K (by symmetry M y = M x ). Hence the centroid is 

&v) = (£ a >£ a )- 

(b) m = ff /2 fo r 4 cos 0 sin 2 OdrdO = [| sin 3 0 ]q / 2 (^a 5 ) = Í 5 a5 > 

M y = ff /2 fa r 5 cos 2 ^sin 2 0drd0= | [0 — \ sin4 0]* /2 (\a 6 ) = <^7ra 6 , and 

M x = ff /2 f^ r 5 cos 0sin 3 OdrdO = [¿ sin 4 0]g /2 (¿ a6 ) = ¿a 6 . Hence (x,y) = (^Tra, |a). 


37. (a) The equation of the cone with the suggested orientation is (h — z) = £ y/x 2 4- 2/ 2 , 0 < z < h. Then 


V = |7ra 2 /i is the volume of one frustum of a cone; by symmetry M yz = M xz = 0; and 


M x 


r2ir ra r(h/a)(a—r) 


r r rh-(h/a)^Jx 2 +y 2 r2rr ra r( 

,= // / zdzdA= / / / 

«/ x 2 +y 2 <a 2 J 0 */0 J 0 J 0 

/■“ /I 2 / \2 j /r/i 2 /■“ / 2 r, 2 , 3\ j nh 2 (a 4 2 a 4 a 4 \ nh 2 a 2 

= 7r / 0 V (a_r) dr = ^/ 0 ( a?, - 2ar +r)dr = ^r(T- — + TJ = — 


rz dz dr dO 

t,2 /„4 


Hence the centroid is (z, y, z) = (0,0, \ti). 

r2ir ra r(h/a)(a — r) 


—nr ' 

38. 1 < z 2 < 4 => 1/a 2 < x 2 -hy 2 < 4/a 2 . LetD = {(x, y) | 1/a 2 <x 2 +y 2 < 4/a 2 }. 

z = f (x, y) = ay/x^Ty 2 , so /* (x, t/) = ax (x 2 + y 2 ) “ 1/2 , / y (x, y) = ay (x 2 + y 2 ) _1/2 , and 


^(S) = 



q 2 x 2 + a 2 y 2 
x 2 +y 2 


+ 1 dA = JJ yfa 2 + 1 dA= Va 2 + 1 A(D) 


= VaTTl 




a 2 
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39. Let D represent the given triangle; then D can be described as the area enclosed by the x- and y- axes and the line 
y = 2 - 2x, orequivalently D = {(x,y) \ 0 < x < 1,0 < y < 2 - 2x}. We want tofind the surface area of the 
part of the graph of z = x 2 +y that lies over D, so using Equation 16.6.3 [ET 15.6.3] we have 


^ (5) “ JL \/ 1+ (£) 2+ (|) dA = JJ D \A + (2*) 2 + (i) 2 <m 

= fof 0 2 ~ 2x V2 + 4^ dydx = fo 1 V2 + 4^ [y\l~ 2x dx = f¿ (2 - 2x) s/2 + 4& dx 
= f 1 2\/2 + 4x 2 dx — f 1 2x\/2 + 4x 2 dx 


\ 

Using Formula 21 in the Table of Integrals with a = s/2, u = 2x, and du = 2 dx, we have 
/ 2/2 + 4x 2 dx = x/2 + 4:r 2 + ln (2x + /2 + 4x 2 ) . If we substitute u = 2 + 4x 2 in the second integral, then 
du = 8 xdx and / 2x/2 + 4x 2 dx = ¿ / /üdu = \ • |w 3/2 = ¿ (2 + 4i 2 ) 3/2 . Thus 


A(S) = |z\/2 + 4x 2 + ln ( 2x + /2 + 4?j - ¿ (2 + 4x 2 ) 3/2 J 
= V6 + ln ^2 + - í(6) 3/2 -luV2+ ^ 

= ln + & = ln ^V2 + V^j + ^ « 1.6176 




«• / 0 7o A 


y/l—x 


1 r\^~- 
J o 



v ( x 2 + y 2 + z 2 ) 2 dzdy dx = Jq^JJ^JJ (p 2 ) 2 p 2 sin<fi dpdOd<f) 
s¡n <¡>d4> ff /2 d0 fo 1 p e dp = [- cos <j>\l' 2 [O}* 0 ' 2 [¿p+ = 1 • f • ¿ = 


7T 

14 


f 
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( 

43. From the graph, it appears that 1 — x 2 = e x at x « —0.71 and at 
x = 0, with 1 — x 2 > e x on (-0.71,0). So the desired integral is 

55 D y* dA ~ /- 0.71 /i~ x2 

-iían [(*-*’)*-«*•]* 

= i [* - ** + !*'-(*' - Kl-o ,, ~ 0.0512 


1.25 



44. Let the tetrahedron be called T. The front face of T is given by the plane x + \y + \z = 1, or 
^ = 3 — 3x — \y, which intersects the xy-plane in the line y = 2 — 2x. So the total mass is 

m = fff T p (x, y, z) dV = ff f*~ 2x f^~ 3x ~ 3y/2 (x 2 +y 2 + z 2 ) dzdydx = |. The center of mass is 
(x, y , z) = (m _1 fff T xp (x, y, z) dV , m" 1 /// T yp (x, t/, z) dV, m _1 fff T zp (z, y, z) dV) 

= (1 11 8 ) 

V 21 5 21 1 7) 

45. (a) / (x, y) is a joint density function, so we know that // r2 / (x, y) dA = 1. Since / (x, y) = 0 outside the 

rectangle [0,3] x [0, 2], we can say 

//„2 / (*, 2 /) dA = sr 00 f? 00 f (*. y) dy dx = So Jo C{x + y) dy dx 

= C /? [zy + iy 2 ]£ dx = C / 0 3 (2x + 2) da: = C [x 2 + 2®] ¡ = 15C 


Then 15C = 1 => C=^. 

(b) P {X < 2, Y > 1) = Z 2 ^ /“ / (a:, y) dy dx = / 2 / 3 ^ {x + y)'dy dx = ^ / 0 2 [xy + |y 2 ] "l 3 dx 


= TE Io (* + §) dx = é [f* 2 + Ho = s 
(c) P (X + Y < 1) = P ((X, Y) e D) where D is the triangular region 

y* 


shown in the figure. Thus 

í 


P{X + Y<l) = H D f {x, y) dA = ////-* i {x + y) dy dx 


{Ny Jt + y = l 

= hf¿[*y + hX Z^d* 


D 

= T5 fo [* (1 “ x ) + f (1 - ^) 2 ] dx 



0 

1 i 


= é lo 1 (i-^ 2 ) d:c = é [*~ l- 3 ]o = é 


46. Each lamp has exponential density function 

f(t) = 


0 if t < 0 

_i_ -t/ 8 °° + > o 

800 e 11 6 — u 


If X, y, and Z are the lifetimes of the individual bulbs, then X, V, and Z are independent, so the joint density 
function is the product of the individual density functions: 


f{x,y,z) = 


í _i_ 

_ J 800 3 

1° 


e _(x+y+z)/800 if X > 0, y > 0, z > 0 


otherwise 
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The probability that all three bulbs fail within a total of 1000 hours is P(X + Y + Z < 1000), or equivalently 
P ((-X) Z) £ E) where E is the solid region in the first octant bounded by the coordinate planes and the plane 
x + y + z = 1000. The plane x + y + z = 1000 meets the xy-plane in the line x + y = 1000, so we have 


P (X + Y + Z < 1000) = fff B f (x, y, z) dV 

= /o 100 7a 000 " X /o 000 "*' V 8 ^^ (I+1,+I)/800 dzdydx 

=¡r° ir°~ x -soo r e -(* + v + *)/ 8 oop° 00 -*-* dydx 

L J z=0 

= /o 000 ir°~ X [e" 5/4 - e-^+v)/ 800 ] dydx 
= /o 100 ° k 5/4 I/ + 800e-(^v)/8ool — ^ 

L J y=0 

= /o 100 ° [ e_5/4 ( 180 ° “ *) " 800e-" /8o °] dx 

= 8 S 52 - [-| e_5/4 ( 1800 - x f + 800 2 e -l/8O °] 1000 
= 55o* [ — 2 e_5/4 (800) 2 + 800 2 e -5/4 + |e -5/4 (1800) 2 - 800 2 ] 
= 1 - Ije -5 / 4 « 0.1315 



f-1 fx^ fo V f (x,y,z)dzdydx = ff ff *f(x,y,z)dxdy dz 



fo ff ff f( x >y> z ) dz dxd v = fff E f( x ,y, z ) dv where 

E = {( x tV> z ) I ° < y < 2, 0 < x < y 3 ,0 < z < y 2 }. If D\, Dz, and £>3 are the projections of E on the xy-, 
yz andx2:-planes, then £>1 = {(x,y) | 0 < y < 2, 0 < x < y 3 } = {( x,y) | 0 < x < 8, tyx < y < 2}, 
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D 2 = {(V,*) I 0 < z < 4, \fz < j/ < 2} = {(y,z) \0<y<2,0<z< y 2 }, 

D 3 = {(i, z) | 0 < x < 8, 0 < z < 4}. 

Therefore we have 

lo if if f(x,y,z)dzdxdy = /®/|^ ff f (x,y, z) dz dy dx = f* f^ / 0 f(x,y, z) dx dy dz 

= fo if if f (*. y > z ) dx dz d y 

= lo lo f&x f i.x,y, z) dy dz dx + / 0 / i2 / 3 /yj / (x, y, z) dy dz dx 

= / 0 4 /o’ 32 1% f (*> y > z ) d 2/ dz + / 0 /® 3 /2 /¡^ / (*. V » z ) d V dx dz 


49. Since u = x — y and v = x + y, x = \ (u + v) and y = | (v — u). Thus 

JL fíí ' iA = f,ÍJ (i) '- f, % = - ln2 ' 


dfx^y) 

d (u, v) 


5 Q d(x,y,z) _ 
d(u,v,w) 


2u 0 0 
0 2u 0 
0 0 2u; 


= 8uvw, so 


1/2 1/2 1 

= ^ and 

- 1/2 1/2 2 


V = III E dV = f 0 1 f 0 1 - u f 0 1 - u - v 8uvw dw dv du = / 0 7 0 1_U 4^(1 -«-vY du 
— /0 /o 1_U [ 4u (1 - w) 2 v - 8u (1 - w) v 2 + 4wv 3 ] dv du 
= f 1 [2w (1 - w) 4 - f w (1 - w) 4 + w (1 - w) 4 ] du = f 1 fw (1 - w) 4 du 

= /o 1 *[( 1 -“) 4 -( 1 -«) 8 ]‘ íu = H-i ( 1 -«) 8 + i( 1 -«) 6 ]S = i(-i + ¿) = A 

51 . Let u = y — x and v = y + xsox = y — u = (v — x) — u =+ x=f(w — w) and 


y = v-\(v-u) = \(v + u). 


d(x,y) 


dx dy 

dx dy 

d (i¿, v) 


du dv 

dv du 


= l-i(i)-*(*)l = l-*l = *- Bh ‘ to 


image under this transformation of the square with vertices (i¿, u) = (0,0), (—2,0), (0,2), and (—2, 2). So 
JJ^xydA = J^ J JJ (|)dwdw= f / 0 [w 2 w - §w 3 ]“l° 2 dv = \ ff (2w 2 - f) dw 

= 5 [!« 3 - Ho = 0 

This result could have been anticipated by symmetry, since the integrand is an odd function of y and R is symmetric 
about the x-axis. 

52 . By the Extreme Value Theorem (15.7.8 [ET 14.7.8]), / has an absolute minimum value m and an absolute 
maximum value M in D. Then by Property 16.3.11 [ET 15.3.11], mA ( D ) < ff D f (x, y) dA < MA{D). 

Dividing through by the positive number A (D), we get m < —^y JJ f ( x > y)dA< M. This says that the 

average value of / over D lies between m and M. But / is continuous on D and takes on the values m and M , and 
so by the Intermediate Value Theorem must take on all values between m and M. Specifically, there exists a point 

(xo, yo) in D such that / (x 0 , y 0 ) = -jL— JJ^ f ( x , y) dA or equivalently 
II D f ( x > V)dA = f (xo,yo) A (D). 
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53. For each r such that D r lies within the domain, A ( D r ) = -k r 2 , and by the Mean Value Theorem for Double 

Integrals there exists (x r , y r ) in D r such that / (x r , y r ) = ~ fí f (x, y) dA. But Um (x r , y r ) = (a, b), 

7rr J J D r r—0+ 

1^2 [[ f(x,y)dA= lim / (x r , 2 / r ) = / (a, b) by the continuity of /. 

r—►O 't 7T T J J r—»0+ 


* w //»(* + I *r' l ““j£ / -ük r ' titie ~ 2 *C t ' 


l dt 




2tt 




±2 —n 


27T 


= (i? 2_n - r 2-n ) if n 2 

Z — 71 v 7 




2 — 72 

27rln(.ñ/r) if ri = 2 

(b) The integral in part (a) has a limit as r —> 0 + for all values of n such that 2 — 72 > 0 ^ n <2. 


(p 2 Y 

= 2n L R fo p 2 ~ n sin <A d< t> d P 


47T 

3-n' 


n i? 


_3 —n 


47T 

3 — 72 


(ü 3-n — r 3-n ) if n 5 ^ 3 


4ít ln (ü/r) if n = 3 

(d) Asr —* 0 + , theaboveintegralhas alimit, provided that 3 — n > 0 <=> n < 3. 














Problems Plus 



Let R = UL i Ri> where 

Ri = {(x, y) \ x + y > i + 2,x + y < i + 3,1 < x < 3,2 < y < 5}. 

JS R {x + y\dA = ¿* ml ff R{ [x + y\dA = EÍLiI* + »1 SS Ri dA ’ since 

|x + j/1 = constant = i + 2 for (x, y) € R,. Therefore 

//*[* + y\dA = Eti (< + 2) [A (A)] 

= 3,4 (ñi) + 4A (ñ 2 ) + 5 j 4 (ñ3) + 6A (ñ 4 ) + 7,4 (ií 5 ) 

= 3(¿)+4(§)+5(2) + 6(§)+7(¿)=30 

Let R = {{x,y) \ 0 < x,y < 1}. Forx,y € R, max {x 2 ,y 2 } = x 2 if x > y, 
and max {x 2 , y 2 } = y 2 if x < y. Therefore we divide R into two regions: 

R = jRi U i? 2 , where R\ = {(x, y) | 0 < x < 1,0 < y < x} and 
R% = {(x,í/) | 0 < y < 1, 0 < x < y}. Now max {a: 2 , y 2 } = x 2 for 
(x,y) e Ri, and max {x 2 ,y 2 } =y 2 for (z,y) G R 2 =* 

SoSo 1 e max í x2 ' ! ' 2 > dydx = ff R e max {* 2 ’W 2 } d A = ff R¡ e m -{- 2 ’« 2 > + //^ e m -{-+v 2 } 

= ffff e * 2 dy dx + ffff e y2 dx dy = fj xe^ dx + fj ye»’ dy 

í 2 ) 1 , 

= e = e - 1 
Jo 

3 . /avc = J f (x) dx = J | J cos (t 2 ) dt dx 

= SoSx cos i t2 ) dtdx 

= f*f¿ cos (t 2 ) dxdt (changing the order of integration) 

= fj t cos ( t 2 ) dt = 5 sin (í 2 )]g = 5 sin 1 

4. Let i¿ = a-r, v = br, iü = cr, where a = (ai, 02 , 03 ), b = (bi, ¿>2 , ¿> 3 ), c = ( 01 , 02 , 03 ). Under this change of 
variables, E corresponds to the rectangular box 0 < u < a, 0 < v < (3, 0 < w < 7 . So, by 




Formula 16.9.3 [ET 15.9.3], / 0 7 /f /“ uvwdudvdw = fff E { a • r) (b • r) (c • r) 


d (u , v , tu) 
a(x, 2 /,z) 


dV. But 




ai 

a 2 

«3 

d(u,v,w) 


6 i 

62 

63 

d{x,y,z) 




Cl 

C2 

C 3 


= |a • b x c| =4> 


iii E <a <b ■ r) <c - t)áv - rtm rrr 


(Q^7) 2 


8 |a • b x c| 
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1 00 

5. Since \xy\ < 1, except at (1,1), the formula for the sum of a geometric series gives -= (xv) n , so 

l ~ x v 

L'L' t ^ dxi> =L'L' £ ( f»>” = £ L'L' {xvT ixiv =£ [L' x " H U ' v " dv . 

-Y — _ 1 -f 1 - 1 | 1 | 1 | _f- 1 

+o n+1 n + 1 (n + l) 2 1* + 2* + 3’ + ¿J n» 


u — V 


u + v 


6. Let a: — ^ and t/ = . We know the region of integration in the xy-plane, so to find its image in the 

uu-plane we get u and v in terms of x and y, and then use the methods of Section 16.9 [ET 15.9]. 

u — v u + v /— x + y y — x 

x + y= — j=- H- j=- = v2 u, so u= — — , and similarly v = ■ . Si is given by y = 0, 0 < x < 1, 


so 


V2 x/2 v “ y/2 -- “ s/2 

from the equations derived above, the image of Si is S(: u = -j-x, v = —j$x, 0 < x < 1, that is, v = -u, 

0 < u < -j=. Similarly, the image of S 2 is S' 2 : v = u - y/2, -j- < u < y/2, the image of S 3 is S 3 : v = s/2 - u, 
< u < s/2, and the image of S 4 is S' 4 : v — u, 0 < u < 



( 1 , 0 ) * 


d (x v ^ 

The Jacobian of the transformation is -- -; , — 

o(u,v) 



that we must evaluate two integrals: one over the region { (ti, v) | 0 < u < -u < v < uj and the other over 
{(^» v) I -j= < U < y/2, —y/2 + u < V < y/2 — u|. So 


r 1 r 1 dxdy _ rr _ 

Jo Jo 1 -xy ~ J 0 J_ u x _ [ 1 


dvdu 


[?5 (« + «)] [t 5 ( w - v )] 

\/2 r y/2—u 


rV¿ rV2—u 

Jy/ 2/2 J-y/2+u 1 — ÍJL 


dvdu 


[75 (« + »)] [75 («-«)] 

fsñ/2 ru 2 dvdu r^~ u 2 dvdu 

Jo J-U 2 — U 2 + V 2 Jy/2/2 J-s/2+u 2 — U 2 +V 2 
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= 2 [T -J= [arctan^==l“ du + -J= [arctan -¡JL= 

[Jo \/2 - u 2 L \/2 -v? \ _ u 2/2 y/2 - u 2 [ \/2 —\¿ 2 


1 \/2—u 


C¿1¿ 


-\/2+u 




rv/2/2 


arctan U _ du + 


V2-w 2 




r>/2 

Jy/2/2 


y/2/2 \/2 — 1¿ 2 


arctan ^ ^ du 


y/T^\ 


Now let u = \/2 sin 0, so du = \/2 cos 0 d0 and the limits change to 0 and | (in the first integral) and - and f (in 
the second integral). Continuing: 


f 1 C 1 dxdy =4 r /6 
Jo Jo 1 - xy Jo 


1 


y/2 — 2 sin 2 0 

r’n/2 


arctan 


\/2sin0 
\/2 — 2 sin 2 0 


/6 \/2 — 2 sin 2 0 


/ 6 y/2cos6 
>/2cos 0 


L 

tt/2 


arctan 


(^/2 cos 9 düj 

(V2co»9d«) 

\/2 — 2 sin 2 0 / ^ ' 


-[r 

|" /‘ 7r/6 / >7r/2 /l-sin0\ 

= 4 / axctan (tan 0) + / axctan (-r— ) 

/0 ;./6 v coséi / 


7,2 %/2cos0_ A _Z' V2 (1 — sin^)' 

"™“" arctan ■ ——————— 


/6 \/2 cos 0 


d0 


\ \/2 cos 6 


d6 


But (following the hint) 

1 - sin 6 _ 1 - cos (f -6) _ 1 - [l - 2sin 2 (f (f - 0))] 

cos 0 sin (f - e) 2sin(¿ (f-0))cos(i (f-d)) 

2sin2 (2 (f ~ g )) 


(half-angle formulas) 


2 S in(¿(f-0))cos(i(f-0)) 


= tan(¿ (f -0)) 


Continuing: 


J J J ar ctan (tan 6) d6 + J arctan (tan (f (f — 0))) c 

=4[f 0 " /6 edo+f:'Z[í(í-e)]do\ 

\ 72 J 6 

1 00 

7. (a) Since \xyz\ < 1 except at (1,1,1), the formula for the sum of a geometric series gives --= T ( xyz ) n , 

I xyz 


i2 1 7r /6 


= 4 " 2 " 


7 tQ 6 2 

T “ T 


7r/2 
J 7T / 6 


71 = 0 


so 

r l /*1 /*1 


m l 1 rl rl rl w f 1 f 1 f 1 

-- dxdydz= / / / T" (xyz) n dxdydz = / / / (xyz) n dxdydz 

1 — Jo Jo /o n=0 -/o /o /o 

= S [/' in H [i’' ín H U’ ■‘ n ■H ■ 5 - íii 

= y'_1_= —+ —+ — + ... = + _L 

+ 0 (n+l) 3 l3 + 23 + 3 3 + n 3 
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(b) Since \—xyz\ < 1 , except at (1,1,1), the formula for the sum of a geometric series gives 
1 ~ 


1 -\-xyz 


= ^2 ( ~xyz ) n , so 


n=0 


m l l fl fl /•! 00 00 fl f 1 f 1 

———— dx dydz= / / / V (~xyz) n dxdydz = Y] / / / (~xyz) n dxdydz 

i + xyx ,/ 0 y 0 ^ / 0 Jo Vo 


=S ( - ir U‘^H U 


cfe: 


n=0 

oo 


y (-1)" _ 1 1,1 

ho( n + 1 ) 3 ” 


13 2 3 3 3 


= E — 


n—1 


To evaluate this sum, we first write out a few terms: 5 = 1 —t + —4- + -4 —4 ^ 0.8998. Notice that 

2 3 3 d 4 3 5 3 6 3 

a 7 = ^3 < 0.003. By the Altemating Series Estimation Theorem from Section 12.5 [ET 11.5], we have 
\s — 561 < a 7 < 0.003. This error of 0.003 will not affect the second decimal place, so we have s « 0.90. 




arctan nx — arctan x 
x 


dx = r~ f arctan yx 1 v=n ^ _ t- r_l 
J 0 L X J y=l J 0 J 1 1+2/ 


2~2 dyda: 

y ¿ x ¿ 


= rr > w , = r üm 

7i 7o i + 2 / 2 ® 2 7i L v 


dy 


~ L ^ ln2/ ^ = ^ ln?r 

9 - fo fo fo f 7) dt dz d V = Sff E f (7 dí/ > where 
£? = {(í, y) | o < í < z, 0 < z < y, 0 < y < x). 

If we let D be the projection of E on the yt-plane then 
D = {(?/, t)\0<t<x,t<y< x}. And we see from the diagram 
that E = {(¿, 2 :, y) \ t < z < y, t < y < x, 0 < t < x}. So 



/ 0 X fo fo f (7 dt dz d v = fo x Stft f (7 dz d v dt = /o x [ff (y - 7 / (7 d i/] dí 

= /o x [(éy 2 - íy) / (í)];:r di = fo x [^ 2 - te - ¿í 2 + í 2 ] / (í)dí 


= / 0 X [h* 2 ~ tx + 5 <2 ] / (7 dt = fo i fc 2 ~ 2te + 7) / (7 * 

= 5 /o* (* ~ 7 2 / (i) dt 

10. (a) Consider a polar division of the disk, similar to that in Figure 16.4.4 [ET 15.4.4], where 

0 = #o < 0i < 02 < • • • < 0 n = 27t, 0 = n < r 2 < • • • < Tm = R, and where the polar subrectangle Rij, as 
well as r *, A r and A 0 are the same as in that figure. Thus A= r* A r A0. The mass of Rij is p A Au 

and its distance from m is Sij « yj(r*) 2 + d 2 . According to Newton’s Law of Gravitation, the force of 
attraction experienced by m due to this polar subrectangle is in the direction from m towards Rij and has 


t 
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magnitude 


t 

Gmp A Ai 

S 2 
S ij 


. The symmetry of the lamina with respect to the x- and z/-axes and the position of m are 


such that all horizontal components of the gravitational force cancel, so that the total force is simply in the 
z-direction. Thus, we need only be concemed with the components of this vertical force; that is, 

Gmp AA t _ ^ w h ere a j s angle between the origin, r* and the mass m. Thus sin a = — and the 

s ij Si ¿ 

previous result becomes G m pd AA ^. total attractive force is just the Riemann sum 


c 3 

s ij 


EE 

i=ij=i 


GmpdAAi 


s 


jj 


Gmpd (r*) Ar A0 . 

= > > - r ■ - —r-jr— which becomes 

t^xh [(r?) a + d»] 3/a 


R rtTT 


Gmpd 


r dO dr as 


m —* oo and n —► oo. Therefore, 

rR 


r H ^ 

F = 27t Gmpd / - dr = 27T Gmpd 

J o (r 2 -f d 2 ) ' 


\/r 2 + d 2 _ 


Io lo (r 2 + d 2 ) 3/2 
= 2irGmpd (]¡- j 

o P VWTdP) 


(b) This is just the result of part (a) in the limit as i? —> oo. In this case 


F = 27t Gmpd 




Vi? 2 +CÍ 2 


0, and we are left with 


2TzGmp. 

















Vector Calculus 




" "V/.1 Vector Fields 

t. F(x,y) = xi + yj 

The length of the vector x i + y j is the distance from 
(0,0) to (x, y). Each vector points away from the 
origin. 


ET16.1 

2. F (x,y) = xi-yj 

The length of the vector x i — y j is the distance from 
(0,0) to (x, y). For each ( x, y ), F ( x , y) terminates 
on the x-axis at the point (2x, 0). 


y‘ 


o 

X 



3. F(x,y) = 2 /i+j 

The length of the vector y i + j is \Jy 2 + l. Vectors 
are tangent to parabolas opening about the x-axis. 



4. F (x,y) = —x i -F 2y j 

The length of the vector — x i + 2y j is yjx 2 -f- 4y 2 . 
F (x, y) terminates on the y-axis at the point (0,3 y). 




511 













512 □ CHAPTER17 VECTOR CALCULUS ET CHAPTER16 


5. F (x, y) 


3 /i + agj 
y/x 7 +y 2 


The length of the vector X J _ ¡ s j 
Jx 1 + 


|P r 

6. F (x, y) 


yi-xj 
Jx 2 +y 2 


All the vectors F (x, y) are unit vectors tangent to 


circles centered at the origin with radius x 2 + y 2 . 


\ 

\ \ \ 

V^J 

\\J 

J11 

I 1 u 

í i/Z 

t t / 
t /^ 

'H ’ 



7. F (x,y,z) = j 

All vectors in this field are parallel to the y -axis and 
have length 1. 



9. F (x,y,z) = y j 

The length of F (x, y, z) is \y\. No vectors emanate 
from the xz-plane since y = 0 there. In each plane 
y = b, all the vectors are identical. 



8. F (x,y,z) = zj 

At each point (x, y,z), F (x, y, z) is a vector of 
length \z\. For z > 0, all point in the direction of the 
positive y-axis while for z <0, all are in the 
direction of the negative y-axis. 



10. F(x,y,z) = j - i 

All vectors in this field have length %/2 and point in 
the same direction, parallel to the xy- plane. 



X 


X, 
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11. F (x, y) = (y, x) corresponds to graph III, since in the first quadrant all the vectors have positive x- and 
y-components, in the second quadrant all vectors have positive x-components and negative y-components, in the 
third quadrant all vectors have negative x- and ?/-components, and in the fourth quadrant all vectors have negative 
x-components and positive 2 /-components. 

12. F (x, y) = (2a; - 3 y, 2x + 3 y) corresponds to graph IV, since as we move to the right (so x increases and y is 
constant), both the x- and the y-components of the vectors get larger, and as we move upward (so y increases and x 
is constant), the z-components decrease, while the y-components increase. 

13 . F ( x, y) = (sin x, sin y) corresponds to graph n, since the vector field is the same on each square of the form 
[2n7r, 2 (n + 1) 7r] x [2m7r, 2 (m + 1) 7r], m, n any integers. 

rr M 

14. F (x, y) = (ln (l + x 2 + y 2 ), x) corresponds to graph I, since ln (l + x 2 + y 2 ) is always positive, so all vectors 
point to the right. 


15. F (x, y, z) = i + 2j + 3k corresponds to graph IV, since all vectors have identical length and direction. 

16. F (x, y, z) = i + 2j + zk corresponds to graph I, since the horizontal vector components remain constant, but the 
vectors above the xy- plane point generally upward while the vectors below the rcy-plane point generally 
downward. 

17. F (x, y, z) = x\ + yj + 3k corresponds to graph III; the projection of each vector onto the xy- plane is xi + yj, 
which points away from the origin, and the vectors point generally upward because their 2 -components are all 3. 

18. F (x, y, z) = xi + ?/j + zk corresponds to graph II; each vector F (a:, y, z) has the same length and direction as the 
position vector of the point (x, y, z), and therefore the vectors all point directly away ffom the origin. 


19. 


20 . 


4.5 


V \ N > • 

l \ ‘ 
11..- 
i » ‘ • • 

• • • . / 

• . • t i 

• • • • 1 

• • . i J 

• • . 1 J 

J ». ' * * 

• ■ l J 

/ i . ■ • 

• ‘ ‘ l l 

/ 1 . • • 

• * * V \ 

/ J • • • 


V 

\ \J 


— 4.5 



- 2.2 


The vector field seems to have very short vectors near the line y = 2x. 
For F (x, y) = (0,0) we must have y 2 — 2xy = 0 and 3 xy — 6x 2 = 0. 
The first equation holds if y = 0 or y = 2x, and the second holds if 
x = 0 or y = 2x. So both equations hold [and thus F (x, y) = 0] along 
the line y = 2x. 


From the graph, it appears that all of the vectors in the field lie on lines 
through the origin, and that the vectors have very small magnitudes near 
the circle |x| = 2 and near the origin. Note that F (x) = 0 4=> 
r (r — 2) = 0 4=S> r = 0 or 2, so as we suspected, F (x) = 0 for 
|x| = 2 and for |x| = 0. Note that where r 2 — r < 0, the vectors point 
towards the origin, and where r 2 — r > 0, they point away from the 
origin. 


21. V/ (x, y) = f x (x, y) i + f y (x, y) j = 


■ i + ‘ 


X + 2y x + 2y' 
o-P x \ 


22 . Vf(x,y) = f x (x,y) i + f y (x,y) j = [x a (-(3e ^)+ax° l e Px ] i + 0 j = (a - px) x a x e 0X i 

23 . V/(x, 2/, z) = fx (x, y,z) i + f y (x, y,z) j + f z (x, y, z) k 

x . . y 


i + 


j + 


yjx 2 + y 2 + z 2 y/x 2 + y 2 + z 2 y/x 2 + y 2 + z 2 
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24. V/ (x, y, z) = f x (x, y,z) i + f y (x, y,z) j + f z (x, y, z) k 

= (cos f ) i - * (sin f ) Q) j ~ x (sin f) (- J) k 

= ( cos ?) 1 _ f ( sin !) j+ f ( sin f) k 


25. / (x, y) = x 2 - ^y 2 , V/ (z, ?/) = 2 x i - y j 

The length of V/ (x, y) is y^x 2 + y 2 , and V/ (x, y) 
terminates on the x-axis at the point ( 3 a;, 0 ). 



y> 

1 - 

o 



x 


26. / (x, y) = ln ^/a: 2 + y 2 = ¿ ln (a: 2 + y 2 ) =;► 

V/ = 5 V ln (z 2 + y 2 ) 

V . _ n? i + £/j 

x 2 + 2/ 2 x 2 + y 2 x 2 + ?/ 2 


The length of V/ decreases as x and/or y increase and all the 
vectors “flow out” away from the origin. 



27. We graph V/ along with a contour map of /. 
6 


V \ .X j 

\ v\X / yi i 

i 

iVr rt K ' t' 

N+cvCvV 

XX 

/'yOvY nXv / // 

/V7Vyt\ VV 
r \ ' r Ti Va'x 


-6 


The graph shows that the gradient vectors are 
perpendicular to the level curves. Also, the gradient 
vectors point in the direction in which / is increasing 
and are longer where the level curves are closer 
together. 


28. We graph V/ along with a contour map of /. 



-4 


The graph shows that the gradient vectors are 
perpendicular to the level curves. Also, the gradient 
vectors point in the direction in which / is increasing 
and are longer where the level curves are closer 
together. 


29. / (x, y) — xy => V/ (x, y) = yi + xj. In the first quadrant, both components of each vector are positive, while 
in the third quadrant both components are negative. However, in the second quadrant each vector’s x-component is 
positive while its y-component is negative (and vice versa in the fourth quadrant). Thus, V/ is graph IV. 
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30. / (x, y) = x 2 — y 2 => V/ (x, y) = 2xi — 2yj. In the first quadrant, the x-component of each vector is positive 
while the ?/-component is negative. The other three quadrants are similar, where the x-component of each vector has 
the same sign as the x-value of its initial point, and the y-component has sign opposite that of the t/-value of the 
initial point. Thus, V/ is graph III. 

31. / (x, y) = x 2 -b y 2 => V/ (x, y) = 2xi -f 2yj. Thus, each vector V/ (x, y) has the same direction and twice 
the length of the position vector of the point (x, t/), so the vectors all point directly away from the origin and their 
lengths increase as we move away from the origin. Hence, V/ is graph II. 

32. / (x, y) = \J x 2 + y 2 => V/(x,y) = — ■ = „ i+ 27 j. Then 

y/x 2 +y 2 yjx 2 +y 2 

IV/ (x, y) | = - 1 y/x 2 + y 2 = 1, so all vectors are unit vectors. In addition, each vector V/ (x, y) has the 

yjx 2 + y 2 

same direction as the position vector of the point (x, y), so the vectors all point directly away from the origin. 
Hence, V/ is graph I. 

33. (a) We sketch the vector field F (x, y) = xi — yj along with 

several approximate flow lines.The flow lines appear to be 
hyperbolas with shape similar to the graph of y = ±l/x, 
so we might guess that the flow lines have equations 
y = C/x. 


(b) If x = x (t) and y = y (t) are parametric equations of a flow line, then the velocity vector of the flow line at the 
point (x, y) is x' (t) i -b y' (t) j. Since the velocity vectors coincide with the vectors in the vector field, we have 
x' (t) i -f- y' (t) j = xi — yj => dx/dt = x, dy/dt = —y. To solve these differential equations, we know 
dx/dt = x => dx/x = dt => ln|x|=t-fC => x = + c = Aé for some constant A , and 

dy/dt = — y => dy/y = —dt => ln \y\ = — t + K => y = ±e~ t + K = Be~ l for some constant B. 
Therefore xy = Aé'Be~ t = AB = constant. If the flow line passes through (1,1) then 
(1) (1) = constant = 1 =>• xy = 1 => y = 1/x, x > 0. 







34. (a) We sketch the vector field F (x, y) = i -f xj along with several 
approximate flow lines.The flow lines appear to be parabolas. 
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(b) If x = x (t) and y = y(t) are parametric equations of a flow line, then the velocity vector of the flow line at the 
point (x, y) is x' (t) i + y' (t) j. Since the velocity vectors coincide with the vectors in the vector field, we have 

x' (t)i + y' (t )j = i + xj 


dx = ¿y =xThas *v = ¿kM = * =x 

dt dt dx dx/dt 1 


(c) From part (b), dy/dx = x. Integráting, we have y = \x 2 + c. Since the particle starts at the origin, we know 
(0,0) is on the curve, so0 = 0 + c => c = 0 and the path the particle follows is y = \x 2 . 


"—l7.2 Line Integrals 


ET16.2 


1. x = t 2 and y = t, 0 < t < 2, so by Formula 3 


Ic yds -l */(f T^W) dt = Io + 

= / 0 2 tVW+idt = ¿ (41 2 +i) 3/2 ]* = ¿ (tfVrf - 1) 

2. J | ds = f — \J (4í 3 ) 2 + (3t 2 ) 2 dt = / i-v/l6í 6 + 9 t*dt = £ ty/TOÍ? + 9 dt 

= á (l6^+ 9 ) 3/2 ]; = i(25 3 / 2 -9 3/2 ) = |f 

3. Parametric equatons for C are x = 4 cos t, t/ = 4 sin ff < t < j. Then 

f c xy 4 ds = 2 (4 cos t) (4 sin t) 4 yj (-4sint) 2 + (4cos t) 2 dt 

= ffJ ^/2 4 5 cos t sm 4 t^l6 (sin 2 1 + cos 2 t)dt 

= 4 5 ¡:i% (sin 4 1 cos t) (4) dt = (4) 6 [¿ sin 6 t]^ = = 1638.4 

4. Parametric equations for C are a: = 1 + 3t, y = 2 + 5£, 0 < t < 1. Then 

f c ye x ds = (2 + 5í) e 1+3 V3 2 + 5 2 dt = V 34 / 0 (2 + 5í) e 1+3t dí 

Integrating by parts with u = 2 + 5í => du = 5dt,dv = e 1+3t => u = le 1+3í dí gives 

/o »«' * - V34 [J (2 + W) e' +s ' - f e ,+3 ')Í 

= v^4[(f —f)e + -(f-|)«]=«f (16,‘-e) 

5. If we choose a: as the parameter, parametric equations for C are x = x, y = x 2 for 1 < x < 3 and 

f c (xy + In x) dy = ff (x • x 2 + ln x) 2x dx = ff 2 (x 4 + x ln x) dx 

= 2 [\x 5 + \x 2 Inx — ^x 2 ]^ (by integrating by parts in the second term) 
= 2 (2|3+| ln3 _|_I + I) = 4|4+ 91n3 
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/ 


6 . Choosing y as the parameter, we have x = y 4 , y = y, — 1 <y< 1. Then 
f c sin x dx = (sin y 4 ) (4y 3 ) dy = -cost/ 4 ]^ = 0. 


7. 


C = Ci+C 2 


( 3 , 2 ) 



0 ( 2 , 0 ) * 


On Ci : x = x, y = 0 => dy = 0 dx , 0 < x < 2. 

On C 2 \ x = x, y = 2x — 4 => dy = 2 dx , 2 < x < 3. 

Then 

/ c x?/ dx + (x - y) c¿ 2 / = Jci xydx + (x-y)dy + / Ca xydx + (x - y) dy 


= / 0 (0 + 0) dx + f 3 [(2x 2 - 4x) + (-x + 4) (2)] dx 
= / 2 3 (2z 2 — 6x + 8) dx = 



On Ci: x = cos í => dx = — sin tdt,y = sin t =>• 
2/ = cos t 0 < t < f. 

On C 2 : x = 4¿ => dx = 4dt, 2 / = 2t + 1 =» 

dy = 2dt,0 <t < í. 


Then f c x^/y dx + 2yy/x dy 


~ /ci Xy/y dx + 2yy/x dy + / Cj¡ Xy/y dx + 2y</x dy 

= ff^ 2 j^— cos t (sin t ) 3//2 + 2 sin t (cos t) 3/2 j dt + ff [l6ty/2t + 1 + 8 (2t + 1) y/t\ dt 

= [-f (si „t) s « - j (co. ()"»]"’ + [V*(af +1 )»' 1 - # (a +1 )*' 1 + 8 (|t*« + §<*'=)] ‘ 
= § + 'i-3V3 -S 3* ■ V3+ í§ +8(J + §) = 

9 . x = 4 sin t,y = 4 cos t, z = 3t, 0 < t < %. Then by Formula 9, 


2 Y dy' 2 




/ xy 3 ds= / (4sint) (4cost) 3 W ( — 

7c Vo V V/ 

= J 4 4 cos 3 fsiní^(4cos¿) 2 + (—4sint) 2 + (3) 2 dí 

= J 256 cos 3 í sin í y/16 (cos 2 í + sin 2 1) + 9 dt 

= 1280 Z/ 72 cos 3 1 sin t dt = -320 cos 4 í] * /2 = 320 
10. Parametric equations for C are x = 4£, y = 6 — 5£, z = — 1 + 6¿, 0 < t < 1. Then 

j/ zds = J^ (4í) 2 (6 1 - 1) /& + (—5) 2 +6 2 dt = y/ff J^ (96í 3 - 16í 2 ) dt 
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11. Parametric equations for C are x = t, y = 2t, z = 3¿, 0 < t < 1. Then 

f c xe yz ds = /g íe (2t)(3t) Vl 2 + 2 2 + 3 2 dt = V'ÍI // íe 6 ‘ 2 dí 

- [*«•■’]; -«(«‘-i) 

12. y (dx/dt) 2 + (dy/dtf + (dz/dtf = ^/36 + 36 (2)í 2 + 36í 4 = 6^/(¿ 2 + l) 2 = 6 (í 2 + l). Then 
/ c a: 2 ds = // 72t 4 (í 2 + 1) <ft = 72 [ií 7 + ií 5 ]¿ = 72 (g) = 

13. / 0 *Y*<to = // (2í ) 3 (í 2 ) 2 (í 2 ) (2t)dí = // ( 8 í 3 ) (í 4 ) (í 2 ) (2t)dt = // 16t 10 dí = ift 1 ^ = if 

14. / c yz dy + xydz = // (t) (í 2 ) dt + // Vt (t) 2tdt = // (t 3 + 2t 5/2 ) dt = [ft 4 + fí 7/2 ] * = § 

15 . On Ci: x = 0 => dx = 0 dt, y = t => dy = dt, z = t => 

0 Í 2 : = dt, 0 < t < 1. 

On C 2 : £ = ¿ => da: = dt, y = t + 1 => dy = dt, z = 2t + l => 

dz = 2 dt, 0 < ¿ < 1. 

On C 3 : a; = 1 => dx = 0 dt, y = 2 => dy = 0 dt, z = t + 3 => 

dz = 0 < t < 1. 

Then 

/ c 2 ; 2 dx — z dy + 2y djz 

= fg (0 — í + 2í) dí + // [(2t + l ) 2 — (2í + 1) + 2 (f + 1 ) (2)] dí + // (0 + 0 + 4) dí 
= i + [|t 3 + 3t 2 + 4í]¿+4=f 

16. Ci: ( 0 , 0 , 0 ) to ( 2 , 0 , 0 ): x = 2 í, y = z = 0 , 0 < í < 1 . 

C 2 : ( 2 , 0 , 0 ) to ( 1 ,3, - 1 ): x = -t + 2 , y = 3f, z = -í, 0 < í < 1 . 

C 3 : (1,3,—1) to (1,3,0): x = l, y = 3,z = f— 1, 0<t<l. 

Then 

/ c yz dx + xzdy + xy dz = 0 + // [(3¿ 2 ) + 3 (í 2 - 2¿) — 3 (2 1 - t 2 )] dt + // 3 
= [3t 3 - 6 í 2 ]g + 3 = 0. 

17. (a) Along the line x = —3, the vectors of F have positive y-components, so since the path goes upward, the 

integrand F • T is always positive. Therefore / Ci F • dr = / Ci F • T ds is positive. 

(b) All of the (nonzero) field vectors along the circle with radius 3 are pointed in the clockwise direction, that is, 
opposite the direction to the path. So F • T is negative, and therefore / c F • dr = f c F • T ds is negative. 

18 . Vectors starting on C\ point in roughly the same direction as C\, so the tangential component F • T is positive. 

Then / Ci F • dr = / Cj F • T ds is positive. On the other hand, no vectors starting on C 2 point in the same direction 
as C 2 , while some vectors point in roughly the opposite direction, so we would expect f c ^ F • dr = f c ^ F • T ds to 
be negative. 

19 . r (t) = t 2 i — ¿ 3 j, so F (r ( t )) = (f 2 ) 2 (—t 3 ) 3 i — (—t 3 ) V& j = — t 13 i + 1 4 j and r' ( t ) = 2¿i — 3 ¿ 2 j. Thus 

fc F • dr = F (r (t)) • r' (í) dt = // (-2t 14 - 3í 6 ) dt = [-£t 15 - f í 7 ]\ 

20. F (r (f)) = (í 2 ) (f 3 ) i + (t) (t 3 ) j + (t) (t 2 ) k = t 5 i +1 4 j + í 3 k, r' (í) = i + 2í j + 3f 2 k. 

/c F • dr = / Q 2 F (r (f)) • r' (í) dt = / Q 2 (t 5 + 2t 5 + 3í 5 ) dt = f 6 ] 2 = 64 
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21. J c F • dr = // (sint 3 , cos (— t 2 ) , t 4 ) • (3t 2 , —2t, l) dt 

= Jq (3 1 2 sin t 3 — 2 1 cos t 2 -|- í 4 ) dt = [— cos £ 3 - sin t 2 -|- |í 5 ] 1 = | - cos 1 - sin 1 

22. / c F • dr = /; /2 (sin 2 t, sin t cos t, ¿ 4 ) • (cos t, — sin t , 2¿) 

= /; /2 (sin 2 ícosí — sin 2 1 cosí + 2t 5 ) dt = [§¿ 6 ]q /2 = 

23. We graph F (x, y) = (x - y) i -}- xy j and the curve C. We see that most of the vectors starting on C point in 
roughly the same direction as C, so for these portions of C the tangential component F • T is positive. Although 
some vectors in the third quadrant which start on C point in roughly the opposite direction, and hence give negative 
tangential components, it seems reasonable that the effect of these portions of C is outweighed by the positive 
tangential components. Thus, we would expect / c F • dr = / c F • T ds to be positive. 



- 2.5 


To verify, we evaluate / c F • dr. The curve C can be represented 
by r (t) = 2cosf i + 2sinf j, 0 < t < so 

F (r ( t )) = (2cos t — 2sint) i -f 4cosf sinf j and 

c 

r' (f) = —2sin¿i -b 2cost j. Then 
f c F-dr = f 0 3 - /2 F(r(t))-r'(t)dt 

= / 0 37r/2 [—2sint (2cosf — 2sint) + 2cosf (4cosf sint)] dt 
= 4 / 0 3?r/2 (sin 2 t — sin t cos t + 2 sin t cos 2 t) dt 
= 3tt -b § (using a CAS) 


X V 

24. We graph F (x, y) = : i H- ■ j an d the curve C. In 

y/x 2 + y 2 y/x 2 + y 2 

the first quadrant, each vector starting on C points in roughly the same 
direction as C, so the tangential component F • T is positive. In the 
second quadrant, each vector starting on C points in roughly the direction 
opposite to C, so F • T is negative. Here, it appears that the tangential 
components in the first and second quadrants counteract each other, so it 
seems reasonable to guess that / c F • dr = / c F • T ds is zero. To 
verify, we evaluate / c F • dr. The curve C can be represented by 
r (t) = t i + (l + 1 2 ) j, -1 < t < 1, so 



- 0.3 


F(r (t)) = 


i + 


i + r 


y/t 2 + ( 1+í 2 ) 2 Jt^+Jl + ^) 


j and r' (t) = i + 2t j. Then 


f F • dr = J ^ F (r (í)) • r' (t) dt = J ^ ^ 


Jt 2 + (l + t 2 )’ 


: + 


2<(l + t 2 ) \ 

^/í 2 + ( 1 + i 2 ) 2 / 



t (3 + 2¿ 2 ) 
V~t 4 + 3í 2 + 1 


dt = 0 


(since the integrand is an odd function) 


dt 
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25 . (a) f c F ■ dr = f* (e? -1 
(b) r (0) = 0, F (r (0)) = 


,f 5 ) • (2í, 3í 2 } dt = (2 te* 2 - 1 +3t 7 ) dt = [e' 2-1 + §f 8 ]* = ^ - 1/e 

< c-1 »°)í r ( 7 f) = (5. F ( r (^5)) = (e" 1/2 . 373); r í 1 ) = <*> !>• 


F (r (1)) = (1,1>. 

In order to generate the graph with Maple, we use the PLOT command (not 
to be confused with the plot command) to define each of the vectors. For 
example, 

vl:=PLOT(CURVES([[0,0],[evalf(1/exp(1)),0]])); 
generates the vector from the vector field at the point (0,0) (but without an 
arrowhead) and gives it the name vl. To show everything on the same 
screen, we use the display command. 


1.6 



In Mathematica, we use ListPlot (with the PlotJoined - > True option) to generate the vectors, and 
then Show to show everything on the same screen. 


26 . (a) f c F dr = /^ (2 1, t 2 , 3f) • (2,3, -2í) dt = ff x (4 1 + 3t 2 - 6í 2 ) dt = [2i 2 - í 3 ] ^ = -2. 


(b) Now F (r (t)) = <2 1, t 2 , 3 1), so F (r (-1)) = (-2,1, -3), F (r (-§)) = (-1, ±, -§), 
F ( r (D) = (1. b §>’ and F (r (1)) = (2,1,3). 




27. The part of the astroid that lies in the quadrant is parametrized by x = cos 3 1 , 

y = sin 3 1 ,0 < t < £ . Now — = 3 cos 2 t (— sin t) and = 3 sin 2 t cos t, so 

dt dt 

= cos 4 1 sin 2 t + 9 sin 4 1 cos 2 t = 3 cos t sin t \J cos 2 t + sin 2 t = 3cos t sin t. 

Therefore f c x 3 y 5 ds = ff /2 cos 9 1 sin 15 1 (3 cos t sin t) dt = 167 9 7 4 7 5 2 i 6 7r - 

28. We parametrize the line as r(í) = (1,2,1) + t ((6,4,5) — (1,2,1)) = (1 4- 5¿) i + (2 + 2t) j + (1 + 4 1) k, 
0 < t < 1. Using a CAS, we calculate 



J F • dr = f (J(l + 5í) 4 e 2+2t , ln (1 + 4í), ^(2 + 2í) 2 + (1 + 4t) 2 J) • (5,2,4) dt 

_ 5235e 4 6285e 2 9v'5sinh -1 (^) 9v/5sinh -1 (|) 51n5 UV4Í 4^5 

~ 4 4 + 25 25 + 2 + 5 5' 

5235e 4 6285e 2 18%/51n3 9^/5^ (14 + x/205) 51n5 14^/41-4^/5 0 

“4 4 25 + 25 + 2 + 5 

The first answer is the one given by Maple. The two answers are equivalent by Equation 7.6.3 [ET 3.9.3]. 
































/ 
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29. A calculator or CAS gives f c x sin yds = ln t sin (e É ) yj (1 /t) 2 -f- (—e“ ¿ ) 2 dt « 0.052. 

30. (a) We parametrize the circle C as r (t) = 2 cos t i 4- 2 sin t j, 0 < t < 2i r. So F (r (£)) = (4 cos 2 t, 4 cos t siní), 

r 7 (t) = (—2siní, 2cost), and W = f c F • dr = J 0 27r (—8cos 2 í siní -h 8cos 2 tsint) dt = 0. 



- 2.3 


From the graph, we see that all of the vectors in the field are 
perpendicular to the path. This indicates that the field does no work 
on the particle, since the field never pulls the particle in the direction 
in which it is going. In other words, at any point along C, F • T = 0, 
and so certainly f c F • dr = 0 . 


31. We use the parametrization x = 2cos¿, y = 2sin¿, — f < t < f. 


Then ds = y ^ = \/ (“2 sin t ) 2 -f- (2 cos t) 2 dt = 2 dt, so 

m = f c kds = 2k ff/, 2 dt = 2k (7 r), x= ^ f c xkds = ± f*'* (2 cos t) 2dt = ± [4sinC+ = 


rr/2 u,l/ V*./» ^ 2-7rfc JC '*" x ' 2tt J—tt/2 

y = ÚkScy kds= -h f-í /2 (2siní) 2 dt = 0. Hence (x,j7) = (|,0). 
32. We use the parametrization x = rcosí, y = rsinf, 0 < t < f. 


Then ds = y 4- = \/(~rsint) 2 + (rcosf) 2 dí = rdf, so 

m = f c (x -\- y) ds = ff /2 (r cos t 4- r sin t) r dt = r 2 [sin t — cos í] J /2 = 2r 2 , 

1 1 /' 7r/2 222 r 

x ~ 2r? /c x ( x 4- 2/) ds = ^2 J y cos 2 f 4 r cos t sin t) rdt = - 


f ( sin 2 1 cos 2f 

2 + ~i r~ 


- 7r/2 
0 


r (7r + 2) 
8 


, and 


y - ¿ /c y ( x + y) ds = ¿ /J r/2 ( r2 sin ¿ cos í + r 2 sin 2 1 ) r dt 


2r 2 

r 

2 


cos2t t t sin2f 
4 “ + 2 4 


2r 2 

r (7r + 2) 
. 0 


8 


Therefore (x, y) = ~ , HÍZlJl?)). 

33. (a) x = ^- [ xp (x, y,z)ds ,y = — [ yp (x, y, z) ds,z = — [ zp (x, y, z) ds where 
m Jc m Jc m J c 


m = f c p( x ,y, z ) ds ■ 


(b) m = f c kds = k ff* y/ 4sin 2 t + 4cos 2 t + 9 dt = fc%/13 / 0 2,r df = 27rfc-\/l3, 

^ /’27T _ -j r2i r 

x =- 7 = / fc2-\/l3sinf dt = 0,y = - ■= / fc2\/Í3cosf df = 0 , 

27rfcv^3 / 0 27rfc%/Í3 / 0 

? = 27 rfc\/T 3 lo ( fcv ^) ( 3í ) dt = ^ ( 27r2 ) = 3?r - Hence ( x ’y>z) = (°- °> 37r )- 


3 
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34. m = f c (x 2 +y 2 -h z 2 ) ds = / Q 27r ( t 2 + l) \J (l) 2 + (-sin t) 2 + (cos t) 2 dt = / Q 27r (t 2 + l) \/2 dt 

= \/2 (§7r 3 + 2n ), ** 

— 1 f 2n /,3 ,, 4?r 4 + 2tt 2 3tt (2tt 2 + 1 ) 

*“ V2(§7r3 + 27r) J 0 * + ^ dt ~ + 2 7t ~ 4^+3 ’ 

5 “ 2^.(4.*+3) i ( V ' 5SÍ “‘) ( ‘ ! + 1)< "" °- - ( ^ffi+V 1 ’ 0 ' 0 )- 


35. From Example 3, p (x, y) = A: (1 — y), x = cos t, y = siní, and ds = dt, 0 < t < 7r 

/ x = / c y 2 p (x, y) ds = // sin 2 t [fc (1 — sin í)] dt = k f* (sin 2 t — sin 3 í) dt 

, _ _ y (Let u = cos t,du = — sin t dt 

= [ n (1 — cos 2 t)dt — k f n (l — cos 2 1) siní dt 

2 . J0 J0 v 7 in the second integral) 

=fc[f+/r x (i- u 2 )du]=Mf-i) 


J y = / c x 2 p (x, y)ds = k ff cos 2 ¿ (1 — sin t) | // (1 + cos 2 t) dt — k f* cos 2 t sin t dt 
= k( f — |), using the same substitution as above. 

36. The wire is given as x = 2 sint, y = 2 cost, z = 3t, 0 < t < 2n with p (x, y, z) = k. Then 
ds = yj(2 cos t) 2 + (—2 sin t) 2 + 3 2 = yj 4 (cos 2 t + sin 2 1) + 9 = y/l3 and 

Ix = / c (y 2 + Z 2 ) p (x, y, z)ds = / 0 27r (4 cos 2 t + 9t 2 ) ( k) y/l3dt = \Zl3k [4 (\t + \ sin2t) + 3t 3 ] 27r 
= \/l3 k (47t + 247r 3 ) = 4\/l37rA; (l + 67 t 2 ) 

I y = f c (x 2 + z 2 ) p(x, y, z) ds = / 0 27r (4sin 2 1 + 9t 2 ) ( k) y/Í3 dt = y/Í3k [4 (|t - \ sin2t) + St 3 ]^ 
= \/l3 k (47t + 247T 3 ) = 4\/Í3 7rk (l + 67 t 2 ) 

I z = f c (x 2 + y 2 ) p (x, y, z) ds = / 27r (4 sin 2 1 + 4 cos 2 1) (k) \/l3 dt = 4y/l3 k / Q 27r dt = 87T\/Í3 /c 

37. W = f c F - dr = / 2,r (t — sin t, 3 — cos t) • (1 — cos t, sin t) dt 

•> 

27T 

= / 0 (t — t cos t — sin t + sin t cos t + 3 sin t — sin t cos t) dt 

= / Q 27r (t — t cost + 2 sint) <¿t = [|t 2 — (tsint + cos t) — 2 cost] 27r 

(by integrating by parts in the second term) 

V 

= 2tt 2 

38. x = x, y = x 2 , — 1 < x < 2, 

W = / 2 X (xsinx 2 ,x 2 ) • (1,2x) dx = / 2 ^ (xsinx 2 + 2x 3 ) dx = [—3 cosx 2 + |x 4 ]^ 

= \ (15 + cos 1 — cos 4) 
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/ 


39. W = f c F ■ dr = ff <t 6 , -í 5 , -t 7 ) ■ <2 1, -3í 2 ,4í 3 ) dt = f¿ (5 1 7 - 4 1 10 ) dt = § - + = 

40. r (t) = 2 i + t j + 5t k, 0 < t < 1. Therefore 

Jc Jn (4 + 26í 1 2 ) 3/2 Jo 


23 

88 


(4 + 26í 2 ) 3/2 


dt 


-*[-( 4 + 26 < T ‘ /I ] 0 = *(++;) 


41 . Let F = 185 k. To parametrize the staircase, let 

x = 20cos£, y = 20siní, 2 = §§t = 0 < t < 67t =>• 

W — f c F ■ dr = / 0 67r (0,0,185) • (—20sint, 20cos¿, dt = (185) ^ / Q 67r = (185) (90) 


: 1.67 x 10 4 ft-lb 


42. This time m is a function of t: m = 185 — = 185 — So let F = (185 — ^f) k. To parametrize the 

staircase, let x = 20cos¿, y — 20sint, 2 = §£t = j§t, 0 < t < 67 r. Therefore 

w = fc F • dr = / 0 6,r (°>°> 185 - *?*) • (—20siní, 20cost, &)dt =^ / Q 6,r (185 - ¿í) dí 

= [l85í - ¿í 2 ]®* = 90 (185 - f) « 1.62 x 10 4 ft-lb 

43 . The work done in moving the object is f c F • dr = f c F • T ds. We can approximate this integral by dividing C 
into 7 segments of equal length As = 2 and approximating F • T, that is, the tangential component of force, at a 
point ( x *, y *) on each segment. Since C is composed of straight line segments, F • T is the scalar projection of 
each force vector onto C. If we choose (x*, y *) to be the point on the segment closest to the origin, then the work 
done is 

/c F • T * « ¿ [F (aff, yt) • T (af, yf)] A S 

1=1 

= [2 + 2 + 2 + 2 + 1 + 1 -f 1] (2) = 22 

Thus, we estimate the work done to be approximately 22 J. 

44. Use the orientation pictured in the figure. Then since B is tangent to any circle that lies in the plane perpendicular 
to the wire, B = |B| T where T is the unit tangent to the circle C: x = r cos 6, y = r sin 6. Thus 

B = |B| (— sin0, cos0). Then 

f c B • dr = / Q 27r |B| (— sin 9 , cos 9) • (—r sin r cos 9) d9 = / Q 27r |B| r d9 = 27rr |B|. (Note that |B| here is the 
magnitude of the field at a distance r from the wire’s center.) But by Ampere’s Law f c B ■ dr = fi 0 I. Hence 

l B l = Mo 7 / ( 27rr )- 



The Fundamental Theorem for Line Integrals 


ET16.3 


1. C appears to be a smooth curve, and since V/ is continuous, we know / is differentiable. Then Theorem 2 says that 
the value of f c V/ • dr is simply the difference of the values of / at the terminal and initial points of C. From the 
graph, this is 50 - 10 = 40. 

2 . C is represented by the vector function r ( t ) = {t 2 -f l) i + (f 3 + t) j, 0 < t < 1, so r' ( t) = 2t i-f (3 1 2 -f l) j. 
Since 3¿ 2 + 1 ^ 0, we have r' ( t ) ^ 0, thus C is a smooth curve. V/ is continuous, and hence / is differentiable, 
so by Theorem 2 we have f c V/ • dr = / (r (1)) - / (r (0)) = / (2,2) - / (1,0) = 9 - 3 = 6. 
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3. d (6x + 5 y) /dy = 5 = d (5x + 4y) /dx and the domain of F is M 2 which is open and simply-connected, so by 

Theorem 6 F is conservative. Thus, there exists a function / such that V/ = F, that is, f x (x, y) = 6x + 5 y and 
fy y) = + 4 y. But f x (x, y) = 6x + 5 y implies / (x, y) = 3x 2 + 5 xy + g (y) and differentiating both sides 

of this equation with respect to y gives f y (x, y) = 5x + g' (y). Thus 5x + 4y = 5x + g' (y) so g' (y) = 4 y and 

g (y) = 2 y 2 + K where K is a constánt. Hence / (x, y) = 3x 2 + 5 xy + 2y 2 + K is a potential function for F. 

4. d (x 3 + 4 xy) /dy = Ax, d (4 xy — y 3 ) /dx = 4y. Since these are not equal, F is not conservative. 

5. d (xe y ) /dy = xe y , d (ye x ) /dx = ye x . Since these are not equal, F is not conservative. 

6. d (e y ) /dy = e y = d ( xe y ) /dx and the domain of F is R 2 . Hence F is conservative so there exists a function / 
such that V/ = F. Then f x ( x , y) = e y implies / (x, y) = xe y + g (y) and / y (x, y) = xe y + g' (y). But 

f y (x, y) = xe y so g' (y) = 0 =+ g (y) = K. Then / (x, y) = xe y + K is a potential function for F. 

7. d (2x cos y — y cos x) /dy = —2x sin y — cos x = d (~x 2 sin y — sin x) /dx and the domain of F is M 2 . Hence 
F is conservative so there exists a function / such that V/ = F. Then f x (x, y) = 2x cos y — y cos x implies 

/ (x, y) = x 2 cos y — y sin x + g (y) and / y (x, y) = —x 2 sin y — sin x + g' (y). But 

fy ( x 5 y) = —^ 2 sin y — sin x so g' (y) = 0 =+ g (y) = K. Then / (x, y) = x 2 cos y — y sin x + K is a 

potential function for F. 

8. d (1 + 2 xy + ln x) /dy — 2x = d (x 2 ) /dx and the domain of F is {(x, y) | x > 0} which is open and 
simply-connected. Hence F is conservative, so there exists a function / such that V/ = F. Then 

fx (x,y) = 1 + 2 xy + lnz implies / (x,y) = x + x 2 y + x\nx - x + g (y) and / y (x,y) = x 2 -\- g' (y). But 
f y (x, y) = x 2 so g' (y) = 0 => g (y) = K. Then / (x, y) = x 2 y + x ln x + K is a potential function for F. 

9. d (ye x + sin y) /dy = e x + cos y = d (e x + x cos y) /dx and the domain of F is M 2 . Hence F is conservative so 
there exists a function / such that V/ = F. Then f x (x, y) = ye x + sin y implies / (x, y) = ye x + x sin y + g (y) 
and f y (x, y) = e x + x cos y + g' (y). But / y (x, y) = e x + x cos y so g (y) = K and 

/ (x, y) = ye x + x sin y + K is a potential function for F. 

10. d (ye xy + 4 x 3 y) /dy = e xy (yx + 1) + 4x 3 = d (xe xy + x 4 ) /dx and the domain of F is M 2 . Thus F is 
conservative so there exists a function / such that V/ = F. Then f x (x, y) = ye xy + 4 x 3 y implies 
/ (x, y) = e xy + x 4 y + g (y) and / y (x, y) = xe yx + x 4 + g' (y). But / y (x, y) = xe xy + x 4 so g (y) = K and 
/ ( x, y) = e xy + x 4 y + K is a potential function for F. 


11 . 


(a) F has continuous first-order partial derivatives and (2xy) = 2x = (x 2 ) on M 2 , which is open and 


simply-connected. Thus, F is conservative by Theorem 6. Then we know that the line integral of F is 
independent of path; in particular, the value of f c F • dr depends only on the endpoints of C. Since all three 
curves have the same initial and terminal points, f c F • dr will have the same value for each curve. 


(b) We first find a potential function /, so that V/ = F. We know f x (x, y) = 2xy and / y (x, y) = x 2 . Integrating 
fx (x, y) with respect to x , we have / (x, y) = x 2 y + g (y). Differentiating both sides with respect to y gives 
fy ( x , y) = x2 + 9' ( V )> so we must have x 2 + g' (y) = x 2 => g' (y) = 0 => g (y) = K, a constant. 

Thus / (x, y) = x 2 y + K. All three curves start at (1,2) and end at (3, 2), so by Theorem 2, 
f c F • dr = f (3,2) — / (1, 2) = 18 — 2 = 16 for each curve. 


12. (a) f x (x, y) = y implies / (x, y) = xy + g (y) and / y (x, y) = x + g' (y). But / y (x, y) = x + 2y so 
g' (y) = 2y => g (y) = y 2 + K. We can take K = 0, so / (x, y) = xy + y 2 . 

(b) f c F • dr = f (2,1) - / (0,1) = 3 - 1 = 2. 
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13. (a) f x (x, y) = x 3 y 4 implies / (x, y) = \x 4 y 4 + p (y) and f y (x, y) = x 4 y 3 + g' (y). But / y (x, y) = x 4 y 3 so 

g' (y) = 0 =+ g (y) = K, a. constant. We can take K = 0, so / (x, y) = \x 4 y 4 . 

(b) The initial point of C is r (0) = (0,1) and the terminal point is r (1) = (1, 2), so 
f c F • dr = f (1,2) — f (0,1) = 4 — 0 = 4. 

14. (a) f x (x , y) = e 2y implies / ( x , y) = xe 2y + g (y) and f y (x, y) = 2xe 2y + g' (y). But f y (x, y) = 1 + 2xe 2y so 

g' (y) = 1 and g (y) = y (setting K = 0). Thus / ( x , y) = xe 2y + ?/. 

(b) Since r (0) = (0,1) and r (1) = (e, 2), f c F • dr = f (e, 2) — / (0,1) = (e) e 4 + 2 — 1 = e 5 + 1. 

15. (a) / x (x, y,z)=y implies / (x, y,z) = xy + g (y, z) and f y (x, y,z) =x + dg/dy. But f y (x, y, z) = x + z so 

d9/dy = ^ and g (y, z) = yz + h (z). Thus / (x, y,z) = xy + yz + h (z) and f z (x, y,z) = y + h' (z). But 
fz (x, y,z) = y so h' (z) = 0 or h (z) = K. Hence / (x, y, z) = xy + yz (setting K = 0). 

(b) / c F-dr = /(8,3,-1)-/(2,1,4) = 21-6 = 15 

16. (a) f x (x, y, z) = 2xy 3 z 4 implies / (x, y, z) = x 2 y 3 z 4 + g (y, z) and f y (x, y, z) = 3x 2 y 2 z 4 + g y (y, z). But 

fy (x, y, z) = 3x 2 y 2 z 4 , so g y (y, z) = h (z ), and also / (x, y, z) = x 2 y 3 z 4 + h (z ), implying 

f z (x, y, z) = 4x 2 y 3 z 3 + h' (z). But f z (x, y, z) = Ax 2 y 3 z 3 , so h' (z) = 0. Hence / (x, y, z) = x 2 y 3 z 4 . 

(b) r (0) = (0,0,0) and r (2) = (2,4,8) so f c F • dr = / (2,4,8) - / (0,0,0) = 2 2 • 4 3 • 8 4 = 2 20 . 

17. (a) / x (x,y, z) = 2xz + sin y implies / (x, y, z) = x 2 z + xsiny + g (y, z) and f y (x,y,z) = xcosy + g y (y,z). 

But / y (x, y,z) = x cos y so g y (y, z) = 0 and / (x, y, z) = x 2 z + x sin y + h (z). Thus 

fz (x, y, z) = x 2 + h' (z). But f z (x, y, z) = x 2 so h' (z) = 0 and / (x, y,z) = x 2 z + xsiny (setting 

K = 0). 

(b) r (0) = (1,0,0), r (2 n) = (1,0, 2tt). Thus f c F • dr = f (1,0, 2tt) - / (1,0,0) = 2tt. 

18. (a) f x (x, y, z) = 4xe 2 implies / (x, y, z) = 2xV + g (y, z) and f y (x, y, z) = g y (y, z). But 

fy (x,y,z) = cos y so g y (y,z) = cosyorg(y,z) = siny + h(z). Thus / (x,y,z) = 2x 2 e z +siny + h(z) y 
and f z (x, y, z) = 2x 2 e z + h' (z). But f z (x, y, z) = 2x 2 e z so h' (z) = 0 and / (x, y, z) = 2x 2 e z + sin y 
(setting K = 0). 

(b) r (0) = (0,0,0), r (1) = <1,1,1) so f c F - dr = f (1,1,1)-/ (0,0,0) = 2e + sin 1. 

19. Here F (x, y) = (2x sin y) i + (x 2 cos y — 3 y 2 ) j. Then / (x, y) = x 2 sin y — y 3 is a potential function for F, that 
is, V/ = F so F is conservative and thus its line integral is independent of path. Hence 

f c 2xsinydx + (x 2 cos y - 3 y 2 ) dy = f c F • dr = f (5,1) — / (—1,0) = 25sin 1 — 1. 

20 . Here F (x, y) = (2 y 2 — 12x 3 y 3 ) i + (4 xy - 9 x 4 y 2 ) j. Then f (x, y) = 2xy 2 - 3 x 4 y 3 is a potential function for 
F, that is, V/ = F. Hence F is conservative and its line integral is independent of path. 

f c (2 y 2 - 12x 3 y 3 ) dx + (4 xy - 9 x 4 y 2 ) dy = f c F • dv = f (3,2) - / (1,1) = -1920 - (-1) = -1919. 

21. F (x, y) = x 2 y 3 i + x 3 y 2 j, W = f c F • dr. Since d (x 2 y 3 ) /dy = 3 x 2 y 2 = d (x 3 y 2 ) /dx, there exists a 

function / such that V/ = F. In fact, f x = x 2 y 3 => f (x,y) = \x 3 y 3 + g (y) => fy = x 3 y 2 + g'(y) => 

g r (y) = 0, so we can take / (x, y) = \x 3 y 3 . Thus W = f c F • dr = f (2,1) - / (0,0) = | (2 3 ) (l 3 ) — 0 = |. 

22 . F (x, y) = i — — j» W = f c F • dr. Since (— — ^ , there exists a function / such 

x x (7y \x j x cfx v i y 

that V/ = F. In fact, f x = y 2 /x 2 => f {x,y) =-y 2 /x + g (y) => f y = -2y/x + g' (y) => 

g ' (y) = 0, so we can take f (x, y) = —y 2 /x as a potential function for F. Thus 
W = J C F ■ dr = f (4, -2) -/(1,1) = - [(-2) 2 /4] + (1/1) = 0. 
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23. We know that if the vector field (call it F) is conservative, then around any closed path C, J c F • dr = 0. But take 
C to be some circle centered at the origin, oriented counterclockwise. All of the field vectors along C oppose 
motion along <7, so the integral around C will be negative. Therefore the field is not conservative. 



-3 


From the graph, it appears that F is conservative, since around all closed 
paths, the number and size of the field vectors pointing in directions 
similar to that of the path seem to be roughly the same as the number and 
size of the vectors pointing in the opposite direction. To check, we 


calculate — (2 xy + sin y) = 2x + cos y, 
dy 

(j /o \ 

— (x -f- x cos y j = 2x + cos y. Thus F is conservative, by Theorem 6. 


25. 



-3 

x-2y 


dy \ y/1 4- x 2 4- y 2 

x — 2 
9x \ yi + T 2 + y 1 


From the graph, it appears that F is not conservative. For example, any 
closed curve containing the point (2,1) seems to have many field vectors 
pointing counterclockwise along it, and none pointing clockwise. So along 
this path the integral j F • dr ^ 0. To confirm our guess, we calculate 


= (x- 2 y) 


= (x - 2) 


-y 


(1+X2 +3/2)372 


_2_ _ —2 — 2x 2 — xy 

V'l +a: 2 + y 2 (1 +x 2 +y 2 ) 3/2 ' 


(1 + x 2 +y 2 ) 3/2 


+ 


_ 1 __ 1 + y 2 + 2x 

y/l -F x 2 + y 2 (1 + x 2 + y 2 ) 3/2 


. These are not 


equal, so the field is not conservative, by Theorem 5. 


26 . V/(x,y) = cos (x - 2y) i — 2cos(x - 2y)] 

(a) We use Theorem 2: / Ci F • dv = J c ^ V/ • dr = / (r (6)) — / (r (a)) where Ci starts at t = a and ends at 

t = b. So because / (0,0) = sin 0 = 0 and / (7r, n) = sin (n — 2n) = 0, one possible curve C\ is the straight 
line from (0,0) to (n, n); that is, r (t ) = nt i + 7rí j, 0 < t < 1. 

(b) From (a), J c ^ F • dr = / (r (b)) — / (r (a)). So because / (0,0) = sinO = 0 and / (f ,0) = 1, one possible 
curve C 2 is r (t) = ^t i, 0 < t < 1, the straight line from (0,0) to (f, 0). 

27 . Since F is conservative, there exists a function / such that F = V/, that is, P = f x , Q = f y , and R — f z , Since 
P, Q and R have continuous first order partial derivatives, Clairaut’s Theorem says that 

dP/dy = f xy = fy X = dQ/dx , dP/dz = f xz = f zx = dR/dx , and dQ/dz = f yz — f zy = dR/dy. 

28 . Here F (x, y, z) = y i + x j + xyz k. Then using the notation of Exercise 27, dP/dz = 0 while dR/dx = yz. 
Since these aren’t equal, F is not conservative. Thus by Theorem 4, the line integral of F is not independent of path. 
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29. D = {(x, y) | x > 0, y > 0} = the first quadrant (excluding the axes). 

(a) D is open because around every point in D we can put a disk that lies in D. 

(b) D is connected because the straight line segment joining any two points in D lies in D. 

(c) D is simply-connected because it’s connected and has no holes. 

30. D = {(#, y) | x ^ 0} consists of all points in the xy- plane except for those on the y-axis. 

(a) D is open. 

(b) Points on opposite sides of the y- axis cannot be joined by a path that lies in D, so D is not connected. 

(c) D is not simply-connected because it is not connected. 


31- D={(x, y) | 1 < x 2 4- y 2 < 4} = the annular region between the circles with center (0,0) and radii 1 and 2. 

(a) j D is open. 


(b) D is connected. 

(c) D is not simply-connected. For example, x 2 + y 2 = (1.5) 2 is simple and closed and lies within D but encloses 
points that are not in D. (Or we can say, D has a hole, so is not simply-connected.) 

32. D = {(x, y) | x 2 + y 2 < 1 or 4 < x 2 4- y 2 < 9 } = the points on or inside the circle x 2 + y 2 = 1, together with 

the points on or between the circles x 2 + y 2 = 4 and x 2 + y 2 = 9. 

(a) D is not open because, for instance, no disk with center (0,2) lies entirely within D. 

(b) D is not connected because, for example, (0,0) and (0,2.5) lie in D but cannot be joined by a path that lies 
entirely in D. 

(c) D is not simply-connected because, for example, x 2 + y 2 = 9 is a simple closed curve in D but encloses points 
that are not in D. 


33. (a) P = — 


dP 


2 2 
y-x 


_ x dQ _ y 2 - X 2 dP _ dQ 

andQ - x 2+y2’ dx {x 2 +y*) 2 ' dy dx' 


x 2 +y 2 ’dy {x 2 + y 2 ) 2 

(b) C\: x = cos t, y = sinf, 0 < t < n, C^: x = cos t, y = sinf, t = 2n to t = tt. Then 

f _ , /* 7r (—sinf) (—sinf) + (cosf) (cosf) f* A r ■^ j r 

/ F-dr= / i^ > 2 / —- ¿dt = / dt = 7r and J c F • dr = j 2 dt = — 7 r. 

Jc 1 J 0 cos t + sin t J 0 2 

Since these aren’t equal, the line integral of F isn’t independent of path. (Or notice that 

f C3 F • dr = / 0 27r dt = 27T where C 3 is the circle x 2 + y 2 = 1, and apply the contrapositive of Theorem 3.) 

This doesn’t contradict Theorem 6, since the domain of F, which is R 2 except the origin, isn’t 
simply-connected. 


34. (a) Here F (r) = cr/ |r| 3 and r = xi + yj + zk. Then / (r) = —c/ |r| is a potential function for F, that is, 

V/ = F. (See the discussion of gradient fields in Section 17.1 [ET 16.1].) Hence F is conservative and its line 
integral is independent of path. 


Let P\ = (xi,y\,zi) and P 2 = (x 2 , y 2 ,z 2 ). 
W = f c F • dr = f (P 2 ) — f (Pi) = — 


0 xl+yl + zl ) 1 ' 2 {x\+y\ + zl) 1/2 
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(b) In this case, c = — ( mMG ) => 

W = ~ mMG ( 1.52 x 10 8 _ 1.47 x 10 8 ) 

= - (5.97 x 10 24 ) (1.99 x 10 30 ) (6.67 x ÍO -11 ) (-2.2377 x ÍO -10 ) » 1.77 x 10 35 J 

(c) In this case, c = eqQ => 

W = eqQ = (8.985 x ÍO 10 ) (1) (-1.6 x 10- 19 ) (-10 12 ) « 1.4 x 10 4 J. 

37-4 Green's Theorem 


1. (a) 


y> 

(0,3)' 

c. 

(2.3) 


c 4 - 

D 

c 2 

0 

C, (2.0) ¿ 


ET16.4 


Ci: x = t => dx = dt, y = 0 => dy = 0 dt, 0 < t < 2 . 

C 2 : x = 2 => dx = Odt,y = t => dy = dt, 0 < t <3. 

C 3 : x = 2 — t =>• dx = —dt , y = 3 => dy = 0 dt, 0 < t < 2 

C 4 : x = 0 => dx = 0 dt, y = 3 — t => dy = —dt, 0 < t < 3. 

Thus § c xy 2 dx + x 3 dy = § Ci +C2 + C3 + C , X V* dx + x3 d V 

= / 0 2 Od¿ + / 0 3 8 dt + / 0 2 -9 (2 - t) dt + / 0 3 0 dt 

= 0 + 24-18+ 0 = 6 


(b) § c X V 2 dx + x 3 dy = §§ D [£ (x 3 ) - ^ (a:y 2 )] dA = / 2 / 0 (3x 2 - 2xy) dy dx 

= / 0 (9x 2 - 9x) dx = 24 - 18 = 6 

2. (a) x = cos t, y = sin t, 0 < t < 2n r. Then 

§ c y dx — x dy = [sin t (— sin ¿) — cos ¿ (cos t)] dt = — f* n dt = — 2 n. 

(b) § c ydx-xdy = §§ D [§- x (-x) - £ (y)] dA = -2 §§ D dA = -2 A (D) = -2tt (l) 2 = -2 tt 

C\\ x = t =4> dx = dt, y = 0 => dy = 0 dt, 0 < í < 1. 

C 2 : x = 1 => dx = 0 dt, y = t => dy = dt, 0 < t < 2 . 

C3: x = 1 — t => dx = —dt, y = 2 — 2 t => dy = — 2 dt, 0 < t < 1. 



Thus § c xy dx + x 2 y 3 dy = § Ci +C2 + C3 xy dx + x 2 y 3 dy 

= // 0 dt + / 0 2 í 3 dt + §¿ [- (1 - t) (2 - 2í) - 2 (1 - í) 2 (2 - 2í) 3 ] dt 

= 0 + [i í4 ]o +[§(!- *)* + I (1 - *) 6 ]Í = 4 - f = § 

(b) / c xy dx + x 2 y 3 dy = §§ D [£ (x 2 y 3 ) - (xy)j dA = / 0 / 0 21 (2xy 3 - x) dy dx 

= /0 [IV- x y] v y ZT dx = Jo ( 8x5 ~ 2x¡ ) dx = i~i = ¡ 















I 
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4. (a) 



§c (* 2 +V 2 )dx + 2xy dy = § Ci +C¡¡ + C3 (x 2 + y 2 )dx + 2xy dy 

= Jo i( x 2 + *“) + ( 2x3 ) ( 2a; )] dx 

+ (x 2 + 16) dx + / 4 ° 0 dy 

= |+32 — | — 32 = 0 


( fe ) § c ( x2 + v 2 ) dx + 2x v d y = ISd [l? ( 2x v) - é¡¡ ( x2 + 2/ 2 )] dA 


= IJd (2y - 2y) dA = ff D (0) dA = 0 


5. We can parametrize C as x .= cos 0, y = sin 0, 0 < 0 < 2n. Then the line integral is 

§ c P dx + Q dy = / Q 27r cos 4 9 sin 5 9 (— sin 9) d9 4- (— cos 7 9 sin 6 9) cos 9d9 = — according to a CAS. 

The double integral is ff D (f§ - ff) dA = ff¡ f^IfL (~7x 6 y 6 - 5 x 4 y 4 ) dydx = verifying 

Green’s Theorem in this case. 

6. Since y — x 2 along the first part of C and y = x along the second part, the line integral is 

f c Pdx + Qdy = ff [x 4 sin x + x 2 sin (x 2 ) (2x)] dx + ff (x 2 sin x + x 2 sin x) dx 
= —16 cos 1 — 23 sin 1 + 28 
according to a CAS. The double integral is 

= fofx 2 (2xsin2/ - 2ysinx) dydx = -16cos 1 - 23sin 1 + 28. 

7. The region D enclosed by C is [0,1] x [0,1], so 

Ic e " dx + 2xeV d y = IId [£ (2xe v ) - £ (e v )] dA = f¿ fj (2e v - e v ) dydx 

= lo dx /o eV d y = (U ( el - e°) = e - 1 

8. The region D enclosed by C is given by {(x, y) | 0 < x < 1,3x < y < 3}, so 

Ic *V dx + 4x V 3 dy = IID [£ ( 4 a V) - Ví/ 2 )] dA = // / 3 ® (V - 2x 2 y) dydx 

= /o 1 [» 4 - x2 y 2 ] v=L da: = lo ( 81 - 9x2 - 72x4 ) dx = 81 - 3 -^ = 212 
9 - /c (y + eV ^) da: + ( 2x + cos 2/ 2 ) dy = IID [m ( 2x + eosy 2 ) --§¡¡ (y + e^)] dA 

= /o 1 /J2 5 ( 2 -!) dx d y = lo (y 1/2 - y 2 ) d y = \ 

10 - IId [~h ( 3x + sin v) - -§¡ (y 2 - tan_1 x )] dA = I-2 /L ( 3 - 2 y) d y dx 

= / 2 2 (—4 - 3x 2 + x 4 ) dx = — ^ 

11. / c y 3 da: — x 3 dy = ff D [£ (-a: 3 ) - ^ (?/ 3 )] dA = ff D (-3* 2 - 3y 2 ) dA = ff* f 2 (~3r 2 ) r dr dO 

= —3 So W d0 lo r3 dT = “ 3 ( 27r ) ( 4 > = " 247r 

12. f c sin ydx + xcosydy = ff D [£ (x cos y) - (sin2/)] = ff D (cos y cos j/) dA = ff D 0 dA = 0 
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13. The region D enclosed by C is given by {(x, y) | — 2 < x < 2, —y/4 — x 2 <y< \/4 — x 2 } or, in polar 
coordinates, {(r, 0) | 0 < 0 < 7r, 0 < r < 2}. Thus, 

Jc xy dx + 2x 2 dy = ff D [£ (2x 2 ) - (xj/)] dA = ff D (4x -x)dA = ffff (3r cos 0) r dr d 6 

= 3 ff cos0 defg r 2 dr = 3 [sin[¿r 3 ] ® = 3 (0) (f) = 0 

14 - /c (a: 3 -2/ 3 )dx + (x 3 + y 3 ) dy =//, < «2 + „2 < 9 [& (x 3 + y 3 ) - £ (x 3 - t/ 3 )] dA 

= JJi<x* + y 2 <g ( Sx2 + 3 2/ 2 ) dA 
= 3 J-„ fi r 3 dr dO = 6tt (^- - ¿) = 120?r 

15. The region D enclosed by C is given, in polar coordinates, by {(r, 6 ) |O<0< f, 0 < r < 2}. Thus 

Jc F • dr = Jc (y 2 - x2 y) dx + x y 2 d y = JJd (y 2 - 2 v + ^) dA 

= j; /4 Jo ( r2 - 2r sin 6 ) rdrd0 = ff /4 [4 - f sin 0] dO 

= [4e+'icose]l /4 = K + ¡(V2-2) 

16 - Jc F ' dr = Jc y 6 dx + x y 5 d y = JJd [ss ( x y 5 ) - -§¡¡ (j/ 6 )] dA = JJ D ~ 5 y s dA = ° since ~ 5 v 5 is an ° dd 

function of y and D is symmetric with respect to the i/-axis. 

17. By Green’s Theorem, W = f c F-dr = f c x(x + y)dx + xy 2 dy = ff D (y 2 — x ) dy dx where C is the path 
described in the question and D is the triangle bounded by C. So 

W = /o/o” 1 (y 2 ~ X ) d V dx = Jo 1 [h 3 ~ X y\lVo~ X dx = /o (I ( X - *) 3 - X (1 - x)) dx 

= [-4 (1 - *) 4 - + 'sñl = (-* + 1 ) - (- 4 ) = -4 

18. By Green’s Theorem, W = f c F • dr = f c xdx + (x 3 -f 3 xy 2 ) dy = f f D (3x 2 + 3 y 2 — 0) dA , where D is 
the semicircular region bounded by C. Converting to polar coordinates, we have 

W = 3 f* f£ t 2 • rdOdr = 3 tt [^r 4 ] 2 = 127r. 

19. A = f c xdy = / Q 27r (cos 3 t) (3 sin 2 t cos t) dt = 3 / Q 27r (cos 4 t sin 2 t) dt 

= 3 [—| (sinf cos 5 1) + | [^ (sinf cos 3 t) + | (cosf sinf) + = 3 (f) (f 71 ") = 8 n 

Or: 3 / 0 27r (cos 4 1 sin 2 t) dt = 3 / 0 2?r | [^ (1 — cos4t) + sin 2 2 t cos2f] dt = §7r 

20. A = § c x dy = / Q 27r (cos t) (3 sin 2 1 cos t) dt = 3 / Q 27r | (1 — cos 4 1) dt = f 7r 

21. (a) Using Equation 17.2.8 [ET 16.2.8], we write parametric equations of the line segment as x = (1 — t) x\ + tx 2 , 

y = (1 — t) yi + ty -2 , 0 < t < 1. Then dx = (X 2 — £ 1 ) dt and dy = (t /2 — 2 / 1 ) dt , so 

f c xdy — y dx = ff [(1 - t) x 1 + tx 2 \ (y 2 - yi) dt + [(1 - t) 7/1 + ty 2 \ (x 2 - xi)dt 

= / 0 (xi (y 2 - yi) - yi (x 2 -xi)+t [(y 2 - yi) (x 2 - xi) - (x 2 - xi) (y 2 - 2 / 1 )]) dt 
= fo (®i 2/2 ~ £ 22 / 1 ) dt = £ 12/2 -■ £ 22/1 
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(b) We apply Green’s Theorem to the path C = C\ U C 2 U • • • U C n , where Ci is the line segment that joins 

( xi,yi ) to 2 /í+i) for i = 1,2,... , n — 1, and C n is the line segment that joins (x n , y n ) to (xi, yi). 
From (5), \ J c xdy — ydx = ff D dA , where D is the polygon bounded by C. Therefore 

area of polygon = A(D) = f f D dA = \ f c xdy — ydx 

= \ (f Cl x dy - y dx + f^xdy -ydx-\ -b / Cnl xdy-ydxA- f Cn xdy -y dx^j 

To evaluate these integrals we use the formula from (a) to get 

A (D) = \ [(xiy 2 - x 2 yi) -f (x 2 y 3 - x 3 y 2 ) H-b (x n -iy n - x n y n - 1 ) + (x n yi - xiy n )\. 

(c) A = \ [(0 • 1 - 2 • 0) + (2 • 3 - 1 • 1) + (1 • 2 - 0 • 3) + (0 • 1 - (-1) • 2) + (-1 • 0 - 0 • 1)] 

— 5 (0 + 5 + 2 +2) = | 


22. By Green’s Theorem, jx f c x 2 dy = ^ ff D 2 xdA = \ ff D xdA = x and 

-ji § c y 2 dx = ~tá II D (-2 y) dA = : k ff D y dA = y■ 

23. Here A = \ (1) (1) = \ and C = Ci + C 2 + C3, where Ci: x = x, y = 0, 0 < x < 1; 

C 2 : x = x,y = 1 — x, x = ltox = 0; and C 3 : x = 0, y = 1 to y = 0. Then 

x = Ta fc x2 d y = fci %2 d y + fc 2 x2 d y + fc 3 x2 dy = 0 + f° +) (~dx) + 0 = ¿. Similarly, 
v = -jx f c y 2 dx = f Cl y 2 dx + fc 2 y 2 dx + fc 3 y 2dx = 0 + /° (1 - xf (-dx) + 0 = ¿. 

Therefore (x, y) = (|, \). 

24. A = sox = f c x 2 dy and y = — f c y 2 dx. Orienting the 

semicircular region as in the figure, 

x = + f Cl + c 2 x2 d y = + [° + / 0 " ( a2 cos2 1) ( a cos t) dt \ = 0 and 
y - - + [f-a 0dx + ff (“ 2 sin 2 t) (-0 sin t) dí] 

= f /<T sin3 tdt = ^ [- cosí + ¿ (cos 3 í)]ó = 

Thus ( x,y) = (0, l^). 

25. By Green’s Theorem, — \p f c y 3 dx = —\p ff D (—3 y 2 ) dA = ff D y 2 pdA = I x and 
\pfc x * d y=\pn D (3x 2 )dA = ff D x 2 pdA = I y . 



26. By symmetry the moments of inertia about any two diameters are equal. Centering the disk at the origin, the 
moment of inertia about a diameter equals 


J y = \P fc x3 d V = 3 P /T ( fl4 cos4 ¿ ) dt = 3 1a *P /0 [f + \ cos 2t + f cos 4t \ dt 


= \a 4 p • = \na A p 


27. Since C is a simple closed path which doesn’t pass through or enclose the origin, there exists an open region that 
doesn’t contain the origin but does contain D. Thus P = —y/ (x 2 + y 2 ) and Q = x/ (x 2 + y 2 ) have continuous 
partial derivatives on this open region containing D and we can apply Green’s Theorem. But by Exercise 17.3.33(a) 
[ ET 16.3.33(a)], dP/dy = dQ/dx , so f c F • dr =.ff D 0 dA = 0. 
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28. We express D as a type II region: D — {(x, y) \ fi (y) < x < f 2 (y), c < y < d} where /i and / 2 are continuous 
functions. Then JJ^dA = J JJJ g dxdy = jj [Q (/ 2 (y) ,y)-Q (f, (y) , y )] dy by 

the Fundamental Theorem of Calculus. But referring to the figure, 

§ c Qdy = § Ci +C2 + C3 + C4 Q dy. Then / Ci Qdy = Q (f x (y), y) dy, 

fc 2 Qdy = f Ci Q dy = 0 , and f Ca Qdy = ff Q (/ 2 (y), y) dy. Hence 
§ c Qdy = §f [Q (/ 2 (y) ,y)-Q ( f x (y), 3 /)] dy = f§ D (dQ/dx) dA. 



29. Using the first part of (5), we have that ff R dxdy = A ( R) = f gR xdy. But x = g (u,v), and 
dh dh 

dy = d u + dv, and we orient dS by taking the positive direction to be that which corresponds, under the 
mapping, to the positive direction along dR , so 

L xdy =L 9 K v) {^ du+ ^ dv )=L 9 {u ' v) ^ du+9 {u ’ v) ^ dv 

= ^ IIs [dü (f ~dv) ~ dv ( g V ^T¡u) ( usin g Green’s Theorem in the w-plane) 

=± II S {^ + 9 {u,v) iL) dA (usin s theChainRule > 

=± IIs {^L-^L) dA (by the equality of mxed =± fJ s w§L dudv 

The sign is chosen to be positive if the orientation that we gave to dS corresponds to the usual positive orientation, 
and it is negative otherwise. In either case, since A (R ) is positive, the sign chosen must be the same as the sign of 

■ Th "' fore A(R)= JL = //J 


du dv. 



Curl and Divergence 


ET16.5 


1. (a) curl F = V x F = 


i j k 

a/dx a/dy d/dz 
xy yz zx 


J-( ZX )-JL(y Z ) 


1 — 


±(zx)--¡L(xy) 


j + 


Wx (yz) -íy {xy) 


= (0 - Z/)i - (z - 0)j 4- (0 - x)k = -yi -zj - xk 
íy {yz) + íz' 


d d d 

(b) div F = V • F = — (xy) + (yz) + — (zx) = y + z + x = x + y + z 
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2. (a) curl F = 

(b) div F = 

3. (a) curl F = 

(b) div F = 

4. (a) curl F = 

(b) div F = 

5. (a) curl F = 

(b) div F = 

6 . (a) curl F = 

(b) div F = 

7. (a) curl F = 

(b) div F = 


V x F = 


d/dx 


J 

d/dy 


k 

d/dz 


= (-2- l)i- (1 + 2) j + (1 - 0) k = -3i - 3j + k 


x — 2 z x + y + z x — 2 y 


a O r\ 

V-F = — (x-2z) + — (x + y + z) + — (rr-22/) = l + l + 0 = 2 


V x F = 


i j k 

d/dx d/dy d/dz 
xyz 0 — x 2 y 


—x 2 i + 3xyj — xz k 


(— x 2 — 0) i — (—2 xy — xy) j + (0 — xz) k 


V • F = ¿ ( x yz) + ¿ (°) + §- z i-^y) =yz + 0 + 0 = yz 


V x F = 


i j k 

d/dx d/dy d/dz 
0 xe v ye z 


(e z - 0) i - (0 - 0) j + (e v - 0) k = e* i + e v k 


V • F = Tx (0) + íy ^ + íz {yeZ) = XeW + ^ 


V x F = 


i j k 

d/dx d/dy d/dz 
e x sin y e x cos y z 


= (0 — 0) i — (0 — 0) j + (e x cos y — e x cos y) k = 0 


Q O r\ 

V • F = — (e x siny) + — ( e x cos y) + — ( 2 ) = e x sin y - e x smy + 1 = 1 


V x F = 


1 

d/dx 

X 


J 

d/dy 

y 


k 

d/dz 

z 


(x 2 + y 2 + z 2 ) 2 


x 2 + y 2 + z 2 x 2 + y 2 + z 2 x 2 + y 2 + z 2 

[(-2 yz + 2 yz) i - (-2 xz + 2 xz) j + (-2 xy + 2 xy) k] = 0 


V • F 


= ±( _2_) + JL ( _ ¡L _) +JL ( _£_) 

dx\x 2 + y 2 +z 2 J dy\x 2 +y 2 +z 2 J dz\x 2 +y 2 + z 2 J 


xj + yj + zj - 2xJ xj + y 2 + zj - 2 yj x? + yj + zj - 2zJ 

(x 2 +y 2 +z 2 ) 2 (x 2 +y 2 + z 2 ) 2 (x 2 +y 2 + z 2 ) 2 

x 2 + y 2 + zj _ 1 

(x 2 +y 2 + z 2 ) 2 ~ x 2 +y 2 + z 2 


V x F = 


i j k 

d/dx d/dy d/dz 
x/z y/z —1 /z 


-( 0 + Í ) Í "( 0 + f) j + (0 " 0)k 

V ' F = ¿(f) + ¿(z) + á( - ;) = ~z+~z + ^ = í 


2 ^ + 1 
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8. (a) curl F = V x F = 


d/dx d/dy d/dz 


xe 


■ yz ye xz ze xy 


= (xze xv - xye xz ) i - (yze xy - xye yz ) j + (yze xz - xze vz ) k 
= x (ze xv - ye xz ) i + y (xe yz - ze xy ) j + 2 (ye xz - xe yz ) k 

(b) div F = V • F = (xe yz ) + (ye xz ) + (ze xy ) = e yz + e X2 + e xv 

9. If the vector field >s F = _P i + Q j f 7? k, then we know R = 0. In addition, the x-component of each vector of F 

n p - n h dP _dP dP dR dR dR dO 

ts u, so r - u, nence — - — - — - — = — = _=o. Q decreases as y increases, so < 0, but 

Q doesn’t change in the x- or í-directions, so —= 0 

ox dz 

<b,curlF = (fr - ^) J+ - |f) k -(0-°)i + C 0 -0)j + ( 0 - 0 )k _0 

10. If the vector field isF = Pi-bQj + ,ñk, then we know R = 0. In addition, P and Q don’t vary in the 2 ;-direction, 

dR _ dR _ dR _ dP DQ n 

so dx ~ dy ~ ~dz ~ ~dz ~ ~dz ~ ^ s x i ncrease s, the x-component of each vector of F increases while the 

?/-component remains constant, so > 0 and = 0. Similarly, as y increases, the y-component of each vector 

increases while the x-component remains constant, so > 0 and = 0 

dy dy 

f v „ dP dQ dR dP dQ „ 

<,)d,vF =i? + ^ + í¡r = ifa + f +0>0 

<» curlF» (&- (2£-?*)j + (»2 _«£) k 

\dy dz) \dz dx) \dx dy) 

= (0 - 0 ) i + (0 - 0 ) j + (0 - 0 ) k = 0 

11. If the vector field isF = Pi + Qj + Pk, then we know R = 0. In addition, the y-component of each vector of F 

is o, so Q = 0, hence = ff = = ff = 0. P increases as y increases, so > 0, but P 

Q n /-) JD 

doesn’t change in the x- or z-directions, so = — = 0 . 

ox oz 

(,)< “ ,F = f + f + f = 0+0+ ° = <l 

<b) “ r ' F = (f-f) ) + (f-f)+f-f> 

-(o-o)i + < °-o)j + (o-f) k --f k 

c . dP _ dP, . ... 

^ mCe ~dy ^ ~~dy k 1S a vector P ointin g in ttie negative 2 -direction. 


( 
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12. (a) curl / = V x / is meaningless because / is a scalar field. 

(b) grad / is a vector field. 

(c) div F is a scalar field. 

(d) curl (grad /) is a vector field. 

(e) grad F is meaningless because F is not a scalar field. 

(f) grad (div F) is a vector field. 

(g) div (grad /) is a scalar field. 

(h) grad (div /) is meaningless because / is a scalar field. 

(i) curl (curlF) is a vector field. 

(j) div (div F) is meaningless because div F is a scalar field. 

(k) (grad /) x (div F) is meaningless because div F is a scalar field. 

( l ) div (curl (grad /)) is a scalar field. 


13. curl F = V x F = 


i J k 

d/dx d/dy d/dz 


(x — x) i — (y — y) j + (z — z) k = 0 and F is defined on all of R 3 

t 


yz xz xy 

with component functions which have continuous partial derivatives, so by Theorem 4, F is conservative. Thus, 
there exists a function / such that F = V/. Then f x (x, y, z) = yz implies / (x, y, z) = xyz + g (y, z) and 
fy (x, y, z) = xz + g y (y, z). But f y (x, y, z) = xz, so g (y, z) = h (z) and / (x, y, z) = xyz + h (z). Thus 
f z (x , y, 2 ) = xy + h' (z) but f z (x, y , 2 ) = xy so h (z) = K,a constant. Hence a potential fiinction for F is 
/ (x, 2 /, z) = X 2/2 + -K'. 


14. curl F = V x F = 


= (0 — 0 ) i — (0 - 0 ) j + (0 - 0) k = 0 , F is defined on all of R 3 , and 


j k 

d/dx d/dy d/dz 
x y z 

the partial derivatives of the component functions are continuous, so F is conservative. Thus there exists a function 
/ such that V/ = F. Then / x (x, y,z) = x implies / (x, y , z) = \x 2 + g ( y , z) and / y (x, 2 /, z) = g y (y, z). But 
fv (x, z) =V>sog (y, z) = \y 2 + h (z) and / (®, y , 2 ;) = ^x 2 + |y 2 + /i ( 2 :). Thus /* (x, y,«) = / 1 ' (z) but 


f z (x , y,z) = zsoh (z) = \z 2 + K and / (x, 2 /, z) = \x 2 


+ \ y * + \z* + K. 


15. curl F = V x F = 


i 

d/dx 


j 

d/dy 


k 

d/dz 


= (2y - 2y) i - (0 - 0) j + (2x - 2x) k = 0 , F is defined on all 


2xy x 2 + 2yz y 2 

of R 3 , and the partial derivatives of the component functions are continuous, so F is conservative. Thus there exists 
a function / such that V/ = F. Then f x ( x , y , z) = 2xy implies / (x, y , z) = x 2 y + g ( y , z) and 
fy (x, 2/, z) = x 2 + g y ( 2 /, z). But f y (x, y , z) = x 2 + 2yz, so g (y, z) =y 2 z + h (z) and 
/ (x, y, z) = x 2 y + y 2 z + h (z). Thus f z (x, y, z) = y 2 + h' (z) but f z (x, y, z) =y 2 soh (z) = K and 
/ (x, y, z) = x 2 y + y 2 z + K. 
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16. curl F = V x F = 


i j k 

d/dx d/dy d/dz 
xy 2 z 3 2 x 2 yz 3 Zx 2 y 2 z 2 

= (6x 2 yz 2 - 6x 2 yz 2 ) i - (6 xy 2 z 2 - 3 xy 2 z 2 ) j + (4 xyz 3 - 2xyz 3 ) k ^ 0 , 
so F isn’t conservative. 


17. curl F = V x F = 


18. curl F = V x F = 


i j k 

d/dx d/dy d/dz 
e x e z e y 

i j k 

d/dx d/dy d/dz 
yze xz e xz xye xz 


— ( e y — e z ) i - (0 - 0) j + (0 - 0) k ^ 0, so F isn’t conservative. 


[xe xz - xe xz ) i - [(xyze xz + ye xz ) - ( xyze xz + ye xz )] j + (ze xz - ze xz ) k = 0, F is defined on all of R 3 , and 
the partial derivatives of the component functions are continuous, so F is conservative. Thus there exists a function 
/ such that V/ = F. Then f x (x, y, z) = yze xz implies / (x, y, z) = ye xz + g (y, z) and 
fy (x, y, z) = e xz + g y (y, z). But /„ (x, y, z) = e**, so g (y, z) = h (z) and / (x, y, z) = ye xz + h (z). Thus 
fz (x, y, z) = xye xz + h' (z) but f z (x, y, z) = xye xz so h(z) = K and / (a:, y, z) = ye xz + K. 

19. No. Assume there is such a G. Then div (curl G ) = y 2 +z 2 +x 2 ¿ 0, which contradicts Theorem 11. 

20. No. Assume there is such a G. Then div (curl G) = xz / 0 which contradicts Theorem 11. 
i j k 


21. curlF = 


d/dx d/dy d/dz 


f (x) 9 (y) h (z) 

is irrotational. 


= (0 - 0) i + (0 - 0) j + (0 - 0) k = 0. Hence F = / (x) i + g (y) j + h (z) k 


22 


divF = + d( ~ 9 fa*)) , d(h(x,y)) = 


dx 


dy 


dz 


0 so F is incompressible. 


For Exercises 23-29, let F (x, y, z) = i + Qi j + fíi k and G (x, y, z) = P 2 i + Q 2 j + Rz k. 

23. div (F + G) = - ^ Pl + ±Ql) + d ( fil + fla) 

dx dy dz 


, , —A , (dp 2 , dQ 2 ^dR 3 \ ,. „ 

\dx + -di + -d7) + {-te + -di + -dr) =:dwF+dlvG 


24. curl F -f- curl G = 


= (dPi dQ x dRi 

ü dy dz 

(dRi _ dQi\ (dPi _ dRi\ . (dQi _ dPi\ . 

\ dy dz ) \ dz dx ) J \ dx dy ) 

7^2 _ dQ2\ (dP2 _ dR2\ . (002 _ dft\ “ 

\ dy dz ) \ dz dx ) J \ dx dy ) 


-f- 


d (Ri + R 2 ) _ d (Qi + Q 2 ) 
dy dz 


i + 


a(Pi+P 2 ) d{Ri + R2) 
dz dx 


d (Qi + Q 2 ) a(Pi+P 2 ) 
dx dy 


k = curl (F + G) 
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dz 


-(/^»! 9 + ('t + *$í ) + ('$ + *§9 

=/í^+^+^')+(«.« 1 .fl>>(s’l'M^ =/divF+FV/ 


\ dx dy dz ) 


26. curl (/F) = 


d(fRi) d(fQi) 
dy dz 


i + 

dR, df dQ i df 

f ~di + Rl d^- f ~dT~ Ql dz 


djfPi) d(fRi) 
dz dx 


j + 


djfQ i) ^(/Pi) 

dy 


dx 


i + 


iP a/ dR, df 


+ 


f dx +Ql dx f dy Pl dy J 


02 02 

k 


= / 


dRi dQ i 
0 y dz 


i + / 


aPi _ añi 

02 0X 


j + / 


dQi dPi 
dx dy 


+ 


d 3 / df 
Rl dy~ Ql d- Z 


i + 




j + 




= /curlF + (V/) x F 


27. div(F x G) = V • (F x G) = 


dR 2 

1 c)a: 


d/dx 

d/dy 

Pi 

Qi 

P2 

Q2 

aQi _ 

n ® Rl 
Qi~ñz 


Ri 

R 2 


d 

Qi 

Ri 

a 

Pi 

Ri 

, a 

dx 

Q2 

R2 

dy 

P2 

R2 

+ Tz 


Pi Q i 
P 2 Q 2 


5Q2 

1 


' ap 2 , „ aPi añi ap 2 

P1-5-1- R2 “5 - P2-5 -Pl-Q— 

9 y dy dy ay J 


+ 


ao2 

dz 


_ _ 0 Pl C/Vl ^ ^-^2 

Pi + Q2- P2 -= - Qi — 


OQi 

a z 


ap 2 

a« 


*(»-gfc) + *(«--«*l + *(»?L-^'| 


17 a» J + + & dy ). 


„ ftm, aQ,\.„(ap, aR,\. B (ac¡, ap, \ 

n (l7“17) + «‘ (l7"17) +ñ ‘ (l7“17)j 


= G • curl F — F • curl G 


28. div (V/ x Vg) = Vg ■ curl (V/) - V/ • curl (Vg) (by Exercise 27) = 0 (by Theorem 3) 
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* j k 

9/dx d/dy d/dz 

dRi/dy — dQi/dz dPJdz - dRi/dx dQi/dx - dPi/dy 

q 2 


29. curlcurlF = V x (V x F) = 

= f&Ql _ _ &Pi ^ &Ri \ s , fd 2 Ri d 2 Qi d 2 Qi , d 2 Pi \ . 

\dydx dy 2 dz 2 dzdx J ‘ \ dzdy dz 2 dx 2 + dxdy ) 3 


( d 2 Pi _&Ri_&Ri, &Qi\ 
\dxdz dx 2 dy 2 + dydz) 

Now let’s consider grad div F - V 2 F and compare with the above. 
(Note that V 2 F is defined on page 1113 [ET 1079].) 


graddivF — V 2 F = ^ 


^ 2 Pi d 2 Q ! d 2 

dx 2 dxdy dxdz 


'Ri\ (&Pi <?Qi d 2 Ri\. 
zdz) \dydx dy 2 dydz) 3 


(^P #Qi 

\dzdx dzdy dz 2 ) 


( d 2 Pi 

A dx 2 


■ ° 2p ' | ^Pi 
dy 2 ^ dz 2 




PQi , &Qi , a 2 Qx 

y' 

d 2 Ri , d 2 Ri , d 2 /?! 


= 


'i + d 2 R x d 2 Pi d' 


(&Ri dPRi c?Ri\ 

\ dx 2 dy 2 dz 2 ) 

l Pi \ (PPi PRi. &Qi &Qi\ 
' z2 ) \dydx dydz dx 2 dz 2 ) 


V dxdy dxdz dy 2 dz 2 ) ' ' ^ dydx 1 dydz dx 2 

(&Pi_ d?Qi _ dfRi _ &R2\ 

\ dzdx dzdy dx 2 dy 2 ) 

Then applying Clairaut s Theorem to reverse the order of differentiation in the second partial derivatives as needed 
and comparing, we have curl curl F = grad div F - V 2 F as desired. 


30. (a)V-r - i + \\j (a:i + yj + zk) = l + l4-l = 3 


(b) V • (rr) = V • y/x 2 + y 2 + z 2 (x i + y j + 2 k) 


\Jx 2 +y 2 + z 2 


+ \Jx 2 + y 2 -f- z 2 -f 


y/x 2 + y 2 + z 2 


= + \/x 2 +y 2 + z 2 


y/x 2 +y 2 + z 2 


\Jx 2 +y 2 + z 2 
(4x 2 + 4y 2 + 4 z 2 ) = 4^x2 +y 2 + z 2 = 4r 


+ \Jx 2 + y 2 + z 2 


Another Method: 

By Exercise 25, V • (rr) = div (rr) = r div r + r • Vr = 3r + r • - [see Exercise 31(a) below] = 4r. 
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(c) VV = V 2 (x 2 +y 2 +z 2 ) 3J2 

= ¿ [! (* 2 + y* + ñ ,n H +1 [! (* 2 +» ! +* 2 )‘ /s <2»)] 

+ |[í(* 2 +v 2 + * 2 )‘ ,2 H 

= 3 [¿ (x 2 + y 2 + z 2 ) — 1/2 (2x) (x) + (x 2 +y 2 + z 2 ) 1/2 ] 

+ 3 [¿ (x 2 +y 2 + z 2 y 1/2 ( 2 y) (y) + (x 2 .+ y 2 + z 2 ) 1 ' 2 ] 

+ 3 [¿ (x 2 + y 2 + z 2 ) ~ 1/2 ( 2 z) (z) + (x 2 +y 2 +z 2 ) 1/2 ] 
= 3 (x 2 +y 2 + z 2 ) ~ 1/2 (4x 2 + 4 y 2 +4 z 2 ) = 12 (x 2 + y 2 + z 2 ) 1/2 


= 12 r 


Another Method: ^ (x 2 + y 2 + z 2 f /2 = 3x^fx 2 + y 2 + z 2 =!> Vr 3 = 3r (x i + y j + * k) = 3 r r, 
V 2 r 3 = V ■ Vr 3 = V ■ (3rr) = 3 (4r) = 12r by part (b). 


31. (a) Vr = V ^/^ 2 + y 2 + * 2 = 


:i + 


j + 


yjx 1 + y 2 + z 2 yjx 1 +y 2 + z 2 yj x 2 + y 2 + z 2 


xi + yj + zk = £ 
y/x 2 + y 2 +z 2 “ r 


(b) V x r = 


i 

d_ 

dx 

x 


j k 

j9_ 

y * 


0 / v S / X 
^ (2) -^ (3/) 


i + 


9 . . d , . 
^ (a:) -^ (2) 


j + 


¿ <»)-!;<*> 


k = 0 


( c > v (+ v u ++¿ ) 

1 ( 21 ) - 1 — (2v) — 1 (2z) 

2^/a; 2 +j/ 2 +¿ 2 V . 2^+ ^+^ . 2^/x 2 +y 2 +z 2 

a;2 +?/ 2 + 2: 2 1 x 2 +y 2 +z 2 ¿ a;2 +y 2 +2: 2 


xi+jyy+z^ _ _r_ 

(x 2 + y* + z 2 ) 3/2 - »- 3 

(d) Vlnr = Vln(a ; 2 + y 2 + z 2 ) 1/2 = ¿Vln (x 2 +y 2 + z 2 ) 

_ x y . z _ xi+j¿j_+zk _ r_ 

~ x 2 +y 2 + z 2 * + x 2 +y 2 + z 2 3 + x 2 +y 2 + z 2 x 2 +y 2 + z 2 r 2 
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32. r = xi + yj + zk => r = |r| = yjx 2 + y 2 + z 2 , so 


F = — 

7 'P 


x . y . z 

(x 2 + 2/2 + z 2 ) p/ 2 1 (z 2 + 2/ 2 + ¿ 2 ) p/2 J + (x 2 +y 2 +z 2 ) p/2 k 


Th e n Ó - + 3/2 + ~ px2 7-2 ~ P* 2 o- •, , 

^ (a: 2 + 2/ 2 + z 2 ) p/2 (a;2 + 2/ 2 +2 2)1 + p/ 2 r p + 2 • inuar y. 


d 


dy (x 2 


y 


- __ r'-py 2 anH 9 

+ t/ 2 _|_ 2 2^P/2 r P + 2 


_d_ z _ r 2 — pz 2 

dz ( x 2 _|_ ^2 + z 2 )P /2 ~ rP+ 2 US 


„2 „_2 2 

div F = V • F = -- 

rP + 2 


^ J_ ' 2 - py 2 , + 2 - pz 2 _ 3r 2 -px 2 —py 2 — pz 2 

r P + 2 r p + 2 r p + 2 ■ " 

3r 2 - p (x 2 + 2 / 2 + z 2 ) 


r P + 2 


2 ) _ 3r 2 — pr 2 _ 3 


r P + 2 


Consequently, 


33. By (13), § c f (Vg) ■ nds — ff D div (fVg) dA = ff D [f div (Vg) -f Vg • V/] dA by Exercise 25. But 
div(Vp) = V 2 g. Hence ff D fV 2 gdA = § c f (Vg) -nds- ff D Vg ■ VfdA. 

34. By Exercise 33, ff D fV 2 gdA = § c f (Vg) ■ nds - ff D Vg ■ Vf dA and 

II d pV 2 /d+ = f c g (Vf) ■ nds - ff D Vf ■ VgdA. Hence 

SSd (/ y2 P - 9V 2 f) dA = § c [f (Vg) n-g (V f) ■ n] ds + ff D (V/ -Vg-Vg- V f) dA 
= §c L/ v 0 -pV/] • nds 

35. (a) We know that w = v/d, and from the diagram sin 6 = d/r => v = dui = (sin 0)ru> = |w x r|. Butvis 

perpendicular to both w and r, so that v = w x r. 


(b) From (a), v = w x r = 


i j k 

0 0 U) 

x y z 


— (0 • z — íoy) i + (u)x — 0 • 2 ?) j -f (0 • 2/ — x-0)k = —ujy i -f 


ux j 


(c) curl v = V x v = 


i j k 

d/dx d/dy d/dz 
—ujy ljx 0 


é (0) -á (wx) 


i-f 




j + 


L¿ (wa:) “ ¿ (_a;2/) 


= [uj — (—+>)] k = 2uj k = 2w 






























SECTION 17.5 CURL ANO DIVERGENCE ET SECTION 16.5 


36. Let H = (hi, h 2 , h 3 ) and E = (Ei,E 2 ,E 3 ). 

( 1 dH \ 1 

—-~dt ) = ~c 


(a) 


13 
c dt 


d 2 h 2 \ 

. , (d 2 hi 

d 2 hz 

dzdt) 

1 \dzdt 

dxdt 

dhi' 

\ ¡ 1 (^hi 

dh 3 \ 

dz 

/ V dz 

' dx ) 


i j k 

d/dx d/dy d/dz 
dhi/dt dhi/dt dhs/dt 
/tóu £>2 U \ 


\dx dy ) 


\dy 

(assuming that the partial derivatives are continuous 
so that the order of differentiation does not matter) 

a 2 E 


(b) 


13 13 /19E\ _ 1 

— cdt CUr c dt \c dt) c 2 

V x (V x H) = V x (curlH) = V x = \ 


(d 2 E 3 8 2 E 2 \ (d 2 Ei d 2 E 3 \ ( 
\dydt dzdt) \dzdt dxdt) 3 V 


: 2 dt 2 

i J k 

d/dx 8/dy d/dz 
dEi/dt dE 2 /dt dE 3 /dt 

,2ir.\ / 0 2 E 2 


dxdt 


&Ei \ 

dydt) 


13 
c dt 


(dE 3 dE 2 \ . , (dEi dE 3 \._^(dE 2 dEi\ , 
\dy dz ) 1+ \dz dx ) 3+ \dx dy ) * 

(assuming that the partial derivatives are continuous 
so that the order of differentiation does not matter) 

a 2 H 


1a 1 a / iaH\ 1 

= cáí curlE= cat \— c -d¡) = -¿ 


•? dt 2 


(c) Using Exercise 29, we have that curlcurlE = graddiv E — V 2 E 

1 <9 2 e 

V 2 E = grad div E — curl curl E = grad 0 + 


1 a 2 E 

c 2 ~W [from part (a)1 = c 2 aF' 


1 a 2 H 


(d) As in part (c), V 2 H = grad div H — curl curl H = grad 0 -f- -J ~q/Y t us i n S P art (b)] — 


1 a 2 H 

? &? ' 
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Parametric Surfaces and Their Areas 


ET 16.6 


1. r (u f v) = u cos v i + u sin v j + u 2 k, so the corresponding parametric equations for the surface are 
x = u cos v,y = u sin v,z = u 2 . For any point (x, y,z) on the surface, we have 

x 2 +y 2 = u 2 cos 2 v + u 2 sin 2 v = u 2 = z. Since no restrictions are placed on the parameters, the surface is 
z = x 2 + y 2 , which we recognize as a circular paraboloid opening upward whose axis is the z-axis. 


2 . 


r (u,v) = (1 + 2u) i + (—u -f- 3v) j + (2 + 4u + 5v)k= (1,0,2) + u (2, -1, 4) + v (0,3,5). FromExample3, 
we recognize this as a vector equation of a plane through the point (1,0,2) and containing vectors a = (2, -1,4) 
and b = (0,3,5). If we wish to find a more conventional equation for the plane, a normal vector to the plane 


is a x b = 


i J k 

2-14 
0.3 5 


—17i — 10j + 6k and an equation of the plane is 


-17 (x — 1) — 10 (y - 0) + 6 (z — 2) = 0 or -17x — 10y + 6z = -5. 


3. r (x, 0) = (x, cos 9 , sin 9), so the corresponding parametric equations for the surface are 

x = x, y = cos 9, z = sin 0. For any point ( x , y, z) on the surface, we have y 2 + z 2 = cos 2 9 + sin 2 0 = 1, so any 
vertical trace in x = k is the circle y 2 + z 2 = 1, x = k. Since x = x with no restriction, the surface is a circular 
cylinder with radius 1 whose axis is the x-axis. 


4. r ( x, 9) = (x, x cos 9, x sin 9), so the corresponding parametric equations for the surface are 
x = x, y = x cos 9, z = x sin 9. For any point (x, y, z) on the surface, we have 
y 2 + z 2 = x 2 cos 2 0 + x 2 sin 2 9 = x 2 . With x = x and no restrictions on the parameters, the surface is 
x 2 = y 2 + z 2 , which we recognize as a circular cone whose axis is the x-axis. 


5. r (u, v) = (u 2 + 1, v 3 + 1, u + v), -1 < u < 1, -1 < v < 1. 

The surface has parametric equations x = u 2 + 1 , y = v 3 + 1 , 
z = u + v, — 1 < u < 1, — 1 < v < 1. If we keep u constant at t¿ 0 , 
x = uq + 1, a constant, so the corresponding grid curves must be the 
curves parallel to the yz- plane. If v is constant, we have y = üq + 1, a 
constant, so these grid curves are the curves parallel to the xz- plane. 



6. r (u, v) = (u + v, u 2 , v 2 ), -1 < u < 1, -1 < v < 1. 

The surface has parametric equations x = u + v, y = u 2 , z = v 2 , 
—1 < u < 1, — 1 < v < 1. If u = uo is constant, 
y = Uq = constant, so the corresponding grid curves are the curves 
parallel to the xz-plane. If v = vo is constant, z = v 2 = constant, 
so the corresponding grid curves are the curves parallel to the 
xy-plane. 
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/ 


7 . r ( u, v) = (cos 3 u cos 3 v, sin 3 u cos 3 v, sin 3 v ). 

The surface has parametric equations x = cos 3 u cos 3 v,y = sin 3 cos 3 v, z = sin 3 v, 0<tx<7r, 0 <v< 27t. 
Note that if v = v 0 is constant then z = sin 3 v 0 is constant, so the corresponding grid curves must be the curves 
parallel to the xy-plane. The vertically oriented grid curves, then, correspond to u = u 0 being held constant, giving 
x = cos 3 u 0 cos 3 v, y = sin 3 no cos 3 v,z = sin 3 v. These curves lie in vertical planes that contain the 2 -axis. 



8. r(i¿, v) = (cosusinv,sinusmv,cosv -f lntan (v/2)). 

The surface has parametric equations x = cos u sin v,y = sin u sin v, z = cosv + \n tan (v/2), 0 < u < 2n, 

0.1 < v < 6.2. Note that ifv = v 0 is constant, the parametric equations become x = cosusin'Uo, y = sinwsin'üo, 
z = cos v 0 + ln tan (v 0 /2) which represent a circle of radius sin v 0 in the plane z = cos v 0 + ln tan (v 0 /2). So the 
circular grid curves we see lying horizontally are the gnd curves with v constant. The vertically oriented grid curves 
correspond to u = u 0 being held constant, giving x = cos u 0 sinü, y = sinu 0 sinv, z = cosv + lntan (v/2). 
These curves lie in vertical planes that contain the 2 -axis. 



9. x = cosusin2z;, y = sinusin2t;, z = sinv. 

The complete graph of the surface is given by the parametric domain 
0 < u < 7 r, 0 < v < 27t. Note that if v = v 0 is constant, the 
parametric equations become x = cos u sin 2v 0 , y = sin u sin 2v 0 , 
z = sin v 0 which represent a circle of radius sin 2v 0 in the plane 
2 = sin v 0 . So the circular grid curves we see lying horizontally are 
the grid curves which have v constant. The vertical grid curves, then, 
correspond to u = u 0 being held constant, giving x = cos u 0 sin 2v 
and y = sin u 0 sin 2v with z = sin v which has a “figure-eight” 
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10. x = u sin u cos v,y = u cos u cos v, z = u sin v. 

We graph the portion of the surface with parametric domain 
0 < u < 47T, 0 < v < 2n. Note that if v = vo is constant, the 
parametric equations become x = u sin u cos vo,y = u cos u cos vo, 
z = u sinuo. The equations for x and y show that the projections onto 
the xy ~plane give a spiral shape, so the corresponding grid curves are 
the almost-horizontal spiral curves we see. The vertical grid curves, 
which look approximately circular, correspond to u = uo being held 
constant, giving x = uo sin uo cos v,y = uo cos uo cos v, z = uo sin v. 

11. r (u, v) = cos v i -f sin v j + i¿ k. The parametric equations for the surface are x = cos v,y = sin v, z = u. Then 
x 2 +y 2 = cos 2 v 4- sin“ v = 1 and z = u with no restriction on u, so we have a circular cylinder, graph IV. The 
grid curves with u constant are the horizontal circles we see in the plane z = u. If v is constant, both x and y are 
constant with z free to vary, so the corresponding grid curves are the lines on the cylinder parallel to the z- axis. 

12. r (tz, v) = u cos v i + u sin v j 4* u k. The parametric equations for the surface are x = u cos v, y = u sin v,z = u. 
Then x 2 4- y 2 = u 2 cos 2 v -f u 2 sin 2 v = u 2 = z 2 , which represents the equation of a cone with axis the 2 -axis, 
graph V. The grid curves with u constant are the horizontal circles we see, corresponding to the equations 

x 2 + y 2 = u 2 in the plane z = u. If v is constant, x , y, z are each scalar multiples of u, corresponding to the 
straight line grid curves through the origin. 

13. r (u, v) = u cos v i 4- ú sin v j -f v k. The parametric equations for the surface are x = u cos v, y = u sin v, z = v. 
We look at the grid curves first; if we fix v, then x and y parametrize a straight line in the plane z = v which 
intersects the 2 :-axis. If u is held constant, the projection onto the xy-plane is circular; with z = v, each grid curve is 
a helix. The surface is a spiraling ramp, graph I. 

14. x = u 3 ,y = usinv,z = ucosv. Then y 2 4- z 2 = u 2 sinv 2 -f u 2 cosv 2 = u 2 , so if u is held constant, each grid 
curve is a circle of radius u in the plane x = u 3 . The graph then must be graph III. If v is held constant, so v = vo, 
we have y = usinvo and z = ucos vq. Then y = (tan vo) z , so the grid curves we see running lengthwise along 
the surface in the planes y = kz correspond to keeping v constant. 

15. x = (u - sin u) cos v, y = (1 - cos u) sin v, z = u. If u is held constant, x and y give an equation of an ellipse in 
the plane z = u, thus the grid curves are horizontally oriented ellipses. Note that when u = 0, the “ellipse” is the 
single point (0,0,0), and when u = ir, we have y = 0 while x ranges from — 7 r to 7 r, a line segment parallel to the 
x-axis in the plane z = 7r. This is the upper “seam” we see in graph n. When v is held constant, z = u is free to 
vary, so the corresponding grid curves are the curves we see running up and down along the surface. 

16. x = (1 — w) (3 -f cosv) cos47 tu, y = (1 — u) (3 -f cosu) sin47n¿, z = 3u 4- (1 — u) sinv. These equations 
correspond to graph VI: when u = 0, then x = 3 4- cos v, y = 0, and z = sin v, which are equations of a circle with 
radius 1 in the xz -plane centered at (3,0,0). When u=\, then x = | -f | cos y = 0, and 2 = f -f | sinu, 
which are equations of a circle with radius \ in the xz -plane centered at (f, 0, f). When u = 1, then x = y = 0 
and z = 3, giving the topmost point shown in the graph. This suggests that the grid curves with u constant are the 
vertically oriented circles visible on the surface. The spiralling grid curves correspond to keeping v constant. 

17. From Example 3, parametric equations for the plane through the point (1,2, —3) that contains the vectors 

a = (1,1,-1) and b = (1, —1,1) are x = 1 -f u (1) -f v (1) = 1 4 u 4 v, y = 2 4 u (1) 4 v (-1) =2 + u-v, 
z = —3 -f u (—1) -f v(1) = —3 — u 4 v. 
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18. Letting x and y be the parameters, parametric equations are x = x, y = y, z = — y/l + x 2 +y 2 (since the surface 
lies below the rectangle) where -1 < x < 1 and -3 < y < 3. 

Altemate Solution: Using cylindrical coordinates, x = r cos 0, y = r sin 0, z = —y/1 + r 2 where 
—1 < rcosO < 1 and —3 < rsin0 < 3. 

19. x = x, y = 6 - 3x 2 - 2z 2 , s = 2 : where 3x 2 + 2z 2 < 6 since y > 0. Then the associated vector equation is 
r (x, y) = x i + (6 — 3x 2 — 2z 2 ) j + z k. 

20. x = 4 - y 2 - 2z 2 , y = y, z = z where y 2 + 2z 2 < 4 since x > 0. Then the associated vector equation is 
r (x,y) = (4 — y 2 — 2z 2 ) i + y j + z k. 

21. Since the cone intersects the sphere in the circle x 2 + y 2 = 2, z = 2 and we want the portion of the sphere above 
this, we can parametrize the surface as x = x,y = y, z = y/4 - x 2 -y 2 where 2 < x 2 + y 2 < 4. 

Altemate Solution: Using spherical coordinates, x = 2 sin <¡) cos 0, y = 2 sin <¡) sin 0,z = 2 cos <j) where 0 < <¡) < f 
and 0 < 0 < 2n. 

22. In cylindrical coordinates, parametric equations are x = sin 0, y = y, z = cos 0, 0 < 0 < 27r, — 1 < y < 3. 

23. The surface is a disc with radius 4 and center (0,0,5). Thus, x = r cos 0,y = r sin 0, z = 5 where 0 < r < 4, 

0 < 0 < 2tt is a parametric representation of the surface. 

Altemate Solution: In rectangular coordinates we could represent the surface as x = x,y = y, 2 = 5 where 
0 < x 2 + y 2 < 16. 

24. Using x and y as the parameters, x = x, y = y,z = x + 3 where 0 < x 2 + y 2 < 1. Also, since the plane intersects 
the cylinder in an ellipse, the surface is a planar ellipse in the plane z = x + 3. Thus, parametrizing with respect to s 
and 0, we have x = s cos 0, y = s sin 0, z = 3 + s cos 0 where 0 < s < 1 and 0 < 0 < 2n. 

25. Using Equations 3, we have the parametrization x = x,y = e~ x cos 0, z = e~ x sin 0, 0 < x < 3, 0 < 0 < 2n. 



26. Letting 0 be the angle of rotation about the y-axis, we have the parametrization x = (4 y 2 - y 4 ) cos 9,y = y, 
z = (4 y 2 - y 4 ) sinfl, - 2 < y < 2, 0 < 9 < 2tt. 
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27. (a) Replacing cos u by sin u and sin u by cos u gives parametric equations 

x = (2 + sin v) sin u, y = (2 + sin u) cos u, z = u 4- cos v. From the graph, it 
appears that the direction of the spiral is reversed. We can verify this observation 
by noting that the projection of the spiral grid curves onto the xy- plane, given by 
x = (2 + sin t;) sin u, y = (2 -F sin v) cos u, z = 0, draws a circle in the 
clockwise direction for each value of v. The original equations, on the other hand, 
give circular projections drawn in the counterclockwise direction. The equation for 
z is identical in both surfaces, so as z increases, these grid curves spiral up in 
opposite directions for the two surfaces. 



(b) Replacing cos u by cos 2 u and sin u by sin 2u gives parametric equations 

x — (2 + sin v) cos 2 u, y = (2 + sin t;) sin 2 u, z = u + cos v. From the graph, it 
appears that the number of coils in the surface doubles within the same parametric 
domain. We can verify this observation by noting that the projection of the spiral 
grid curves onto the xy- plane, given by x = (2 + sin v) cos 2 u, 
y = (2 4- sinu) sin 2u, z = 0 (where v is constant), complete circular revolutions 
for 0 < u < 7r while the original surface requires 0 < < 27 r for a complete 

revolution. Thus, the new surface winds around twice as fast as the original 
surface, and since the equation for 2 ; is identical in both surfaces, we observe twice 
as many circular coils in the same jz-interval. 


z 




The surface appears as a twisted sheet, and is unusual because it has only one side. (The Mobius strip is discussed in 
more detail in Section 17.7 [ET 16.7].) 


29. r (u, v) = (u -F v) i + 3i¿ 2 j + (u - v) k. 
r u = i + 6t¿ j + k and r v = i - k, so 
r u x r v = —6u i + 2 j — 6u k. Since the point (2,3,0) 
corresponds toi¿ = l,v = l,a normal vector to the surface at 
(2,3,0) is —6 i + 2 j — 6 k, and an equation of the tangent plane is 
-6x + 2y - 6z = -6 or 3x - y + 3z = 3. 


2 0 



2 

y 


0 
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30. r (u,v) = (u 2 ,u-v 2 ,v 2 ). 

r u = (2 u, 1 , 0) and r v = (0, - 2v , 2v), so 
Tu x r v = (2v, -4 uv, -Auv). The point (1,0,1) corresponds to 
u = 1, v = dbl. So a normal vector to the surface at (1,0,1) is 
± (2, -4, —4) and an equation of the tangent plane is 
2x — 4y — 4z = — 2 or x — 2y — 2z + 1 = 0. 



31. r (t¿, v) =uv i + ue v j + ve u k. 

r u = (v, e v ,ve u ), r v = (u,ue v ,e u ), and 
r u x r v = e u+v (1 - i¿v) i 4- e u (uv - v) j + e v (w - u) k. The 
point (0,0,0) corresponds to u = 0, v = 0. Thus a normal vector to 
the surface at (0,0,0) is i, and an equation of the tangent plane is 
x = 0. 



32 . r (u,v) = (u + v) i + ucosvj +vsint¿k. 

r u = (l,cosv,t;cosw) # r w = (1, -zxsinr;, sinw), and 

r u x r u = (cos v sin u + uv cos u sin v, 

v cos u — sin u , — u sin v — cos v) 

The point (1,1,0) corresponds to u = 1, v = 0. Thus a normal 
vector to the surface at (1,1,0) is (sin 1, — sin 1, —1), and an 
equation of the tangent plane is (sin 1 )x - (sin l)y - z = 0. 



33. Here z = f (x, y) = 4 - x - 2y and D is the disk x 2 + y 2 < 4. Thus, by Formula 9, 
A ( S ) = ff D ^/l + (-l) 2 + (-2) a dA = y/6 ff D dA = V6A ( D ) = 


34. 2 = f(x,y) = x + y 2 withO < x < j/,0 < y < 1. Thus, by Formula9, 

A ( S) = ff D v 7 ! + 1 + 4y 2 dA = ff ff \/HV dx dy = /J [x V2 + 4y a ] ^ dy 
= f¿ y^TWdy = 2 (i) (2 + 4y 2 ) 8 ' 2 ]* = i (6V6 - 2\/2) 

_ _3 _ 1 

■\/6 3>/2 


35 . z = f ( x, y) =y 2 - x 2 with 1 < x 2 + y 2 < 4. Then 

A (S) = ff D ^/l + 4x 2 + 4y 2 dA = ffj? VT+4Trdrd0 = f 0 2w d9 / 2 s/T+TTrdr 

- rt' [4 (i+=1 (v^ - 5VS ) 
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36. A parametric representation of the surface is x = y 2 -f z 2 , y = y, z = z with 0 < y 2 + z 2 < 9. 
Hence rj, x r z = (2yi + j) x ( 2zi + k) = i - 2yj - 2zk. 

Note: In general, if x = / (y, z) then r y xr 2 =i - ^j - ^k, and 

oy oz 


Then 


A (S) = jf 0 < y 2 + z 2 < 9 V 1 + 4 2/ 2 + 4 ¿ 2 dA = / 0 2,r / 0 3 Vl + 4r 2 rdr dO 

= f dO / 0 3 rv/TWdr = 2tt [¿ (l + 4r 2 ) 3/2 ] ® = f (37\/37 - l) 


37 . A parametric representation of the surface is x = x, y = 4x + z 2 , z = z with 0<x<l,0<z<l. Hence 
r x xr z = (i + 4 j) x (2z j + k) = 4 i-j + 2zk. 

Note: In general, if y = f (x , z) then r z x r x = -f^i+j-^k and 

OX ÓX 


A (5) - JL y+iT+W"' 

A (S) = / 0 / 0 \/17 + 4z 2 dx dz = / 0 \/17 + 4z 2 dz 


= 1 (zy/ 17 + 4z 2 + ^ ln \flz + \/4z 2 + 17|)j* = ^ ^ [ln (2 + V2l) -lnVTr] 


38. Let 5i be that portion of the surface which lies above the plane z = 0. Then A (S) = 2A (Si) by symmetry. 

1,2 = \J a 2 - x 2 so |r x x r v | = i/l + T = —===='. Hence 

V a 2 -z 2 Va 2 - a: 2 


On 5i, 


A(si)=[f -^— dA =rr 

J J 0 < x 2 + y 2 < a 2 V 37^ J — a J — 


\J a 2 —x 


■yj —X 2 \/ 


dy dx 


=/: 


2adx = 4a . Thus 


A( 5 ) = 8a 2 . 

Altemate Solution: If A (^ 2 ) is the surface area in the first octant, then A (5) = 8A (£ 2 ). A parametric 
representation of the surface in the first octant is x = a sin 0, y = y, z = a cos 0 (0 being the angle in the xz-plane 
measured from the positive 2 :-axis), where 0 < 0 < f and 0 < y < a cos 0. The restrictions on y follow from: 
x 2 + y 2 < a 2 or a 2 sin 2 0 + y 2 < a 2 so y 2 < a 2 (l - sin 2 0); thus in the first octant 0 < y < acosO. Then 
r y x r$ = (— a sin 0,0, — a cos 0) and A (S 2 ) = /J^/cT c ° s 6 adydO = /J^ 2 a 2 cos OdO = a 2 . Hence 
A(5) =8a 2 . 


39. Let A (5i) be the surface area of that portion of the surface which lies above the plane z = 0. Then 

A (S) = 2A (Si ). Following Example 10, a parametric representation of 5i is x = a sin <j> cos 0,y = asm<p sin0, 
2 = acos<f> and |r¿ x r$| = a 2 sin0. For D, 0 < <¡> < f and for each fixed (x — ^a) 2 + y 2 < (f a) 2 or 
[a sin </> cos 0 — |a] 2 + a 2 sin 2 <j> sin 2 0 < (a/2) 2 implies a 2 sin 2 <j> — a 2 sin <j> cos 0 < 0 or 
sin <j> (sin <j> — cos 0) < 0. But 0 < <j> < so cos 0 > sin <j> or sin (f + 0) > sin <j> or <j> — f < 0 < f — <j>. 
Hence D = {( <j >, 0)|O<0<f,</>-f<0<f-</>}. Then 

A (5i) = Jq /2 Í^1 2 ^J 2 ) sin <¡> dO d<j> = a 2 /J 72 ( 7 r - 2 <j>) sm<j>d<j> 

= a 2 [(—7T cos <j>) — 2 (— <j> cos <j> + sin <j >)]^ 2 = a 2 (n — 2 ) 
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Thus A (S) = 2a 2 (tt-2). 

Altemate Solution: Working on Si we could parametrize the portion of the sphere by x = x, y = y. 


= i/a 2 — x 2 — y 2 - Then |r x xr y \ = Jl + fl2 _ x 2 _ y 2 + a 2 _ x 2 _ ~2 ~ ^ _ x 2 


and 


A(Si)=íf 

JJ 0 < (a; — (a/2)) 


2 + v 2 <(°-/ 2) 2 \/a 2 -X 2 -y 2 

r — a cos 9 


: dA 


/ n/2 r 

-tt/2 J0 


a 


7t/2 racosB 

/2 7o %/a 2 - r 2 


'dr d6 


=-«(« a - +'T.r [i - (i - -=“ aí ) V1 ] <» 

= /:g a a 2 (1 - |sin0|) dO = 2a 2 /; /2 (1 - sin0) dO = 2a 2 (f - l) 


Thus A (5) = 4a 2 (f - l) = 2a 2 (tt - 2). 

Notes: 

(1) Perhaps working in spherical coordinates is the most obvious approach here. However, you must be careful 
in setting up D. 

(2) In the altemate solution, you can avoid having to use |sin Q\ by working in the first octant and then 
multiplying by 4. However, if you set up Si as above and arrived at A (Si) = a 2 7r, you now see your error. 


40. r u = (cos v, sin v, 0), r v = (-usmv, ucosv, 1), and r u x r v = (sinv, - cos v, u). Then 

A(S)= í í \/l + u 2 dudv = í dv í y/l + u 2 du 
Jo Jo Jo Jo 

=7r [§ Vt?+r+|i n | w +y^n|] o = f [\/ 2 +i n +>/2^] 


41. r u = (v, 1,1), r v = (i¿, 1, -1) and r u x r v 


(—2,u-f ~ 'w)- Th en 


A (5) = // tt2 + v2 <, V4 + 2t¿2+2 v*dA = / 0 2 "/o r\/4 + 2H dr = / Q 2 " dO rV4 + 2r2 dr 
= 27T [¿ (4 + 2r 2 ) 3/2 ] ^ = f (ev'e - 8) = 7T (2^6 - f) 


42. Let / (x, y) = 


1 + x 2 


1 + y 1 


. Then f x = 


2x 


f y = (l+X 2 ) 

CAS to estimate 


1 + y 2 ’ 

2 y (1 + a; 2 ) 

.”(i+y 2 ) 2 J “ (1 + y 2 ) 2 


2 y 


. We use a 


fh fl ( ~i JTLd V7J + /| + 1 d» dx « 2.6959. In order to 

graph only the part of the surface above the square, we use 
— (1 — |x|) < y < 1 — |x| as the y-range in our plot 

command. 
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43. (a) The midpoints of the four squares are (¿, \), ( ¿, f), ( f, 1), and ( f, §); the derivatives of the function 
/ ( x ) v) = ' J ' 2 y 2 are fx (x, y) = 2x and f y (x, y) = 2y, so the Midpoint Rule gives 

A ( s ) = fo fo \J[f* ( T > y)f + ify ( x > y )} 2 + 1 dydx 

« i (\/[ 2 (i)] 2 + [2 ü)] 2 + 1 + ü)] 2 + [2 (I)] 2 + 1 

+ \/[ 2 (5)] 2 + [ 2 ü)] 2 + 1 + >/[2 (f)] 2 + [2 (|)] 2 + l) 

= 3 (\/f+ 2 \fl + \/í) » +8279 

(b) A CAS estimates the integral to be 

^ (^) = /o /o \//x + fy + 1 dy dx = J'q fj yj4x 2 + 4y 2 + 1 á?/ dx « 1.8616. This agrees with the 
Midpoint estimate only in the first decimal place. 


44. (a) r u — a cos v i + b sin v j -f 2u k, r v = —au sin v i + bu cos v j 4- 0 k, and 
r u x r v = -2 bu 2 cos v i - 2 au 2 sinv j + abu k. 

A (^) = /o / 0 l r u x r ^l dudv = / 0 27r / 0 2 \/46 2 u 4 cos 2 1 ; + 4a 2 u 4 sin 2 v + a 2 b 2 u 2 dudv 

(b) x — a u cos v y y = b u sin 2 v, z = u 2 =$> x 2 /a 2 + y 2 /b 2 = u 2 = z which is an elliptic paraboloid. 

To find D , notice that 0 <u <2 => 0 < z < 4 =$> 0 < x 2 /a 2 -f y 2 /b 2 < 4. Therefore, using Formula 9, 


we have A (S) = /f“ 0 \/l + (2x/a^) 2 + (2 y/») a dydx. 



(d) We substitute a = 2, 6 = 3 in the integral in part (a) to get 

A ( S ) = / 0 27r / 0 2uy/9u 2 cos 2 v -f 4u 2 sin 2 u -f 9 du. We use a 
CAS to estimate the integral accurate to four decimal places. To 
speed up the calculation, we can set Digits: =7; (in Maple) or use 
the approximation command N (in Mathematica). We find that 


A(S) » 115.6596. 


45. (a) x = a sin u cos v,y = b sin u sin v, z = c cos u => 
x 2 y 2 z 2 

^2 H" -^2 + ^2 = (sint¿cosu) 2 + (sinitsinu) 2 -f (cosa) 2 
= sin 2 u + cos 2 u = 1 

and since the ranges of u and v are sufficient to generate the entire graph, 
the parametric equations represent an ellipsoid. 

(c) From the parametric equations (with a = 1, b = 2, and c = 3), we 
calculate r u = cos u cos v i + 2 cos u sin v j — 3 sin u k and 


(b) 
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r v = — sin u sin v i + 2 sin u cos v j. So r u x r v = 6 sin 2 u cos v i + 3 sin 2 u sin v j -+■ 2 sin u cos u k, and the 
surface area is given by 

A (S) = f 0 2n fo |r„ x r„| dudv 

= / 0 2 ’ r /J r \/36 sin 4 u cos 2 v + 9 sin 4 u sin 2 v + 4 cos 2 u sin 2 u du dv 


46. (a) x = ocoshwcosv, y = bcoshusinv, z = csinhu => 

2 2 2 

-—|- ^-— = cosh 2 u cos 2 v H- cosh 2 u sin 2 v — sinh 2 u 

a 2 b 2 c 2 

= cosh 2 u — sinh 2 u = 1 

and the parametric equations represent a hyperboloid of one sheet. 

(c) r u = sinh u cos v i + 2 sinh u sin v j + 3 cosh u k and 
r v = — cosh u sin v i -b 2 cosh u cos v j, so 

r u x r v = -6 cosh 2 u cos v i - 3 cosh 2 usin v j + 2 cosh u sinh u k. We integrate between 
u = sinh" 1 (-1) = - ln (1 + >/2) and u = sinh" 1 1 = ln (l + ^/2), since then * varies between -3 and 3, 
as desired. So the surface area is 

A (S ) = |r. x r.| dudt; 

= f 2?r r ln ( 1 + ^/36 cosh 4 u cos 2 v + 9 cosh 4 u sin 2 1 ; + 4 cosh 2 sinh 2 u du dv 

Jo j- ln(l + V2) v 

47. r (uj v) = (cos 3 u cos 3 v, sin 3 u cos 3 v, sin 3 v), so r u = (—3 cos 2 u sin u cos 3 v, 3 sin 2 u cos u cos v, 0), 
r v = (-3 cos 3 u cos 2 v sin v, -3 sin 3 u cos 2 v sin v, 3 sin 2 u cos u), and 

r u x r v = (9 cos u sin 2 u cos 4 v sin 2 v, 9 cos 2 u sin u cos 4 v sin 2 v, 9 cos 2 u sin 2 u cos v sin t>) . Then 
|r u x r v | = 9\/cos 2 u sin 4 u cos 8 v sin 4 v + cos 4 u sin 2 u cos 8 v sin 4 v + cos 4 u sin 4 u cos 10 v sin 2 v 
= 9 yj cos 2 u sin 2 u cos 8 v sin 2 v (sin 2 v + cos 2 u sin 2 u cos 2 v) 

= 9 cos 4 v |cos u sin u sin v| y/ sin 2 v + zos 2 u sin 2 u cos 2 v 



Using a CAS, we have 

A ( S) = Jq / 0 27r 9 cos 4 v |cos u sin u sin v\ y/ sin 2 v + cos 2 u sin 2 u cos 2 v dv du « 4.4506. 



Here z = asina, y = \AB\ , and x = \OA\. But 
\OB\ = \OC\ + \CB\ = 6 + acosaandsin0 = |^| 

y = |OB| sin 6 = (6 + a cos a) sin 6. Similarly cos 6 = 

so x = (b + a cos a) cos 6. Hence a parametric representation for 
the torus is x = b cos 6 + a cos a cos 9 , 
y = bsinO + acosasin^, z = asina, where 0 < a < 2tt, 


so that 

10^1 

\OB\ 
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a = 3, b = 4 

(c) x = bcos6 + a cos a cos 9, y = bsind + ocosasin<9, z = asina, so 

r “ = ( -a sin 01 cos -asin asin a c °s a), rg = (- (b + a cos a) sin 6, (b + acos a) cos 6, 0) and 

r Q x rg = (—ab cos a cos 6 — a" cos a cos 2 6) i + (—ab sin a cos 9 — a 2 sin a cos 2 6) j 

+ (- abcos 2 a sin 9 - a 2 cos 2 a sin 9 cos 9 - ab sin 2 a sin 9 - a 2 sin 2 a sin 9 cos 9) k 
= — o (b + a cos a) [(cos 9 cos a) i + (sin 9 cos a) j + (sin a) k] 

Then |r Q x rg \ = a (b + a cos a) y/ cos 2 9 cos 2 a + sin 2 9 cos 2 a + sin 2 a = a(b + acosa). 

Note. b > a, 1 < cosa + L so 'b + acosa) = b + acosa. Hence 

(^) — /o i 0 a (b + a cos a) da d9 = 2n [aba + a 2 sin a ] 2 * = 47r 2 ab. 



Surface Integrals 


ET 16.7 


T Each face of the cube has surface area 2 2 = 4, and the points Pfi are the points where the cube intersects the 
coordinate axes. Here, / (x, y, z) = ^/x 2 + 2y 2 + 3¿ 2 , so by Definition 1, 

ffs f (*. y, z) dS « [/ (1,0,0)] (4) + [/ (-1, o, 0)] (4) + [/ (0,1,0)] (4) + [/ (0, -1,0)] (4) 

+ [/(0,0,1)] (4)+ [/(0,0,-1)] (4) 

= 4(l + l + 2 V 2 + 2%/3) = 8 (l + %/2 + V3) « 33.170 
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2. Each quarter-cylinder has surface area ^ [2ír (1) (2)] = 7r, and the top and bottom disks have surface area 

7 T (l) 2 = 7 t. We can take (0,0,1) as a sample point in the top disk, (0,0, -1) in the bottom disk, and (±1,0,0), 

(0, dbl, 0) in the four quarter-cylinders. Then Jj s f ( x , y, z) dS can be approximated by the Riemann sum 
/ (1,0,0) (tt) + / (-1,0,0) (tt) + / (0,1,0) (tt) + / (0, -1,0) (t r) + / (0,0,1) (tt) + / (0,0, -1) (tt) = 

(2 + 2 + 3 + 3 + 4 + 4)7t = 187t « 56.5. 

3. We can use the xz- and í/z-planes to divide H into four patches of equal size, each with surface area equal to ¿ the 
surface area of a sphere with radius y+0, so A S = g (4) 7r (\/50) = 257r. Then (±3, ±4,5) are sample points in 
the four patches, and using a Riemann sum as in Definition 1, we have 

jj„ f ( x , y, z)dS*f (3,4,5) A S + f (3, -4,5) A5 + / (-3,4,5) A5 + / (-3, -4,5) A5 
= (7 + 8 + 9 + 12) (25tt) = 900tt « 2827 

4. On the surface, / (x, y,z) = g (Vx 2 +y 2 +z 2 ) = g (2) = -5. So since the area of a sphere is A-kt 2 , 

SSs f (*. v . *) ds = sSs 9 ( 2 ) dS = - 5 SSs dS = - 5 t 47r ( 2 ) 2 ] = - 807r - 

5. j? = 1 + 2x + 3y so = 2 and V = 3. Then by Formula 2, 

ox oy 

ss.^-if.'-M^ 

= / 0 / 0 x 2 y (1 + 2x + 3 y) %/4 + 9 + 1 dy dx 
= v^li / 3 So ( x2 y + 2x3 y + 3» 2 J/ 2 ) dy dx 
= VÜS 3 [|xV + X V + sVl’Io dx 
= y/Ii / 0 (lOx 2 + 4x 3 ) dx = \/Ii [^x 3 + x 4 ] 3 = 171vü 

6. 5 is the region in the plane 2x + j/ + z = 2orz = 2 — 2x — y over D = {(x, y)|0<x<l,0<j/<2 — 2x}. 
Thus 

SSs x y dS = SSd x y >/(- 2 ) a + (-i ) 2 + i d + 

=ve/o 1 ¡r x xydyte = ^io 1 w: r x * * 

= & // (4x - 8x 2 + 4x 3 ) dx = 4 (2 - f + l) = f 

7. S is the partof the plane z = l - x - y overthe region D = {(x, y) \ 0 < x < 1,0 < y < 1 - x}. Thus 

ff s y zd S — ff D y (1 — x — y) \/(—l) 2 + (—l) 2 + 1 dA 

= Vsfo 1 fo 1 -* (y-xy- y 2 ) dydx = V3f 0 ' [¿y 2 - W - ffl'ST dx 

= v / 3/ 0 g (1 — x ) 3 dx = -^|(l-x) 4 ] o = 

8. z = | (x 3/l2 + y 3/í2 ) and 

ff s ydS = ff D y sj(^f + ( % /y) 2 + l dA = /J // y v '* + y + l dx dy 

= /o y [§ (* + w + !) 3/2 ] i=0 = io §2/ [(22 + 2 ) 3/2 - (22 + 1 ) 3/2 ] d 2/ 
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Substituting u = y + 2 in the first term and t = y + 1 in the second, we have 
ffs ydS= f / 3 (u - 2) u^ du - | f¡ (t - 1) t^ dt 

= f [X /a -1« 5/2 ]¡ -1 [f* 7/2 - fí 8/2 ]i 

= f [f (s 7 / 2 - 2 7 / 2 ) - | (s 5 / 2 - 2 5 / 2 ) - f (2 7 / 2 - l) + f ( 2 5 / 2 - l)] 

= f (M - é) = Í55 (9^ + 4^2 - 2) 

9. Using x and z as parameters, we have r (x, z) = x i + (x 2 + 4z) j + 2 k, 0 < x < 2, 0 < z < 2. Then 
r x x r z = (i + 2zj) x (4j + k) = 2ii - j + 4k and | r:E x r 2 | = \/4x 2 + 17. Thus 

ffs xds = fo fo »\/4x 2 + 17 dx dz = / Q 2 dz / Q 2 x\/4x 2 + 17cte 


= 2 


¿(4x 2 + 17) 3/2 ]] 


33>/33 - 17\/Í7 


10. r (t/, 2 ;) = (4 - y 2 - z 2 ) i + yj -h zk, 0 < y 2 -f z 2 < 4, so 

r y x r z = (—2yi + j) x (— 2zi + k) = i + 2yj -f 2¿:k and |r y x r 2 | = y/4y 2 -j- 4 z 2 + 1. Then 

ff s ( y 2 + z *) dS = ff y 2 + 2 2 < 4 {y 2 + 2 2 ) \/4y 2 -f 4z 2 + 1 dA = / 0 27r / 0 r 2 y/4r 2 + lr dr 
= / Q 27r / Q 2 r 3 \/4r 2 -f 1 dr 


Substituting u = 4r 2 -f 1, so di¿ = 8r dr and r = ^ (t¿ — 1), gives 


ffs (y 2 + * 2 ) dS = 2nf¡ 7 H (u - 1 ) = £ [K' 2 - f u 3 / 2 ] ] 7 

= T5 [f (289^17 - l) - f (l7\/Í7 - l)] 

= T5 (W^+ n) = 55 (391VI7 + l) 

11. S is the part of the plane z = y + 3 over the disk D = {(x,y) | x 2 +y 2 < l}. Thus 


ff s yz ds = ff D y(y + 3) \j (0) 2 + (l) 2 + 1 dA = \/2 ff r sin 0 (r sin 6 + 3)rdrd8 
= [f 4 sin2 8 + 7-3 sin #] dO = V2 / 0 2,r (1 sin 2 0 + sin 0) dO 

= V2[\(iO-í sin 20) - cosé?] 3 * = 

12. Here 5 consists of three surfaces: Si, the lateral surface of the cylinder; S 2 , the front formed by the plane 
x + y = 2 ; and the back, S 3 , in the plane y = 0 . On Si: using cylindrical coordinates, 
r(0,y) = sin 0 i + y j + cos 0 k, O<0<2 tt, 0<y< 2-sin0, |r« x r y | = 1 and 

ffs¡ X V dS = /o7o ~ S1 " 9 ( sin ^) ydydd = / 0 2,r [2 sin 0 — 2 sin 2 0 + f sin 3 0] dO = -2ir. 

On S 2 : r (x, z) = xi + (2 - x)j + zk and |r x x r 2 | = |—i — j| = \/ 2 , wherex 2 + z 2 < 1 and 

ff s 2 x y dS = ff x 2 + 2 2 < 1 x (2 ~ x) \/2 = / 0 2 Vo \/2 ( 2 r sin 0 — r 2 sin 2 0) r dr dO 

= V2 [f siní - 1 sin 2 0 ] dO = 


On S 3 : j/ = 0 so // S3 xt/ dS = 0. Hence // s xy dS = -2tt - (8 + \/2) tt. 
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t 

13. Using spherical coordinates and Example 17.6.10 [ET 16.6.10] we have 

r (<j>, 0) = 2 sin <j> cos 0 i + 2 sin <¡> sin 0 j + 2 cos <j> k and |r¿ x r$ | = 4 sin <¡>. Then 

//s *+* 2/ 22 ) d & = Io n Io /2 ( 4snl2 cos ^) sin <j>) d<¡>dO = 167t sin 4 </>] 0 /2 = 167 t. 

14. Using spherical coordinates, r (<j>,0) = sin <j> cos 0 i + sin <j> sin 0 j -f cos <¡> k, 0 < <¡> < f, 

0 < 0 < 2tt, and |r<¿ x ra| = sin<£ (see Example 17.6.10 [ET 16.6.10]). Then 

ff s xyz dS = / 0 27r /J^ 4 (sin 3 <j> cos <j> cos 0 sin 0) d<j>d0 = 0 since / 27r cos 0 sin 0 c?0 = 0. 

15. Using cylindrical coordinates, we have r(0,z) = 3 cos 0 i + 3 sin 0 j + z k, 0 < 0 < 27 t, 0 < 2 < 2, 
and |r® x r z \ = 3. 

//s (^ 2 ^ *+■ ^ 2 ) ^ = /o7o 2 (27cos 2 0sin0 + 2 ; 2 ) 3 dzdO = / Q 2ir (162cos 2 0sin0 -f 8) dO = 167t 

16. Let Si be the lateral surface, S 2 the top disk, and 53 the bottom disk. 

On Si: r (0, z) = 3cos0i -f 3sin0j + 2 :k, 0 < 0 < 27r, 0 < 2 : < 2, |r# x r 2 \ = 3, 

//si (^ 2 + V 2 + ^ 2 ) = / 0 7o (9 + z2 ) 3 dzdO = 2tt (54 -f 8) = 1247T. 

On S 2 : r (0, r) = r cos0i -f r sin0j -f 2k, 0 < r < 3, 0 < 0 < 27r, |r* x r r | = r, 

SSs 2 ( x ' 2 +y 2 + z 2 ) dS = /o 2 7o ( r2 + 4) r dr = 2 tt (*¿ + 18) = ^tt. 

On S 3 : r (0, r) = rcos0i -f r sin0j, 0 < r < 3, 0 < 0 < 27r, |r® x r r | = r, 

//s s (^ 2 +y 2 + 2 2 ) dS = /o7o ( r2 + 0) r-drdé' = 2 tt (^) = f tt. 

Hence // s (x 2 -f y 2 -f 2 ; 2 ) = 1247T -f ^tt -f ~7r = 2417r. 

17. r (u, v) = i -f (u -f v) j -f (t¿ — t>) k, u 2 + v 2 < 1 and |r u x r v | = y/4 -f 2u 2 -f 2v 2 

(see Exercise 17.6.41 [ET 16.6.41]). Then 

ff s yxdS = ff u 2 + v 2 < ! (u 2 - ^ 2 ) \/4 -f 2u 2 -f 2i; 2 dA = / 0 27r / 0 r 2 (cos 2 0 - sin 2 0) V4 + 2r 2 rdr dO 
= / 27r (cos 2 0 — sin 2 0) <¿0j // r 3 \/4 -f 2r 2 drj = 0 
since the first integral is 0. 

18. r u = cost; i 4- sinvj, r v = — usinvi -f 'itcosuj -f k =>• r u x r v = sinv i — cosuj -f uk => 

|r u x r„| = y /1 -f u 2 , so ff s yjl -f x 2 -f y 2 dS = ffff y/1 + u 2 Vl -f u 2 dudv = §7r. 

19. F (x, y, z) = xy i -f yz j + zxk, z = g (x,y) = 4 — x 2 — t/ 2 , and D is the square [0,1] x [0,1], so by Equation 8 

ffs FdS = ffD l~ x v (~ 2x ) “ V z (“ 2 V) + z *] 

= // // [2x 2 y -f 2y 2 (4 - x 2 - y 2 ) -f x (4 - x 2 - y 2 )] dy dx 

=/o(K + ¥^-^ 3 + !t)^ = B§ 

20. F (x, y, z) = xy i 4- 4x 2 j -f 2 / 2 ; k, z = g (x, y) = xe y , and D is the square [0,1] x [0,1], so by Equation 8 

ff s F - dS = ff D [—xy (e y ) — 4x 2 (xe y ) + yz\ dA = / 0 / 0 (- xye v — 4x s e y -f xye v ) dydx 

= fo [- 4x3ey ] y yZl dx = ( e - !) /o 1 (“ 4x3 ) = 1 - e 

21. F ( 2 , y, 2 ;) = 22 :e y i — xze y j + 2 : k, 2 ; = g (x, y) = 1 — x — y, and D = {(x, y) |0<x<l,0<y<l — x}. 

Since S has downward oriéntation, we have 

SSs F ' dS = ~ SSd [~xze y (-1) - (- xze v ) (-1) +z]dA = - // / 0 1-a (1 - x - y) dydx 
= ~So (b 2 -*+5 )dx = -\ 










f 
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y 

22. F (x, 7 /, z) = xi + yj + z A k, z = g (x, y) = -i/x 2 + y 2 , and is the disk {(x, y) | x 2 + y 2 < l}. Since 5 has 
downward orientation, we have 




+ z 4 dA 


-IL 


2 2 
-g - y 

D I l/l 2 + J / 2 


\/x 2 + 1/ 2 y y i/z 2 + 1/ 2 

+ (\/e 2 + y 2 ) 4 dA = -jJ” jj (^f- + r 4 ) r dr d0 


r 2n rl 

=-j d6 L ( r *- ra ) dp =-2* (*-*)=§ 


23. F (r (</>, 0)) = 3sin<£cos0i + 3sin0sin0j + 3cos0k and 

r<¿ x r$ = 9 sin 2 </> cos 0 i + 9 sin 2 <j) sin 0 j + 9 sin <j> cos 0 k. Then 

F(r(0,0)) • (r^ x r^) = 27 sin 3 <j) cos 2 0 + 27 sin 3 <j> sin 2 0 + 27 sin 0 cos 2 <j) = 27sin0and 
// s F • dS = //*// 27 sin <j> d<j> dO = (2tt) (54) = 108tt. 


24. F (r (0, 0)) = —4 sin <j> sin 0 i + 4 sin <j) cos 0 j + 12 cos <j> k and 
r¿ x r^ = 16 sin 2 <j> cos 0 i + 16 sin 2 <j) sin 0 j + 16 sin <j) cos <j> k. Then 


F (r (0,0)) • (r<¿ x r$) = —64 sin 3 <j> sin 0 cos 0 + 64 sin 3 <j >sin 0 cos 0 + 192 sin <j> cos 2 <j> 
= 192sin0cos 2 <j) 


and ff s F-c¿S = / 0 2?r ff ^ 2 192sin0cos 2 <j)d<j>dO = 2n [—64cos 3 </>] 0 /2 = 1287T. 


25. Let Si be the paraboloid y = x 2 + 2 2 ,0<7/< 1 and S 2 the disk x 2 + z 2 < 1, y = 1. Since 5 is a closed surface, 

we use the outward orientation. On 5i: F (r (x, z)) = ( x 2 + z 2 ) j — z k and r x x r z = 2x i — j + 2z k (since the 

j-component must be negative on Si). Then 

II Sl F • dS = //x2 + ,a < 1 [- (a: 2 + 2 2 ) - 2« 2 ] d.4 = - / 0 2,r / 0 1 (r 2 + 2r 2 cos 2 0) r dr 

= -/o" 3 (1 + 2cos 2 0) d0 = - (f + f) = -7T 

On 52: F (r (x, 2 )) = j - z k and r z x r x = j. Then ff F • dS = // x2 + z2 < x (1) dA = 7r. Hence 
IIS F • CÍS = —7T + 7T = 0. 

26. Here 5 consists of three surfaces: 5i, the lateral surface of the cylinder; 52, the front formed by the plane 
x + y = 2; and the back, 53 , in the plane y = 0. 

On 5i: F (r (0, y)) = sin0 i + yj + 5 k and r^ x r y = sin0i + cos0k => 

// Sl F • ds = / 0 V 0 ” S,n 9 ( sin2 f + 5 cos 0 ) dy d(9 

= / Q 27r (2 sin 2 0 + 10 cos 0 — sin 3 0 — 5 sin 0 cos 0) dO = 27t 

On 52: F (r (x, z)) = xi + (2 — x) j + 5k and r z x r x = i + j. 

// S 2 F.dS = // sc2+jK2 < 1 [x + ( 2 -x)]dA = 27T. 

On 53 : F (r (rc, 2 )) = x i + 5 k and r x x r z = —j so ff Ss F • dS = 0. Hence ff s F-dS = 4n. 
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/ 


27. Here 5 consists of the six faces of the cube as labeled in the figure. On Si: 

F = i + 2yj + 3zk, r y x r z =i and ff Si F • dS = ff x ff x dy dz = 4; 

52 : F = xi + 2j + 3zk, r z x r x = j and ff s ^ F • dS = ff^ ff^ 2 dxdz = 8 ; 

S 3 : F = xi + 2yj + 3k, r x x r^ = k and ff s ^ F • dS = ff x ff x 3dxdy = 12; 

S 4 : F = —i + 2yj + 3 zk, r z x r y = —i and ff S4 F • dS = 4; 

S 5 : F = xi - 2 j + 3zk, r x x r z = -j and f / 5g F • dS = 8 ; 

56: F = zi + 2yj — 3k, r y x r x = —k and ff s& F ■ dS = ff^ ff^ 3dxdy = 12. 

Hence ff g F ■ dS = ELi II Si F ' dS = 48 ‘ 

28. r u = cos vi + sin vj, r v = — u sin vi + u cos v j + k => r u x r v = sin vi — cos vj + i¿k and 
F (r (t¿, v)) = u sin vi + t¿ cos vj + v 2 k. Then 

II s F • dS= ff fl (u sin 2 u — u cos 2 1 ; + t¿t; 2 ) dt¿ dv = ffff (—u cos 2v + t¿t; 2 ) dt¿ 

= II [-3 cos2?; + 

29. z = xy => dz/dx = y , dz/dy = x , so by Formula 2, a CAS gives 

f f s xyz dS = /q/q 1 xt/ (xt/) ^A / 2 +x 2 + 1 dx dy « 0.1642. 

30. As in Exercise 29, we use a CAS to calculate 

/ f s x 2 yz dS = /q/q 1 x 2 y (xy) /y 2 +x 2 + 1 dx dy 

= “ T2 0 - + _ 1^2 ^ 11 + ^) + 2880 ‘ v ^ 2 + 24 ^ n2 * 

31. We use Formula 2 with z = 3 - 2x 2 - y 2 => dz/dx = -4x, dz/dy = -2 y. The boundaries of the region 

3 - 2x 2 - y 2 > 0 are - <x< and —y/3 — 2x 2 <y< y/3 - 2x 2 , so we use a CAS (with precision 

reduced to seven or fewer digits; otherwise the calculation takes a very long time) to calculate 

ff s x 2 y 2 z 2 dS = f/fjL /^JfL x 2 y 2 (3 -2 x 2 -y 2 f Vl 6 x 2 +V + 1 dy dx « 3.4895. 

32. The flux of F across 5 is given by ff s F-dS = ff s F • ndS. Now on S,z = g (x,y) = 2y/l — y 2 , so 
dg/dx = 0 and dg/dy = —2y (l - y 2 ) -1/2 . Therefore, by ( 8 ), 

ffs F • dS = fl 2 fl, (-x 2 y [-22, (l - y 2 ) " 1/2 ] + [2 V 'í=?] 2 e*' 5 ) dy dx 

= | (i 6 tt + 80e 2/5 - 80e -2/s ) 
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33. If S is given by y = h ( x, z), then S is also the level surface f (x,y,z) = y — h (x , z) = 0. 
V/(x, y,z) _ -h x i+j -h z k 
|V/ (x,y,z)\ + l + ^ 

the derivation of (8), using Formula 2 to evaluate 


and — n is the unit normal that points to the left. Now we proceed as in 


dh . . dh, 

3¿l~ 3 ±Tz* 


[[ F-dS = [[ F n dS= [[ (Pi + Qj + flk) 

JJs JJs JJd lfdh \ 2 , (dh\- 

\I\TJ +1+ {t) 

where D is the projection of / (rc, y, z) onto the a?;z-plane. Therefore 

íl, Tis ‘IL{ pd i- Q+R fj) iA - 

34. If S is given by x = k (y, z), then S is also the level surface f (x,y,z) = x — k (t/, z) = 0. 


(£)+■+(£) : 


dA 


n = 


V/ (x, y, z) i-fc y j-fc 2 k 


\Vf(x,y,z)\ \TTk$+k¡ 
forward. Now we proceed as in the derivation of (8), using Formula 2 for 

ff s F-dS = ff s F-ndS 


, and since the x-component is positive this is the unit normal that points 


= JJjPi+Qj + Rk) 


. dk . dk. 


dz 


1 + 


dk\ , fdk\ 

dy) \dz) 


*+(©■+(£)' 


dA 


where D is the projection of / (x, y , z) onto the y^-plane. Therefore 

IIs Fds \U p - Q f- R f) iA - 

35. m = ff s KdS = K • 4ir (¿a 2 ) = 2na 2 K ; by symmetry M xz = M yz — 0, and 

M xy = ff s zK dS = K / 0 2 7; /2 (acos</>) (a 2 sm(f>) d(¡)d6 = 27t Ka 3 [—£ cos20]q /2 = irKa 3 . Hence 

(®,I/,«) = (o>o> é a )* 

I 2 2 

36. 5 is given by r (aj, y) = zi + j/j + \x 2 + y 2 k, |r* xr # | = ./l+ - =- + = v^so 

V + y ¿ 

m = ffs (lO-y/T+y 2 ) ds = // 1 < i 2 +v 2 < 16 (l0- V^+ 2 / 2 ) 

= / 0 2,r /i 4 V2(10-r) rdrdO = 2n\/2 [5r 2 - §i- 3 ]* = 108^/2* 

37. (a) 7. = // s (x 2 + y 2 ) p (x, y, z) dS 

(b) I z = ff s (x 2 + y 2 ) (10 - dS = f\ < +¡/2 < 16 (x 2 + y 2 ) (lO - \TTT) V2dA 

= fZf? \2 (lOr 3 - r 4 ) dr dO = 2\2n (*§§*) = ^\2n 

38. S is given by r (z, y) = x i + yj + / x 1 + y 2 k and |r x x r„| = v^. 

(a) m = ff s kdS = k ff Q < x2 + y 2 < o2 V2 dS = \Z2a 2 kn; by symmetry M xz = M yz — 0, and 
Mxy = ff s zkdS = k f\ ff V%r 2 drdO = \\/2a 3 kn. Hence ( x,y,z) = (0,0, §o). 

(b) Iz = ff s (x 2 + y 2 ) kdS = fZff V2kr 3 dr dO = 2n\Í2k (¿o 4 ) = ^nka 4 . 
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39. p(x, ?/, z) = 1200, V = yi+j + zk, F = pV = (1200) (yi + j + zk). S is given by 

r (x,y) = xi + yj + [9 — \ (x 2 + y 2 )] k, 0 < x 2 + y 2 <36 and r x x r y = \xi + \y j + k. Thus the rate of 

flow is given by 

IIS F • dS = II 0 < a: 2 + v 2 <36 ( 1200 ) + [ 9 “ 4 (** + V®)]) dA 

= 1200 Iq Iq* [§r 2 sin^cos^ + jrsiné? + 9 — |r 2 ] rdOdr 
= 1200 2tt (9r - ¿r 3 ) dr = (1200) (2tt) (81) = 194,400tt 

40. p (x, y, z) = 1500, F = pV = (1500) (— 2 / i + xj + 2z k). S is given by 

r (0,0) = 5 sin <j> cos 0 i + 5 sin <j> sin 0 j + 5 cos </>k, O<0<7r, O<0< 27 t, and 

x r$ = 25 sin 2 <j> cos 0 i + 25 sin 2 <j) sin 0 j + 25 sin <j> cos <j> k. Thus the rate of outward flow is 

ff s F‘dS — 1500 (—125 sin 3 <j) sin 0 cos 0 + 125 sin 3 <j) sin 0 cos 0 -h 250 sin <j> cos 2 <j>) d<j) d6 

= (3000tt) (250) (-§ cos 3 <j))]* 0 = 500,000tt. 

41. S consists of the hemisphere S\ given by z = yja 2 — x 2 — y 2 and the disk S 2 given by 
0 < x 2 +y 2 < a 2 , 2 = 0. On S\ : E = a sin <j) cos 0 i + a sin <j> sin 0 j + 2a cos <p k, 

T<¿> xT fi =a 2 sin 2 <j) cos 6i + a 2 sin 2 <j> sin 0 j + a 2 sin <j> cos <j) k. Thus 

ff E • dS = f 0 n fj^ 2 (a 3 sin 3 <j> -f 2 a 3 sin <j> cos 2 <j>) d<j> dO 

= f 0 n fj^ 2 (a 3 sin <j) + a 3 sin^cos 2 <j)) d<j)d0 = (2tt) a 3 (l + |) = §7ra 3 

On 52: E = x i + y j, and r y x r x = — k so f f s ^ E ■ dS = 0. Hence the total charge is 
q = e 0 ff s E • dS = §7ra 3 e 0 . 

42. Referring to the figure in Exercise 27, on 

S\: E = i + yj -f zk, r y x r z = i and ff Si E • dS = ff^ ff¿ dydz = 4; 

S 2 : E = xi -f j + zk, r 2 x r x = j and ff s ^ E • dS = f^ ff^ dxdz = 4; 

S3: E = x i -f y j + k, r x x r y = k and ff s ^ E • dS = f* x f* x dx dy = 4; 

54 : E = -i + y j + z k, r z x r y = -i and ff s ^ E • dS = 4. 

Similarly ff s¡¡ E • dS = ff Sq E • dS = 4. Hence q = e 0 ff s E'dS = eo fT ff s¡ E • dS = 24eo. 

43. KVu = 6.5 (4yj + 4zk). S is given by r (x,0) = xi + >/6cos0j + \/6sin0k and since we wantthe inward 
heat flow, we use r x x r$ = — \/6 cos 0 j — \/6 sin 0 k. Then the rate of heat flow inward is given by 

SSs (~ K V«) • dS = / 0 2 7 0 4 - (6.5) (-24) dxdO = (2tt) (156) (4) = 1248tt. 
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44. u (x, y, z) = c/\Jx 1 2 + y 2 + z 2 . 


F = = -X 

cK 


cx 


cy 


{x 2 -f y 2 + 2 2 ) 3/2 (x 2 + y 2 + z 2 ) 3/ 2 J (x 2 + í/ 2 -f z 2 ) 3/2 

(xi + yj + zk) 


C2 


( x 2 + 2 / 2 + z 2 ) 3/2 


and the outward unit normal is n = - (x i + y j + z k). 

a 


Thus F • n =-—-r-rr- (x 2 + y 2 + z 2 ), but on 5, rr 2 + y 2 + z 2 = a 2 so F • n = Hence the rate 

a (x 2 + y 2 + 2 2 ) 3/2 v y a 2 

of heat flow across 5 is JJ F • dS = ^- JJ dS = (4na 2 ) = 4nKc. 


Stokes' Theorem ET 16.8 

1. Both # and P are oriented piecewise-smooth surfaces that are bounded by the simple, closed, smooth curve 
x 2 + y 2 = 4, ^ = 0 (which we can take to be oriented positively for both surfaces). Then H and P satisfy the 
hypotheses of Stokes’ Theorem, so by (3) we know f f H curl F • dS = f c F • dr = ff p curl F • dS (where C is 
the boundary curve). 

2. The plane z = 5 intersects the paraboloid z = 9 — x 2 — y 2 in the circle x 2 + y 2 = 4, z = 5. This boundary curve 
C is oriented in the counterclockwise direction, so the vector equation is r (f) = 2 cos t i + 2 sin t j + 5 k, 

0 < t < 2?r. Then r' (t) = — 2 sin t i + 2 cos t j, F (r (t)) = 10 sin t i + 10 cos t j + 4 cos t sin t k, and by Stokes’ 
Theorem, 

f f s curl F • dS = f c F • dr = f 2rr F (r ( t)) • r' (t) dt = f 2n (—20 sin 2 t + 20 cos 2 t) dt 
= 20 / 27r cos 2tdt = Q 

3. The boundary curve C is the circle x 2 + y 2 = 4, 2 : = 0 oriented in the counterclockwise direction. The vector 
equation is r (f) = 2 cos 1i + 2 sin t j, 0 < t < 27r, so r' (f) = —2 sinf i + 2 cos t j and 

F (r ( t)) = (2cos t) 2 e (2sint)(0) i + (2sinf) 2 e ( 2cos¿ )(0) j + (o) 2 C ( 2c o-0(2-iní) k = 4 cos 2 f i + 4 sin 2 t j. Then, 
by Stokes’ Theorem, 

ff s curl F • dS = f c F • dr = f 2n F (r (t)) • r' (t) dt = f 2n (—8 cos 2 1 sin t + 8 sin 2 1 cos t) dt 
= 8 [| cos 3 4 5 1 + | sin 3 f] 2?r = 0 

4. C is the circle y 2 + z 2 = 4, x = \/E with vector equation r (t) = \/E i + 2 cos t j + 2 sin t k, 0 < t < 2n. 

Then F (r (t)) = [VE + tan -1 (4cos¿siní)] i + 8cos 2 tsint j + 2siní k and 

F (r (t)) • r' (t) = —16 cos 2 1 sin 2 1 + 4 sin t cos t = —2 + 2 cos 2í + 2 sin 2 1. Thus 
ff s curl F • dS = f c F • dr = 2 f 2ir (—1 + cos 2 1 + sin 2 1) dt = —47r. 

5. C is the square in the plane 2 = — 1. By (3), f f Si curl F • dS = f c F • dr = f f curl F • dS where 

Si is the original cube without the bottom and S 2 is the bottom face of the cube. 

curlF = x 2 z i + (xy — 2xyz)} + (y — xz) k. For 52, we choose n = k so that C has the same orientation for 

both surfaces. Then curl F • n = y — xz = x + y on S 2 , where z = —1. Thus 
ffs, curl F • dS = /-1 f -1 (* + y)dxd y = 0 so ff Si curl F • dS = 0. 











/ 
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6. Here S consists of the 4 sides of the pyramid but not the base in the xz- plane. 

Call the base S\. Then ff s curlF • dS = § c F • dr where C is the boundary 
of the base. To avoid calculating four line integrals, apply Stokes’ Theorem 
again. Then § c F • dr = f f Si curl F • dS. But 

curlF = (2 xy — e z ) i — y 2 j — ik and n = j, so curlF • n = —y 2 = 0 on 
Su f f Sl CUI *1 F • dS = 0 and f f s curl F • dS = 0. 

7. curl F = -2z i - 2x j — 2y k and we take the surface S to be the planar region enclosed by C, so S is the portion 

of the plane x + y + z = 1 over i7 = {(x,2/)|0<®<l,0<j/<l-a:}. Since C is oriented counterclockwise, 
we orient S upward. Using Equation 17.7.8 [ET 16.7.8], we have z = g (x,y) = 1 — x — y, P = —2 z, Q = —2x, 
R = —2y y and 

S c F • dr'= JJ S curl F • dS = ff D [- (~2z) (-1) - (~2x) (-1) + (-2,/)] dA 
= fo 1 fo~ X (-2) d y dx = -2 fo (! -x)dx = -1 

8. curl F = e x k and S is the portion of the plane 2x + y + 2z = 2 over D = {(x,y) \ 0 < x < 1,0 < y < 2 — 2a:}. 

We orient S upward and use Equation 17.7.8 [ ET 16.7.8] with z = g (x, y) = 1 — x — \y'- 

f c F-dr = ff s curl F • dS = ff D (0 + 0 + e") dA = ff f+ 2x e* dy dx 

= /q 1 (2 - 2x) e x dx = [(2 - 2x) e x + 2e x )\ (by integrating by parts) 

= 2e — 4 

9. The curve of intersection is an ellipse in the plane z = x + 4 with unit normal n = (—i + k) and 

curl F = 5i + 2j+4kso curl F • n = — . Then 

f c F-dr=-ff s = --§= (surface area of planar ellipse) = — -j=7r (2) ( 2\¡2 ) = —47r. (Recall that the 

area of an ellipse with semiaxes a and b is irab.) 

10. S is the part of the surface z = 1 - x 2 - y 2 in the first octant. curl F = 2y\ — 2xj. Using 
Equation 17.7.8 [ET 16.7.8] with g (x, y) = 1 - x 2 - y 2 , P = 2y, Q = -2x , we have 
f c F • dr = ff s curl F • dS = ff D [-2y (-2x) + ( 2x) (-2 y)) dA = ff D 0dA = 0. 

11. (a) The curve of intersection is an ellipse in the plane x + y + z = 1 with unit normal n=^=(i+j + k), 

curl F = x 2 j + y 2 k and curl F • n = (x 2 + y 2 ). Then 

§ c f ’ dr = Ifs 75 (^ 2 + y 2 ) dS = //x 2 +v 2 < 9 (® 2 + y 2 ) dxd v 
= f^f o \ 3drd 0 = 2n(*i) = *-¥ 

(b) (c) One possible parametrization is x = 3 cos t,y = 3 sin t , 

z = l — 3 cos t — 3 sin t , 0 < t < 2i r. 

4 

2 
z 

0 

-2 
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12. (a) S is the part of the surface z = y 2 — x 2 that lies above the unit disk D. 

curlF = xi - yj + (x 2 - x 2 ) k = x\ - yj. Using Equation 17.7.8 [ET 16.7.8] with g{x,y) = y 2 - x 2 , 
P — x, Q = — y, we have 


(b) 


Ic p • dr = ff s curl F-dS = ff D (-x (~2x) - (-y) (2y )] dA = 2ff D (x 2 + y*)dA 
= 2 /o7o r2r drd& = 2 (2tt) [jr 4 ] ¿ = tt 

(c) One possible set of parametric equations is x = 
y = sin £, z = sin 2 t — cos 2 t, 0 < t < 2 tv. 




cos t. 


13. The boundary curve C is the circle x 2 + y 2 = 9, z = 0 oriented in the counterclockwise direction as viewed from 
(0,0,1). Then r (f) = 3 cos t i + 3 sin t j, 0 < t < 2ir, so F (r ( t )) = 9 sin t i — 18 cos t k and 
F • r' (t) = —27 sin 2 1. Thus § c F • dr = / Q 27r (—27 sin 2 1 ) dt = —21 tv. Now curl F = —4 i H- 6 j — 3 k, 
r x x r y =2xi + 2y j + k, so 

f f s curl F • dS = f f x2 + y2 < 9 (—8x + 12 y — 3 )dA = / Q 27r / 0 3 (—8r cos 0 + 12r sin 0 — 3) rdrdO 

= lo ( _3r ) ( 2,r )= ~ 27 '* 


r.2 _l n ,2 — -n X t 7 ^ _ r 27r /+2 

curl F = — ?/ i — 2 : j — x k, r x X r y = 


(fl2 - X 2 - y 2 ) 1/2 (a 2 - x 2 - 2 / 2 ) 1/2 


14. C: x 2 + y 2 = a 2 , z = 0, § c F • dr = / Q 27r ( a 2 sinf cos¿) (— asinf) dt = -f a 3 sin 3 1\ 2 * = 0 . Then 

—-• i + —--- —r^ j + k. Hence 


[[ curl F • <¿S = [ [ 

J J S J J + y ‘ 


2<a2 

° í 2^r f-2 


yx 


-y -x 


(a? - x 2 - t / 2 ) 1/2 

n 21 ’ r r 2 cos 6 sin 0 

——hrsm^ + r cos d 
L va 2 -r 


dA 


rd0dr = 0 


since / Q 27r sin OdO = / Q 27r cos OdO = f 2n cos 0 sin OdO = 0. Notice that for this reason, it’s much easier to 
integrate with respect to 0 first. 


15. The x-, y-, and z-intercepts of the plane are all 1, so C consists of the three line segments 

C\: n (t) = (1 - 1) i + 1 j, 0 < t < 1, C 2 : r 2 (t) = (1 - 1) j + 1 k, 0 < t < 1, and C 3 : r 3 (t) = ti + (1 - t) k, 
0 < t < 1. Then 

§c F * dr = fo [í i + (1 - t) k] • ( i + j) dt + / 0 [(1 - t) i + í j] • (-j + k) dt + / 0 [(1 - t)j + f k] • (i - k) dt 
= f¿(-3t)dt = -l 


Now curlF = -i - j - k and r x x r y = i + j + k. Hence ff s curlF • dS = f¿ 1 (-3) dydx = -§. 
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16. The components of F are polynomials, which have continuous partial derivatives throughout E 3 , and both the curve 
C and the surface S meet the requirements of Stokes’ Theorem. If there is a vector field G where F = curl G, then 
Stokes’ Theorem says ff s F • dS = ff s curl G • dS depends only on the values of G on C, and hence is 
independent of the choice of S. By Theorem 17.5.11 [ ET 16.5.11], div curl G = 0, so div F = 0 -O* 

(3 ax 2 - 3 z 2 ) + (x 2 + 3 by 2 ) + (3 cz 2 ) =0 (3a + 1) x 2 + 3 by 2 + (3c - 3) z 2 = 0 

a = — 4, b = 0, c = 1. 


17. curlF = 


i J k 

d/dx d/dy d/dz 


= 2y i + 2z j + 2x k and W = f c F • dr = ff s curl F • dS. 


X x +Z 2 yV+x 2 z z +y 2 

To parametrize the surface, let x = 2 cos 0 sin 0, y = 2 sin 0 sin <j>, z = 2 cos <¡>, so that 
r (0,0) = 2sin</>cos0i + 2sin0sin0j + 2cos0k, O<0<f,O<0<f, and 
r<¿ x rg = 4 sin 2 <f> cos 0 i + 4 sin 2 <f> sin 0 j + 4 sin 0 cos <f> k. Then 
curl F (r (0,0)) = 4 sin 0sin 0 i + 4 cos 0 j + 4 sin 0 cos 0 k, and 

curl F • (r<¿ x r^) = 16 sin 3 0 sin 0 cos 0 + 16 cos 0 sin 2 0 sin 0 + 16 sin 2 0 cos 0 cos 0. Therefore 


/curl F • dS = ffjj curl F • (r</> x r©) dA 


= 16 [/J r/2 sin6'cos6id6l] [/¿ r/2 sin 3 <¡> + 16 [/J r/2 sin 6 d6>] [/ 0 ’ r/2 sin 2 0 cos 0 d0] 

+ 16 [/ 0 ’ r/2 cos 6 d6^ [// /2 sin 2 </> cos 0 d^] 

= 8 [-cos0+ Acos 3 0] o /2 + 16(1) [isin 3 0] o /2 + 16(1) [¿sin 3 0] o /2 

= 8{0 + l + 0-i]+16(|)+16(|) = f + ¥ + f =16 


«■ Jc (y + sin x) ckr + (^ 2 + cos y) dy + x 3 dz = / c F • <¿r, where 

F (x, 2 /, 2 ) = ( 2 / + sin x) i + (z 2 + cos y) j + x 3 k => curl F = —22 i — 3x 2 j — k. Since 
sin 2t = 2 sin t cos t, C lies on the surface 2 = 2xy. Let S be the part of this surface that is bounded by C. Then 
the projection of S onto the x 2 /-plane is the unit disk D ( x 2 + y 2 < 1). C is traversed clockwise (when viewed from 
above) so S is oriented downward. Using Equation 17.7.8 [ET 16.7.8] with g (x, y) = 2xy , 

P = — 2 ( 2 x 2 /) = —4x2/, Q = —3x 2 , # = — 1, we have 

f c F-dr=- ff s curlF • dS = - // D [- (-4®y) (2y) - (-3x 2 ) (2®j - 1] dA 

= - ff D (8xy 2 + 6a: 3 — l) dA = — J 0 2x | # ' (8r 3 cos 0 sin 2 0 + 6r 3 cos 3 6 - l) r dr d6 
— — f 2w (| cos 0 sin 2 9 + | cos 3 6 — ^) rdr d6 
= ~ [& sin 3 0+| (sin 6-\ sin 3 9) - \0\ = tt 

19. Assume S is centered at the origin with radius a and let Hi and H 2 be the upper and lower hemispheres, 

respectively, of S. Then ff s curl F • dS = ff Hl curl F • dS + ff Hs curl F • dS = JC! F • dr + §c 2 F • dr by 
Stokes’ Theorem. But C\ is the circle x 2 + y 2 = a 2 oriented in the counterclockwise direction while C 2 is the 
same circle oriented in the clockwise direction. Hence f c ^ F • dr = - / Ci F • dr so ff s curl F • dS = 0 as 
desired. 
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20. (a) By Exercise 17.5.26 [ET 16.5.26], curl (fVg) = f curl (Vg) + V/ x Vg = V/ x Vg since curl (Vp) = 0. 
Hence by Stokes’ Theorem f c (fVg) • dr = ff s (V/ x Vg) ■ dS. 

(b) As in (a), curl (/V/) = V/ x V/ = 0, so by Stokes’ Theorem, 
fc (/V/) • dr = ff s [curl (/V/)] • dS = 0. 

(c) As in (a), 

curl (fVg + gVf)= curl (fVg) + curl (gVf) (by Exercise 17.5.24 [ ET 16.5.24]) 

= (V/ x Vg) + (Vg x V/) = 0 [since u x v = — (v x u) ] 

Hence by Stokes’ Theorem, f c (fVg + gVf) • dr = ff s curl (fVg + gVf) ■ dS = 0. 

—The Divergence Theorem ET 16.9 


1. The vectors that end near P\ are longer than the vectors that start near so the net flow is inward near P\ and 
divF (P\) is negative. The vectors that end near P 2 are shorter than the vectors that start near P 2 , so the net flow is 
outward near P 2 and div F (P 2 ) is positive. 

2. (a) The vectors that end near P\ are shorter than the vectors that start near P\ , so the net flow is outward and P\ is a 

source. The vectors that end near P 2 are longer than the vectors that start near P 2 , so the net flow is inward and 
P 2 is a sink. 

(b) F (x, y) = (x, y 2 ) =>• div F = V • F = 1 -f 2 y. The y-\ alue at P\ is positive, so div F = 1 -f 2y is 

positive, thus P\ is a source. At P 2 , y < — 1, so divF = 1 + 2y is negative, and P 2 is a sink. 

3. div F = 3 + x + 2x = 3 + 3x, so 

III e = fofofo + 3) dx dydz — \ (notice the triple integral is 


three times the volume of the cube plus three times x). 

To compute ff s F • dS, on S\: n = i, F = 3i -f yj + 2zk , and 
ff Si F-dS = ff Si 3dS = 3; 

S¡: F = 3xi + xj + 2 xz k, n = j and ff s¡ F ■ dS = ff S2 xdS = %; 

S 3 : F = 3 xi + xyj + 2xk, n = k and ff $3 F ■ dS = ff S3 2 xdS = 1; 

S+F = 0, / f Si F • dS = 0; S 5 : F = 3x i + 2x k, n = — j and / f s F ■ dS = 
Se: F = 3 x i + xyj, n = -k and // gg F • dS = ff Sg 0 dS = 0. Thus ff g F ■ 



:ff Ss 0dS = 0; 
■dS=l 


4. div F = 8z , so 


IISe div FdV = /0 7o 1+ dzdr d6 = 27T // (4r - 4r 5 ) dr = |tt. 
On Si: F = xi + yj + 3 k, n = k and ff s¡ F ■ dS = ff Si 3 dS = 3n. 

5 2 : F = (x 3 +xy 2 )i+ (y 3 + yx 2 ) j + 3 (x 2 + y 2 ) 2 k. 




II S2 F ■ dS = ff x2 + v2 <, (-x 4 - y 4 - 2x 2 y 2 ) dA 

= — Io"Io drdO = —^ 

Hence ff g F ■ dS = 3n - f = §tt. 


X, 















/ 
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5. div F = x + y + z, so 

/// E div F dV = f** f¿ ff (r cos 0 + r sin 0 + z) r dz dr dO = f* n ff (r 2 cos 0 + r 2 sin 0 + |r) dr dO 

= C (I cosé> + 3 sin0 + \)dB = \ (2rr) = f 

Let Si be the top of the cylinder, S 2 the bottom, and Ss the vertical edge. 

On 5i, z = 1, n = k, and F = xy i + y j + x k, so 

Sf 8l F-dS = ff Si F-ndS = ff Si xdS = f? ff (r cos 0) rdrdd = [sin fffc [|r 3 ] \ = 0 . On S 2 , z = 

n = — k, and F = xy i so f f s ^ F • dS = ff s 0 dS = 0 . S3 is given by r (0 , z) = cos 0 i + sin 0 j -f- 2 k, 

0 < 0 < 27t, 0 < 2 < 1. Then r$ x r 2 = cos 0 i + sin 0 j and 

ffs 3 F-dS = ff D F( r e x r z )dA = ff w ff (cos 2 6 >sin 6 > + z sin 2 6) dz d9 

= f£ w (cos 2 9 sin 0 + | sin 2 0) dO = [—3 cos 3 9 + \ (6 — | sin 29)] 2w = f 
Thus // s F • dS = 0 + 0 + f = f . 

6 . div F = 1 + 1 + 1 = 3, so fff E div F dV = fff E 3dV = 3 (volume of ball) = 3 (|tt) = 4tt. To find 

ff s F-dSwe use spherical coordinates. S is the unit sphere, represented by 
r (</>, 0) = sin (j> cos 0 i -f sin <f> sin 0 j -f cos <¿>k, O< 0 < 7 r, O<0< 2tt. Then 

x to = sin 2 0 cos 0 i + sin 2 <j) sin 0 j + sin </> cos <j) k (see Example 17.6.10 [ ET 16.6.10]) and 
F (r (<£, 0)) = sin <j) cos 0 i + sin 0 sin 0 j + cos <¡> k. Thus 


ff s F-dS = ff D F • (r¿ x r^) dA = / Q 27r // (sin 3 </>.cos 2 0 + sin 3 <j) sin 2 6 + sin </> cos 2 </>) d<j) dO 
- fg w do ff sin <¡>d(j) = (2n) (2) = 4tt 
d d d 

7. divF = — (3 y 2 z 3 ) + — ( 9 x 2 y 2 2 ) + — ( 4 x 2 / 2 ) = 9x 2 z 2 , so by the Divergence Theorem, 

ffs F ■ dS = fff E 9x 2 z 2 dV = //j //j /2 X 9a 2 z 2 dxdydz = 8 . 
d d d 

8 . divF = ^ (x 2 y) + — (— x 2 z) + — (z 2 y) = 2 xy + 2zj/, so by the Divergence Theorem, 


dy 


dz 


ffs F-dS = fff £ (2 xy + 2yz) dV = f Q f Q /„ (2xy + 2yz) dx dy dz = 24. 

9- dW F = é (-a5 * ) + ¿ + ^ (* 2) = -z - ^ + 2z = 0, 

so ff s F ■ dS = fff E div F dV = fff E 0dV = 0. 

10* ff s F ■ dS = fff B (5 y) dV = fj ff~ x ff~ x ~ v 5 y dz dy dx = f¿ f¿~* [5(1 - x)y - 5y 2 ] dy dx 
= /o[f (l-x) 3 -l(l-x) 3 ]dx = ± 

11. div F = 3 y 2 + 0 + 32: 2 , so using cylindrical coordinates with y = r cos 0, 2 : = r sin 0, x = x we have 
ffs F ■ dS = fff E (3 y 2 + 3z 2 ) dV = / 0 2,r / 0 / 2 j (3r 2 cos 2 9 + 3r 2 sin 2 6 >) r dx dr dO 

r 2ir r 1 3 


= 3 / 0 ¿0 ff r 3 dr f 2 _ x dx = 3 (2tt) (J) (3) = 


9tt 

2 


12. div F = 3x 2 y — 2x 2 y — x 2 y = 0, so ff s F ■ dS = fff E 0 dV = 0. 

13 - ffs F dS = fff E 3 (x 2 +y 2 + z 2 ) dV = f 0 w ff ff 3 p 4 sin <¡>dpd<f>d9 = 2i r ff f sin <¡>d<t> = 

14. ff s F ■ dS = fff E 3 (x 2 +y 2 )dV = f Q 2w f 2 f 0 4 ~ r * 3 r 3 dz dr dO = 2n f 0 (l 2 r 3 - 3r 5 ) dr = 32tt 
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15 ‘ ffs F • dS = fff E 2 V dV = ffx* +y 2 <9 fy — 3 2 y dz dA = /0V0 /-3 + rsinS i 2 ^ SÍn 9 ) dz dr dd 

= /o 2 7o ( 6r2 sin ^ — 2r 3 sin 2 6 ) drdd = / Q 2,r [54sin0 — sin 2 6] dO = —^7 

16 - //s F dS = fff E 3 (x 2 +y 2 + l)dV = f Q 27T f Q n/2 f 2 3 (p 2 sin 2 4> + 1) p 2 sin <f> dpd<¡>dO 

= 2ít /; /2 [^p sin 3 <j> + 7sin </] d<¡> = 27r [^ (— cos <j> + | cos 3 <j>) — 7 cos </>]" /2 = f^n 

17 - ffs FdS = fff e - x 2 dv = S-if-ifo~ X *~ yi V3 - x 2 dz dy dx = ^f\/2 + §± sin -1 



By the Divergence Theorem, the flux of F across the surface of the cube is 

ff s FdS = ff /2 ff /2 ff /2 [cos x cos 2 y + 3 sin 2 y cos y cos 4 z + 5 sin 4 z cos z cos 6 x ] dz dy dx = tt 2 

19. For Si we have n = -k, so F • n = F • (-k) = -x 2 z - y 2 = —y 2 (since 2 = 0 on Si). So if D is the unit disk, 
we § et ff Sl Fds = ff Sl F ■ ndS = ff d (-V 2 ) dA = ~ /T/o 1 7-2 sin2 Ordrdd = -\n. Now 

since S 2 is closed, we can use the Divergence Theorem. Since 

divF = (z 2 x) + (|i/ 3 + tanz) + (x 2 z + y 2 ) = z 2 + y 2 + x 2 , we use spherical coordinates to get 

ffs 2 F ds = fff E divFdV = fo’ r fo /2 fo P 2 ■ P 2 sm<t>dpd<j)de = \n. Finally 
ffs F dS = ffs 2 F dS ~ ff Sl F-dS = \n- (~\n) = f Q n. 

20. As in the hint to Exercise 19, we create a closed surface S 2 = S U 5i, where S is the part of the paraboloid 
x 2 +y 2 + z = 2 that lies above the plane z = 1, and 5i is the disk x 2 + y 2 = 1 on the plane z = 1 oriented 
downward, and we then apply the Divergence Theorem. Since the disk Si is oriented downward, its unit normal 
vector is n = —k and F • (—k) = — 2 : = — 1 on 5i. So 

ff Si F • dS = ff Si F • ndS = ff Si (—1 )dS = —A (Si) = — 7 r. Let E be the region bounded by S 2 . Then 
ffs 2 F ' dS = fff E divFdV = fff E ldV = fofo W f 2 ~ r2 rdz<mdr = ///f (r - r 3 ) dOdr 


= (2n)\ = z. 

Thus theflux of F across S is ff s F • dS = ff s ^ F • dS - ff Si F • dS = f — (— n) = . 

,2 , „,2 , „2\ 0^2 


21. Since 


xi + t/j + zk , d 
— and 


|x| 3 (z 2 +2/2+ Z 2 ) 3/2 dx \ ( X 2 + y 2 + ¿2)3/2 


X 


(x 2 + y 2 + z 2 ) - 3x 2 ..... 

---—r- 77 ;— with similar 

(x 2 +y 2 +z*) s/2 


■ f 9 
expressions for — 


. d 

and — 


dy l (x 2 +y 2 + z 2 ) 3/2 J dz l ( X 2 +y 2 + z 2)3/2 


, we have 


/ x \ 3 (x 2 +y 2 + z 2 ) — 3 (x 2 +y 2 + z 2 ) 

div —o- =---- _ /0 -- = 0 , except at ( 0 , 0 , 0 ) where it is undefined. 

\|X|V ( x 2 +y 2 +z 2f/2 P V.,; 
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/ 

22. We first need to find F so that JJ S F ■ ndS = JJ S (2x + 2y + z 2 ) dS, so F • n = 2x + 2 y + z 2 . But for S, 

n = UÍ =xi + yj + zk. Thus F = 2i + 2j + «k and div F = 1. If 

sj x 2 +y 2 + z 2 

B = {(x,y,z) \x 2 +y 2 + z 2 < l}, then JJ S (2x + 2y + z 2 ) dS = JJJ B dV = V (B) = |tt (l) 3 = |tt. 

23. JJ S a • n dS = JJJ B div adV = 0 since div a = 0. 

24. lJJ s F-dS = i JJJ E div FdV = ¡ JJJ B 3 dV = V (E) 


25. JJ S curlF • dS = JJJ E div(curlF) dV = Oby Theorem 17.5.11 [ET 16.5.11]. 


26. JJ S D n f dS = JJ S (Vf • n) dS = JJJ E div (V/) dV = JJJ E V 2 / dV 


27. JJ S (fVg) • n dS = JJJ E div ( fVg) dV = JJJ E (fV 2 g + Vg • Vf) dV by Exercise 17.5.25 [ET 16.5.25]. 

28. ffs (/Vff - gVf) n dS = JJJ E [( fV 2 g + Vg ■ Vf) - (gV 2 f + Vg ■ Vf)] dV (by Exercise 27). But 
Vg-Vf = Vf- Vg, so that JJ S (fVg - gVf) n dS = JJJ E (fV 2 g - gV 2 f) dV. 


29. If c = ci i + C 2 j + C 3 k is an arbitrary constant vector, we define F = /c = /ci i + /C 2 j + /C 3 k. Then 

div F = div /c = ^ci + ^C 2 + ^J-C 3 = V/ • c and the divergence theorem says 
ox oy oz 

ff S F • dS = fff E divF dV => ff S F • ndS = fff E V/ • cdV. In particular, if c = i then 

ff s fi-ndS = fff E Vf-idV => JJ fmdS = JJJ ^ dV (where n = m i + n 2 j + n 3 k). 
Similarly, if c = j we have JJ /n 2 dS = JJJ ^ dV , and c = k gives JJ /n 3 dS = JJJ dV. Then 

ff s fn dS = (ff s fm dS)i + (ff s fn 2 dS) j+(ff s fn 3 dS) k 




as desired. 

30. By Exercise 29, ff s pndS = fff E Vp dV , so 

F = — JJ s pndS = — JJJ E VpdV = - JJJ E V (pgz) dV = - JJJ E (pg k) dV 
= -pg(JJJ E dV)k = -pgV(E)k 


But the weight of the displaced liquid is volume x density x g = pgV (E ), thus F = -WTc as desired. 
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2 . 

3. 


4. 


5. 

6 . 


7. 


8 . 


9. 


10 . 

11 . 


12 . 


Review 


CONCEPT CHECK 


ET16 


See Definitions 1 and 2 in Section 17.1 [ ET 16.1]. A vector field can represent, for example, the wind velocity at 
any location in space, the speed and direction of the ocean current at any location, or the force vectors of Earth’s 
gravitational field at a location in space. 

(a) A conservative vector field F is a vector field which is the gradient of some scalar function /. 

(b) The function / in part (a) is called a potential function for F, that is, F = V/. 

(a) See Definition 17.2.2 [ET 16.2.2]. 

(b) We normally evaluate the line integral using Formula 17.2.3 [ET 16.2.3]. 

(c) The mass is m = J c p (x, y) ds , and the center of mass is (x, y) where x = ¿ f c xp (x, y) ds, 

y = 7¿¡ c yp (*« y) ds • 

(d) See (5) and (6) in Section 17.2 [ ET 16.2] for plane curves; we have similar definitions when C is a space curve 
(see the equation preceding (10) in Section 17.2 [ET 16.2]). 

(e) For plane curves, see Equations 17.2.7 [ET 16.2.7]. We have similar results for space curves 
(see the equation preceding (10) in Section 17.2 [ET 16.2]). 

(a) See Definition 17.2.13 [ET 16.2.13]. 

(b) If F is a force field, J c F • dr represents the work done by F in moving a particle along the curve C. 

(c) J c F • dr = J c Pdx 4- Qdy + Rdz 
See Theorem 17.3.2 [ET 16.3.2]. 

(a) J c F • dr is independent of path if the line integral has the same value for any two curves that have the same 
initial and terminal points. 

(b) See Theorem 17.3.4 [ET 16.3.4]. 


See the statement of Green’s Theorem on page 1102 [ET 1068]. 

See Equations 17.4.5 [ET 16.4.5]. 

f-SMiMí)— 

(b) divF ,|E + g + a?,v.F 

(c) For curlF, see the discussion accompanying Figure 1 on page 1112 [ET 1078] as well as Figure 6 and the 
accompanying discussion on page 1142 [ ET 1108]. For div F, see the discussion following Example 5 on 
page 1113 [ET 1079] as well as the discussion preceding (8) on page 1149 [ET 1115]. 


See Theorem 17.3.6 [ET 16.3.6]; see Theorem 17.5.4 [ET 16.5.4]. 

(a) See (1) and (2) and the accompanying discussion in Section 17.6 [ET 16.6]; See Figure 4 and the accompanying 
discussion on page 1118 [ET 1084]. 

(b) See Definition 17.6.6 [ET 16.6.6]. 

(c) See Equation 17.6.9 [ET 16.6.9]. 


(a) See (1) in Section 17.7 [ET 16.7]. 

(b) We normally evaluate the surface integral using Formula 17.7.3 [ET 16.7.3]. 
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(c) See Formula 17.7.2 [ET 16.7.2]. 

(d) The mass is m = ff s p(x,y, z) dS and the center of mass is (3f, y , z) where x = ^ ff s xp (x,y, z) dS> 
y=™Jls yp (*> 3 /. z ) dS ’ z = ™ ffs z p ( x > y> z ) dS - 

13. (a) See Figures 7 and 8 and the accompanying discussion in Section 17.7 [ET 16.7]. A Móbius strip is a 

nonorientable surface; see Figures 5 and 6 and the accompanying discussion on page 1131 [ET 1097]. 

(b) See Definition 17.7.7 [ET 16.7.7]. 

(c) See Formula 17.7.9 [ET 16.7.9]. 

(d) See Formula 17.7.8 [ET 16.7.8]. 

14. See the statement of Stokes’ Theorem on page 1139 [ET 1105]. 

15. See the statement of the Divergence Theorem on page 1145 [ ET 1111]. 

16. In each theorem, we have an integral of a “derivative” over a region on the left side, while the right side involves the 
values of the original function only on the boundary of the region. 

— TRUE-FALSE QUIZ — ■ ■ — 

1. False; div F is a scalar field. 

2. True. (See Definition 17.5.1 [ET 16.5.1].) 

3. True, by Theorem 17.5.3 [ ET 16.5.3] and the fact that div 0 = 0. 

4. True, by Theorem 17.3.2 [ET 16.3.2]. 

5. False. See Exercise 17.3.33 [ ET 16.3.33]. (But the assertion is true if D is simply-connected; see 
Theorem 17.3.6 [ ET 16.3.6].) 

6 . False. See the discussion accompanying Figure 8 on page 1086 [ET 1052]. 

7. True. Apply the Divergence Theorem and use the fact that div F = 0. 

8. False by Theorem 17.5.11 [ ET 16.5.11], because if it were true, then div curl F = 3 / 0. 

EXERCISES 

1. (a) Vectors starting on C point in roughly the direction opposite to C, so the tangential component F • T is 

negative. Thus f c F • dr = f c F • T ds is negative. 

(b) The vectors that end near P are shorter than the vectors that start near P, so the net flow is outward near P and 
div F (P) is positive. 

2. We can parametrize C by x = x, y = x 2 , 0 < x < 1 so 

fc xds = fo X \J 1 + ( 2x ) 2dx = J2 (1 + 4 x 2 ) 3/2 ]* = ¿ ( 5 ^ 5 - 1 ). 

3. f c x 3 zds = ff /2 (2sint) 3 (2cos¿) yj (2cos t) 2 + (l) 2 + (-2sinf) 2 dt = /J^ 2 (l6sin 3 t cost) y/Edt 

= 4\/5 sin 4 1] q /2 = 4\/5 

4. f c xy dx -h y dy = ff^ 2 (x sin x + sin x cos x) dx = — x cos x + sin x — \ cos 2x] n J 2 = § 

5. x = cos t => dx = — sin t dt, y = sin t =$> dy = cos t dt , 0 < t < 2n and 

f c x 3 y dx — xdy = f 2ir (- cos 3 t sin 2 t — cos 2 t) dt = f 2n (— cos 3 1 sin 2 1 — cos 2 1) dt = —ir 
Or: Since C is a simple closed curve, apply Green’s Theorem giving 

//«* + „2 < i (-! - z 3 ) dA = fo 1 fo n (~ r - 7-4 cos3 6 ) d0 = -*■ 
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6. J c x sin ydx + xyz dz = fj (t sin t 2 + 3£ 8 ) dt = — \ cos t 2 + |¿ 9 ] * = | — | cos 1 



Ci: x = t, y = t, z = 2£, 0 < t < 1; 

C 2 : a; = 1 + y = 1, 2 = 2 + 2¿, 0 < t < 1. 

Then f c ydx + zdy + xdz = fj 5 1 dt + f¿ (4 + 4 t)dt = -y. 


8. F (r (t)) = -t 7 i + e" t3 j, F • r' (í) = -2t 8 - St 2 e~ t3 and 
fc F ' dr= fo (~2t 8 - 3t 2 e- (3 'j dt = -|í 9 +e _t3 ] o = e _1 - 

9. F (r ( t )) = (21 + 1 2 ) i + 1 4 j + 4 1 4 k, F • r' ( t ) = 4 1 + 21 2 + 21 5 + 16¿ 7 and 
f c F • dr = /o (4 1 + 21 2 + 21 5 + 1 6t 7 ) dt = 5. 

10. (a) C: x = 3 — 3 1, y = \ £, z = 3t, 0 < t < 1. Then 

W = f c F-dr = fJ [3ti+(3-3t)j + ftk] • [-3i + f j + 3k] dt = f¿ [-9t+^]dt 
= 3 (3?r - 9) 

(b) W = f c F • dr = ff /2 (3 sin t i + 3 cos t j + t k) • (—3 sin t i + j + 3 cos t k) dt 
= ff /2 (—9 sin 2 t + 3 cos t + 3t cos t) dt 

= [— | (t — sin t cos t) + 3 sin t + 3 (t sin t + cos t)Yj 2 = — +3 + — 3 = — 


11. ^ = cosy = ® ( xcos y + s[n y} anc j the d 0ma i n Qf F is R 2 , so F is conservative. Hence there exists a 

oy ox 

function / such that V/ = F. Then f x (x, y) = siny implies / (x, y) = xsiny + g (y) and 

f v (®, y) = xcosy + g' (y). But f y (x,y) = x cos y + sin y, so g' (y) = sin y and / (x, y) = xsiny - cosy + K 

is a potential function for F . 

12. curlF = (2 y -2y)i + (2z - 2z) j + (6xy 2 - 6xy 2 ) k = 0 and the domain of F is R 3 , so F is conservative, by 
Theorem 17.5.4 [ET 16.5.4]. Thus there exists a function / such that V/ = F. Then f x (x , y , z) = 2xy 3 + z 2 
implies / (x, y, z) = x 2 y 3 + xz 2 + g (t/, z) and f y (x, y, z) = 3 x 2 y 2 + g y (y, z). But f v (x, y, z) = 3 x 2 y 2 + 2 yz 
so g (y, z) = y 2 z + h (z). Then / (x, y, z) = x 2 y 3 + xz 2 + y 2 z + h (z) implies f z (x, y, z) = 2xz + y 2 +h' (z). 
But f z (x, y, z) = y 2 + 2 xz so h' (z) = 0. So a potential function for F is / (x, y, z) = x 2 y 3 + xz 2 + y 2 z + K. 

13. Since ^ (? x . — y — = 2y + 3x 2 = ^ ^ XV + ^ ) and domain of F is R 2 , F is conservative. 

oy ox 

Furthermore / (x, y) = x 2 + xy 2 + x 3 y + y 3 + K is a potential function for F. Then 
f c F • dr = f (?r, 0) - / (0,0) = tt 2 . 
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14. Let / (x, y, z) = x 2 yz + xy 2 z + K. Then V/ = (2 xyz + y 2 z ) i + ( x 2 z + 2 xyz) j + (2 xy + y 2 x) k = F so F 
is conservative. Now r (0) = i + j + k and r (1) = 2i + 3j + 4k so f c F • dr = / (2, 3,4) — / (1,1,1) = 118. 



C\: 0 < x < 1, y = 0; C 2 ’. x = 1, 0 < y < 2; C 3 : x = x, y = 2x, x = 1 to x = 0. 
Then f c xydx + x 2 dy = f* Odx + / Q 2 (0 + 1) dy + f° (2x 2 + 2x 2 ) dx = §. Using 
Green’s Theorem, we have 

fc x v dx + x2d y = 5fD [+ ( x2 ) ~ ik (*»)] dA=: IId ( 2x - x ) dA 
= fo fo^ xd V dx = f 


16 - fc ( x + tana: ) dx + ( x2 + eW ) d v = SSd [+ ( l2 + eW ) - ík í 1 + tana: )] dA 

= ff D (2x -0)dA = tiff 2x dydx=í 


17. f c x 2 ydx-xy 2 dy = ff x2+y2 < 4 [£ (-xy 2 ) - $¡ (i 2 y)] dA 

= ff x S + y 2 < 4 (-2/ 2 -x 2 )dA = - / 0 2,r / 0 2 r 3 dr dd = -8n 


18. curl F = (—2z sin y — 0) i + (x 2 — 0) j + (2 sin y — 0) k = — 2z sin y i + x 2 j + 2 sin y k, 
div F = 2 xz + 2x cos y + 2 cos y 

19. If we assume there is such a vector field G, then div (curl G) = 2 + 3z — 2xz. But div (curl F) = 0 for all vector 
fields F. Thus such a G cannot exist. 


20. Let F = Pi i + Qi j + Ri k and G = P 2 i + Q 2 j + R 2 k be vector fields whose first partials exist and are 


continuous. Then 


F div G — G div F 


\r(Ml 

,dQ 2 


\; _l n, 1 

fdP 2 

. dQ2 

+ ^| i + jRl | 

(dP 2 

,9Q 2 


p V dx 

dy 

dz j 

/ 1 -r Wí \ 

y dx 

dy 

+ dz ) 3+ Kl ' 

(, dx 

dy 

a* ) J 



.dQi 

dRi' 

| i + o 2 Í^l 

,dQi 

+ dfJ) ¡ + ñ, 1 

(dPi 

,dQ 

+ «*lV1 

P \ dx 

dy 

dz , 

l 1 + Q2 \dx 

dy 

+ dz ) 3 + H2 1 

y dx 

dy 

+ dz )\ 


and 


(G • V) F - (F • V) G = 


( R lr + «’fr +Jfe w) 1 +ír + «’i+ Bl Tl 1 ) J 


+ ln lr + ‘ ? ’i¡r + - R! irJ k j 


- [( R *^ 


dy 


0 

t) 1+ ( 


n Tír + «‘ 


dRi ) 
d. 

dQ 2 


, R 9Q Ai 

dy +Rl -dTJ } 


( dR 2 n dR 2 r, dR 2 \ “ 

( n -87 + <3 ‘ajr + ñ ‘-árJ k J 
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Hence 


F div G - G div F + (G • V) F - (F • V) G 


-( 






+ 




- +1 


m + Q,m') + (p.m +Q ,m 


dx 


dx ) 


+ ' P2 dx + Ql dx J 


+ 


[( 


P2~+Ri 

ox 


™y( P ,m + R,m 


dx 


dx 


+t 


+ R 2 


m + ( Q ^ + R,m 


dy J 


dy J 


JL (PiQ 2 - p 2 Qi) - JL (p 2ñl _ PiR2 ) 


i + 


§- z (Q 1 R 2 - Q 2 R 1 ) - JL ( Pl Q 2 - P2 Q X ) 


+ 


£ (P 2 R 1 - P 1 R 2 ) - JL (Qjüa - Q 2 R 1 ) 


= curl (F x G) 


21. For any piecewise-smooth simple closed plane curve C bounding a region D , we can apply Green’s Theorem to 
F(x,y) = f(x)i + g(y)jtoget J^f(x)dx + g(y)dy = JJ \^-g (y) - (x) dA = JJ 0dA = 0. 


22. V 2 (fg) = 


d 2 (£ 9 ) , 9j_(fg) QJJJg) 

dx 2 3y 2 ,92 2 


8_ 

dx 



(Product Rule) 


= #LL n + od¿?9 

dx 2 cto cte 



+ 


d 2l n + g®L®l 

dy* 9 ^ dydy 


+ & + #f v + 2 °¿09 + A 


cfy 2 cte 2 dz dz 


dz 2 


(Product Rule) 


= / 


( 


é!£,é!£ + 

ax 2 5y 2 ^ 




pf.&f 

dx 2 <9y 2 



df df df\ 
dx ’ dy ’ dz / 


dg_ dg dg\ 
dx' dy' dz/ 


= /V 2 g + yV 2 / + 2V/ • Vy 
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Another Method: Using the rules in Exercises 15.6.35(b) [ET 14.6.35(b)] and 17.5.25 [ET 16.5.25], we have 

V 2 ( fg ) = V • V (fg) = V • (gVf + fVg) = Vg • V/ + g 7 • V/ + V/ • Vg + /V ■ Vg 
= gV 2 f + fV 2 g + 2Vf-Vg 



Ic F ’ dr = Ic fv dx -f* d V = II D [& (-/*) - ik (/*)] d A = - II D (/** + fw)dA 
= ~II D OdA = 0 


Therefore the line integral is independent of path, by Theorem 17.3.3 [ET 16.3.3]. 


24. (a) x 2 + y 2 = cos 2 t + sin 2 1 = 1 , so C lies on the circular cylinder x 2 + y 2 = 1 . But 
also y = z, so C lies on the plane y = z. Thus C is the intersection of the plane 
y = z and the cylinder x 2 + y 2 = 1. 


(0, l, 1) 



(b) Apply Stokes’ Theorem, f c F • dr = ff s curlF • dS: 


i j 

curl F = d/dx d/dy 


k 


d/dz 


2xe 2y 2x 2 e 2y + 2 y cot z —y 2 csc 2 2 : 

= (— 2ycsc 2 z — (— 2ycsc 2 z) ,0,4xe 2y — 4xe 2y ) = 0 
Therefore f c F • dr = ff s 0 • dS = 0. 

25. z = / (x, y) = x 2 + 2 y with 0 < x < 1, 0 < y < 2x. Thus 

A (5) = ff D Vl + 4x 2 + 4cL4 = f^fQ^ \/5 + 4x 2 dy dx = ff 2x\/5~+4 x^dx 


= ¿(5 + 4x 2 ) 3/2 ]^ = 1(27-5^. 


26. (a) r u = — v j + 2u k, r v =2vi — u j and 

r u x r v = 2u 2 i + 4uv j + 2u 2 k. Since the 
point (4, -2,1) corresponds to u = 1, i/ = 2 
(or u = — 1 , u = — 2 but r u x r v is the same for 
both), a normal vector to the surface at (4, — 2,1) is 
2i + 8j + 8k and the equation of the tangent plane is 
2a: + Sy + 8z = 0 or x + 4y + 4z = 0. 


(b) 



(c) By Definition 17.6.6 [ET 16.6.6], the area of S is given by 


A(S) = / 0 3 /^ 3 ^ (2 u 2 ) 2 + (4uu) 2 + (2u 2 ) 2 dv du = 2 / 0 / 3 3 \/u 4 + 4u 2 u 2 + v 4 dv du. 
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(d) By Equation 17.7.9 [ET 16.7.9], the surface integral is 

'* '» ' (» 1 ) 1 ( o 1 )* 


//> •* /■/:(, 


3 

r 3 r 3 / 2u 6 4 uv 5 2u 2 v 4 \ 

= ( ij_ 4 i 22 + i ~ 1 4 ) dvdu ^ 1524.0190 

7 0 7-3 V 1 + v 1 + u 2 v 2 1 + u 4 ) 


+ (v 2 ) 2 ’ 1 + (-uvf 


_(— Hl v ) \ . (2u 2 ,4 uv, 2v 2 ) dvdu 
1 + (u 2 ) 2 / N ' 


27. z = / (a;, j/) = a; 2 + j/ 2 with 0 < x 2 + j/ 2 < 4 so Tx x r¡, = —2x i — 2y j + k (using upward orientation). Then 

IIs zds = II x 2 + y 2 < A (+ + y 2 ) \/4x 2 + V + 1 cL4 = / 0 2,r / 0 2 r 3 \/l + 4r 2 dr d9 

= Í7r(39lVÍ7+l) 

(Substitute r¿ = 1 -f* 4r 2 and use tables.) 

28. 2 = / (x, y) = 4 + x + y with 0 < x 2 -f y 2 < 4 so r x x r y = -i - j + k. Then 


II s ( x2z + y* z ) dS = II X 2+ y 2 < 4 + + y 2 ) ( 4 + * + y) dA 

= / 0 Iq K \/3r 3 (4 + r cos 5 + r sin 0) d6 dr = / Q 2 87r\/3r 3 dr = 327r\/3 

29. Since the sphere bounds a simple solid region, the Divergence Theorem applies and 

IIs F ■ dS = IIIe ( z -2)dV = fff B zdV-2 fff E dV = mz- 2 (|tt 2 3 ) = -f tt. 

Altemate Solution: F (r (0,0)) = 4 sin <j> cos 0 cos 4> i — 4 sin 0 sin 0 j + 6 sin <f> cos 0 k, 
r<¿ x r$ = 4 sin 2 0 cos 0 i + 4 sin 2 (j) sin 0 j + 4 sin <\> cos <¡> k, and 
F • (r<¿ x r$) = 16 sin 3 <f> cos 2 0 cos <f> — 16 sin 3 <f> sin 2 0 + 24 sin 2 <f> cos <f> cos 0. Then 

ff s F-dS = / 0 27 7cT (16 s i n3 0 cos 0 c °s 2 0 — 16 sin 3 <f> sin 2 0 + 24 sin 2 <f> cos 0 cos 0) d<f> dO 

= /T I (-16sin 2 0) d0 = -f 7T 

30. 2 ; = / (t, y) = x 2 + y 2 , r x x r y = -2x i — 2 t/ j + k (because of upward orientation) and 
F (r (x, y)) • (r x x r y ) = — 2x 3 — 2 xy 2 + x 2 + y 2 . Then 

ffs F ' dS = //x 2 + y2 < , (~2x 3 - 2xy 2 + x 2 + y 2 ) dA 

= fofo* (—2r 3 cos 3 0 — 2r 3 cos 0 sin 2 0 + r 2 ) r dr dO = // r 3 (27 t) dr = ^ 

31. Since curl F = 0, ff s (curl F) • dS = 0. We parametrize C: r (f) = cos ¿ i + sin t j, 0 < f < 27r and 

/ c F • dr = / Q 27r (— cos 2 t sin t + sin 2 t cos f) dt = 1 cos 3 t + | sin 3 í] 27r = 0. 

32. // s curl F • dS = / c F • dr where C: r(t) = 2 cos t i + 2 sin ¿ j + k, 0 < t < 27T, so 
r' ( t) = -2sin¿i + 2cosf j, F (r ( t)) = 8cos 2 í siníi + 2sinf j + e 4 cos 1 sin 1 k, and 
F (r (f)) • r' ( t) = — 16cos 2 ¿sin 2 t + 4sin¿cos¿. Thus 

/ c F • dr = / Q 27r (—16 cos 2 ¿ sin 2 ¿ + 4 sin ¿ cos t) dt 

= [—16 (— \ sin¿cos 3 ¿ + — sin2¿ + |¿) + 2sin 2 ¿] 27r = —47r. 

33. The surface is given byx + y + z = lovz = l — x — y, 0<x<l, 0<?/<l — x and r x x r y = i + j + k. 
Then 


Ic F dr = //s curlF ■ dS = IID (-yi - -*k) • (i+j + k)dA 

= IId ( _1 ) dA = ~ ( area of D) = -\ 

^ 4 - II s F - dS ~ III e 3 + +V 2 + z 2 ) dv = tlolo ( 3r2 + 3z2 ) r dz drde = 27r lo ( 6r3 + 8r ) dr =11 7T 
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35. fff E div F dV = fff x 2 + y 2 + z 2 < ! 3 dV = 3 (volume of sphere) = 47 t. Then 

F (r (0,0)) • (r¿ x re) = sin 3 0cos 2 0 + sin 3 0sin 2 0 + sin0cos 2 0 = sin (j> and 
ffs F • dS = fo^fo sin <f>d<l>d9 = (2tt) (2) = 4tt. 

36 . Here we must use Equation 17.9.6 [ET 16.9.6] since F is not defined at the origin. Let Si be the sphere of radius 1 
with center at the origin and outer unit normal ni. Let S2 be the surface of the ellipsoid with outer unit normal 112 
and let E be the solid region between 5i and S2. Then the outward flux of F through the ellipsoid is given by 

ffs 2 F ■ n 2 dS = - ff Si F • (-m) dS + fff E divF dV. But F = r/ |r| 3 , so 

divF = V • (|r| -3 r) = |r| -3 (V • r) + r • (V |r|“ 3 ) = |r|“ 3 (3) + r • (-3 |r|~ 4 ) (r|r| _1 ) =0. (Herewehave 

used Exercises 17.5.30(a) [ET 16.5.30(a)] and 17.5.31(a) [ET 16.5.31(a)].) And F ■ m = + = |r| -2 = 1 

|r| fI 

on S¡ . Thus / f s F • n 2 dS = ff s dS + JJf E 0 dV = (surface area of the unit sphere) = 4tt (l) 2 = 47r. 

37. Because curl F = 0, F is conservative, and if / (x , y, z) = x 3 yz — 3 xy + z 2 , then V/ = F. Hence 
/c F • dr = / c V/ • dr = / (0,3,0) — / (0,0,2) = 0 — 4 = —4. 

38. Let C' be the circle with center at the origin and radius a as in the figure. Let D be 

the region bounded by C and C'. Then D’s positively oriented boundary is 
C U (— C'). Hence by Green’s Theorem 



f F dr = - [ F ■ dr = [ F • dr = f F(r(f)) • r' (t)dt 
Jc J -C‘ Jc' J 0 


/*2tt 

J 0 


2a 3 cos 3 1 + 2a 3 cos t sin 2 t — 2a sin t 


(—asin t) 


2a 3 sin 3 t + 2a 3 cos 2 t sin t + 2a cos t 


(a cos t) 


dt 


J 0 ° 2 

39. By the Divergence Theorem, ff s F • n dS = // f E div F dV = 3 (volume of E) = 3 (8 — 1) = 21. 

40. The stated conditions allow us to use the Divergence Theorem. Hence 

ff s curl F • dS = fff E div (curl F) dV = 0 since div (curl F) = 0. 







Problems Plus 

1. Let 5i be the portion of £1 (S ) between S (a ) and 5, and let dSi be its boundary. Also let Sl be the lateral surface 
of 5i [that is, the surface of Si except S and S (a)]. Applying the Divergence Theorem we have 

IL T -? dS= I!L v $ ivBM 

— r__ / d_ d_ d_\ / _ x _ y _ z _ 

■ r 3 \ dx ’ dy ’ dz / ' \ ( X 2 + y 2 + ¿if /1 ’ ( X 2 +y 2 + ¿if/* ’ ( x 2 + y 2 + z 2f /2 

_ (x 2 + y 2 + z 2 - 3 j 2 ) + (s 2 + y 2 + z 2 - 3y 2 ) + (x 2 + y 2 + z 2 - 3z 2 ) _ Q 

(x 2 +y 2 H-z 2 ) 5/2 “ 

=>■ JJ dS = JJJ 0 dV = 0. On the other hand, notice that for the surfaces of dSi other than S ( a) 
and S, r • n = 0 => 

°=IL r -^ dS= IL^ ds+ IL ds+ SL ds 
LL^ ds+ IL^ dS 

=> f [ — L dS = — [[ —~L~ dS. Notice that on 5 (a), r = o => n = — - = — — and r • r = r 2 = a 2 , 

JJs r 3 JJ s(a) r 3 r a 

«,**-[[ r -?dS=[[ T -fdS=[[ 2 ! ds=\[[ 

JJs(a) r 3 JJ s(a) o 4 JJ s(a) o 4 o 2 yy s(o) o 2 

Therefore |0 (5)| = JJ ^ d5. 

2. By Green’s Theorem 

L- y)dx - 2x ’ iy -IL " ■ IL (i ■■ %I) iA 

Notice that for 6x 2 -f 3 y 2 > 1, the integrand is negative. The integral has maximum value if it is evaluated only in 
the region where the integrand is positive, which is within the ellipse 6x 2 -f 3 y 2 = 1. So the simple closed curve 
that gives a maximum value for the line integral is the ellipse 6x 2 + 3 y 2 = 1. 

3. The given line integral \ f c (bz — cy) dx -f (cx — az) dy + (ay — bx) dz can be expressed as f c F • dr if we 
define the vector field F by F (x, y, z) = P i -f Q j -f R k = \ (bz — cy) i + \ (cx — az) j + \ (ay — bx) k. Then 
define S to be the planar interior of C, so S is an oriented, smooth surface. Stokes’ Theorem says 

f c F • dr = ff s curl F • dS = ff s curl F • n dS. Now 

«— (f-gf(£-£)+S-f> 

= (é a + é a ) * + + \ b ) j + (é c + £c)k = ai + &j + ck = n 

so curl F n = n • n = |n| 2 = 1, hence ff s curl F • n dS = ff s dS which is simply the surface area of S. Thus, 
f c F • dr = \ f c (bz — cy) dx + (cx — az) dy + (ay — bx) dz is the plane area enclosed by C. 
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4. (a) First we place the piston on coordinate axes so the top of the cylinder is at the origin and x (t) > 0 is the 

distance from the top of the cylinder to the piston at time t. Let C\ be the curve traced out by the piston during 
one four-stroke cycle, so C\ is given by r (t) = x (t ) i, a < t < b. (Thus, the curve lies on the positive x-axis 
and reverses direction several times.) The force on the piston is AP {t) i, where A is the area of the top of the 
piston and P (t) is the pressure in the cylinder at time t. As in Section 17.2 [ET 16.2], the work done on the 
piston is f Ci F • dr = f* AP ( t) i • x' (t ) i dt = f* AP (t) x' ( t) dt. Here, the volume of the cylinder at time t 

is V (t) = Ax (t) => V' (t) = Ax' (t) => / a AP (t) x' (t) dt = f*P (t) V' (t) dt. Since the curve C in 

the PV- plane corresponds to the values of P and V at time t, a < t < 6, we have 
W = / 0 6 AP (t) x' (t) dt = l b P (t) V' (t) dt = ! c P dV. 

Another method: If we divide the time interval [a, b] into n subintervals of equal length A t, the amount of work 
done on the piston in the ith time interval is approximately AP (U) [x (U) — x (fi-i)]. Thus we estimate the 

n 

total work done during one cycle to be ^ AP (U) [x (U) — x (í*_i)]. If we allow n —► oo, we have 

i = í ^ 

W= lim AP (U) [x (U) — x (U- 1 )] = lim J2 P (U) [Ax (U) — Ax (ft-i)] 

i = 1 n-+oc i = 1 

= lim ¿ P(U)[V(U)-V(U-\)] = f c PdV 

n-^oo i = i 

(b) Let Cl be the lower loop of the curve C and Cu the upper loop. Then C = Cl U Cu . Cl is positively 
oriented, so from Formula 17.4.5 [ET 16.4.5] we know the area of the lower loop in the PV-plane is given by 

— f c ^ P dV. Cu is negatively oriented, so the area of the upper loop is given by 

- (- f Cu PdV ) = fc v PdV ' From (»). 

W = ¡ c PdV = f CLUCu PdV = § Cl PdV + § Cu PdV = § Cu PdV-(- § Cl P dv) , the difference 
of the areas enclosed by the two loops of C. 


Second-Order 
Differential Equations 



Second-Order Linear Equations 


ET17.1 


1. The auxiliary equation is r 2 — 6r + 8 = 0 => (r — 4) (r — 2) = 0 =4- r = 4, r = 2. Then by (8) the 

general solution is y = cie 4x 4- C 2 e 2x . 

2. The auxiliary equation is r 2 — 4r 4- 8 = 0 => r = 2 =b 2i. Then by (11) the general solution is 

y = e 2x (ci cos 2x 4- C 2 sin2x). 

3. The auxiliary equation is r 2 4- 8r + 41 = 0 =4> r = —4 ± 5 i. Then by (11) the general solution is 

y = e~ 4x (ci cos 5x + C 2 sin 5x). 

4. The auxiliary equation is 2r 2 - r - 1 = (2r 4-1) (r - 1) = 0 =¡> r = 1, r = Then the general solution is 

y = c\e x 4- c 2 e~ x/2 . 

5. The auxiliary equation is r 2 — 2r 4-1 = (r — l) 2 = 0 => r = 1. Then by (10), the general solution is 

y = c\e x 4- C 2 xe x . 

6. The auxiliary equation is 3r 2 - 5r = r (3r - 5) = 0 => r = 0, r = |, so y = ci 4- c 2 e 5x/3 . 

7. The auxiliary equation is 4r 2 + 1 = 0 =4> r = so y = ci cos (§x) + c 2 sin (§#). 

8. The auxiliary equation is 16r 2 + 24r + 9 = (4r + 3) 2 = 0 => r = — §, so y = cie 3 ^ +c 2 xe ^ . 

9. The auxiliary equation is 4r 2 + r = r (4r + 1) = 0 => r = 0, r = — ~,soy = ci+ c 2 e x/4 . 

10. The auxiliary equation is 9r 2 + 4 = 0 =4- r = ±§z, soy = a cos (§x) + c 2 sin (§x). 

11. The auxiliary equation isr 2 — 2r—1 = 0 =4> r = 1 + \/2, so y = cie( 1+v/2 ^ + c 2 e( a ^ . 

12. The auxiliary equation is r 2 — 6r + 4 = 0 => r = 3 ± >/5, so y = cieí 34 *^^ + c 2 e( 3 

13. The auxiliary equation isr 2 +r + l = 0 =» r = ± soy = e í/2 [ci cos + c 2 sin • 


14. 6r 2 — r — 2 = (2r + 1) (3r - 2) = 0 so 

2 / = ae~ x/2 + c 2 e 2x/3 . The solutions (ci, c 2 ) = (0,1), 
(1,0), (1,2), (-2,1) are shown. Each solution consists 
of a single continuous curve that approaches either 0 or 
±oc as x —> ±oo. 

15. r 2 - 8r + 16 = (r - 4) 2 = 0 so y = ae 4x + c 2 xe 4x . 
The graphs are all asymptotic to the x-axis as x —> — oo, 
and as x —* oo the solutions tend to ±oo. 
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16. r 2 — 2r + 5 = 0 => r = 1 =b 2i and the solution is 
y = e x (ci cos 2x + C 2 sin 2x). Graphs for 
(ci,C 2 ) = (1,0), (0,1), (1¿-1), (—1,2) areshown. The 
solutions are all asymptotic to the x-axis as x —► — oo and 
they all oscillate. The amplitudes of the oscillations 
become arbitrarily large as x — > oo and arbitrarily small 
as x —► — oo. 


40 



17. 2 r 2 + 5r + 3 = (2r + 3) (r + 1) = 0, so r = — §, r = — 1 and the general solution is y = cie~ 3x/2 + C 2 e~ x . 

Then y (0) = 3 ci + c 2 = 3 and y' (0) = -4 =» -f ci - c 2 = -4, so ci = 2 and c 2 = 1. Thus the 

solution to the initial-value problem is y = 2e~ 3x/2 + e~ x . 

18. r 2 — 4 = (r + 2) (r - 2) = 0 so the general solution is y = ae~ 2x + c 2 e 2x . Then 1 = y (0) = ci + c 2 and 
0 = y' (0) = — 2ci + 2 c 2 so ci = c 2 = f and the solution to the initial-value problem is 

V — \ (e~ 2x + e 2x ) = cosh2x. 

19. r 2 — 2r + 2 = 0 =» r = 1 ± i and the general solution is y = e x (ci cos x + c 2 sin x). But 1 = y (0) = ci and 
2 = y' (0) = ci + c 2 so the solution to the initial-value problem is y = e x (cos x + sin x). 

20. r 2 + 4r + 6 = 0 => r = -2 ± y/2i and the general solution is y = e~ 2x (ci cos y/2x + c 2 sin y/2x). But 

2 = y (0) = ci and 4 = y' (0) = — 2ci + \/2c 2 , so the solution to the initial-value problem is 
y = e~ 2x (2 cos y/2x + 4y/2 sin y/2x). 

21. r 2 — 2r — 3 = (r — 3) (r + 1) = 0 so the general solution is y = ae~ x + c 2 e 3x . However the conditions are 
given at x = 1 so rewrite the general solution as y = /cie~ (x-1) + k 2 e^ x ~ 1} . Then 3 = y (1) = k\ + k 2 and 
1 = 2/ (1) = — + 3fc 2 so A;i = 2, /c 2 = 1 and the solution to the initial-value problem is 

y = 2e~ (x ~ 1>} +e 3(x ~ 1) . 

22. r 2 - 2r + 1 = (r - l) 2 = 0 so the general solution is y = c\e x + c 2 xe x . However the conditions are given at 
x = 2 so rewrite the general solution as y = k\e x ~ 2 + k 2 (x - 2) e x ~ 2 . Then 0 = y (2) = k\ and 

1 = y' (2) = k\ + k 2 or k 2 = 1 and the solution to the initial-value problem is y = (x — 2) e x ~ 2 . 

23. r 2 + 9 = 0 => r = ±3i and the general solution is y = c\ cos 3x + c 2 sin 3x. But 0 = y (f) = -ci and 
1 = y' (f) = —3 c 2 , so the solution to the initial-value problem is y = — - sin3x. 

24. r 2 + 4 = 0 =í> r = ±2i and the general solution is y = ci cos 2x + c 2 sin 2x. But 1 = y (f) = \c\ + ^c 2 

and 0 = y' (f) = — c\y/3 + c 2 so ci = f, c 2 = ^ and the solution to the initial-value problem is 
y = \ (cos 2 :e + y/3 sin 2x). 

Altemate Solution: Rewrite the general solution as y = k\ cos 2 (x - f) + k 2 sin 2 (x - f). Then 

1 = = and 0 = y' (f) = 2 á; 2 so the solution to the initial-value problem is y = cos 2 (x — f). Verify 

that the answers agree. 

25. r 2 + 4r. + 4 = (r + 2) 2 = 0 so the general solution is y = c\e~ 2x + c 2 xe~ 2x . Then 0 = y (0) = ci, 

3 = y (1) = c 2 e ~ 2 so c 2 = 3e 2 and the solution of the boundary-value problem is y = 3xe~ 2x+2 . 

26. r 2 + 5r — 6 = (r + 6) (r — 1) = 0 so the general solution is y = c\e x + c 2 e~ 6x . Then 0 = y (0) = ci + c 2 and 

1 = V (2) = cie 2 + c 2 e -12 so c 2 = (e~ 12 — e 2 ) 1 , c\ = — (e~ 12 — e~ 2 ) 1 . The solution of the 
boundary-value problem is y = (e 2 - e~ 12 ) -1 (e x - e~ 6x ). 


/ 
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27. r 2 + 1 = 0 => r = ±i and the general solution is y = ci cos x + C 2 sin x. But 1 = y (0) = c\ and 

0 = y ( 7 r) = — ci so there is no solution. 


28. r 2 + 9 = 0 => r = ±3z and the general solution is y = c\ cos 3x + C 2 sin 3x. But 1 = y (0) — ci and 

0 = y (f) = — C 2 , so the solution to the boundary-value problem is y = cos3a:. 

29. r 2 _ r — 2 = (r - 2) (r + 1) = 0 so the general solution is y = cie _x + C 2 e 2x . Then 1 = y (—1) = cie + C 2 e -2 


and 0 = y (1) = c^e 1 + c 2 e 2 so ci = 


e 6 - 1 


andc 2 = 


1 — e 6 


so the solution to the boundary-value problem is 


V = 


e 6 — 1 


+ —— e 2x 

+ 1-e 6 




.5-1 _ p 2(l+: 


1 - 


30. r 2 + 4r + 3 = (r + 3) (r + 1) = 0 so the general solution is y = cie _x + c 2 e“ . Then 

2 e 7 2e 9 

0 = y (1) = cie" 1 + c 2 e“ 3 and 2 = y (3) = cie“ 3 + c 2 e“ 9 so ci = ^ and c 2 = x _ 'T Hence the 

solution to the boundary-value problem is y = (2e 7 “ x — 2e 9 “ 3x ). 

31. r 2 + 4r + 13 = 0 => r = —2±3i and the general solution is y = e“ 2x (ci cos 3x + c 2 sin 3x). But 
2 = y (0) = ci and 1 = y (f) = e -7r (-c 2 ), so the solution to the boundary-value problem is 

y = e“ 2x (2 cos 3a: - e n sin 3x). 


32. r 2 + 2r + 5 = 0 => r = —l±2i and the general solution is y = e x (ci cos 2x + c 2 sin 2a;). But 

1 = y (0) = ci and 2 = y ( 7 r) = e _7r (ci) so there is no solution to the boundary-value problem. 

33. (a) Case 1 (A = 0); y" + Xy = 0 => y" = 0 which has an auxiliary equation r 2 = 0 => r = 0 => 

y = ci + c 2 x where y (0) = 0 and y (L) = 0. Thus, 0 = y (0) = ci and 0 = y (L) = c 2 L => ci = c 2 = 0. 
Thus, y = 0. 

Case 2 (A < 0); y" + Xy = 0 has auxiliary equation r 2 = -A =^ r = ±V-X (distinct and real since 
X < 0) => y = c\e^~^ x + c 2 e~^~^ x where y (0) = 0 and y (L) = 0. Thus, 0 = y (0) = ci + c 2 (★) 
and 0 = y ( L) = cie' /r * L + c 2 e-' /=Ti (t). 

Multíplying (★) by e ' /r * L and subtractíng (f) gives c 2 — e~^~^ L ^j =0 => C 2 = 0 and thus 

ci = 0 from (★). Thus, y = 0 for the cases A = 0 and A < 0. 

(b) y n At/ = 0 has an auxiliary equation r 2 + A = 0 => r = ±iV A => y = ci cos y/Xx + c 2 sin VXx 

where y (0) = 0 and y (L) = 0. Thus, 0 = y (0) = ci and 0 = y (L) = c 2 sin VXL since ci = 0. Since we 
cannot have a trivial solution, c 2 ^ 0 and thus sin \[\L = 0 => V\L = tvk where n is an integer 

=> A = n 2 7 r 2 /L 2 and y = c 2 sin ( nnx/L ) where n is an integer. 


34 . The auxiliary equation is ar 2 + br + c = 0. If b 2 - 4 ac > 0, then any solution is of the form 

-b + Vb 2 - 4ac , -b - Vb 2 - 4ac _ ^ „ 

y (x) = ae rix + c 2 e r2X where n =--and r 2 =- — -. But a, 6, and c are all 

positive so both ri and r 2 are negative and lim x -+oo y (x) = 0. If 6 2 — 4ac = 0, then any solution is of the form 
y (rr) = cie rx + c 2 xe rx where r = -b/ (2a) < 0 since a, b are positive. Hence lim x -oo V (x) = 0. Finally if 
b 2 — 4 ac < 0, then any solution is of the form y (x) = e ax (ci cos(3x + c 2 sin^x) where a = —b/ (2a) < 0 since 
a and b are positive. Thus lim i-*oo y (x) — 0. 
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y* 

~18.2 Nonhomogeneous Linear Equatio ns ET 17.2 

1. The auxiliary equation is r~ + 3r + 2 = (r + 2) (r + 1) = 0, so the complementary solution is 

Vc (x) = cie -21 + C 2 e _x . We try the particular solution y p ( x) = Ax 2 + Bx + C, so y' p = 2Ax + B and 
y p = 2 A. Substituting into the differential equation, we have (2+) + 3 (2 Ax + B) + 2 (Ax 2 + Bx + C ) = x 2 or 
2-4x 2 + (6/1 + 2 B) x + (2/1 + 3 B + 2C) = x 2 . Comparing coelificients gives 2A = 1, 6A + 2 B = 0, and 

2A + 3B + 2C = 0, so + = B = — |, and C = |. Thus the general solution is 

V (x) = Vc (x ) + y p (x) = ae~ 2x + c 2 e _x + \x 2 - f x + \. 

2. The auxiliary equation is r 1 +9 = 0 with roots r = ±3z, so the complementary solution is 

y c (x) = ci cos (3x) + c 2 sin (3x). Try the particular solution y p (x) = Ae 3x , so y p = 3Ae 3x and y” = 9Ae 3x . 
Substitution into the differential equation gives 9Ae 3x + 9 (Ae 3x ) = e 3x or 18Ae 3x = e 3x . Thus A = + and the 
general solution is y (x) = y c (x) + y p (x) = ci cos (3x) + c 2 sin (3x) + +e 3x . 

3. The auxiliary equation is r 2 - 2r = r (r - 2) = 0, so the complementary solution is y c (x) = ci + c 2 e 2x . Try the 

particular solution y p (x) = A cos Ax + B sin 4x, so y' p = -4A sin 4x + 4B cos 4x and 

V P = — 16+cos4x - 16B sin 4x. Substitution into the differential equation gives 
(—16+cos4x — 165sin4x) — 2(— 4/1 sin 4x + 4B cos 4x) = sin4x =$• 

(—16+ — 8 B) cos4x + (8+ — 16B)sin4x = sin4x. Then —16+ — 8 B = 0 and 
8+ — 16B = 1 =z A = jq and B = — Thus the general solution is 

V (x) = yc (x) + y p (x) = ci + c 2 e 2x + ¿ cos 4x - ^ sin 4x. 

4. The auxiliary equation is r 2 + 6r + 9 = (r + 3) 2 = 0, so the complementary solution is 

Vc (x) = cie _3x + c 2 xe -3x . Try the particular solution y p (x) = Ax + B, so y p = A and y” = 0. Substitution 
into the differential equation gives 0 + 6+ + 9 (+x + B) = 1 + x or (9+) x+ (6+ + 9B) = 1 + x. Comparing 
coefficients, we have 9+ = 1 and 6+ + 9B = 1, so + = ¿ and B = Thus the general solution is 
y (x) = cie -3x + c 2 xe -3x + |x + ^. 

5. The auxiliary equation is r 2 — 4r + 5 = 0 with roots r = 2 ± i, so the complementary solution is 

y c (x) = e 2x (ci cosx + c 2 sinx). Try y p (x) = +e -x , so y' p = -+e -x and y” = Ae~ x . Substitution gives 
x — 4 (—Ae x ) + 5 (+e x ) = e -x => 10+e -x = e -x => A = ^. Thus the general solution is 

y (x) = e 2x (ci cos x + c 2 sin x) + ^ e -x . 

6. y c (x) = e (cix + c 2 ). Try y p (x) = x 2 (+x + B) e~ x so that no term in y p is a solution of 
the complementary equation. Then y p = [-Ax 3 + (3+ - B)x 2 + 2Bx] e~ x , 

Vp = [+x 3 + (B — 6+) x 2 + (6+ — 4 B) x + 2B) e~ x and substitution gives 

[+x 3 + (B - 6+) x 2 + (6+ - 4B) x + 2B) + 2 [-+x 3 + (3+ - B) x 2 + 2 Bx) + (+x 3 + Bx 2 ) = x 
6+x + 2 B = x. So y p (x) = x 2 (gx) e~ x and the general solution is y (x) = e -x (cix + c 2 ) + gx 3 e -x . 

7. The auxiliary equation is r“ + 1 = 0 with roots r = + i , so the complementary solution is 

y c (x) = ci cos x + c 2 sin x. For y" +y = e x try y pi (x) = +e x . Then y' pi = y pi = Ae x and substitution gives 
+e x + Ae * =e x => A = so y P1 (x) = ¿e x . For y" + y = x 3 try y P2 (x) = +x 3 + Bx 2 +Cx + D. 
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Then y' P2 = 3,4a ; 2 + 2Bx + C and y” 2 = 6Ax + 2 B. Substituting, we have 

6^4a: + 2B + Ax 3 + Bx 2 + Cx + D = x 3 , so A = 1, B = 0, 6A + C = 0 => C = - 6 , and 

2B + D = 0 => D = 0. Thus y P2 (x) = x 3 - 6x and the general solution is 

y (z) = y c (x) + y pi (x) + y P2 (x) = Ci cos x + C 2 sin x + \e x + x 3 - 6x. But 

2 = 2/ (0)=Ci + 5 => ci = f andO = y'(0) =c 2 + 5 -6 => c 2 = f . Thus the solution to the 

initial-value problem is y (x) = § cosx + -y sina: + %e x + x 3 — 6x. 


8 . The auxiliary equation is r 2 — 4 = 0 with roots r = ±2, so the complementary 
solution is y c (x) = ae 2x + c 2 e~ 2x . Try y p (x) = e x (Acosx + Bsina;), so 

y p = e x (A cos x + B sin x + B cos x - A sin x) and y” = e x (2 B cos x-2 A sin x). Substitution gives 

e x (2B cos x — 2A sin x) — 4e x (A cos x + B sin x) = e x cos x =>■ 

(2 B - 4A) e x cos x + (-2 A - 4 B) e 1 sin x = e x cos x =+ A = -¿, B = ^. Thus the general solution is 
y (x) = ae 2x + c 2 e~ 2x + e x (—| cosa; + ^ sina:). But 1 = y (0) = ci + c 2 - 5 and 
2 = y' (0) = 2ci - 2c 2 - Then Ci = §, c 2 = ^, and the solution to the initial-value problem is 
V (*) = |e 2x + ^e -21 + e 1 (-\ cosx + ¿ sinx). 

9. yc (x) = cie x + c 2 e~ x . Try y p (x) = (Ax + B) e 3x . Then y' p = e 3x (A + 3Ax + 3 B) and 
y” = e 3x ( 3 + + 3.4 + 9.4;n + 9 B). Substitution into the differential equation gives 

e 3x [§Ax + 9B + 6A - (Ax + B)] = ie 3x , so A = f, B = and the general solution is 

y(x) = ci e x +c 2 e- x + (\x - e 3x . ButO = y(0) = ci + c 2 - 1 = y' (0) = ci - c 2 - ^ + \ sothe 

solution to the initial-value problem is y (a:) = f e x — ffe -x + e 3x (\x — ■ 


10. y c (x) = cie x + c 2 e -2x . For y" + y' - 2y = x try y pi (x) = Ax + B. Then y pi = A, y pi = 0, and 
substitution gives 0 + A — 2 (Ax + B) = x => A = —\, B = —\, so 
y p 1 (a;) = -\x - \. For y" + y' - 2y = sin2a: try y P2 (x) = A cos2a; + B sin2a;. Then 
y ’ P2 = —2As'm2x + 2B cos 2x, y ” 2 = -4^cos2x - 4Bsin2a;, and substitution gives 
(— 4 Acos 2a: — 4 B sin2a;) + (—2i4sin2a: + 2 B cos 2 x) — 2 (Acos 2 x + B sin 2 x) = sin2a: => A = — 
B = -^. Thus y P2 (x) = cos2a: + sin2x and the general solution is 
y (x) = ae x + c 2 e -2x - é x ~ í - 26 cos 2x - ^ sin 2a:. But 1 = y (0) = ci + c 2 - \ - and 
0 = y ' (0) = a- 2 c 2 - \ - yó =+ ci = and c 2 = \. Thus the solution to the initial-value problem is 

y (*) = il eX + \ e ~ 2x ~ \ x ~ \ ~ ^ cos2x ~ é sin2x - 


11. y c (x) = cie -x/4 + c 2 e x . Try y p (x) = Ae x . Then 
\0Ae x = e x , so A = and the general solution is 
y (x) = ae~ x/4 + c 2 e -x + ~e x . The solutions are all 
composed of exponential curves and with the exception of the 
particular solution (which approaches 0 as x —► — oo), they all 
approach either oo or — oo as x —> — oo. As x —► oo, all solutions 
are asymptotic to y p = j^e x . 


5 
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12. The auxiliary equation is (2r + 1) (r + 1) = 0, so r = -1,-| and y c (x) = ae~ x + c 2 e“ x/2 . For 
2y" + 3y' + y = 1» try j / P1 (®) = j4; substituting gives y Pl (x) = 1. For 2 y" + 3 y' + y = cos 2x try 
2 /p 2 = A cos 2x + B sin 2x => y P2 = —2A sin 2x + 2B cos 2x, j/ pa = —4A cos 2x — 4 B sin 2x. Substituting 
into the differential equation gives cos 2x = ( 6 B — 7 A) cos 2x + (—' 7B — 6 A) sin 2x. Then solving the equations 
6 B — 7A = 1 and -7 B - 6 A = 0 gives A = —B = ~. Thus, y P2 (x) = — ^ cos2x + ~ sin 2 x and the 
general solution is y (x) = cie~ x + c 2 e “ x/2 + 1 - ¿ cos 2 x + ¿ sin 2 x. 


5 



The graph shows y p = y Pl + y P2 and several other solutions. Notice that all solutions are asymptotic to y p as 
x —► oo. 

13. Since the roots of the auxiliary equation are complex, we need just try 
y p (x) = (Ax 4 + Bx 3 + Cx 2 + Dx + E) e 2x . 

14. For y" + 6 y' + 2y = x 3 , try y pi (x) = Ax 3 + Bx 2 + Cx + D and for y" + 6y' + 2y = e x sin 2x, try 

y P2 (x) = e x (A cos 2x + B sin 2x). 

15. Since y c (x) = e x (ci cosx + c 2 sinx) we try y p (x) = xe x (Acos x + B sinx). 

16. Here y c (x) = c\ + c 2 e -3x . For y" + 3 y' = 1, try y P1 (x) = xA , so that y Pl is not a solution of the 

complementary equation. For y" + 3 y' = xe~ 3x try y P2 (x) = x (Ax + B) e~ 3x . 

Note: Solving Equations (7) and (9) in The Method of Variation of Parameters gives 


u x =- 


Gy* 


«(2/12/a — 2/22/i) 


and 


u 2 = 


Gy 1 


«( 1 / 12/2 — l/ 23 /i) 


We will use these equations rather than resolving the system in each of the remaining exercises in this section. 


17. (a) The complementary solution is y c (x) = a cos 2x + c 2 sin 2x. A particular solution is of the form 

y p (x) = Ax + B. Thus, 4 Ax + 4 B = x => A = \ and B = 0 => y P (x) = \x. Thus, the general 

solution is y = y c + y p = c\ cos 2x + c 2 sin 2x + \x. 

(b) In (a), y c (x) = a cos 2x + c 2 sin 2x, so set yi = cos 2x, y 2 = sin 2x. Then 


2/12/2 - 2 / 22 /i = 2 cos 2 2 x + 2 sin 2 2 x = 2 so u[ = -lxsin 2 x =*► 

ui (x) = — 1 /xsin 2 xdx = (-xcos 2 x+ -sin 2 x) (by parts) andi ¿2 = ^xcos 2 x 

=> U 2 (x) = \ f x cos 2xdx = \ (x sin 2x + \ cos 2x) (by parts). Hence 

y p (x) = -1 (-X cos 2x + \ sin 2x) cos 2x + \ (x sin 2x + \ cos 2x) sin 2x = ^x. Thus 

y (x) = y c (x) + y p (x) = a cos 2 x + c 2 sin 2 x + \x. 


18. (a) Here r 2 — 3r + 2 = 0 =+ r = 1 or 2 and y c (x) = ae 2x + c 2 e x . We try a particular solution of the form 
Vp ( x ) = A cos x + B sin x => y' p = — A sin x + B cos x and y p = —A cos x — B sin x. Then the equation 
y" - 3 y' + 2y = sinx becomes (A - 3 B) cosx + (B + 3 A) sinx = sinx => A - 3 B = 0 and 
B + 3A = 1 => A=jü and B = ~. Thus, y p (x) = ^ cos x + ~ sin x. Therefore, the general solution 

is y (x) = y c (x) + y p (x) = ae 2x + c 2 e x + ^ cos x + ^ sin x. 
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(b) From (a) we know that y c ( x ) = cie 2x + c 2 e x . Setting j/i = e 2l , y 2 = e x , we have 


yiy '2 ~ V 2 Ú = e 3x - 2e 3x = — e 3x . Thus u\ = - 


sin xe 

_p3x 


and 


u 2 = 


sm xe 


2 x 


= -sinxe~ x . Then m (x) = f e~ 2x sinxdx = \e 2x (- 2 sinx - cosx) (by 


parts) and u 2 (x) = - f e x sinxdx = -\e x (- sinx - cosx). Thus 

Vp ( x ) = I (-2 sin x - cos x) + \ (sin x + cos x) = — sin x + ¿ cos x and the general solution is 
y (x) = y c (x) 4 - y P (x) = cie 2x + c 2 e x + ¿ sin x + ^ cos x. 

19. (a) r 2 — r = r (r — 1) = 0 =í> r = 0,1, so the complementary solution is y c (x) = cie x + c 2 xe x . A particular 

solution is of the form y p (x) = Ae 2x . Thus 4Ae 2x — 4Ae 2x + Ae 2x = e 2x => Ae 2x = e 2x => A = 1 

=> y p (x) = e 2x . So a general solution is y (x) = y c (x) + y p (x) = cie x + c 2 xe x + e 2x . 

(b) From (a), y c (a:) = cie x + c 2 xe x , so set yi = e x , y 2 = xe x . Then, yiy 2 - y 2 y[ = e 2x (1 + x) - xe 2x = e 2x 

and so u[ = -xe x => ux(x) = -f xe x dx = - (x - 1 ) e x (by parts) and u 2 = e x => 

U2 (x) = fe x dx = e x . Hence y p (x) = (1 - x) e 2x + xe 2x = e 2x and the general solution is 
y (z) = y c (z) + y p (x) = Cie x + c 2 xe x + e 2x . 

20. (a) Here r 2 - 2r + 1 = (r + l ) 2 = 0 => r = -1 and y c (x) = ci + c 2 e x and so we try a particular solution of 

the form y p (x) = Axe x . Thus, after calculating the necessary derivatives, we get y" - y' = e x => 

Ae x (2 + x) - Ae x (l + x) = e x => A = 1. Thus y p (x) = xe x and the general solution is 
y (x) = ci + c 2 e x + xe x . 

(b) From (a) we know that y c (x) = ci + c 2 e x , so setting y\ = 1, y 2 = e x , then y\y 2 — 2 / 22 /i = e x — 0 = e x . 

Thus u[ = —e 2 x /e x = -e x and u 2 = e x /e x = 1. Then u\ (x) = - f e x dx = -e x and u 2 (x) = x. Thus 

y p (x) = —e x + xe x and the general solution is y (x) = c\ + c 2 e x — e x + xe x = c\ + C 3 e x + xe x . 

21. As in Example 6 , y c (x) = c\ sinx + c 2 cosx, so set y\ = sinx, y 2 = cosx. Then 

2 / 12/2 ~ 2 / 22 /i = - sin2 x ~ cos2 x = -l,so u[ = - SGC = 1 => u\ (x) = x and 


, sec x sm x . 

u 2 = ---= — tan x => 


u 2 (x) = — f tan xdx = ln |cosx| = In (cosx) on 0 < x < f. Hence 


y p ( x ) = x sin x + cos x ln (cos x) and the general solution is y (x) = (c\ + x) sin x + [c 2 + ln (cos x)] cos x. 
22. Setting y\ = sinx, y 2 = cosx , then y\y 2 — 2/22/i = — sin 2 x — cos 2 x = — 1. Thus 
cot x cos x 


U\ = 


-1 


cos 2 x , , cotxsinx 
—-and u 2 = - 1 - = — cosx. Then 


smx 


-1 


/ 2 

CQ - - x dx = f (csc x — sin x) dx = ln (csc x — cot x) + cos x and u 2 (x) = — sin x. Thus 
sinx 

y p (x) = [cos x + ln (csc x - cot x)] sinx + (— sin x) (cos x) and the general solution is 

y 


(x) = ci sin x + c 2 cos x + sin x ln (csc x — cot x). 


23. y\ = e x , y 2 = e 2x and y\y 2 - y 2 y[ = e 3x . So u'\ = 


—e 


, 2 x 


(1 + e~ x ) e 3x 1 + e~ x 


and 


Ui (x) = J = ln (1 + e *). W 2 = (Y 

^(x) = J 


+ e~ x ) e 3x 


+ e ¿ 


so 


Hence 


y p (x) = e x ln (l + e~ x ) + e 2x [ln (l + e~ x ) - e~ x ] and the general solution is 
y (x) = [ci + ln (l + e -1 )] e x + [c 2 — e~ x + ln (l + e “)] e 2x . 

















586 □ CHAPTER18 SECOND-ORDER DIFFERENTIAL EQUATIONS ETCHAPTER 17 



«2 (x) = f —e 2x sin e x dx = e x cos e x - sine*. Then y p (x ) = -e~ x cos e x - e~ 2x [sine 1 - e x cose x ] and the 
general solution is y (x) = (ci - cose x ) e~ x + [c 2 - sin e x + e x cose x ] e _2x . 



€ 

—— dx. Hence the general solution is 
2x 



8,3 Applications of Second-Order Differential Equations ET 17.3 


1. By Hooke’s Law k (0.6) = 20 so k = ^ is the spring constant and the differential equation is 3x" + ^x = 0. 
The general solution is x ( t ) = ci cos (^t) + c 2 sin (^t). But 0 = x (0) = ci and 1.2 = x' (0) = ^c 2 , so the 
position of the mass after t seconds is x ( t ) = 0.36 sin (^t). 

2. k (0.3) = 24.3 or k = 81 is the spring constant and the resulting initial-value problem is 4x" + 81x = 0, 

x (0) = -0.5 (since compressed), x' (0) = 0. The general solution is x (t) = ci cos (§t) + c 2 sin (§¿). But 
-0.2 = x (0) = ci and 0 = x' (0) = §c 2 . Thus the position is given by x (t) = —0.2 cos (4.5f). 

3. k (0.5) = 6 or k = 12 is the spring constant, so the initial-value problem is 2x" + 14x' + 12x = 0,x (0) = 1, 

x' (0) = 0. The general solution is x ( t) = cie _6É + c 2 e _t . But 1 = x (0) = ci + c 2 and 0 = 3 ;' (0) = - 6 ci - c 2 . 
Thus the position is given by x (t) = — §e -6í + §e -í . 

4. (a) The differential equation is 3x" + 30x' + 123x = 0 with (b) 0.15 


general solution x (t) = e -5t (ci cos 4 1 + c 2 sin 4 1). 
Then 0 = x (0) = Ci and 2 = x' (0) = 4c 2 , so the 
position is given by x (f) = §e -5t sin 4 f. 



-0.05 


5. For critical damping we need c 2 - 4 mk = 0 or m = c 2 / (4 k) = 14 2 / (4 • 12) = f§ kg. 

6. For critical damping we need c 2 = 4 mk or c = 2 Vrñk = 2\/3 • 123 = 6\/4T. 
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7. We are given m = 1, k = 100, x (0) = -0.1 and x' (0) = 0. From (3), the differential equation is 

,2 i 

+ c _ + loOa; = 0 with auxiliary equation r 2 + cr + 100 = 0. If c = 10, we have two complex roots 
dt 2 dt 

r = — 5 ± 5\/3so the motion is underdamped and the solution is x = e -5t [ci cos (5\/3 1) + C 2 sin (5\/3t)]. 
Then -0.1 = x (0) = c\ and 0 = x' (0) = 5 \/ 3 c 2 - 5ci => C 2 = » so 

x = e~ 5t [-0.1 cos (5\/3 1) - sin (5\/3¿) j. If c = 15, we again have underdamping since the auxiliary 

equation has roots r = — ^ ± The general solution is x = e~ 15t/ 2 [ci cos (^^*) + C 2 sin (^^*)] > so 

—0.1 = x (0) = ci and 0 = x' (0) = ^pc 2 — ^ci => C 2 = “ 75 ^ 7 + Thus 

x = e ~ 15t/2 [- 0.1 cos (^t) - sin (^*)] • For c = 20 ’ we have ec l ual roots n = r 2 = - 10 , so the 

oscillation is critically damped and the solution is x = (ci + C 2 ¿) e~ 10t . Then -0.1 = x (0) = ci and 
0 = x' (0) = —10ci + c 2 => c 2 = -1, so x = (-0.1 - t) e~ 10t . If c = 25 the auxiliary equation has roots 
n = —5, r 2 = —20, so we have overdamping and the solution is x = c\e~ 5t + C 2 e -20í . Then 
— 0.1 = x ( 0 ) = ci + c 2 and 0 = x' ( 0 ) = —5ci — 20 c 2 =>- ci = and c 2 = so 


30 e 


X ~ 45 ou 

is X = cieí -15 -^)* + c 2 e(- 15 ~ 5V5 y. Then -0.1 = x (0) = ci + c 2 a 
0 = x' (0) = (-15 + 5\/5) ci + (-15 - 5>/5) c 2 - = ~ 5 ~ 3>/g 

(=^5) et" 15 * 5 ^ + (=^) e( -15 ~ { 


-5v/5 )t 


Cl = 5 i¿^ and °2 = 


— 5 ~(~3\/5 so 
100 > 



du x dx 

8 . We are given m = 1, c = 10, x (0) = 0 and x' (0) = 1. The differential equation is + 10— + kx = 0 
auxiliary equation r 2 + lOr + k = 0. k = 10: the auxiliary equation has roots r = —5 ± \/Í5 so we have 
overdamping and the solution is x = cie( _5+ ' /T ®) í + c 2 e( _5_v/l5 ) t . Entering the initial conditions gives 
Cl = 27 Ts and 02 = “iTÍS ’ sox= e( _5+ ' /l5 ) t - _i_ e (- 5 ->/l 5 )t fc = 20: r = -5 ± \/5 and the 

solution is x = cieí -5 *^)* + c 2 e( -5-v/5 )* so again the motion is overdamped. The initial conditions give 
and c 2 = - 2 ^-, so x = e (-s+V 5 )t _ _A^ e (- 5 -\/ 5 )t * - 25: we have equal roots n = r 2 

; motion is critically damped and the solution is x = (ci + c 2 t) e~ 5t . The initial conditions give ci = 0 
5 — 1 , so x = te~ 5t . k = 30: r = — 5 ± y/5i so the motion is underdamped and the solution is 
= e~ 5t [ci cos (\/5 1) + c 2 sin (\/5t)]. The initial conditions give ci = 0 and c 2 = so 


ci = 
so the 
c 2 = 1, so x 
x 
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x = -^e -5c sin (\/5£). k = 40: r = — 5 =b x/l5¿ so we again have underdamping. The solution is 
x = e“ 5i [ci cos (\/l5 t) -f C 2 sin (\/l5¿)], and the initial conditions give ci = 0 and C 2 = Thus 
x = ^=e _5t sin (\/l5¿). 


0.1 



9. The differential equation is mx" + kx = F 0 cosujot and u 0 ^ oj = y/kjm. 

Here the auxiliary equation is mr 2 + k = 0 with roots d z/k/mi = ±ují so 

x c ( t ) = ci cos ujt + C 2 sincjí. Since uj 0 ^ cu, try x p (í) = A cosu;o¿ + B sinuj 0 t. Then we need 

(m) (—u;q) cos u) 0 t + B sin cuof) ± k(A cos u;ot + i? sin uj 0 t) = Fo cos uj 0 t or A(k — muj 0 ) = F 0 and 

B {k — muj 0 ) = 0. Hence B = 0 and A = - ——— 5 - = — ^ 0 —^ since uj 2 = —. Thus the motion of the 

k — mujQ m (uj 2 — cüq) m 

F 0 

mass is given by x (t) = c\ cos ujt + C 2 sinu;t H-—- cosuj 0 t. 

m (uj 2 — cJq) 

10. As in Exercise 9, x c (t) = ci coscut ± C 2 sinc ot. But the natural frequency of the system equals the frequency 
of the extemal force, so try x p (t) = t(A cosc ot ± B sinatf). Then we need 

m (2u jB — uj 2 At) cos ujt — m (2 ujA + u 2 Bt) sinu;í + kAtcosut ± kBtsinujt = F 0 cos ujt or 2mujB = F 0 
and —2mujA = 0 (noting —muj 2 A ± kA = 0 and —muj 2 B + kB = 0 since uj 2 = k/m). Hence the general 
solution is x (t) = ci cos ujt + C 2 sinatf + [F 0 t/ (2mu;)] sincuf. 

11. Here the initial-value problem for the charge is Q" + 20 Q' ± 500 Q = 12, Q (0) = Q' (0) = 0. Then 

Qc (t) = e~ 10t (ci cos 20 1 + C 2 sin 20f) and try Q p (t) = A 500A = 12 or A = ^. The general solution 
is Q (t) = e~ 10t (ci cos 20 1 + c 2 sin 20¿) + ifs • But 0 = Q (0) = ci + yfg and 

Q' (t) = I(t) = e~ 10t [(— 10 ci + 20c 2 ) cos 20 t + (-10c 2 - 20 ci) sin 20 ¿] but 0 = Q' ( 0 ) = - 10 c x + 20 c 2 . 
Thus the charge is Q (t) = - ^e~ 10t (6 cos 20¿ + 3 sin 20¿) + ^ and the current is I (t) = e~ 10t (|) sin 20t. 

12. (a) Here the initial-value problem for the charge is 2 Q" + 24Q' + 200Q = 12 with Q (0) = 0.001 and Q' (0) = 0. 

Then Q c (t) = e~ 6t (ci cos 8 ¿ + c 2 sin 8t) and try Q p (t) = A => A = and the general solution is 
Q (t) = e _6t (ci cos8 1 ± c 2 sin 8t) + ^. But 0.001 = Q ( 0 ) = c + ^ so ci = -0.059. Also 
Q' (t) = I (t) = e~ 6t [(- 6 ci + 8 c 2 ) cos 8 f + (- 6 c 2 - 8 ci) sin 8 ¿] and 0 = Q' ( 0 ) = — 6 ci + 8 c 2 so 
c 2 = —0.04425. Hence the charge is Q (f) = —e _6t (0.059 cos 8 1 + 0.04425 sin 8 1) + ^ and the current is 
I(t) = e~ 6t (0.7375) sin 8 í. 
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(b) 0.08 


0.35 



1.5 



1.5 


-0.05 


current, I(t) = Q\t) 


13. As in Exercise 11, Q c (*) = e~ 10t (ci cos 20 * + C 2 sin 20t) but E (*) = 12 sin lOí so try 
Q p ( *) = A cos 10* + B sin lOt. Substituting into the differential equation gives 

(— 10 0 A + 200 B + 500 A) cos 10* + (-1005 - 200A + 5005) sin 10* = 12 sin 10¿, =í> 400A + 2005 = 0 

and 4005 - 200 A = 12. Thus A = -^fó, 5 = ^§5 and the general solution is 

Q (*) = e~ 10t (ci cos 20 1 + c 2 sin 20f) - ¿fó cos lOf + ^ sin 10*. But 0 = <2 (0) = ci - ^fó so ci = ^fó* Also 
Q' W = I 5 sln 10^ + 25 cos 10 ^ + e~ 10t [(— 10 ci + 20c 2 ) cos 20 * + (— 10 c 2 — 20 ci) sin 20 *] and 
0 = Q' (0) = ¿ - 10ci + 20c 2 so c 2 = - 5 §q. Hence the charge is given by 

Q (*) = e 10t ['250 COS ~ 500 sln ^0t\ — 250 COS + 125 Sln 

14. (a) As in Exercise 12, Q c (*) = e _6É (ci cos 8 * + c 2 sin 8 *) but try Q p (*) = Acos 10 * + 5 sin 10*. 

Substituting into the differential equation gives 

(— 200 A + 2405 + 200 A) cos 10 * + (-2005 - 240A + 2005) sin 10 * = 12 sin 10*, so 5 = 0 and 
A = Hence, the general solution is Q (*) = e~" 6í (ci cos 8 * + c 2 sin 8 *) — ^ cos 10*. But 

0.001 = Q (0) = ci - Q' (*) = e -6í [(- 6 ci + 8 c 2 ) cos 8 * + (- 6 c 2 - 8 ci) sin 8 *] - \ sin 10* and 
0 = Q' (0) = — 6 ci + 8c 2 , so ci = 0.051 and c 2 = 0.03825. Thus the charge is given by 
Q (*) = e" 6í (0.051 cos 8 * + 0.03825 sin 8 *) - ¿ cos 10*. 

(b) 



-0.06 


15 . x (*) = Acos ( u)t + 6) O x{t) = A [cosujtcosó — sinu;*sin<5] x{t) = A cosujt + sinu;*^ 

where cos 8 = c\/A and sin 8 = — c 2 /A<¿>x (*) = ci cos ut + c 2 sin ujt. (Note that cos 2 <5 + sin 2 6 = 1 => 

c? + cl = A 2 .) 


16. (a) We approximate sin 0 by 0 and, with L = 1 and g = 9.8, the differential equation becomes + 9.80 — 0. 

The auxiliary equation is r 2 + 9.8 = 0 => r = ±\/9l^, so the general solution is 

0 (*) = ci cos (\/9 Ht) + c 2 sin (\/9^8*). Then 0.2 = 0 (0) = ci and 1 = 0' (0) = \/9l8c 2 => c 2 = ^==, 

so the equation is 0 (*) = 0.2 cos (\/9^8*) + sin (\/978*). 
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(b) 6 (t ) = — 0.2\/9.8 sin (\/9.8í) -f cos (\/9.8í) = 0 or tan (\/9.8í) = ^=, so the critical numbers are 

* = tan_1 (t§=|) + (n any integer). The maximum angle from the vertical is 

0 ( tan_1 ^f) 88 0-377 radians (or about 21 . 7 °). 

(c) From part (b), the critical numbers of 0 (t) are spaced ^ g apart, and the time between successive maximum 
values is 2 (~f=|) • Thus the period of the pendulum is -j== ss 2.007 seconds. 

(d) 9 (t) = 0 0.2 cos (\/9.8 t) + -^== sin (\/9.8t) = 0 tan (V9.8Í) = —0.2\/9.8 =>• 

* = véü [ tan_1 (—0.2>/5(8) + 7 r] « 0.825 seconds. 

(e) 0' (0.825) ss -1.180 rad/s. 


“18.4 Series Solutions 


ET 17.4 


1. Let y (x) = o Cnx". Then y' (*) = £~ =1 nc n x n ~ 1 and 

V — y = 0 => X(n=i ncnx n 1 — X/T = 0 CnX n = 0. Replacing n by n + 1 in the first sum gives 

En=o ( n + 1) Cti+iX — 2 n= o c n x n = 0, so [(n + 1) Cn+i — Cn] x n = 0. Equating coefficients gives 

(n + 1) Cn +1 - Cn = 0, so the recursion relation is Cn+i = — , n = 0,1,2,_Then ci = cn 

n + 1 

_l _Co l 11 Co 1 Co Co 

02 — 2 Cl — ~ 2 ’ 03 — 3° 2 — 3 ' 2 °° ~ 3 !’ C4 = 4 ° 3 = 4 T’ and in § eneral > c n = —y Thus the solution is 

y( x ) = Yl CnxU = co ^2 = coe x . 

71=0 71=0 


2. Let y (x) = £~ 0 Cnx”. Then £“0 ncnx "" 1 - a: £~ 0 = 0 or £~ =1 ncnx "" 1 - £~ 0 Cnx " +1 = 0. 

Replacing n by n + 1 in the first sum and n by n — 1 in the second gives 

Sn=0 ( n + °n+\X — J2n =1 Cn~lX n — 0 Or C\ -f ( n + 1) C n +lX n — C n -lX n = 0. ThuS 

C 1 + DLLi í( n + !) Cti+i - Cn-i] x n = 0. Equating coeíficients gives ci = 0 and (n + 1) c^+i - Cn-i = 0. 
Thus the recursion relation is c„+i = ^+¡-, n = 1,2,.... But ci = 0, so c 3 = 0 and c 5 = 0 and in general 


c 2n +l = 0. Also C 2 = C 4 = ^ 

2 . 4 4-2 


Cp _ C4 _ Co 

2 2 - 2!’ C6 “ 6 ~ 6 - 4-2 


co 

2 3 - 3! 


and in general 


C2n = 2+^7' ThUS the SOlUtÍOn 1S »(*) = £ ¿ C2nX 2n = Co íí!Z^L _ / 2 . 

n =o -- n ‘ 


n=0 


n=0 


3. Assuming y (*) = £~ =0 c n x n , we have y' (*) = £~ =J ncnx”" 1 = £~ 0 (n + 1) c n +ix" and 
—x 2 j/ = — £~ =0 c n x n+2 = — £~ 2 c n - 2 X n . Hence the differential equation becomes 
Hn=o ( n + 1) Cn+ix — £ n _ 2 c n - 2 X n = 0 or Ci + 2c2X + £^L 2 t( n + 1) °n+ 1 — Cn- 2 ] x n = 0. Equating 
coefficients gives ci = c 2 = 0 and Cn+i = ^ n ^ 2 for n = 2,3,-But ci = 0, so c 4 = 0 and c 7 = 0 and in 

generai c 3n +i = 0. Similarly c 2 = 0 so c 3n + 2 = 0. Finally c 3 = —,c 6 = — = — = C ° 

3 6 6-3 3 2 - 2 ! 
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C6 Co 

C9 = T = 


C ° , ..., and C3n = ~i C °— . Thus the solution is 


9 9-6-3 3 3 • 3! ’ “““ ^ n 3 n • n! 

o° oo v oo / 3 /o\ n 


73 


n=0 


n=0 


n=0 


4. Let y (*) = 0 c n x n => y' (x) = Eñ=i ncnx"" 1 = En=o ( n + 1) Cn +1 x n . Then the differential 

equation becomes (x — 3) Eñ=o ( n + 1) ^+t®" + 2 Eñ=o Cna: n = 0 => 

o ( n + !) cn+ia: n+1 - 3o ( n + x ) + 2 E~=o ^a: n = 0 =» 

Eñ=! n ^nX n - Eñ=o 3 (n + 1) c„ +1 a: n + Eñ=o 2c„x n = 0 =► 

Eñ=o [(n + 2) c„ - 3 (n + 1) c*+i] x n = 0 (since Eñ=i = Eñ=o nc„x n ). Equating coefficients gives 

(n -|- 2) Cn 

(n + 2) c n - 3 (n + 1) c n +i = 0, thus the recursion relation is c n +i = 3 ( n + " j y T n = 0,1, 2,-Then 


Cl 


- 2 £o C2 -Í£L-3£o 4c L = 4co _5c L = É£o d¡ , = ( n + ^ c ° _. Thus the 

“ 3 ’ 2 “ 3(2) 32 ’ C3 3(3) 33’ C4 3(4) 3 4 ’ 8 3" 


solution is y(x) = ^2 = c o X *"• Note that °° X 3! — /3 _X 2 for ^ K 3 ‘ 

n=0 n=0 n=0 ' ' 


5. Let y (*) = Eñ=o °nx n => y' (*) = Eñ=i ncnx”" 1 and y" (x) = Eñ=o ( n + 2 ) (« + 1) °n+2X n . The 
differential equation becomes Eñ=o ( n + 2) (n + 1) c n+ 2X n + x Eñ=i nc nX n 1 + Eñ=o Cnx” = 0 or 
Eñ =0 [( n + 2) (n + 1) Cn +2 + nc„ + Cn] x" (since Eñ=i = Eñ=o nc n x n ). Equating coefficients gives 

, . — (n + 1) Cn Cn 

(n + 2) (n + 1) Cn +2 + (n + 1) c n = 0, thus the recursion relation ís c n +2 = ( n + 2 ) (n + 1 ) = “ñT+~2’ 


C2 c 0 


C4 


Co 


n = 0,1,2,_Then the even coefíicients are given by C 2 = — » C4 = ~~f = 2 T 4 ’ 06 — ~ ~ 2 . 4 . 6 ’ 

-£2-= í—Ü—22.. coefficients are C 3 = — yy, C 5 = — = 7-^7, 

2-4.2n 2 n n! 3 5 3-5 


and in general, C2n = (—l) n 


(—2) n n! d 


c? - ~ ~3.5.7’ andin general ’ C2n+1 “ ^ ^3.5 -7.(2n + 1) (2n + 1)! 


. The solution is 


/ \ (“l) n 2n , _ (“2) n n! 2n+l 

+Cl 2.(2yyi)T a! • 

n=0 n=0 v 


6. Let y (x) = Eñ=o then y" ( x ) = Eñ =2 n ( n - 1) Cnx”- 2 = Eñ=o ( n + 2 ) ( n + U c n+2X n . Hence the 
differential equation becomes Eñ=o ( n + 2) (n + 1) Cn+2X n — Eñ=o c nX n = 0 or 


Eñ=o t( n + 2) (n + 1) Cn +2 - c„] x n = 0. So the recursion relation is c „+2 = ( n + 2 )*( n + 1) ’ n = 1 ’ ‘ ‘ - ‘ 

, Co C 2 Co C 4 Co _ Co , _ ci 

Givencoandci.C2 = El’° 4 = 4T3 = 41 ’ 06 = Ts = 6! ’ ’ ’ ’’ C2n “ J^)\ andC3 “ 3 ^ 2 ’ 


C 5 = 


C3 


Cl 


= —, C7 = = —,..., C2n+i = /^ Cl Thus the solution is 


5-4 5 • 4 - 3 • 2 5! ’ 7 7-6 7! ’ * ’ ‘ 1 


(2n + 1)! 

2n 00 _2n+l 


00 00 00 00 2 n X 2U+1 

y(x) = J2 CnX n = X c anX 2n + X C2n+ix 2n+1 = X + X Ct (2n + 1) ! = Co C0Sh2: + C1 Sinhx 

n=0 n=0 n=0 n=0 V J n=0 V ' 


, N e x +e x , e x — e x co + ci , , cq-Ci.., 
or y(x)=co ---+ci- - -= —¿— e + — 2 — 
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7. Let y (x) = Eñ=o c ^ n . Then y" = 0 n (n - 1) c n x n ~ 2 , a:y' = 0 nCnX n and 

(x + l) 2 / = £„=o n (n — 1) c„x n + XI^Lo ( n + 2) (n + 1 ) c„ + 2 a: n . The differential equation becomes 

H„=o t( n + 2) (n + 1) c „ + 2 + [n (n — 1) + n — 1] c„] x n = 0. The recursion relation is c „ + 2 = — ——llüü 

n + 2 

n = 0,1,2,.... Given co and Cl , c 2 = |, c 4 =-| =-^, ce == (-l) 2 , 

C2 „ = ( -l) n -i 1 ‘ 3 - ‘ (2 n ~ 3) cp = x _ (2n-3)!co = , (2n-3)!c 0 

2 n n! v ' 2 n 2 n_2 n! (n — 2 )! ' ' 2 2n ~ 2 n! (n - 2 )! ‘ 


n = 2,3.c 3 = = 0 


(n — 2 )! v *' 2 2n-2 n! (n — 2 )! 

C 2 n+i = 0 forn = 1,2,-Thus the solution is 

V (.) — c + c + 4 + > ¿ ¡s ÜZfcW X-. 


n=2 


8. Assuming y (x) = 0 c™*", y" (®) = E“=o n ( n - 1) CnX n ~ 2 = E“o ( n + 2) (n + 1 ) c n+2 x n and 

— X V ( x ) = — S^Lo Cna : n+1 = — T^Li Cn-ix n . The differential equation becomes 
E “=0 ( n + 2 ) (n + 1 ) c„ + 2 X n - Y)n=i c n-ix n = 0 or c 2 + Y n =i K n + 2 ) (n + 1 ) c „ +2 - c„_i] x n = 0 . 


Equating coefficients gives C 2 = 0 and c n +2 = 


C n —1 


(n + 2 ) (n -f 1 ) 


for n = 1 , 2 ,- Since C 2 = 0, C 3 n +2 = 0 for 


co 


n = °' 1 ' 2 . ° iV " ,Coandc " C3 '3%' c * = r5-6-rF2. 

«„ = “ 


c 1 


3n (3n — 1 ) (3n — 3) (3n — 4). 6 • 5 • 3 • 2 ’ a * S ° ° 4 4 3’ ° 7 7 7-6-4-3’ 


Cl 


The solution is 


" ’ ’ C3n+1 (3n + 1) 3n (3n - 2) (3n - 3)... 7 • 6 • 4 • 3 ‘ 

»w-« £ í 3 "~ 2)(3n 3 Lf.— * 3 "+■«. £ <3n " 1)(3 ( "„~ v) 1) i'" 8 ' 5 ' 2 ^ w - 


9. Let ?/ (z) — X) n =o c n(E n . Then y " (x) — £^ 0 ( n + 2) (n + 1 ) Cn+ 2 rc n , -xy' (x) = - £JjL 0 nc nX n and the 
differential equation becomes £^L 0 t( n + 2) (n + 1 ) Cn +2 — (n + 1) c n ] a; n = 0. Thus the recursion relation is 

Cn+2 = ^T 2 for n = 2 -• • • • But co = j/( 0 ) = 1 so c 2 = i c 4 = | = ^, c 6 = | = ^-i-g,..., 

C2n = 2»ñi' Als ° Cl = ^ (°) = 0 and by the re cursion relation c 2n+ i = 0 for n = 0,1, 2,.... Thus the solution 


°° °° 2n °° (Jl / 9 l n 

to the initial-value problem is y (x) = T CnX n — T-= V' A —L l 

+í —i 2 n n! •+; n! 

n=0 71=0 n=0 


= e 


x 2 /2 


10. Let y (x) = £ n =o c n x n , t/" (*) = £~ =0 n (n - 1) Cn ^" 2 = £~ _ 2 (n + 4) (n + 3) c n + 4 a ; n+2 
= 2c 2 + 6 c 3 a; + £^L 0 (n + 4) (n + 3) Cn+ 4 a; n+2 . Thus the differential equation becomes 
2 c 2 + 6 c 3 £ + £ n==0 [(n + 4) (n + 3) Cn + 4 + Cn] x n+ 2 = 0 . So C 2 = C 3 = 0 and the recursion relation is 
r,n = 0,1,2,.... Butci = y' (0) = 0 = C 2 = C 3 and by therecursionrelation 


c n 


Cn+4 (n + 4) (n + 3) ’ 

c 4n +i = c 4n +2 = c 4n +3 = 0 for n = 0,1,2,.... Also co = y (0) = 1, so 

(~l) n 


c 4 


= _L c C 4 = (- 1 ) 


"4-3* 


8*7 8 • 7 • 4 • 3 ’ " ’ C4n 4 n (4n - 1) (4n - 4) (4n — 5)... 4 • 3 


. Thus the solution 


w 00 4n 

to the initial-value problem is y (x) = T c n x n = 1 + Y' (- 1 )”- - - 

4n (4n — 1)... 4 • 3 ’ 
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11. Let y ( x) = Eñ=o Then V" ( x ) = Eñ=o n ( n “ x ) CnX n ~ 2 = Eñ=-i ( n + 3 ) ( n + 2 ) c n+3* n+1 = 

2c 2 + X)ñ=o ( n + 3) ( n + 2) Cn+ 3 a; n+1 and the differential equation becomes 

2c 2 + Eñ=o t( n + 3) (n + 2) c „ + 3 + (n + 1) Cn] x n+1 = 0. Then c 2 = 0 and the recursion relation is 

Cn+3 = ( n + l)cn n = 0,1,2,.... But Co = J/ (0) = 0 = C 2 and by the recursion relatíon 
(n + 3) (n + 2) 

c 3 n = c 3 „+2 = 0 for n = 0,1, 2,.... Also ci = y' (0) = 1 so 

9 ñc^ . 2-5 , 2 2 5 2 • • • (3n -1) 2 

c ‘ = -r3' W = -^- ( - 1) V6-4-3-<- 1 > —.«»«=<- 1 > (3n + l)T— 

2 2 5 2 • • • (3n — l) 2 a: 3n+1 1 


the solution is y (x) = ^ c„x rl = x + ^ 

71=0 n=0 


(- 1 )" 

• l 


(3n + 1)! 


12. (a) Let y (x) = Eñ=o C"®"• Then x2 y" ( x ) = Sñ =2 n ( n “ x ) c na; n = Eñ=o ( n + 2) (n + 1) c„+ 2 a: n+2 , 

xy' (x) = Eñ=i ncnz” = Eñ=-i ( n + 2 ) c„+ 2 a: n+2 = cix + Eñ=o ( n + 2 ) Cn+ 2 a: n+2 , and the differentíal 
equation becomes cix + E^Lo (K n + 2) (n + 1) + (n + 2)] c „+2 + Cn) x n+2 = 0. Then ci = 0 and the 


recursion relation is c„+ 2 = -- — 2 • n = 0,1,2.But ci — y' (0) — 0 so c 2n + 1 — 0 for 

(n + 2) 

n = 0,1,2,.... Alsoco =2/(0) = 1, soc 2 = -^,c 4 = -|§ = (~1) 2 7^2 = ( -1 ) 2 


2 2 ' 


4 2 2 2 


2 4 ( 2!) 2 ’ 


c 4 ( 1 \3 

C 6 = = í” 1 ) 


6 2 v 2® (3!) 2 
y( x ) = ¿c„x n = ¿(-l) 


, . . • , C 2n = (—l) 71 


2 2n (n!) 


2 ’ 


_2n 


n=0 


2 2n (n!) 


2 • 


The solution is 


(b) The Taylor polynomials To to T 12 are shown in the graph. Because Tio and T 12 are close together throughout 
the interval [-5,5], it is reasonable to assume that T 12 is a good approximation to the Bessel function on that 
interval. 



-5 
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^18 Review ET17 

CONCEPT CHECK — ■■ 

1. (a) ay" + by' + cy = 0 where a, 6, and c are constants. 

(b) ar 2 + br + c = 0 

(c) If the auxiliary equation has two distinct real roots n and r 2 , the solution is y = cie rix + c 2 e r2X . If the roots 
are real and equal, the solution is y = cie rx + c 2 xe rx where r is the common root. If the roots are complex, we 
can write n = a + i/3 and r 2 = a - i/3 , and the solution is y = e ax (ci cos f3x + c 2 sin 0x). 

2. (a) An initial-value problem consists of finding a solution y of a second-order differential equation that also satisfies 

given conditions y(x o) = yo and y' (xo) = yu where y 0 and yi are constants. 

(b) A boundary-value problem consists of finding a solution y of a second-order differential equation that also 
satisfies given boundary conditions y (x 0 ) = y 0 and y (xi) = yi. 

3. (a) ay" + by' + cy = G (x) where a, 6, and c are constants and G is a continuous function. 

(b) The complementary equation is the related homogeneous equation ay" + by' + cy = 0. If we find the general 
solution y c of the complementary equation and y p is any particular solution of the original differential equation, 
then the general solution of the original differential equation is y (x ) = y p (x) + y c (x). 

(c) See Examples 1-5 and the associated discussion in Section 18.2 [ET 17.2]. 

(d) See the discussion on pages 1170-1171 [ET 1136-1137]. 

4. Second-order linear differential equations can be used to describe the motion of a vibrating spring or to analyze an 
electric circuit; see the discussion in Section 18.3 [ ET 17.3]. 

5. See Example 1 and the preceding discussion in Section 18.4 [ET 17.4]. 

" 1 . — — - TRUE-FALSE QUIZ ,—■■■■■— 


1- True. See Theorem 18.1.3 [ET 17.1.3]. 

2. False. The differential equation is not homogeneous. 

3. True. coshx and sinh x are hnearly independent solutions of this linear homogeneous equation. 

4. False. y = Ae x is a solution of the complementary equation, so we have to take y p (x) = Axe x . 


EXERCISES 


1. The auxiliary equation is r 2 — 2r — 15 = 0 
solution is y = c\e 5x + c 2 e _3x . 

2. The auxiliary equation is r 2 + 4r + 13 = 0 

3. The auxiliary equation is r 2 + 3 = 0 => 

y = ci cos (V3x) + c 2 sin (y/3x). 

4 . The auxiliary equation is 4r 2 + 4r + 1 = 0 
y = c\e~ x t 2 + C 2 xe~ x ¡ 2 . 


=> (r — 5) (r + 3) = 0 => r = 5, r = —3. Then the general 

=> r = -2 ± 3i, so y = e~ 2x (ci cos3x + c 2 sin3x). 

r = ±y/3 i. Then the general solution is 

=> (2r + l) 2 = 0 => r = — |, so the general solution is 


5. y c (x) = e~ x (ci + c 2 x) and try y p (x) = Acos3x + B sin3x. Then 

~9 A cos 3x - 9 B sin 3x - 6A sin 3:r + cos 3x + A cos 3x + B sin 3x = sin 3x =>► 
6B - 8A = 0 and -6A - 8B = 1 =>■ A = — B = —^ and the general solution is 

y (x) = e~ x (ci + c 2 x) — ^ cos 3x — ^ sin 3x. 
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6. y c (x ) = c\é~ x + c 2 e 3x and try y p (x) = A cos4x -f J5sin4a:. Then 

-16 A cos 4x - 16 B sin 4x + 8A sin 4x - 8B cos 4x - 3 A cos 4x - 3B sin 4x = cos 4x => -19A - 8B = 1 

and —19B -f 8A = 0 => A = B = and the general solution is 

y (x) = cie _x -f c 2 e 3x - ^ (19cos4x + 8sin4x). 

7. y c (x) = ci cos (| x) -f c 2 sin (|x) and try y p (x) = Ax 2 -f Bx -f C. Then 8 A -f 9 Ax 2 -f 9 Bx -f 9 C = 2x 2 — 3 
=> yl = f, B = 0, C = —ff, and the general solution is y (x) = ci cos (|x) -f c 2 sin (|x) -f §x 2 — ff. 


8 . y c (x) = e 2x (ci cos 4x -f c 2 sin 4x) and try y p (x) = (Ax -f B) e x . Then 

e x (Ax + B + 2A) + e x (-4 Ax - 4B - 4A) + (20 Ax + 20 B) e x = xe x => 17A = 1 and 

17B - 2A = 0 => A = J5 = 2 Í 9 , and the general solution is 
y ( x ) = e 2x (ci cos 4x + c 2 sin 4x) + e x (^x + ^fg). 

9 . y c (x) = c\e x + c 2 e 2x so try y p (x) = Axe 2x . Then (4 Ax + 4A — 6Ax — 3A) e 2x + 2 Axe 2x = e 2x => 

A = 1. Thus the general solution is y (x) = c\e x + c 2 e 2x + xe 2x . 

* 

10. Using variation of parameters, y c (x) = c\ cos x + c 2 sin x, u'\ (x) = — csc x sin x = — 1 => u\(x) = -x, and 

u' 2 (x) = cscxcosx . =cotx => U 2 (x) = ln |sinx| => y p = -x cos x + sin x ln |sin x¡. The solution is 

y(x) = (ci -x)cos x + (c 2 + ln |sin x|) sin x. 

11. The auxiliary equation is r 2 + 6r = 0 and the general solution is y (x) = c\ + c 2 e 6x = k\ + /c 2 e 6(x x) . But 

3 = y ( 1 ) = k\ + k 2 and 12 = y' (1) = -6k 2 . Thus k 2 = -2, k\ = 5 and the solution is y (x) = 5 - 2e" 6(x_1) . 

12. The auxiliary equation is r 2 - 6r + 25 = 0 and the general solution is y (x) = e 3x (c\ cos4x + c 2 sin4x). But 
2 = y (0) = ci and 1 = y' (0) = 3ci + 4c 2 . Thus the solution is y (x) = e 3x (2 cos 4x - | sin 4x). 

13. The auxiliary equation is r 2 - 5r + 4 = 0 and the general solution is y (x) = c\e x + c 2 e 4x . But 
0 = y(0) =c\ +c 2 and 1 = y' (0) =c\+ 4c 2 , so the solution is y (x) = § (e 4x - e x ). 


14. y c (x) = c\ cos (x/3) + c 2 sin (x/3). For 9 y" + y = 3x, try y pi (x) = Ax + B. Then y pi (x) = 3x. For 
9 y" +y = e~ x , try y P2 (x) = Ae~ x . Then 9 Ae~ x + Ae~ x = e~ x or y P2 (x) = ±e~ x . Thus the general 
solution is y (x) = c\ cos (x/3) + c 2 sin (x/3) + 3x + jqG~ x . But 1 = y (0) = ci + ^ and 
2 = y' (0) = f c 2 + 3 - jq, so ci = ^ and c 2 = -ff. Hence the solution is 
y (x) = jñ [9cos(x/3) — 27sin (x/3)] + 3x + ^e _x . 


15. Let y (x) = £n =0 CnX n Then y" (x) = Zn=o n(n-l) CnX n_2 = £n=o (n + 2) (n + 1) c n+2 x n and the 
differential equation becomes K 71 + 2) (n + 1) c n + 2 + (n + 1) c n ] x n = 0. Thus the recursion relation is 

Cn+2 = -Cn/ (n + 2) for n = 0,1,2.But co = y (0) = 0, so c 2n = 0 for n = 0,1,2,.... Also 

1 (-l) 2 (-l) 3 (—l) 3 2 3 3! (-l) n 2 n * ‘ 

7! ’ 


ci = y' (0) = 1, so c 3 = c 5 = 


3-5 


-,c 7 


3-5-7 


, c 2n +i = 


n! 


(2n + l)! 


for 


00 00 / 1 \n r\n „1 

\ \—> n V ^ (—1J ^ n! 2n +l 

n = 0,1,2,_Thus the solution to the initial-value problem ís y (x) = 2_^ °nX = (2n + 1)! X 


n=0 


n=0 
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16. Let y (x ) = E^=o c ^ n - Then y" (x) = EÍT=o n (n - 1) CnX n ~ 2 = E“ =0 (n + 2) (n + 1) c n + 2 a; n and the 
differential equation becomes E* =0 [(n + 2) (n + 1) Cn +2 - (n + 2) c n ] x n = 0. Thus the recursion relation is 



17. Here the initial-value problem is 2 Q" + 40Q' + 400Q = 12, Q (0) = 0.01, Q' (0) = 0!. Then 
Qc (t ) = e -10t (ci cos lOt + C 2 sin lOt) and we try Q p (t) = Al. Thus the general solution is 

Q (t) = e_10t (ci cos 10Í + c 2 sin 10í) + í§o ! - But 0 01 = Q (0) = Ci + 0.03 and 0 = Q' (0) = -10ci + 10c 2 , 
so ci = —0.02 = c 2 !. Hence the charge is given by Q (t) = -0.02e -lot (cos 10Í + sin lOt) + 0.03. 

18. By Hooke’s Law the spring constant is k = 64 and the initial-value problem is 2a:" + íea;' + 64x = 0, x (0) = 0, 
x' (0) = 2.4. Thus the general solution is x (í) = e -4t (ci cos 4í + c 2 sin 4t). But 0 = x (0) = ci and 

2.4 = x' (0) = —4ci + 4 c 2 => ci = 0, c 2 = 0.6. Thus the position of the mass is given by 

x (í) = 0.6e -4t sin 4í. 


19. (a) Since we are assuming that the earth is a solid sphere of uniform density, we can calculate the density p as 
c n mass of earth M „. „ . . 

tollows: p — vo ] ume 0 f = T^~r 3 • T,' ,s the volume of the portion of the earth which lies within a 


distance r of the center, then V r = r 3 and M r = pV r = Thus F r = - 9 MrTn 

R 6 r 2 


GMm 


(b) The particle is acted upon by a varying gravitational force during its motion. By Newton’s Second Law of 



- y , so y" ( t ) = — k 2 y ( t ) where k 2 = At the surface, 

GM _ , o g 


(c) The differential equation y" + k 2 y = 0 has auxiliary equation r 2 + k 2 = 0. (This is the r of Section 18.1 
[ET 17.1], not the r measuring distance from the earth’s center.) The roots of the auxiliary equation are ±ik, so 
by (11) in Section 18.1 [ET 17.1], the general solution of our differential equation for t is 

y (t) = ci cos kt + c 2 sin kt. It follows that y' ( t ) = -cifcsin kt + c 2 k cos kt . Now y (0) = R and y' (0) = 0, 
so ci = R and c 2 k = 0. Thus y (f) = Rcos kt and y' ( t ) = — kRsin kt. This is simple harmonic motion (see 
Section 18.3 [ET 17.3]) with amplitude R , frequency fc, and phase angle 0. The period is T = 2n/k. 

R » 3960 mi = 3960 • 5280 ft and g = 32 ft/s 2 , so k = y/J/R » 1.24 x ÍO"^" 1 and 
T = 2ir/k « 5079 s « 85 min. 

(d) y (t) = 0 <=> cos kt = 0 kt = + 7r n for some integer n => 

y' (^) = —kR sin (f + 7Tn) = +kR. Thus the particle passes through the center of the earth with speed 
kR « 4.899 mi/s » 17,600 mi/h. 






















